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ABSTRACT. We reconstruct and develop the abstract Perron-Frobenius the-
ory studied by Faris. We apply the results to some models in nonrelativis-
tic quantum field theory and show the nondegeneracy of the gound state if
it exists. The Wigner—Weisskopf model, the spin-boson model, the Frohlich
polaron without ultraviolet cutoffs and the Frohlich bipolaron without ultra-
violet cutoffs are discussed.
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1. INTRODUCTION

In quantum field theory (QFT), a ground state is anticipated to be nonde-
generate if it exists. The Perron—Frobenius theory has been first applied to show
the uniqueness of the ground state in QFT by Glimm and Jaffe [16]. The Perron-
Frobenius theory tells us that if the heat semi-group e X generated by a Hamil-
tonian K in an L?-space improves the positivity for all + > 0, then its lowest
energy state or ground state is nondegenerate (if it exists). Here a sentence “A
improves the positivity” is understood as follows: if f > 0 a.e. and ||f| # 0, then
Af > 0a.e. In QFT, the Hamiltonian under consideration is living in the so-called
Fock space which is identified with an L?-space under the Schrodinger represen-
tation or Q-representation. Glimm and Jaffe considered their Hamiltonian H in
the Schrodinger representation and proved that e "*H improves the positivity for
all t > 0. By the Perron—Frobenius theory, they obtained the nondegeneracy
of the ground state as a direct consequence. This positivity techniques in the
Schrodinger representation have been successfully used and developed by some
authors [11], [37], [39], [40].
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In nonrelativistic quantum field theory (NQFT), the Perron—Frobenius the-
ory in the Schrodinger representation has also played important roles. This di-
rection in NQFT has been established by Bach et al. in [5]. They investigated
the Nelson model which describes a system consisting with quamtum mechan-
ical particles coupled to a Bose field. Hence this system has components of not
only the Bose field but also quantum particles governed by the Schrodinger op-
erators. Accrodingly the Perron-Frobenius argument in [5] goes well by com-
bining the Glimm and Jaffe’s theory in QFT and the standard theory for the
Schrodinger operators. There is another important model in NQFT, namely the
Pauli-Fierz model which describes electrons moving in the quantized radiation
fields. Roughly speaking the Hamiltonian of this model is expressed as a Pauli
operator with the quantized vector potentials. Here a quantized vector potential
is given by a field operator, while the standard vector potential is given by a real
valued function. Hiroshima established a functional integral representation of
the Pauli-Fierz model under the Schrodinger representation and proved that the
heat semi-group generated by the (spinless) Hamiltonian improves the positivity
which means the nondegeneracy of the ground state [21], [23]. The existence of
the ground state for this model was established in [10].

On the other hand, the Perron-Frobenius theory is useful not only under
the Schrodinger representation but also in more general situations. Gross has
extended the theory to the second quantized fermion in [11]. In this case un-
derlying Hilbert space is not standard L2-space anymore. Faris constructed an
abstract framework of the Perron—Frobenius theory which includes the theory in
the Schrodinger representation mentioned in the above and Gross’ fermion the-
ory. In his abstract theory, no algebraic structure of the Hilbert space, but only a
cone in the space is needed. The main purpose of this note is to develop further
Faris” abstract theory and apply various obtained results to some typical mod-
els in NQFT, namely, to the Wigner-Weisskopf model, the spin-boson model, the
Frohlich polaron model without ultraviolet cutoffs and the Frohlich bipolaron
model without ultraviolet cutoffs.

In Section 2 we reconstruct and develop Faris’ theory from a viewpoint of
self-dual cones. Theorem 2.12 which was essentially proven by Faris [13] is our
base. This theorem tells us the equivalence between the nondegeneracy of the
ground state and the (generalized) positivity improving property of a Hamilton-
ian under consideration. It is worthy to remark that Theorem 2.16 is applicable
to singular perturbative cases which will be discussed in later sections.

In Section 3, we discuss quantized operators in a Fock space in a light esta-
bilshed in Section 2. We will see that the fundamental results in this section are
crucial for applications to the concrete models in NQFT.

As a warmup, the Wigner—Weisskopf model is discussed in Section 4. This
model describes one-mode fermion coupled to a Bose field. Since the Hamilton-
ian H strongly commutes with the total number operator, H has a direct sum
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decomposition H = @ H, associated with the total number of particles. (Here
n=0
we say that two self-adjoint operators strongly commute with each other if their

spectral projections commute.) We will show that, for all n, e~ improves the
positivity in generalized sense. As a consequence, even if H has a degenerate
ground states with a-fold degeneracy, only « Hamiltonians Hy,, ..., H,, have a
nondegenerate ground state with energy which equals that of H. As to the ex-
istence of the ground states and physical arguments for this model, see [3], [19],
[20] and references therein.

Section 5 is devoted to the spin-boson model. This model governs a two-
level system coupled to a Bose field. Positivity improving property of the heat
semi-group associated with the Hamiltonian is proven in the generalized sense.
As an immediate consequence, overlap properties between the unique ground
state and the vacuum which have been established by Hirokawa in [18] are re-
discovered without any smalleness conditions of parameters. We can find the
existence conditions of the ground state in [43]. (In [2], the existence of a ground
state and its uniqueness for a generalized model have been also discussed by
techniques unrelated to the methods here.) It should be noted that recently Hi-
rokawa and Hiroshima have constructed a functional integral representation of
the spin-boson model in [22] by using a Poission process. Applying this formula
they proved the positivity improving property of the heat semi-group generated
by the Hamiltonian. In this note we give a direct proof.

In Section 6, we treat the H. Frohlich polaron without ultraviolet cutoffs.
This model explains an electron in an ionic lattice. As for physical aspects of this
model, Gerlach and Lowen’s paper [9] is convenient for readers. (See also [42].)
In his famous theses [14], [15], J. Frohlich also studied similar model. He proved
the (generalized) positivity improving property of the heat semi-group generated
by the Hamiltonian of a fixed total momentum with finite cutoffs and it seems
that the part of removal of cutoffs was explained in his unpublished note. In this
section, we give a complete proof of this issue as an application of our abstract
results. (In [14], [15] more singular models are investigated. Our methods cannot
cover this strongly singular case.) We also remark that, in [29], [30], Meller has
investigated a generalized polaron model with finite cutoffs. A complete proof
of removal of cutoffs has been also done by Sloan [40]. More precisely, he estab-
lished the theory of support maximizing operators [40] (cf. [12]) and applied it
to the relativistic polaron without cutoffs. His method essentially works in the
Schrodinger representation. By this restriction he only investigated the Hamil-
tonian with 0 total momentum. We argue the Hamiltonian of arbitrary total mo-
mentum in this note. An immediate consequence is a rotational symmetry of the
unique ground state. (In [23], [25], similar kind of the rotational symmetry for the
Pauli-Fierz Hamiltonian has been shown by a method different from ours.)
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Finally we observe the Frohlich bipolaron without ultraviolet cutoffs in Sec-
tion 7. This model describes two electrons in an ionic crystal. It is the most com-
plicated model in this note and diffcult to treat. On the one hand, the interaction
between the electrons and the ionic crystal induces an attraction between the elec-
trons, on the other hand a repulsion from the Coulomb force between the two is
also effective. Therefore the existence of a ground state depends on the compe-
tition between the effective attraction and the Coulomb repulsion and this is a
hard issue. Recently the author and Spohn proved that the bipolaron Hamilton-
ian actually has a groud state under some suitable conditions [28]. In this note,
we show that the heat semi-group generated by the Hamiltonian of 0 total mo-
mentum improves the positivity in generalized sense. Removal of cutoffs is also
studied. To extend the result to nonzero total momentum case, we apply analytic
perturbation theory.

In Appendices A and B, we list preliminary results of removal of ultraviolet
cutoffs needed in Section 6 and Section 7.

2. POSITIVITY PRESERVING AND IMPROVING OPERATORS ON A HILBERT SPACE

2.1. BASIC DEFINITIONS. In general we denote the inner product and the norm
of a Hilbert space h by (-,-)y and || - || respectively. If there is no danger of
confusion, then we omit the subscript b in (-, -), and || - ||. For a linear operator
a on a Hilbert space, we denote its domain by dom(a). For a self-adjoint operator
b on a Hilbert space, we denote its spectrum (respectively essential spectrum) by
spec(b) (respectively ess.spec(b)).

Let h be a complex Hilbert space and p be a convex cone in h. The dual cone
p' is defined by

p+:{x€h:<x,y>20Vyep}.

If p = p?, then p is called self-dual. (The author learned the materials in this
subsection from [8].)

PROPOSITION 2.1. A self-dual cone p has the following properties:
()N (—p) = {0},
(ii) There exists a unique involution | in by such that [x = x forall x € p.
(iii) Each element x € b with Jx = x has a unique decomposition x = x4 — x_ where
X4,x— €Epand (x4, x_) =0.
(iv) b is linearly spanned by p.

For the proof see e.g. [8], [17].

Let h/ = {x € h : Jx = x}. Then b/ is a real closed subspace of . By
Proposition 2.1(iv), for each x € b, there is a unique decomposition x = Rx +iSx
such that Rx, Sx € h/. Moreover Rx = (1/2)(1+ J)x, Sx = (1/2i)(1 — J)x and
e[| = [| %] + [| e
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For each x € b/, the absolute value of x with respect to p is defined as
|x|p = x4 +x_, where x = x4 — x_ is the decomposition of x in Proposition
2.1(iii). Clearly ||x|| = |||x|p]|-

We will write x > y (or y < x) with respect to p if x —y € p. The relation
> induces a structure of ordered Hilbert space on h/. For x, y e b/, let us define
xANy =y—(x—y)-and xVy = y+ (x —y);. We summarize some basic
properties below:

LEMMA 2.2. Let x,y € b/. The following properties hold:
@HxAy=yAxandxVy=yVux
(i) —x—- =xAQand xy = x V0.
(iil) x Ay < x,y with respect to p and x V y > x,y with respect to p.
iv)xVy+xAy=x+yandxVy—x Ay = |x —ylp. Inparticular x Ny < xVy
with respect to p.
W) lx Ayl + 12 v yl2 = (212 + [ly]12
(iv) Suppose that x,y € p. Then (x,y) = 0ifand only if x Ny = 0.

Proof. (i) By the definition, x A\y —yAx =y—x—(x—y)-+ (y —x)- =
y—x—(y—x)+ + (y — x)— = 0. Similary we can check that x Vy =y V x.

(ii) is trivial.

(iif) From the definition it follows that x A y < y with respect to p. Moreover,
by (i), wehave x Ay = y Ax = x — (y — x)— < x with respect to p.

(iv) is easy to see and (v) is an immediate consequence of (iv).

(vi) By (iv) and (v), one has (x,y) = (x Ay,x Vy). Thus, if (x,y) = 0, then
0= {(xAy,xVy) > |x Ay|/* which implies x Ay = 0. Conversely if x Ay = 0,
then (x,y) = 0holds.

Let A be a linear operator on ). We say that A is [-real if A satisfies JA C AJ.
(For linear operators a and b, we write a C b if dom(a) C dom(b) and ax = bx for
all x € dom(a).) For a self-adjoint operator A on b, one can check that A is J-real
if and only if ] commutes with the spectral measure for A: E4(S)] = JEA(S) for
all S € B!, the Borel field of R.

PROPOSITION 2.3. Let A be a J-real operator on . Assume that A is positive and
self-adjoint. Set Aj = A | dom(A) Ny/. Then the following properties hold:
(i) Aj is a positive self-adjoint operator on /.

(i) Ea (S) = Ea(S) | b/ for all S € B'. Moreover, for any real Borel measurable
functionon R, f(A;) = f(A) [ /.

(iii) If p is an eigenvalue of A, then p is also an eigenvalue of Aj. Moreover, dim ker(A
—u) = dimker(Aj — p).

(iv) If A is bounded, so is Ay with | A|| = [|Aj||.

Proof. (i) A is self-adjoint if and only if ran(A + 1) = h. From this it follows
that ran(Aj 4+ 1) = b/ which is equivalent to the self-adjointness of A;.
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(ii) For all v,y € b/, (x, Ajy) = [Ad(x,Ea(A)y) = [Ad(x,E4(A) | bly).
Thus E4 | b/ is the spectral measure of Aj, i.e.,, Eq | h =E Aj- The remaining
assertion is a direct consequence of this fact.

(iii) Let x be a corresponding eigenvector: Ax = ux. Then we can write x
as x = Rx +iSx. Since A is J-real, we can check that ARx = pftx and ASx =
#SSx. Thus Rx and Sx are both eigenvectors of Aj, with the eigenvalue y, which
implies that dim ker(Aj — ) > dimker(A — u). The converse inequlity is trivial.

(iv) Notice that, since A is J-real, we have || Ax||?> = ||[ARx|*> + || ASx||? <
| As||?||x||*>. Hence ||A|| < ||Af||. The converse inequality is trivial. &

2.2. POSITIVITY PRESERVING OPERATORS. Let A and B be linear operators on §.
If A and B satisfy (A — B)[p Ndom(A) Ndom(B)] C p, then we write A> B (or
B < A) with respect to p. If A satisfies 0 < A with respect to p, then A is said to be
positivity preserving with respect to p. Remark that a set of all positivity preserving
operators B(h)y = {A € B(h) : 0 < Awith respect to p} is a cone and closed
under the weak operator topology, where B (§)) is the set of all bounded operators
on .

This operator inequality was first introduced by Y. Miura [27]. Some inter-
esting properties are investigated in [26], [27].

PROPOSITION 2.4. Suppose that 0 < A1 I By and 0 I Ay < By with respect to p.
The following are satisfied:
(i) 0 <Q A1 Ay with respect to p. Moreover if A1, By € B(h), then 0 A1 Ay < BBy
with respect to p.
(ii) 0<9a A1 +bAy<aBi+bBy with respect to p, foralla,be R ={x€R : x > 0}.
(iii) Let A be positivity preserving: 0 < A with respect to p. Suppose that p N dom(A)
is dense in p. Then 0 < A* with respect to p.

PROPOSITION 2.5. (i) If A € B(h),, then A is J-real.

(ii) Let A be a positive self-adjoint operator. If 0 I e ~* with respect to p forall t > 0,

then A is J-real.

Proof. (i) Since 0 < A with respect to p, we can show that Apl C pJ. Thus for
each x € h, we have AJx = A(Rx —iSx) = JAx.

(ii) By (i), e '4] = Je™*A for all t > 0. Thus t~1(1 — e *4)Jx = Jt~1(1 —
e t)x for all x € dom(A). Taking t | 0, we conclude that JA C A]. i

PROPOSITION 2.6. Let A be a positive self-adjoint operator. Then 0 <e !4 for all
t > 0ifand only if0< (A +s)~! foralls > 0.
Proof. We just note the following two elementary facts: (A +s)~! = [dA
0
e MAtS) and e A = s-lim (14 tA/n)"". 1

n—oo

The following theorem is an abstract version of Beurling—Deny criterion [7].
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THEOREM 2.7. Let A be a positive self-adjoint operator on by. Assume A is [-real.
Then the following are equivalent:
(i) 0<e * forallt > 0.
(i) Ifx € dom(A) Ny/, then |x|, € dom(AY2)Nb/ and (|x|p, Alx|p) < (x, Ax).
(iii) If x € dom(A) N b/, then x; € dom(AY?) N/ and (x1, Axy) < (x, Ax).
(iv) If x € dom(A) Ny/, then x5 € dom(AY2) N b/ and

(x4, Axq) + (x—, Ax_) < (x, Ax).
Proof is a slight modification of Theorem XIIL.50 in [35].

PROPOSITION 2.8. Let E be an orthogonal projection on b). Assume that 0 < E
and 0 < E* with respect to p, where E+ = 1 — E. Then Ep is a self-dual cone in Eb.
Moreover let A be a linear operator on by which is reduced by Eb, that is, EA C AE. If
0 < A with respect to p, then 0 I A with respect to Ep, where Ay = A | Eb.

Proof. For each x € b/, we will show that
(2.1) (Ex); = Exy, (Ex)_- =Ex_.

Since 0 = (x4, x_) = (Ex;,Ex_) + (E*x;,Etx_) and 0 Q E, E* with respect to
p, we conclude that (Ex,,Ex_) = 0 = (Etx,,Etx_). Thus Ex = Ex, — Ex_
with Ex4 € p and (Exy,Ex_) = 0. By the uniqueness of the decomposition
(Proposition 2.1 (iii)), We conclude (2.1).

To show that Ep C (Ep)T is easy. So we concentrate our attention to the
converse inclusion. For each x € (Ep)" = {x € Eh : (x,Ey) > 0Vy € p}, there
exists ¢ € b such that x = E¢. Note that, since 0 < E, we see that ES¢ = 0.
Thus without loss of generality, we may assume that ¢ € h/ and we can write
¢ = ¢+ — ¢_ with ¢+ € pand (¢4, 9_) = 0. Since (E¢,Ey) > 0forally € p,
we have ((Eg)+ — (E@)—,y) > 0. Thus (E¢)_ must equal to 0. Hence, applying
(2.1), we have x = E¢ = (E@)+ = Eg which means (Ep)" C Ep.

Let A be a linear operator satisfying the assumptions in the above proposi-
tion. Then, for all x € dom(Ag) NEp = dom(A)NEpandy = Ev € Ep (v € p),
(Apx,y) = (E(Ax),v). Since 0 < A, E with respect to p, we get 0 < E(Ax) with
respect to p. Hence (Agx,y) > 0 which means 0 < Ag with respect to Ep. 1

THEOREM 2.9. Let A and B be positive self-adjoint operators. We assume the
following:
(a) dom(A) = dom(B).
(b) (A+s)~'>0and (B+s)~! >0 with respect to p for all s > 0.
Then the following are equivalent to each other:
(i) B> A with respect to p.
(ii) (A +s)~1 > (B + )~ with respect to p for all s > 0.
(iii) et > e =B with respect to p for all t > 0.
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Proof. (i) = (ii) By the assumptions (a) and (b), we see that
(A+s) ' —(B+s) '=(A+s) (B—A)(B+s) >0
(ii) = (iii) One observes that e t4 = s- rllgrolo(ﬂ +tA/n) "> s ’1151;0(1 +
tB/n)~" = e !B,
(iil) = (ii) (A+s)"1 = }od)\ e MAtS) > 701/\ e MB+s) — (B45) L.
(iii) = (i) A = s—limtw((]Jl —e M)/t < s—(l)imtw(]l —e B/t =B. 1

THEOREM 2.10. Let A be a positive self-adjoint operator and let B be a symmetric
operator. Assume the following:
(i) B is A-bounded with relative bound a < 1, i.e., dom(A) C dom(B) and || Bx|| <
al|Ax|| + b|x|| for all x € dom(A).
(ii) 0 < et with respect to p for all t > 0.
(iii) 0 < —B with respect to p.
Then 0 <1 e ~t(A+B) with respect to p forall t > 0.

Proof. Let C = A+ B. Then by the assumptions we see that dom(A) =
dom(C) and A — C = —B > 0. Thus applying Theorem 2.9, one obtains e ¢ >
e A0, 1

Second proof. By (i) and the Kato—Rellich theorem [34], A + B is self-adjoint
and bounded from below. Applying the Duhamel formula, we have

(22) e—t(A-i—B)
t—Sl tiz;l;ll S]'

o
:e_tAJrZ/dsl dsp - - -/dsne_slA(fB)e_szA(fB) - 'e_s”“‘(fB)e_(t_Zf:1 4
=1p 0 0

Each term in the above expansion is positivity preserving with respect to p by (ii)
and (iii) which means 0 < e~* (A+B) with respecttop. I

2.3. POSITIVITY IMPROVING OPERATORS. x € p is strictly positive if (y,x) > 0
for all y € p\{0} and we write this as x > 0 (or 0 < x) with respect to p. Let
po = {x € p: x > Owithrespecttop}. Let A and B be bounded operators on b.
If these operators satisfy (A — B)p\{0} C po, then we will write A > B (or B < A)
with respect to p. We say that A improves the positivity with respect to p if 0 < A
with respect to p.

PROPOSITION 2.11. Let A,B € B(h) with 0 < A and 0 < B with respect to p.
Then we have the following properties:
(i) 0 <« A* with respect to p.
(ii) Suppose that ker B¥ = {0} with a* = a or a*. Then 0 < AB and 0 < BA with
respect to p.
(iif) 0 < a A + bB with respect to p for a > 0and b > 0.
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THEOREM 2.12 (Faris). Let A be a positive self-adjoint operator on b). Suppose
that 0 < e~ with respect to p for all t > 0 and infspec(A) is an eigenvalue. Then the
following are equivalent:

(i) inf spec(A) is a simple eigenvalue with a strictly positive eigenvector with respect
to p.
(ii) 0 <t (A +5)~! for some s > 0.
(iii) For all x,y € p\{0}, there exists a t > 0 such that 0 < (x,e~*4y).
(iv) 0 < (A +s) forall s > 0.
(v)0<e 4 forall t > 0.

Proof. Since A is J-real by Proposition 2.5(ii), we only consider the self-
adjoint operator A; = A | h/ by Proposition 2.3. For this A; we can apply the
Faris’s results [13] and obtain the equivalence between (i), (ii) and (iii). The proof
of (iv) = (ii) and (v) = (iii) are trivial. To show (iii) = (iv), we just note that

(A+s)"t = [e MA+s)dA,
0

(iii) = (v) This part is a modification of [35]. For x,y € p\{0}, set Dy, =
{t > 0: (x,e""y) > 0}. Then by the assumption D, is not empty. Choose t €
Dy, arbitrarily. Then by Lemma 2.2(vi), one has x A (e *4y) # 0. Hence, for any
s > 0, we have (x,e=tDAy) > (x A (e ty), e 54x A (e H4y)) = [le 54/2{x A
(e7'y)}||*> > 0. Thismeans s + t € Dy, Since s is arbitrary, we can conclude that
Dy, = (a,00) with a = inf D, . Next we will show a = 0. Let f(t) = (x,e *4y).
Then the function f is analytic in a neighborhood of the interval (a,c0). Thus the
point 2 must equal 0 otherwise f is zero on the connected set containing 2 which
contradicts the obtained result Dy, = (a,00). 1

PROPOSITION 2.13. Let A be positive and self-adjoint. Assume that (1) 0 <e*4
forallt > 0, (2) Ax = infspec(A)x. Let U be a positivity preserving, unitary operator
commuting with A. Then Ux = x.

Proof. We can assume that x > 0 with respect to p by Proposition 2.12. Since
U commutes with A, we have AUx = infspec(A)Ux. By the uniqueness (Propo-
sition 2.12(i)), Ux = Cx with C € C and |C| = 1. Since 0 < U, we can conclude
C=1 1

THEOREM 2.14. Let H and H be self-adjoint operators, bounded from below. As-
sume the following conditions:
(i) There exists a sequence of bounded operators V,, such that Hy + V}, converges to H
in the strong resolvent sense and H — V,, converges to Hy in the strong resolvent sense.
(ii) Foralln € Nand t > 0,0 < e~V with respect to p holds.
(iii) For all u,v € p such that (u,v) = 0, (e"*V"u,v) = 0 holds for all n € N and
t>0.
(iv) 0 < e~*Ho with respect to p for all t > 0.
Then we obtain 0 <t e ~*H with respect to p, for all t > 0.
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The proof of this theorem is a slight modification of that of Theorem 3 in[13].

THEOREM 2.15. Let A be a positive self-adjoint operator and let B be a symmetric
operator. Set

A1, suit) = (@ e 1A (=B)e 2 A(=B) -+ e A (=B)e” E1 ) Ay

with Afp%(t) = (@,e tAy). Assume the conditions (i)-(iii) in Theorem 2.10. In addi-
tion we assume the following:

(iv) For each x,y € p\{0} and t > 0, there exist an n € Ny and sq,...,s, € Ry
with0 < 514 -+ s, < tsuch that Ag,&,(sl,...,sn;t) > 0. (These nand s1,...,8,
could depend on ¢ and 1.)

Then 0 < e~ HA+B) with respect to p for all t > 0.

Proof. Note first that Ag?l)l](sl, ...,Sy; t) is continuous in s1, ..., s,. Thus, by
the Duhamel formula (2.2), we have

n—1
t—s1 tz]l]

(@, e HATE)y /d51 / dsp - - / dSnA(qu §1,-+-,8m;t) >0

or (p,e HATB) ) > ‘AW)IJ(t) >0, forallt >0. 1

THEOREM 2.16. Let { Ay, }en be a family of positive self-adjoint operators. Sup-
pose that A, converges to A in the strong resolvent sense as n — oo, where A is self-
adjoint and positive. Moreover { A, } satisfies the following:

(i) For eachn € N, 0 <1 (A, + 1)~ ! with respect to p.
(ii) For each m,n € N, dom(A,;,) = dom(Ay).
(iii) For each m,n € Nwithn > m, Ay, — A, > 0 with respect to p.
Then we have 0 <t e~ with respect to p for all t > 0.

Proof. Choosem,n € Nasn > mand write B = Ay, for simplicity. Applying
Theorem 2.9 and assumptions, one has (A, + 1)~'> (B +1)"! for all n > m.
Taking the limit n — oo, one sees

(A+1)'>(B+1)!
Since 0 <1 (B + 1)~!, we conclude that 0 <t (A + 1)~1.

2.4. DIRECT SUMS OF SELF-DUAL CONES. Leth = @ b, and letp, (n € L) bea
neL
self-dual cone in b,,. Then, we can directly check that

s13:{x:GanEh:xnepn‘v’nEL}

neL

is also self-dual [8]. We write this dual cone as B = € p,. We summarize the
nelL
basic properties of @ p, below.
nerL
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PROPOSITION 2.17. Let B = @ py. Then we have the following properties:
(i) Let ], be the involution with rer;;iéct top,. Then | = @ ], is the involution with
respect to °B. e
(ii) Let x = @ x, € b/ and let x and x_ be the positive and negative parts of x with
respect to P : xne:Lx+ —x_withxy,x_ € Pand (x;,x_) =0. Then x1 = @ Xpn+
and x_ = @ xu,—, where x4 and x, _ are positive and negative parts ofnxenL with
respect to pn}.qel\ﬁ[oreover x| = D |xulp,-

(iii) Let x = @ x,, € hand leyéeg?x and x be its real and imaginary parts with respect
to P respectiveligq/.eLThen Rx = P Rxy,and Sx = P Sxy,, where Rx,, and Sx,, are real
and imaginary parts of x, wity;zereespect to py. M:rigver, [x]|? = || Rx|? + [|Sx[]? =

L (R + S ?).

nelL

PROPOSITION 2.18. Let P = @ py. Let A, be a linear operator on by,. Then
nel
A= @ A, >0 with respect to B if and only if A, > 0 with respect to py, foralln € L.
neL

2.5. DIRECT INTEGRALS OF SELE-DUAL CONES. Let (Z,u,B) be a Borel space
&

and let ¢ be a fixed Hilbert space. Let h = L?(Z,¢) = [ tdu. For a self-dual cone
z

pin €, we set

={xebh:x(z) Eppael.

T
Then B is also self-dual and denoted by 9 = [ p dp. We restrict our attention to

z
direct integrals of constant fields of a Hilbert space in this note, however we can
also treat more general situation by using the terminologies developed in [8]. We
o

summarize the fundamental properties of p = f pdu.
Z

PROPOSITION 2.19. (i) Let | be the involution associated with p. Then J® =

@ @
J T du is the involution associated with B = [ pdpu.
z z

o .
(i) Let x = [x(z)dp € y/ " and let x4 and x_ be the positive and negative parts of
z

o

x with respect to P: x = x — x_. Then x+ = [ x(z)+ dp, where x(z)+ are positive
Z

and negative parts of x(z).
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@
(iii) Let x = [ x(z)dp € b and let Rx and Ix be its real and imaginary parts with
z
@ @ @
respect to B = [ pdpu respectively. Then Rx = [Rx(z) and Sx = [ Sx(z)dp.
z z z
Moreover ||x|[> = [[Rx [ + [|Sx[|> = [ (|Rx(2)* + [|Sx(2)[|?) dp.
Z

o
Abounded operator Aon b = [ tdp is said to be diagonalizable if there exists
Z
a function f € L*(Z) such that (A¢)(z) = f(z)¢(z) p-a.e., for each ¢ € b.

Let 2 be the abelian von Neumann algebra of diagonalizable operators. Let
o

Abeaclosed operatoron h = [ €du. We say that A is decomposable if BA C AB for
Z

all B € . If A is decomposable, then there exists a closed operator valued map
A(z) such that (A¢)(z) = A(z)¢(z) p-ae., for all ¢ € dom(A). We often write

@ @
this as A = [ A(z) du. Moreover A* is also decomposable and A* = [ A(z)* dpu.
Z Z

Readers can find more precise discussions of the decomposable operators in [36].

®
PROPOSITION 2.20. Let A = [ A(z)du be a decomposable operator on b =
z

- ®
J tdp. If 0 < A(z) with respect to p for p-a.e., then 0 < A with respect to B = [ pdpu.
Z z

o
EXAMPLE 2.21. Let us consider a special case: h = [ £dx. Let x — A(x) be

R4
a closed operator valued map with the following properties:

(i) There exists a dense subspace D of £ such that D is a common core of A(x)*
for all x € R,
(i) For all ¢ € D, A(x)*@ is strongly continuous in x.
Under these conditions, we define a linear operator Ay by (Apg)(x) =
A(x)g(x) for ¢ € dom(Ag) = CF(RY) ® D, where we use the identification
h = L2(R%) @ ¢. Clearly Ay is closable. Now we define a closed operator A by

o
A = A}*. Then A and A* are both decomposable and A* = [ A(x)*dx.
R4

3. QUANTIZED OPERATORS

3.1. DEFINITIONS. Let b be a complex Hilbert space. The Boson Fock space over
h is given by

(e )

3(h) = P @&,

n=0
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where ®!'h denotes the n-fold symmetric tensor product of h and ®Jh = C. The

vector Q = 100606 --- € F(bh) is called the Fock vacuum. We identify each

vector ¢ € ®{h with the corresponding vector @ J;,¢ in §(h). Under this iden-
j=0

tification, ®2h is a closed subspace of F(h). We denote by a(f) (f € h) the an-

nihilation operator with index vector f on §(h). Its adjoint, called the creation

operator, is given by

(3.1) (@(f) o)™ = VnSu(f @ oY),

for ¢ = é @) € dom(a(f)*), where S, is the symmetrizer on @"f and ¢~ =
n=0

0. The creation and annihilation operators satisfy the canonical commutation re-
lations (CCRs):

[a(f),a(8)"] = (f.8), [a(f),a(g)] = 0= [a(f)",a(g)"],

on a suitable dense domain. In the case of h = L?(R?), we often use the symbolic
notation for the annihilation and creation operators by the kernel:

a(f) = [dkf)at), a(f) = [ dkfate)”.
R4 R4

Let s be a subspace of ). We define

Fan(s) = Lin{a(f))" - a(fu)"Q, Q: fi,..., fn €5, n € N},

where Lin{- - - } means the linear span of the set {-- - }. If s is dense in b, Fgn(s)
is also dense in F(h).

Let C be a contraction operator from b to by, ie., [[C|| < 1. The linear
operator I'(C) : §(b1) — F(by) is defined by the following, with the convention
®C =1

r'(C) | ®bh =x"C.

For a densely defined closable operator A on h, dI'(A) : F(h) — F(h) is
defined by
n
dr'(A) | @fdom(A) =) 1® - ® ﬁ@---@ﬂ
=1 !
and dI'(A)Q2 = 0. Clearly dI'(A) is closable and we denote its closure by the
same symbol. Also remark that if A is self-adjoint, then dI'(A) is essentially self-

adjoint. As a typical example, the number operator Nt is given by Ny = dI'(1).
Also we note the following relation, for A which is positive and self-adjoint:

(3.2) ety =1l >0,
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3.2. SELE-DUAL CONES IN A FOCK SPACE. Let p be a self-dual cone in f. Let
n={pe®@ih:(px1® - -@xy) =20Vxy,...,x, €p}.

It is not hard to see that %} C 9,. Throughout remainder of this section, we
assume that 3, is a self-dual cone and denote it by ®Zp.

EXAMPLE 3.1. Let h = L?>(R?) and let p = L2(RY)  := {f € L2(RY) : f(x) >
0 a.e.}. Then ®!p is self-dual and under the natural identification ®!L?(R)
= Lgym(R”d), the symmetric L?-space, we have ®@!p = Lgym(R”d)+ = {f €
Lim(R™) : f(X) > 0ace.}.

EXAMPLE 3.2. Let h = L%(R%). Let M; and M, be subsets of R? such
that MiUM; = R and MiN M, = @. Setp = {f € L2(R?) : f(x) >
Oon Mj and f(x) < 0on My}. Then p is a self-dual cone. Moreover ®!p is also
self-dual.

Let
3(p) = Py
n=0

with ®Jp = Ry. Then §(p) is self-dual by Proposition 2.17. Let ], be the invo-
lution associated with ®sp. Then the involution associated with F(p) is given by

I'(J)=j& { él ]n} where j is the natural involution on C: jz = z* for z € C.
n=

THEOREM 3.3. (i) Let A be a contraction on b). If 0 Q A with respect to p, then
0 < I'(A) with respect to F(p).

(ii) Let A be a positive self-adjoint operator on h. If 0 <e
t>0,then0< e~ 1Al (A) with respect to F(p) forall t > 0.

(iii) If 0 < f with respect to p, then 0 < a(f) and 0 < a(f)* with respect to F(p).

(iv) Let A € B(h). If 0 < A with respect to p, then dI'(A)" | @h > @"A >0 with
respect to Q!'p.

) For f € p, (a(f)a(f)")" | &6 (a(f) a(f))" | @b @7|f)(F] = 0 with
respect to @'p, where | f)(f|x := (f,x)f for x € b.

Proof. (i) For all ¢ € ®!p and x1,...,x, € p, we have (I'(A)p,x1 ® - ®
xn) = (@, (Ax1) @+ ® (Ax,)) > 0, since 0 I A with respecttop. Thus0<T'(A) |
®g b with respect to ®{p for all n € Ny. Now applying Proposition 2.18, we have
the desired result. The assertion (ii) is a direct consequence of (i) by (3.2).

(iii) Let P, (n € Ny = {0} UN) be the orthogonal projection onto the sub-

n

space P ®Lb. For each peF(p) and ¢ € dom(a(f))NF(p), we have (a(f)¢, Pup)
j=0

= (@, a(f)*Pyyp) = i VileW), f @ pl=1Dy > 0 for all n € No, by using (3.1).
=1

~tA with respect to p for all
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Thus, noting s—nlinolo P, = 1, we have (a(f)¢,¥) > 0. Similarly we can see that

0 <a(f)* with respect to F(p).
Proof of (iv) is easy. For the proof of (v), we note that

dr'([f)(f1) = a(f)"a(f)
for f € p. Thus, applying (iv), we have (a(f)*a(f))" | ®Ib> "|f)(f| > 0.
Moreover, by the CCRs, we have a(f)a(f)* = a(f)*a(f) + |f|>>a(f)*a(f).

4. WIGNER-WEISSKOPF MODEL

4.1. MAIN RESULTS IN SECTION 4. Let 0,0_ and o3 be 2 x 2 matrices on C?

given by
(10 (01 , _ (00
3=\o -1)7 “*=\o o) """ \1 o)

The Hamiltonian H of the Wigner—Weisskopf model is defined by
= L+05) @1+ 12 dl(w) - g{os @ a(0) +0- ©a(0)')

acting in C2 ® §(L2(R?)), with u > 0, g € R\{0}, w(k) = |k| and ¢,0/w'/? €
L%(R}). By the well-known bound [|a(f)*(dI'(w) + 1)~¥2|| < ||w™1/2f| and
the Kato-Rellich theorem, H is self-adjoint on dom (1 ® dI'(w)), bounded from
below for all # and g. Without loss of generality, we can assume that g > 0
(because 1® I'(e™)He1 @ I'(e™7) = H_y).

Let Niot be the total number operator defined by

Niot = 040_- & 1+1® Nf.

Foreachn € Ny := {0} UN, let H,, = ker(Njot — 11). Then we have the decompo-
sition

(4.1) C* @ F(LA(R?)) EBHn

We can directly check that H srongly commutes with Ny, that is, exp(isNiot)
exp(itH) = exp(itH) exp(isNiot) for all s, t € R. Thus H is represented as a direct
sum associated with (4.1):

H:@Hn with H, = H | H.

Letp = L2(R}) and let7; = (;) and 77, = (?). We introduce a subset 0, of
H, by

Pr={9cHi:9=11Q¢,_1+1 ®¢p,withg, ;€ @' !pand ¢, € @'p}

with P = {an; ® Q2 : a € RT}. Then B, is a self-dual cone in H,, for all n € Ny.
(For the proof note that, any element F € H; has a unique expression F = 171 ®
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F;+1, @ F with F; € @7 1L2(R}) and F| € ®”L?(R?). Using this representation
and self-duality of ®[p, F is in EB:E if and only if F; € ®£’*1p and F| € ®¢p.)

THEOREM 4.1. Suppose that ¢,0/w'/? € L2(R?) and p,g > 0. Assume that
o(k) > 0a.e. k. Then, for all n € Ny, 0 <te™ I with respect to P, for all t > 0.

COROLLARY 4.2. Under the conditions in Theorem 4.1, assume that H has de-
generate ground states with a-fold degeneracy. Then there exist ny,...,n, € Ny with
ny < np < --- < ny such that each Hn], (j=1,...,a) has a unique ground state which
is strictly positive with respect to By, and infspec(H) = infspec(Hy,) = -+ =
inf spec(Hy, ).

COROLLARY 4.3. Under the conditions in Theorem 4.1, assume that H has a

ground state ¢. Moreover assume that ¢ € Hy for some n € No. Then it is a unique
ground state for H, and can be chosen to be strictly positive with respect to B,.

Combining this result with [19], we obtain the following.
COROLLARY 4.4. Under the conditions in Theorem 4.1, assume that

. 2
gz/dk QT:? > 1.
R3

Then there exists an n > 2 such that Hy has a unique ground state ¢ € H,,. Moreover
we can choose @ to be strictly positive with respect to PBy,.

REMARK 4.5. The assumption ¢(k) > 0 a.e. is just for the simplicity of
our proof. We can treat more general functions. Namely let ¢ be a real val-
ued function with ¢,0/w'/? € L?(R}). Set S = suppg and write L2(R}) =
L%(S) @ L2(S), where S° is the complement of S. Then we have the natural
identification F(L*(R})) = F(L*(S)) ® F(L*(5%)), thus C? @ F(L*(R?)) = C*®
F(L?(S)) ® F(L?(S%)). Under this identification, we can represent H as

H=Hs®1+1®dl(w | S
with
Hg =

N=

(I+03) @1+ 1®dIN(w [ S) — g{or ®as(o) +o- ®as(o)*},

where ag(-) and a%(-) are the annihilation and creation operators on F(L?(S))
respectively. Note that, to show the uniqueness of a ground state of Hy,, it suffices
to show that of Hs | H,(S) with H,(S) = ker(cyo- ® 1+ 1® Ng — n) where Ng
is the number operator on F(L?(S)). To thisend, let S_ = {k € S : (k) < 0} and
let xs_ be the characteristic function of the set S_. Observe that

Telmdl (s )HS]I & e 1Al (xs_)

H

=51+0)@l+1edl(w [ S) - g{or ®as(le]) + - @as(le])"}-
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One can apply all arguments in this section to 1 @ e Xs-) g1 @ e 71774l (xs.)
because |o(k)| > 0 a.e. k on S and obtain the corresponding uniqueness theorems.

4.2. PROOF OF THEOREM 4.1. Let pc2 = R? be a natural self-dual cone in C2.
Take a self-dual cone §(p) in F(L?(R?)) with p = L*(R});. Now we choose a
self-dual cone in C? @ §(L?(R?)) as

P2 ®3(p):={p € CCOF(LA(RY)) : ¢ =1y @ @1 + 11, ©® g with 91, 9| € F(p)}.
(Indeed the reader can directly check the self-duality of pr2 ® F(p) using the fact

that, for each ¢ € C?> ® F(L*(R?)), there exist @1, ¢; € F(L?(R?)) such that ¢ =
1 @ @1 + 1, ® @|.) Moreover we have the decomposition

P2 ®S @snn

LEMMA 4.6. Let E, (n € Ny) be the orthogonal projection onto H,. Then we
obtain the following:
(i) 0<QE,, Enl with respect to §(p) for all n € Ny.
(i) Bn = Enpcz @ F(p) forall n € Ny.

Proof. (i) For each ¢ € C? ® F(L*(R?)), we have the representation ¢ =
1 @ @1 +1, @@ with @1, 9| € F(L*(R?)). Then we have

(4-2) EH(P_UT@)(@ n— 1(PT )4"71@(@ n(Pl )

with Egp = 7] ® ( GB 0P 7)) On the other hand, ¢ € pc2 ® §(p) if and only

if 91,9, € F(p). Thus by the formula (4.2), if ¢ € pr2 ® F(p), then E, 9 €
pc2 @ §(p) which means 0 < E;, with respect to pr2 ® §(p). Similarly we can prove
that 0 < E;- with respect to pre ® F(p). (ii) also follows from (4.2).

LEMMA 4.7. Let K= pu(1+03)/2@0 1+ 1®dl (w) and let L = 0 ® a(o) +
o_ ®a(e)*. For each n € Ny, we have the following:
Hog e K [ H, with respect to By, forall t > 0.
(if) 0 S L | 'Hy, with respect to PBy,.
(i) 0« e~ tHn with respect to By, forall t > 0

Proof. Since K, L and H are reduced by ran(E, ), it suffices to show the corre-
sponding properties with respect to pc2 ® F(p) by Proposition 2.8 and Lemma 4.6.

(i) It is not hard to show that <|q)|p »OF(p K|¢|pcz®3 p)) = (¢, Kg) for all
@ € dom(K) N (C*® F(L*(R?)))/ where ] is the involution associated with pr2 ®
3(p). Thus applying Theorem 2.7, 0 < e~ *K with respect to pc2 ® F(p) forall £ > 0.

(i) Since 0 < a(o)* with respect to F(p) and 0 < o1 with respect to pr2, we
can check that 0 < L with respect to pr2 @ §(p).
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(iii) By Theorem 2.10 with A = K and B = —gL, we have 0 < e 'H with
respect to pr2 ® F(p). 1

LEMMA 4.8. Foreach ¢, pe,\ {0}, there exists an NENy such that (@, LNp)> 0

Proof. It suffices to show the following;:
(i) There exists Ny € Ny such that (7; ® Fn_l,LNliﬁ ® Gy_1) > 0 for all
Fn 1/Gn 1 G ®n ! \{0}
(ii) There exists N2 € Np such that (71 ® F,_1, LNZm ®Gy) > 0forall F, 1 €

(@4 'p)\{0} and G, € (®!p)\{0}.
(iii) There exists N3 € Ny such that <’7l ® E,, LM n® Gp) > 0forall £, G, €

(®gp)\{0}.
Proof of (i) and (iii). Note that

L = (040-)" @ (a(0)a(0)™)" + (004" @ (a(e)"a(e))".
Thus, applying Proposition 3.3(v),
L2y @ Fyoy > (0202)" 1y @ (a(0)a(e)™)" ™ Fuca
> (Fy1, @2 o)y @ (®210)  with respect to By
By the assumption ¢(k) > 0 a.e. k, we have (F, 1, ®" '0) > 0. Thus
(11 ® Fae1, LY 411 ® Gy1) = (Fyo1, @2 10)(Gue1, @2 Lo |o]|* 72 > 0

which completes the proof of (i). Similarly we can prove (iii).
Proof of (ii). By a similar argument to that above, we have

LGiz’ﬁ ® Fy—1 > (Fu—1, ®2710>77T ® (@I 1o) with respect to .
Since L [ H,>0_ ®a(e)* | H, > 0 with respect to B, we have
LUy @ Fy—1 > (Fue1, @8 '0) (0~ @ a(0) )y @ (987 "0)
= V/n(F,_1, @1 o)y, ® (®¢) with respect to .
On the other hand, by the similar way to the proof of (i), we obtain
211, ® Gu = (G, ®0)y ® (®0)  with respect to By
Combining these estimates, we have
(11 ® Fam1, LYy @ Gu) > v/n(Fy—1, ®710) (Gu, @50) ] *" > 0.
This completes the proof. 1

For the proof of Theorem 4.1 note Lemmas 4.7 and 4.8, and we can apply
Theorem 2.15.
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5. SPIN-BOSON MODEL

5.1. MAIN RESULTS IN SECTION 5. The spin-boson Hamiltonian is given by

Hep = %(73 @1+ 1®dl (w) + acy @ (alo) +a(0)*)

acting in C? ® F(L*(R})), with u > 0, « € R\{0}, w(k) = |k| and o3 = ((1) (1)> :

We assume that ¢, 0/w'/? € L*(R}) and that o(—k)* = ¢(k). Then Hsp is self-
adjoint on dom(1 ® dI'(w)) and bounded from below.

Let us consider the Schrodinger representation of the Fock space F(L?(RRY))
= L%(Q,du), where y is a Gaussian probability measure. The points of this rep-
resentation are the following facts [38]:

(a) ¢(0) =27'/%(a(0) +a(0)*)** is a real multiplication operator,

(b) 0 < I' (e~ ') with respect to L2(Q,du)+ = {F € L>(Q,du) : F > 0 p-a.e. }
forallt >0,

(c) the Fock vacuum (2 is the constant function identically one.

Let x; = (1/\6)(%) and x; = (1/\/5)(]1) We choose the following self-
dual cone in C? ® §(L2(R})) = C* ® L*(Q,dp):

Psg = {@ € CCRL(Q,du) : ¢ = x1 ® @1 + X2 @ @ with @1, o € L2(Q,dp) }.

THEOREM 5.1. Assume that 9,0/w'/? € L2(R}) and o(—k)* = o(k). Then,
under the Schrodinger representation, we have 0 <1 e ~*Hs8 with respect to Psp for all
t>0.

COROLLARY 5.2. Under the conditions in Theorem 5.1, assume that Hgg has a
ground state pgs. Then it is nondegenerate and strictly positive with respect to Psp.
Thus, for any ¥ € Psg\{0}, we have (pgs, ¥) > 0. In particular (pgs, x1 @ Q) >0
and {(¢pgs, X2 @ Q) > 0.

5.2. PROOF OF THEOREM 5.1. Let U be a unitary operator on C? given by U =

% G _11> . We introduce a new Hamiltonian by

Hgp = U ® THggU @ 1.

Using the formulas UosU = oy and Uy U = 03, we have

Hgp = %01 @1+ 1®dlM(w) + V2ao3 ® ¢(0).

We also remark that
Psp=UR1Psp={p € C*L*(Q,dp): =11 091 —17 O with ¢y, ¢ €LZ(Q, dp) 4},

where 17 = ((1)) and 7| = (?)
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_ LEMMA53. Let Ho= (u/2)r @ 1+ 1@ dI(w). Then 0 < e~tHo with respect
to Pgp forall t > 0.
Proof. Since e~ '191/2 = cosh(ut/2) — sinh(ut/2)01, we have, for ¢ = 7; ®
91— 1, @ 9| € Pes,
e_tﬁogo = cosh(ut/2)n; @ I(e™") @y + sinh(ut/2)n1 @ I'(e™) g,
— (sinh(pt/2)17; @ T(e”") gt + cosh(ut/2)iy; @ T(e™"“) ).

Note that 0 <i I'(e ") with respect to L?(Q, du)+. (For the proof note that dI"(w)
has a unique ground state (2 and it is identically one in the Schrédinger repre-
sentation, hence we can apply Theorem 2.12 to conclude that 0 <1 I'(e %) with

respect to L?(Q,du)+.) Thus if ¢ # 0, then 0 < e*tﬁogo with respect to Psp.

LEMMA 5.4. Let V, = 2003 ® P(Q)X{|¢p(0)|<n} Where X(fqy is the character-
istic function of the set { f < a}. Then we have the following properties:
(i) Foralln e Nandt > 0,0< e~V with respect to @SB
(ii) For u,v € Pgp with <u v) = 0, we have (e ¥y, v) = Ofor alln € N.
(iii) Hy+V, converges to HSB in the strong resolvent sense, HSB -V, converges to
Hy in the strong resolvent sense as n — co.

Proof. (i) For ¢ € (C*® L%*(Q,du))/, we have the representation ¢ = 7; ®
P+ Q@) w1th Q1,9 € Lreal(Q du), the space of real valued L?-functions.
Under this representation, we have |(P“f353 =11 ® |e1| — 1, ® |@||, where | - |
means | - |;2(g 4y, - that is, the standard absolute value. Let ¢n = ¢(0)X{|p(0)|<n}-
Since ¢y, is a real multiplication operator, we obtain

(19lqgr 3 @ Pulolgpy,) = (@l Puler]) — oyl dule)[)
= (@1, Pn91) = (@1, Png)) = (9,03 P ).
Thus applying Theorem 2.7, we obtain the desired assertion.

(ii) Note first that u,v € Yf353 have representations u = 1y @ uy — 17, Qu|
and v = 11 ® vy — 1 ®v| withuy,u,vy,0) € L%(Q,du)+. Thus (u,v) = 0if and
only if (uy,v;) = 0 = (u|,v|) which means u;v; = 0 = uv| p-a.e. Hence, for
N = 2m, we have

(u, (3@ ¢pu)No) = (up, ¢3"v1) + (uy, ¢7"0;) = 0.
Similarly, for N = 2m + 1, we have

(u, (03 ® u)Nv) = (up, 3" 1or) = (uy, 7" o)) = 0.

Thus we conclude the desired result.

(iii) For all n € N, HSB and ﬁo + V, are self-adjoint on a common domain
dom (1 ® dI'(w)), and for all ¢ € dom (1 ® dI'(w)), we see that (Hy + V)¢ —
Hgpg strongly as n — co. Applying Theorem VIIL 25(a) of [33], we obtain that
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Hy + V), converges to Hgp in the strong resolvent sense. Similarly we can show
the remainder assertion. 1

For the proof of Theorem 5.1 note Lemmas 5.3 and 5.4. We can apply Theo-
rem 2.14 and conclude that 0 <t e ~tHsB with respect to @SB‘

6. FROHLICH POLARON WITHOUT ULTRAVIOLET CUTOFFS

6.1. MAIN RESULTS IN SECTION 6. For each P € R3, the Frohlich polaron Hamil-
tonian of a fixed total momentum P with an ultraviolet cutoff x is defined by

1 ) dk
HK<P)_§(P P) +\/&/\0/ m
k|<k

which is acting in §(L?(R?)), where Ay = (24/2m)1/2 and P; is the field momen-
tum operator defined by Py = (Pgq, Py, Pr3) = (dI'(ky),dI'(k2),dI'(k3)). Ap-
plying the bound |la(f)*(N; +1)"'/2|| < ||f|| and the Kato-Rellich theorem,
H(P) is self-adjoint on dom(P?) N dom(N;) and bounded from below for all
Kk < oo, PeR3and a < oo.

[a(k) +a(k)™] + N¢

PROPOSITION 6.1. Forall P € R3, there exists a self-adjoint operator H(P) such
that Hy(P) converges to H(P) in the strong resolvent sense as k — co.

REMARK 6.2. Applying the arguments in [1], we can show the norm resol-
vent convergence. In this note, the strong convergence is enough for our purpose.
This remark also goes to Propositions 6.5, 7.1 and 7.4.

For the proof see Appendix A.
Let p=L*(IR?) ;.. In this case we can define a self-dual cone §(p) in F(LAR?)).

THEOREM 6.3. Forall P € R3 and t > 0,we have 0 <1 e™Nie—tH(P)e=imNs 15ty
respect to F(p).

Let I; be the angular momentum operators in L2(R?) given by [, = k x
(—iVy) and let L¢ be its second quantization: L¢ = dI"(li).

THEOREM 6.4. For |P|<+/2, H(P) has a unique ground state ¢p such that €™t gp
is strictly positive with respect to F(p). Moreover @p has the following properties:
(i) Forall € Rand w € S* = {w € R3 : |w| = 1}, we have e Ligy = g,.
(ii) Let P # 0 with |P| < V2. Then, for all 0 € R, we have eie“’P‘qu)p = @p with
wp = P/|P|.

6.2. PROOF OF THEOREM 6.3. Let 0., (k) = e~ K/ for m > 0 and define a new
Hamiltonian

H,, (P) = %(P — P2+ \/&/\OR/3 dk (27‘3:)13(/1{2)“(' [a(k) +a(k)*] + Ng.
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H,,, (P) is self-adjoint on dom(P?) N dom(Ng), bounded from below. In Appen-
dix A, we show the following.

PROPOSITION 6.5. For all P € R® and a < oo, H,,, (P) converges to H(P) in
the strong resolvent sense as m — oo.

Let us define HQM(P) = e™NiH, (P)e 7Nt and H(P) = e™iH(P) e 17N,
We can easily check that, for m > 0,

61)  Hy,(P) = %(p — P2 — Var / dk (279513(52)“( [a(k) + a(k)*] + N
R3

LEMMA 6.6. Let

L(P) = 2(p P)?+N¢ and By = vakg /dk% a(k).

(i) Forall P € R3 and t > 0, we have 0 < e tL(P) with respect to F(p).
(ii) For all m > 0, we have 0 < By,, B}, with respect to F(p).

(ii) For each m > 0,P € R3 and t > 0, we have 0 < e~tHen (P) pith respect to F(p).
Proof. (i) Note that, forall ¢ € ®7L*(R}) Ndom(P?), (|¢|czp, L(P)|@lerp) =
(@, L(P)@). Thus, by Theorem 2.7, we have 0 < e tH(P) | ®§L2(Rz) with respect

to ®!p for all n € Ny. By Proposition 2.18, we conclude that 0 < e~*(P) with
respect to F(p).

(ii) This is a direct consequence of Theorem 3.3(iii).

(iii) Note that, Bf, is infinitesimally small with respect to L(P). Therefore,
noting (i) and (ii), we can apply Theorem 2.10 with A = L(P) and B = —B,, —
By. 1

LEMMA 6.7. Forall ¢ € (®5p)\{0} and ¢ € (®Ip)\{0}, there exists an N €
Ny such that (@, (B, + Bi,)Ny) > 0.

Proof. By Theorem 3.3(v), for each n € N, we have
(Bu+B)*" | @2 L2(R3) > (B}, B)" | @7 L2 (R3)>®"| &) (Em|  with respect to @7'p

where &, (k) = aAoom(k)/(271)%/2|k|. Also note that B, @ & = +/(n+1)!
|&n > Q. Thus, for ¥ € ®!p, we have

(B + By,)*"¥ > B}, (ByBm)"¥ > (®L&m, ¥) By, @F Em
(n+1)UR Em, V) ||Em||*" Q2 with respect to F(p).

Since 0 < §,;, with respect to p, we have (®F¢,, ¥) > 0if ¥ # 0. Thus (¢, (By +
By 1y) = /(p + (g + DHe, @8m) (©3m, ) 1 Sn 7427 > 0. 0

PROPOSITION 6.8. Foranym > 0,P € R3 and t > 0, we have 0 < e_‘ﬁm(P)
with respect to F(p).
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The proof follows by Lemmas 6.6 and 6.7, and we can apply Theorem 2.15.

LEMMA 6.9. One has the following:
(i) For each m,n, one has

dom(HQm(P)) = dom(ﬁgn(P)) = dom(P?) N dom(Np).

(ii) For m, n with n > m, one has Hgm (P) — Hen (P) > 0 with respect to F(p).

Proof. (i) is trivial. As to (ii), we remark that
H,,, (P) — Hy, (P) = (B, — Bu) + (B}, — Byy).

Since 0, < 0, with respect to p, one sees that B, — B, > 0 and B;; — B;;, > 0 with
respect to F(p). 1

Proof of Theorem 6.3 follows by Proposition 6.8 and Lemma 6.9, and we can
apply Theorem 2.16.

6.3. PROOF OF THEOREM 6.4. First we note H. Spohn's result [43] (see also [29]):
inf ess.spec(Hy(P)) — infspec(H(P)) = infspec(H,(0)) — inf spec(H(P)) + 1
for all k < o0 and P € R3. Also note the following inequality

PZ

infspec(Hy(P)) < infspec(Hx(0)) — 5

for all k < co and P € R?, see e.g., [14]. Applying Propositions A.1 and A.4 we
arrive at

infess.spec(H(P)) — infspec(H(P)) = infspec(H(0)) — infspec(H(P)) + 1

and
PZ

infspec(H(P)) < infspec(H(0)) — 5
Now we have a unique ground state ¢p with |P| < v/2 by Theorem 6.3. On the
other hand, 0 < e!%“"Li with respect to F(p) because 0 < el with respect to p.
For 6 € Rand w € $?, let g(6,w) € SO(3) be the rotation around w with angle 6.
We can confirm that el® Lt H, (P)e 0« 'L = H,(g(0,w) ' P) which is equivalent
to elfw LigisHx(P)g—ifwLi — oisHx(3(040)7'P) for all s € R. Taking ¥ — oo and ap-
plying Propositions A.1 and A.4, we have elf@ LelsH(P)e=ifw-Ls — gisH(g (6.0)71P)
Now we obtain the following: (a) elfwLigisH(0)g—ifwLe — oisH(0) () for P # 0,
elfwp LigisH(P)g—ibwp-Ly — isH(P) where wp = P/|P|. Accordingly we can apply
Propoistion 2.13 to conclude the result.
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7. FROHLICH BIPOLARON WITHOUT ULTRAVIOLET CUTOFFES

7.1. MAIN RESULTS IN SECTION 7. The Hamiltonian of the Frohlich bipolaron of
a fixed total momentum P with an ultraviolet cutoff « is defined by

1 Ux
Hyp x(P) = ;L(P—]I®Pf)2+ <_Ax+m) @1+ 1® N
dk .
<K

which is acting in L?(R3) ® F(L*(R})), with P € R3,0 < a < 00,0 < U and
Ao = (2\@71)1/ 2 The field-particle interaction term is understood as follows: For
each x € R3, let us introduce A(x) = |k\£ ﬁ cos(k - x/2)a(k). Then under
<k
o
the identification L?(R3) ® §(L*(R?)) = [ F(L*(R})) dk, we can define a closed
R}

operator A = jB A(x) dx via similar arguments in Example 2.21. From this view
R3
point, the interaction term is given by 2,/aAg(A + A*).

By the bounds [[a(f)*(Ne +1)~V/2|| < [|f]| and [[lx| Y|l < ellAsqll +
be|l@ll, ¢ € dom(Ay) for any € > 0, we can apply the Kato—-Rellich theorem, and
conclude that Hy,, «(P) is self-adjoint on dom(Ay ® 1) Ndom(1® N¢) Ndom(1®
sz), bounded from below forall P € R3,0 < U < 00,0 < & < oo and x < oo. In
our previous work [28], we have shown the following.

PROPOSITION 7.1. Forall P € R3,0 < U < coand 0 < a < oo, there exists
a self-adjoint operator Hyy,(P), bounded from below, such that Hyy, (P) converges to
Hypp (P) in the strong resolvent sense as x — oo.

Let F : L?(R}) — L2 (R;) be the Fourier transformation on L?(RR?), where
LZ(R;) is the configuration L2-space. Then I'(F) is a unitary operator from
3(L*(R?)) onto S(Lz(Ri)). Let py := L?(R2) be a self-dual cone in L>(R3) and
let p, := L2(R§)+ be a self-dual cone in LZ(R;). Now we choose the following
self-dual cone in L2(R3) @ F(L2 (Ri))

P @S (py) :={p € LZ(R,%) ®3(L2(Rf,)) H{pu®v) = 0Vu € pVo € F(py)}-

@
Note that, under the identification L?(R3) ® S(Lz(Rf,)) = f3 S(LZ(Rf,)) dx, we
R
@
obtain p, @ F(py) = [ F(py) dx.
Ry
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THEOREM 7.2. Let us define @ = 1® e™ ' (F). Forall0 < U < 0,0 < t and
& < oo, we have 0 <1 9~ Fop(0) 9% with respect to px @ F(py).

Let us define the binding energy by
Epin(a, U) = 2infspec(H(0)) — infspec(Hpp (0)),

where H(0) is the Frohlich polaron Hamiltonian of 0 total momentum without
ultraviolet cutoffs discussed in Section 6. If Ep;, (a, U) > 0 holds, then we say that
the binding condition is satisfied. A set of («, U) satisfying the binding condition
is denoted by Ap;,. Namely

Apin = {(a, U) € Ry xRy @ Epjn (2, U) > 0}

THEOREM 7.3. Assume that (a, U) € Apin. Then there exists a P. > 0 such that
Hyp (P) has a nondegenerate ground state gp for |P| < Pc. Moreover we can choose @
such that 8¢y is strictly positive with respect to px @ §(py). Let Liot = Ly @ 14+ 1 ® Ly
be the total angular momentum operator. Then we obtain the following:

(i) el?w-lotgy = g forall w € S? and ¢ € R.
(i) For P #0 with |P| < P., set wp=P/|P|. Then el#«rLot pp=@p for all p €R.

7.2. PROOF OF THEOREM 7.2. Let us consider a new Hamiltonian

1 all
HWWUUZEW—H®HY+(—AX »

rava [ dk _onl®) otk x2) @ [a(k) + a(k)"]
R

)®n+n®M

@) 7[K]

with 0y, (k) = e */™,m > 0. Let b(y) and b(y)* be the annihilation and cre-
ation operators in the configuration Fock space §(L? (R;) ). Then, the transformed

Hamiltonian pr,gm (P) = OHyp,,,, (P)0* is given by

~

Fop(P) = (P16 R P+(~a:+ 1) @1+ 10K /dycm %) [b(y) +b(y)"),

y

where Py = dI’ (—iVy), N is the number operator on F(L? (R3)) and

Vg 1 N 1
872 {(3/—5—36/2)24—1/#12 (y—x/2)2+1/m2}'

G (x,y) =
PROPOSITION 7.4. Let ﬁbp(P) = OHpp(P)0*. Then pr,Qm(P) converges to

pr<P) in the strong resolvent sense as m — oo.

This can be proven by modifying arguments in Appendix A of [28].
Note first that, under the natural identification: L?(R3) ® S(LZ(R;)) =

L2(R}) ® Lgym(]Rgn), we have that p, ® §(py) = @02]3” with B, = px ®
n=|

Ps

n=0
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(®%py). Let E, be the orthogonal projection onto L?(R3) ® L2

sym

(]R;”), then E,
and E;- are both positivity preserving with respect to px ® §(py).

LEMMA 7.5. Let L, (P) = %(P—]l@ﬁf)%r (—Ax+ M) @1+ 1® Ngand

let Cp = f Cp(x) dx with Cy(x) = [ dy G (x,y)b(y). Then we have the following
R} R}
properties: '
iHog e tLop(0) ity respect to px @ F(py) forallt >0
(ii) 0 < Cyy and 0 < Cy, with respect to py @ F(py).

(i) 0« eftHbP/@m( ) with respect to px @ §(py) forall t > 0and m > 0.
Proof. (i) Since Ly, (0) is reduced by L?(R3) & LZ,,(R3") for all n € Ny, it

sym

sufficies to show that 0 < e~ op(0) I L2(R3) ® Lgym(R%) with respect to B, for

tP2

n _3 2
all n € Ny by Proposition 2.8. Note first that e ' | L3, (R}") = ¢ HE= =1Vy)

and clearly the right hand side is positivity preserving with respect to ®gpy. On

the other hand, with the notation h = —A, + Ua/|x|, we have e M>0forallt >
0. Thuse 0@ | [2(R3) ® 2, (R¥) = e~ @ o HEL Tyt o o
(ii) Note that G, (x,y) > 0Vx,y. Hence, for all x € R2, we have 0 < Cy,(x)
and 0 < Gy, (x)* with respect to §(p,) by Theorem 3.3(iii). Thus we have the de-
sired result by Proposition 2.20.
(iii) This is a direct consequence of Theorem 2.10. &

PROPOSITION 7.6. For all m > 0 and t > 0, we have 0 < e_tﬁbe@m ©) with
respect to px @ F(py)-

Proof. Choose ¢, € (px ® F(py))\{0}. Then there exist p,q € Ny such that
¢'P) € B,\{0} and p(@ € PB,\{0}. Let
AL 51050 =P e 1Oy ) (Gt e E 5 ep Ol
Taking Theorem 2.15 into consideration, it suffices to show

(p+a) ,
AW)’(PW(O,...,o,s,,,o,...,o,t) >0
for any 0 < s, < t. To this end, observe that
(p+a) .
A¢<P>,¢('4> 0,...,0,55,0,...,0;t)

(7.1) > (e 5rLop(0/20P 1(p) o5 Lop(0)/2T o =(t=5p)Lop(0) 45 (4)y,

For any x € R} we have

(ChpP) () = /(p+ DHPP (5, ), LG () 120s)
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= \/(p+1)!/dy1---dyptp(”)(x,m,...,yn)Gm(x,yl)---Gm(x,yp)~

Since G, (x,y) > 0Vx,y € R3, we conclude that Chp(P) € p,\{0} as a function
onR3. Leth = —Ay + Ua/|x|. Since 0 <te " with respect to p, = o forall > 0,
we obtain e_sprP(O)/2C51¢(p) = e~r"/2C) p(P) > 0 with respect to py. Similarly

efsf’sz(O)/ZCfnef(tfsp)sz(o)go<‘7> > 0 with respect to py. Thus the right hand side
of (7.1) is strictly positive. 1

For the proof of Theorem 7.2 choose m,n as n > m. Then one can check
the all conditions in Theorem 2.16. (Remark that Hyp ,, (0) — Hpp g, (0) = (Cy —
Cm) + (C;; — C}h)) >0 because Gu(x,y) = Gu(x,y).)

7.3. PROOF OF THEOREM 7.3.

PROPOSITION 7.7. There exists a Pc > 0 such that, for |P| < P, Hyp(P) has a
unique ground state ¢p. Moreover Oqy is strictly positive with respect to px @ F(py).

Proof. In [28], it has been established that
2

inf ess.spec(Hpp (P)) — infspec(Hpp (P)) = min{1, Epin(a, U)} — PZ
Thus Hyp(P) has a ground state ¢p for [P| < 2min{/Epi,(a, U), 1} under the
binding condition («, U) € Apj,. By Theorem 7.2, ¢g is nondegenerate and d¢ is
strictly positive with respect to px ® §(py).

Fix w € §? arbitrarily. Then Hpp(Bw) is an analytic family of type (B)
with respect to B € C by Lemma B.1. In particular Hpp(Bw) is an analytic
family in the sense of Kato [35]. Set E(P) = infspec(Hpp(P)) and take e > 0
as ¢ < dist{E(0),spec(Hyp(0))\{E(0)}}. Then we can choose P. > 0 so that
E ¢ spec(Hpp(Bw)) if |[E — E(0)| = eand |B| < Pc. Then

P(p)=—(m)"  §  dE(Hyp(pw) ~E)"!
[E-E(0))|=¢

exists and is analytic for f with |B| < P.. Hence dimran(P(|P|)) = 1 for |P| < P
because dimran(P(0)) = 1. Since w is arbitrary, we have the desired result. 1

PROPOSITION 7.8. One has the following properties:
(i) eltw-lotgy = g forall w € S? and ¢ € R.
(ii) For P # 0 with |P| < P., set wp = P/|P|. Then e¥«rlotgp, = ¢p for all
4 ¢
¢ R

Proof. (i) Observe that 0 < e« ket with respect to py @ F(py) forall ¢ € R

and w € S%. In addition, we see that i@ Liot @i Hop oy (0) g —ipw-Liot —  iFlbp,py, (0)
for all ¢,s and w. Thus one concludes that ﬁbp(O) commutes with el?@ Lt by
taking m — oo. Now we can apply Proposition 2.13 and conclude the rotational
symmetry of the ground state ¢.
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(ii) The basic idea of our proof is essentially comming from [23]. First note
that spec(wp - Liot) = Z. Thus we have the decomposition:

LA(R3) @ §(L*(R})) = @ Hu(P) with Hy(P) = ker(wp - Liot — ).

n=—oo
We also remark that el#«p Lot Hyp( P)e i9wp Lot — Hypp (P). (Indeed we can check
the similar relation for any finite ultraviolet cutoff. Hence we can extend the
result to the above one by Proposition 7.1.) Accordingly the Hamiltonian Hy,,, (P)
has a corresponding decomposition:
Hip(P) = @D Hyy (P)  with H')(P) = Hip(P) | Ha(P),
n=—o0

Step 1. We will show that, for any n € Z\ {0}, there exists a unitary operator

U, (P) from H, (P) to H_,(P) such that

U(P)Hyy) (P)Un (P)” = Hy " (P).

It suffices to consider the case Py = (0,0, | P|) because we have the following
relation:

it L4 Hyp (P)e ™47 10t = Hop (57 (¢, 0)P)

forall € R and w € S?, where ¢(¢,w) € SO(3) is the rotation around w
with angle ¢. Let u,; be a unitary operator on LZ(R;;') given by (usf)(q1,92,93) =
f(—q1,92,q3) for f € LZ(Rs). Then, with wy := wp, = (0,0,1), we see that
ty @ I'(ty) (wp * Liot)us @ T'(uy)* = —wy - Liot which means uy @ I (up)H,(Py) =
H_n(Po) for all n. Moreover it is verified that uy ® I'(uy) Hpp (Po)uy ® I'(u)* =
Hpp(Po). (For the proof check first the above relation with finite cutoffs, then
extend the result to the case without cutoffs by Proposition 7.1.) Thus by setting
U, (Py) = uy @ I'(ug), we have the desired result.

Step 2. We will prove the rotation symmetry in (ii). Since @p is a unique
ground state, it must belong to H,,(P) for some n € Z. If n # 0, U,(P)gp is
ground state for Hy,,(P) too and in H_,(P) by Step 1. This means Hyp,(P) has at
least two ground states ¢p and U, (P)¢@p which contradicts the uniqueness. Thus
n must be 0: wp - Liot¢p = 0. This completes the proof. 1

Appendix A. REMOVAL OF ULTRAVIOLET CUTOFFS. I

The basic idea in this appendix is essentially due to Nelson [31]. For p &
E:={peL®R}): 0<p(k) <lae kandp(k)/|k| € L*>(R})}, we introduce

H,(P) = ;(P Pp)? + VaAg /dk 3/)2|k|[(k)+a(k)*]+Nf.
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Then, by the Kato—Rellich theorem, H, (P) is self-adjoint on dom(N;) N dom(P?)
and bounded from below, for all 0 < a < oo, P € R3 and p€&. Let

Tip= [ dkbiep (Oa)=a(8)"], Bico() == st e P (1=l

3
Rk

where xg(k) = 1if [k| < K, xx(k) = 0 otherwise. Then Tk, is essentially skew-
adjoint: Ty , = —Ty’,. Henceforth we denote the closure of Tk, by the same
symbol (hence Tk , is skew-adjoint). Using the formula

eTkea(k)e Tke = a(k) + Brp(k),
we obtain
(¢, Hicp (P)) = (g,e"“r Hy(P)e™ 5o yp) = (g, Ho(P)) + Bicy (9, )

for each ¢, p€dom(Hy(P)Y/?)xdom(Hy(P)'/?), where Ho(P)=(1/2)(P—P)*>+
N¢and

BK,p(q)/l/J)
=—((P = Pr) o, Ak ) — (Ako 9, (P — D))
1 1
+§<AK,p(Pr A?(,plp>+§<Al*(,p(P' Ak o) +{Akp@, Ak o) + (@, Hixp) +Ex o (@, )
with
Axp = [ kKB (0ak), Hix = vao [
R} lk|<K

p(k)?
2P [kP(1+ K2/2)

dk

m[ﬂ(k) +a(k)"],

Exp = —id | ak
[k|<K
PROPOSITION A.1. Assume that p € E. Then, the following operator identity
holds for all P € R3 and 0 < K < oo:

ek Hy(P)e™ 'k =Ho(P) — (P = Py) - Ak — Ay~ (P = )
1 1 x
(A1) +5Akp  Akp + 54K - Akp + Ak - Akp + Hix + Exp-

Proof. Let us denote the right hand side of (A.1) by Hx ,(P). Then, by the in-
eqaulities [la(f)*(Ne + 1) /2| < || ]l and lla(f)a(g)" (Ng+ 1) || < ClI £l
we have |[Hg,(P)¢| < const.(|[Ho(P)¢| + |l¢]l) V¢ € dom(Hp(P)) under the
assumption |k|p(k)/(1+k*/2) € L2(R?), because, in order to estimate the term
P - Ak p¢, we used the commutation relation between P and Ak, which induces
an extra term [ dkk?Bg ,(k)a(k)@. Thus we have

(A2)  |[Hp(P)e" r |l = [leTke Hy(P)e™ ¢ g|| < const.(||Ho(P)o] + ll])
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for all ¢ € Fgn(CF(R?)). Since dom(H,(P)) = dom(Hy(P)), we have

IHo(P)e™ T g|| < const.(||Ho(P)¢|l + ll¢ll)

forall ¢ € Sﬁn(Co(Rz)) by the closed graph theorem and (A.2). Hence we con-
clude that e~ K¢ dom (Hy(P))Cdom(Hy(P)). Similarly we have e’&¢dom(Hy(P))
C dom(Hy(P)). Summarizing the results, we have dom(e’*rH,(P)e Tk») =
dom(eT®» Hy(P)e ™ Tk¢) = dom(Hy(P)) = dom(H,(P)). Since eTKrPHp(P)e_TK'P =
Hi,p(P) on Fgin (C5°(R?)) which is a core for eTK/PHp(P)efTKrP, we have the oper-
ator equality (A.1). &

Let & = {p € L*(R?) : 0 < p(k) < 1ae. k}. Evenifp ¢ Ebutp € &,
the linear operators Ak, and Tk, are well-defined because Bk, and |k|Bx, are
in L?(R?). Hence the form Bg (-, ) is also well-defined on dom(Hy(P)!/2) x
dom(Hg(P)'/?) in this case: p € &)\E.

LEMMA A2. Let p € & There exists 0 < Cggx < oo, for any e > 0 and
¢ € dom(Hy(P)'/?) = dom(H(0)'/?), such that

|Bro (@, @)| < (4C(K)* +2C(K) +¢) || (Ho(P) + 1) 2> + Ce k[ 9l
with s
2 _ wAG

C)” = / dk (2m)3(1 4+ k2/2)?

Proof. For each ¢ € dom(Hy(P)/?), we have
I(P—Po)gll < [[(Ho(P) + 1) 2g], | A% o9l < C(K)[(Ho(P) +1)'"?g].
Using these formulas, we obtain
(P~ Py)g, Ax,pp)| < 2C(K)||(Ho(P) +1)! 29|,
(AT 9, A%, 9)| < C(K)?] (Ho(P) + 1)/ 2],

4
(@, Hike)| < el (Ho(P) + 1) /29]* + —Ca(K) | g]1*
By these estimates, we obtain the result. 1

Choose K sufficiently large as 4C(K)? +2C(K) < 1. Then, by the above
lemma and the KLMN theorem [34], there exists a unique self-adjoint operator
Hg (P) such that, for every p € &,

(@, Ho(P)@) = (9, Ho(P)@) + B, (¢, 9)-
LEMMA A.3. For p1,p2 € &, we obtain

|Bo, (¢, 9) — Bk p, (@, @)
<{4C(p1—p2; K)*+4C(K)C(p1—p2; K) +|Ek o, — Ex o } < | (Ho(P)+1) 2 ]2,
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where

_ 2
Clo1 — p2;K)? = Mglkl/K dk ((21071513{21 f}‘é’;)z))z.

By the similar arguments in the proof of Lemma A.2, we see the result in the
lemma.
As a corollary of the above lemma, we obtain the following.

PROPOSITION A 4. Let p, € & be a sequence such that p,(k) — 1 a.e. k as
n — oo. For K with 4C(K)? 4+ 2C(K) < 1, Hk , (P) converges to Hg 1 (P) as n — oo
in the norm resolvent sense. Moreover

V}l_r}r(}o inf spec(IjIK,p” (P)) = infspec(Hg 1(P)),
nlgrolo inf ess.spec(Hg , (P)) = infess.spec(Hg 1(P)).
Proof. By Lemma A.3, we can show the following:
Jlim Bip, (¢, ¢) = Bx1(e, ¢)

uniformly on any set of ¢ in dom(Hg(P)'/?) for which ||(Ho(P) + 1)'/2¢|| is
bounded. Thus applying Theorem VIIL.25 of [34], we see that H ,, (P) converges

to Hy 1 (P) as n — oo in the norm resolvent sense.
By Lemma A.3, we have Hg ,, (P) < Hg1(P) 4+ Du(Ho(P) + 1) with lim D,
n—oo

= 0. On the other hand, by Lemma A.2, one has Hy(P) + 1 < C(fIK,pn (P)+1)

with C independent of 7. Summarizing these inequalities, one arrives at H K,on(P)
<Hg,1(P)+CDy(Hg,p, (P)+1). By exchanging the roles of H ,, (P) and Hg,1(P),
one also obtains Hy 1(P) < Hg, (P) + CDyn(Hg1(P) + 1). Combining these es-
timates and the min-max principle Theorem XIIL2 of [35], we can conclude the
remainder assertions.

Proof of Propositions 6.1 and 6.5. Choose p as p = xx. Set K as 4C(K)? +
2C(K) < 1. Then, by Proposition A.1, we have

(A3) el Hy(P)e™ Tkae = Hy . (P).

Let H(P) = e Tka HKJeTKJ. Since e*Tkx« strongly converges to e* k1, we can
show Proposition 6.1 by (A.3) and Proposition A.4. Similarly we can prove Propo-
sition 6.5. I

Appendix B. REMOVAL OF ULTRAVIOLET CUTOFEFS. TI
In the case of the bipolaron, ultraviolet cutoffs can be removed as we did in

Appendix A. In this appendix, we will explain how to carry out this briefly. For
more details we refer to [28].
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For p € £, we introduce

1 u
Hyp, o (P) = Z(P—ll®Pf)2+ (_Ax‘l‘ﬁ) @1+ 1® N;
dk
2vVaAy | ——=—p(k k-x/2 k k)*].
+2va 0/(271)3/2|k|p( )ycos(k-x/2) ® [a(k) + a(k)*]
P
Let
WP,K = exp /dkﬁK 1k'(—1)j71X/2 ® ﬂ(k) . e—ik-(—l)l;lx/Z ® ﬂ(k*)]}
j=12"

A direct calculation yields Wi o Hpp, o (P)Wg , = pr o (P) with

A (p) —i(P—]l@Pf)z—Ax(@]l—i—f@]l—i—]l@Nf
+'Zl;2{— [(—1)/"1(—ivx)®11+%(P—11®Pf)} AKP(( 1)i- 1;)
=1,
—AKP((—1)J'*1§)*. [(—1)f*1(—ivx) 21+ %(P— 11®pf)}
(02 + B (1)
g (0712) ang (5}
dk .
+ 2\/&Aok !K P coshx/2) @ lalk) +a(k)’]
(B.1) + Vi p(x) @ T+ Ex p,
where

Axp(x / dkc kB (k)€ @ a(k),

Vi ,p(x1 —x2) :Z/dk{ﬁk,p(k)z—i- 2\/aAg By (k )} k-(x,-—x]-)/

Ziis (2r)372k]
_ 2 P(k)z
B == 200 [ dk el e

K<[k|

Even for p € &, the right hand side of (B.1) can be defined as the self-adjoint
operator associated with the form for sufficiently large K. Moreover by noting
the fact 1 € &, the Hamiltonian without ultraviolet cutoff Hyp,(P) is concretely
given by

~b
Hyp (P) = Wi Hgy (P)Wy
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with K sufficiently large. The arguments about removal of cutoffs are in parallel
to Appendix A.

LEMMA B.1. Fix w € S? arbitrarily. We have the following:
(i) For B € C, the form domain of Ifl?f’l(ﬁw) is given by dom(Hyp,0(0)!/2) with
Hppo(0) = (1/4)1®@ P? + (—Ax) @ T4+ 1@ Ny
(i) (g, FIE% (Bw) @) is an analytic function for each ¢ € dom(Hpp(0)'/?).

Proof. The proof of (i) is almost same as that of Lemma A.2. (ii) follows from
(B.1) directly. &
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