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ABSTRACT. To any complex Hadamard matrix H one associates a spin model
commuting square, and therefore a hyperfinite subfactor. The standard invari-
ant of this subfactor captures certain "group-like” symmetries of H. To gain
some insight, we compute the first few relative commutants of such subfac-
tors for Hadamard matrices of small dimensions. Also, we show that subfac-
tors arising from Dita-Haagerup type matrices have intermediate subfactors,
and thus their standard invariants have some extra structure besides the Jones
projections.
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1. INTRODUCTION

A complex Hadamard matrix is a matrix H € M,,(C) having all entries of
absolute value 1 and all rows mutually orthogonal. Equivalently, ﬁH is a uni-

tary matrix with all entries of the same absolute value. For example, the Fourier
matrix Fy = (w'l)1<;j<n, w = €#™/", is a Hadamard matrix.

In the recent years, complex Hadamard matrices have found applications in
various topics of mathematics and physics, such as quantum information theory,
error correcting codes, cyclic n-roots, spectral sets and Fuglede’s conjecture. A
general classification of real or complex Hadamard matrices is not available. A
catalogue of most known complex Hadamard matrices can be found in [18]. The
complete classification is known for n < 5 ([7]) and for self-adjoint matrices of
order 6 ([4]).

The connection between Hadamard matrices and von Neumann algebras

arose from an observation of Popa ([15]): a unitary matrix U is of the form ﬁH,

H Hadamard matrix, if and only if the algebra of n x n diagonal matrices D, is
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orthogonal onto UD,,U*, with respect to the inner product given by the trace on
M,,(C). Equivalently, the square of inclusions:

D, c M,(C)
¢H)=|(U u T
C < uoyur

is a commuting square, in the sense of [16], [15]. Here T denotes the trace on M, (C),
normalized such that 7(1) = 1.

Such commuting squares are called spin models, the name coming from sta-
tistical mechanical considerations (see [11]). By iterating Jones’ basic construc-
tion, one can construct a hyperfinite, index 7 subfactor from H (see for instance
[11]). The subfactor associated to H can be used to capture some of the symme-
tries of H, and thus to classify H to a certain extent (see [1], [10], [3]).

Let N C M be an inclusion of II; factors of finite index, and let N C M ecl

My ECZ M; C --- be the tower of factors constructed by iterating Jones’ basic
construction (see [9]), where e1, ey, .. . denote the Jones projections. The standard
invariant Gy p is then defined as the trace preserving isomorphism class of the
following sequence of commuting squares of inclusions of finite dimensional *-
algebras:

C=NNN ¢ NnM Cc NnM; C NNM cC
U U U
MM c MnM; ¢ MnM, C

The Jones projections ey, e, ..., e, are always contained in N "N M,. If the
index of the subfactor N C M is at least 4, they generate the Temperley—Lieb
algebra of order 1, denoted TL,. In a lot of situations the relative commutant N’ N
M, has some interesting extra structure, besides TL,. For instance, the five non-
equivalent real Hadamard matrices of order 16 yield different dimensions for the
second relative commutant N’ N M, and thus are classified by these dimensions
([1D.

In this paper we investigate the relation between Hadamard matrices and
their subfactors. We look at Hadamard matrices of small dimensions or of spe-
cial types. The paper is organized as follows: in the second section we recall,
in our present framework, several results of [10], [11] regarding computations of
standard invariants for spin models.

In the third section we study the subfactors associated to Hadamard matri-
ces of Dita—Haagerup type. These are matrices that arise from a construction of
[5], which is a generalization of a construction of Haagerup ([7]). Most known
parametric families of Hadamard matrices are of Dita type. We show that the
associated subfactors have intermediate subfactors.

In the last section we present a list of computations of the second and third
relative commutants N’ N My, N’ N My, for complex Hadamard matrices of small
dimensions. We make several remarks and conjectures regarding the structure
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of the standard invariant. Most of the computations included were done using
computers, with the help of the Mathematica and GAP software.

2. SUBFACTORS ASSOCIATED TO HADAMARD MATRICES

Let H be a complex n x n Hadamard matrix and let U = ﬁH . Uis a

unitary matrix, with all entries of the same absolute value. One associates to U
the square of inclusions:

D, c M,(C)
¢CH)=[U u T
C c uo,ur

where D, is the algebra of diagonal n x n matrices and 7 is the trace on M, (©),
normalized such that 7(1) = 1.

Since H is a Hadamard matrix, €(H) is a commuting square in the sense of
[16], [15],i.e. Ep,Eyp,u = Ec. The notation E 4 refers to the T-invariant condi-
tional expectation from M, (C) onto the *-subalgebra A.

Recall that two complex Hadamard matrices are said to be equivalent if there
exist unitary diagonal matrices Dq, D, and permutation matrices P;, P, such that
Hy = PiD1H1D;P,. 1t is easy to see that Hy, Hy are equivalent if and only if
€(H;),¢(Hy) are isomorphic as commuting squares, i.e. conjugate by a unitary
from M, (C).

We denote by ¢'(H) the commuting square obtained by flipping the upper
left and lower right corners of €(H):

up,u* C My(C)
¢'(H) = U u T
C - Dy

We have: ¢t(H) = Ad(U)¢(H*). Thus, ¢'(H) and €(H) are isomorphic as
commuting squares if and only if H, H* are equivalent as Hadamard matrices.

We now recall the construction of a subfactor from a commuting square.
By iterating Jones’ basic construction ([9]), one obtains from €'(H) a tower of
commuting squares of finite dimensional *-algebras:

&: 8 &
UD,U* € My(C) € X C & ¢

(2.1) U U U U
83 84 85

C C D, C V1 C Y C
together with the extension of the trace, which we will still denote by 7, and Jones
projections g;1» € V;, i =1,2,....
Let My be the weak closure of U X, with respect to the trace 7, and let Ny

1
be the weak closure of |J);. Ny, My are hyperfinite II; factors, and the trace T
i



456 REMUS NICOARA

extends continuously to the trace of My, which we will still denote by 7. It is well
known that Ny C My is a subfactor of index 7, which we will call the subfactor
associated to the Hadamard matrix H.

The standard invariant of Ny C My can be expressed in terms of commu-
tants of finite dimensional algebras, by using Ocneanu’s compactness argument
(5.7 in [11]). Consider the basic construction for the commuting square ¢(H):

es5

Dy C MyC) & P & P, &
2.2) U U U U

e3 €4 es5
C c UuUbp,u* C Q C @ C
Ocneanu’s compactness theorem asserts that the first row of the standard
invariant of Ny C My is the row of inclusions:

D,NUD,U*CD,NQ CD,NQyCD,NQ3C ---.

More precisely, if

e3 ey es
NHCMHCMH,1 CMH,2C

is the Jones tower obtained from iterating the basic construction for the inclusion
Ny C My, then:

D, N Q;=NyNMp,; foralli>1.

Thus, the problem of computing the standard invariant of the subfactor as-
sociated to H is equivalent to the computation of D), N Q;. However, such compu-
tations seem very hard, and even for small i and for matrices H of small dimen-
sions they seem to require computer use. Jones ([10]) provided a diagrammatic
description of the relative commutants D, N Q; (see also [11]), which we express
below in the framework of this paper.

Let Py = M, (C) and let (e; ;)1<; j<n be its canonical matrix units. Let

€y — E Z ei,]‘.

ij=1

It is easy to check that e; is a projection. Moreover: (D, e;) = M, (C) and
epxey = Ec(x)ep for all x € Dy,. Thus, e; is realizing the basic construction

C Dy & Mu(C).

Let ey ®e; ; denote the n? x n? matrix having only one non-zero entry, equal
to 1, at the intersection of row (i — 1)n + k and column (j — 1)n +1. Thus, ¢ ; @ e; ;
are matrix units of M, (C) ® M, (C). In what follows, we will assume that the
embedding of M,,(C) into M, (C) ® M,(C) is realized as ex; — ex; ® I, where

n

e @ In = Y ex ®e .
i=1
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n
LEMMA 2.1. Let P; = My(C) @ Dy, P = Mu(C) @ My(C), 3 = Y ¢; @
i=1
e € Prandey = I, ® ey € Po. Then

e
Dy C M, (C) C Py
is a basic construction with Jones projection ez and

My(C) C Py & Py

is a basic construction with Jones projection ey.

e
Proof. To show that D, C M,(C) ¢ Py is a basic construction it is enough

to check that (M,,(C), e3) = P and e3 is implementing Eﬁlﬂ((c)

since ey jeze;; = ex) @ e;; are a basis for P; = My (C) ® D;. To check that e3
implements the conditional expectation, let X = (x;;) € M;(C). We have:

. First part is clear,

n

e3(X@In)es = ) (e @eii) (X @ L) (ejj @ ej))

ij=1
(2.3) ! )
=) eiXej ®e; =) (e;iXej; ® In)es = Ep, 1, (X)es.
i=1 i=1

e
Since C C D, C M,,(C) is a basic construction, after tensoring to the left

by M, (C) it follows that M,(C) C P, ¢ P, is a basic construction, with e, =
In ® 62. 1

PROPOSITION 2.2. The algebras Py, P2, P3, . .. constructed in (2.2) are given by

k+1
Pok = Q@ Mu(C),  Pagy1 = P @ D,
i=1

with the Jones projections

k

k
€42 = ® Iy ®ey, exi3= ® I, ® es.
i=1 i=1

Proof. Follows from the previous lemma, by tensoring successively by
M, (C). 1

PROPOSITION 2.3. Let H be a complex nxn Hadamard matrix, let U = ﬁH, and

n
Dy = \/ﬁ Z ﬁilje]-,j ®e;;, U =UDy.
ij=1
Then the algebras Q1, Qa, Qs, ... constructed in (2.2) are given by
Qr = Wk Pra Uy, k=1,
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where Uy € Py are the unitary elements:

k . .
Uy =[]@ Lo e 1,), Uy=Ui; (2"L,oU), k>1
i=0

Proof. The unitary U; satisfies:
(AdUy)(Dy) = (AdU)(Dy)

since U*U; = Dy; € D,,. Moreover, we have:

(AU ) (e2) = (AdU)Ad ( Z i @) ( y 1)

1
ij=1 =

(2.4)

n
= (AdU)( Y g ®ei,i) = (AdU)(AdU"(e3)) = es.
P21

It follows that AdU; takes the basic construction C C D, & M, (C) onto

the inclusion C C UD, U* eC3 Uy M, (C)U7. Thus this is also a basic construction,
which shows that Q1 = U; M,,(C)Uj. Moreover, it follows that each AdU; takes
the basic construction P;_1 C P; C P;1 onto Q; C Qi1 C Q;15, which ends the
proof. 1

The first relative commutant D), N UD, U* is equal to C, since the commut-
ing square condition implies D,, N UD,U* = C. Thus the subfactor Ny C My is
irreducible. In the following proposition we realize the higher relative commu-
tants of the subfactor Ny C Mpy as the commutants of some matrices P;, i > 1, in
the algebras D), N P;.

PROPOSITION 2.4. With the previous notations, let P; denote the projection
Ujei3US € Pipq, i = 1. Then we have the following formula for the (i 4 1)-th rel-
ative commutant:

D,NQ; =P N(D,NP;).

Proof. We have:

'D;Z Nno;= 'D,g NAdU;(P;_q) = 'D,/q N Adui(€;+3 NP;)

2.5
25) _ D AP N AU(P,) = D, AP NP

i+3 . . .
We used the fact that P;_; C P; C Pj;q is a basic construction, and thus e;
Pi = ,Pi—l‘ |

+3ﬂ

REMARK 2.5. The n% x n% matrix P; = Uje4 U7 can be written as

n

n
cd cd _ T
P = Z Pypeap @ecd, where Pap = Z Ug iUp iUc iU j-
a,b,c,d=1 i=1

This matrix is used in the theory of Hadamard matrices and it is called the profile
of H. Itis a result of Jones ([10]) that the matrices P»; 1, i > 1, depend only on P;.
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Indeed, one can check that

n
_ kily  ko,lp c,d
Pyiy1 = o Zk 1 Pap Prii, pki,lie“rb R gyl Dy, @ - Qg 1 Decg.
11, ki =1

Thus, all higher relative commutants of even orders are determined by P;.

Let I'y denote the graph of vertices {1,2,...,n} x {1,2,...,n}, in which the
distinct vertices (a,c) and (b, d) are connected if and only if pfl'z # 0. The second
relative commutant can be easily described in terms of I'y. We recall this in the
following proposition, which is a reformulation of a result in [10] (see also [11]).

PROPOSITION 2.6. The second relative commutant of the subfactor Ny C My is
Abelian, its minimal projections are in bijection with the connected components of I'y,
and their traces are proportional to the sizes of the connected components.

n . .
Proof. Let } Mej; ®e;;, Ai € {0,1}, be a projection in the second relative
ij=

commutant P{ N (D;, ® Dy,). We have:

n n . n . n
A ,d
Y. peay @ecd) (1 Meiwe)=( 1 Meiwe) (L piens @ eca).

a,b,c,d=1 ij=1 ij=1 a,b,c,d=1

Equivalently:

n . . n R
1,61 _ i jd
Y. Aibgitai @ecj = Y. Mpiein @ e
a,c,i,j=1 bd,jij=1

By relabeling and identifying the set of indices, it follows:
(AG = APy =0.

a,i
Thus, if the vertices (a,c¢) and (i, ]) are connected then A = )\{ . This ends the
proof. 1

3. SUBFACTORS ARISING FROM DITA-HAAGERUP MATRICES

In this section we investigate the standard invariant of subfactors associated
to a particular class of Hadamard matrices, obtained by a construction of P. Dita
([5]), which is a generalization of an idea of U. Haagerup ([7]). These matrices
have a lot of symmetries, and we show that for such matrices the second relative
commutant has some extra structure besides the Jones projection.

Let n be non-prime, n = km with k,m > 2. Let A = (a;;) € Mi(C) and
Bi,...,Bx € My (C) be complex Hadamard matrices. It is possible to construct
an n X n Hadamard matrix from A, By, ..., By by using an idea of [5] (see also [7],
[14]). This construction is a generalization of the tensor product of two Hadamard
matrices:
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a11B1 a1p2By -+ apiBy

a21B1 appBy -+ apiBy
(3.1) H=

ag1B1 agpBy - apiBy

Let (fi)1<i <k be the matrix units of M(C). We identify M,(C) with the
tensor product M, (C) ® My (C), with the same conventions as before. Thus:

k
H = Z al-,]-Bj ®fl,]
ij=1

One can use construct multi-parametric families of non-equivalent
Hadamard matrices, by replacing By, ..., By by B1Dy, ..., ByDy, where Dy, ..., D
are diagonal unitaries. Some of the families of Hadamard matrices of small orders
considered in the next section arise from this construction.

Recall that the second relative commutant always contains the Jones pro-
jection e3 = Y e;; ® e;;. In the next proposition we show that the second relative
commutant of a Dita type subfactor contains another projection f > e3, so it has
dimension at least 3.

PROPOSITION 3.1. Let H = (a;Bj)1<ij<k € Mu(C) be a Dita type matrix,
where A = (a;;)1<ij<k € Mi(C) and By, ..., By € My(C) are complex Hadamard
matrices, n = mk. Then the second relative commutant of the subfactor associated to H
contains the projection:

f= Z i ®ejic M, (C).
1<i,j<n, i=j(modm)
Proof. For1 <i< n,letip=(i—1)(modm)+1andi; = % + 1. We will
use similar notations for 1 < j < n. Thus, the (i, j) entry of H is:

Co— .
hl/] - al]r]l bio,jo’

where bﬁ/s is the (r,s) entry of By, forall1 <t <k, 1<r,s <m.
With these notations, the projection f can be written as

n .
f=Y Aeii®e),
iji=1
where )\{ =1lifiy = jp and A{ = 0 for all other i, j.
According to Proposition 2.6, showing that f is in the second relative com-
mutant is equivalent to showing that pg’f = 0 whenever ¢y # dp. Using the
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formula for the entries of P; and the fact that iy = jy we obtain:

_ 1 & - =
UjxUexUjxUgx = 2 2 hi,xhc,xhj,xhd,x
x=1

™=

jd _
pi,c -

=
I
—_

a; o b G bt d@ b ag b
i1,%1 Y, xpe1.%1 Yep,x0 %1% Vo, x0 %121 Yy x

1=

=
Il
—

B, xiTey 3y Dot o T v gy ¢ DL
i, x1%e1,x1 %eg,x0 % 1,21 1,21 Vg, xg

3l
‘»—\ N

1=

(3.2) =

=
N
=
Il
-

I
::N‘ —
™=

m
= = X1 X1
(allrxlaclrxla]lrxladlrxl( Z bCo,xode,xo))
x9=1

=
s
Il
_

1 & p
= . 5. 0 _
T n2 Z all'xlacl'xlah/xladhxl(sco =0,
X1:1

whenever ¢y # dy. 1

We show that in fact the subfactor Ny C Mpy associated to the Dita matrix
H has an intermediate subfactor Ny C Ry C Mp, and the projection f is the
Bisch projection (in the sense of [2]) corresponding to Ry.

PROPOSITION 3.2. Let H =}, a;iB;® f;; € My(C) be a Dita type matrix,

1<ij<k
where A = (a;)1<ij<k € Mk(C) and By, ..., By € My(C) are complex Hadamard
matrices, n = mk. Then:
(i) The commuting square €(H) can be decomposed into two adjacent symmetric

commuting squares:

Dy @Dy C Mm((C) X Mk((C)

U U
Du®l, C U(Mun(C)® DU
U U

(ii) The commuting square €'(H) can be decomposed into two adjacent symmetric
commuting squares:

U(Dw @ DU*  C Mu(C) @ M(C)

U U
ULy @ DYU* € Dy ® My(C)
U U
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Proof. (i) We first show that D,, ® Iy C U(M;,(C) ® Dy)U*. Equivalently,
we check that U*(Dy @ I)U C (M, (C) ®@ Dy). Indeed, for D € D,, we have:

U*(D®Ik)U:%< Y anBiefyy ) Do) L aB@f)

1<, j'<k 1<i,j<k

= ). @ya;;B;DB®fy;
1<z]]’<k

(3.3) == ) (Z”ZJ’”U)B DB;®f

l<] JI<k =

1
-y 5f B;DB; ® fj
Tl 1<],]/<k

. Z BIDB; ® f;; € (Mu(C) ® Dy).
1<j<k

The lower square of inclusions is clearly a commuting square, since €(H) is
a commuting square. We check that

Dy @D, C Mm(C) ® Mk((C)
@] U
D@l C U(Mu(C)@ DU

is a commuting square. For X € M,;;,(C) and D € Dj we have:

U(X®D)U*:%( Y ﬂi,ij®fi,j)(X®D)< ) a”B’®f11)

1<i/j<k 1<i/,j'<k
(3.4) )
=5 L n0,BXB @ Djfiy.
1<i, i, j<k
Hence:
1 = *
Ep,(U(X®D)U*) = Ep, (ﬁ E a; ;a;BiXBj ® Dj,jfi,i’)
1<i, i, j<k
1 _ ,
= = Z Ep, (ai/,]-ai,]-BjXB]’-‘) ® D],](S; fii
1<i,j<k
(3.5) .
=~ ) DjEp, (BXB})® fi;
1<i,j<k
1
= D;,Ep,, (B;jXB}) ® Iy € Dy ® Iy..

,A
N
~.
N

~

The lower commuting square is symmetric, since the product of the dimensions
of its upper left and lower right corners equals the dimension of its upper right
corner. This also implies that the upper commuting square is symmetric, since
¢(H) is symmetric.
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(ii) The proof is similar to the proof of part (i). 1

COROLLARY 3.3. The subfactors associated to Dita matrices have intermediate
subfactors.

Proof. By iterating the basic construction for the decomposition of €'(H) in
commuting squares, we obtain the towers of algebras:

UDw®DYU* C Mu(C)@M(C) ¢ & ¢ & &
U U U U
e3 ey4 es
U(Im ® Dk)u* C Dy ® Mk((C) C RM C€ Ry, C -+
U U U U
es ey es
C C D @ Dy C Vi C W C

where R; = (R;_1,€;12) C Aj. Let Ry be the weak closure of JR;. We have

1
Ny C Ry C Mpy and Ry is a Il factor since the subfactor Ny C My is irre-
ducible. 1

REMARK 3.4. It is immediate to check that the projection f € M,(C) ®
M,;,(C) from Proposition 3.1 implements the conditional expectation from M,,(C)
®I, = M, (C) onto Dy, ® M(C). It follows that f is the Bisch projection for the
intermediate subfactor Ny C Ry C Mgy.

4. MATRICES OF SMALL ORDER

In this section we compute the second relative commutants of the subfactors
associated to Hadamard matrices of small dimensions. For some of the matrices
considered we also specify the dimension of the third relative commutant. Most
computations included were done with the help of computers, using GAP and
Mathematica.

Let H be an n x n complex Hadamard matrix and Ny C My its associated
hyperfinite subfactor. It is well known in subfactor theory that the dimension
of the second relative commutant is at most n, with equality if and only if H
is equivalent to a tensor product of Fourier matrices. In this case the subfactor
Ny C Mp is well understood, being a cross-product subfactor. For this reason,
we exclude from our analysis tensor products of Fourier matrices.

Some of the matrices we present are parameterized and they yield contin-
uous families of complex Hadamard matrices. In such cases, the strategy for
computing the second relative commutant will be to determine which entries of
the profile matrix P; depend on the parameters, and for what values of the pa-
rameters are these entries 0. According to Proposition 2.6, the second relative
commutant will not change as long as the 0 entries of P; do not change. Thus, to
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compute the second relative commutant for any other value of the parameters, it
is enough to compute it for some random value.

We will describe the second relative commutant by specifying its minimal
projections. Each such projection p corresponds to a subset S C {1,2,...,n%}:
p is the n? x n? diagonal matrix having 1 on position (i,i) if and only if i € S,
and 0 on all other positions. Since the Jones projection e3 is always in the second
relative commutant, one of the subsets of our partitions will always be {1,n +
2,2n+3,... kn+k+1,...,n%}

4.1. COMPLEX HADAMARD MATRICES OF DIMENSION 4. There exists, up to
equivalence, only one family of complex Hadamard matrices of dimension 4:

1 1 1 1
1 a -1 -a

Fy(a) = 1 -1 1 -1l la] = 1.
1 —a -1 a

The entries of P; that depend on the parameter a are % + %, % - %, % + #,

% — 8%‘ Thus, the second relative commutant is the same for all values of a that
are not roots of these equations.
The roots @ = 1,4 = —1 yield matrices that are tensor products of 2 x

2 Fourier matrices. Thus the dimension of the second relative commutant is 4,
and its minimal projections are given by the partition {1,6,11,16}, {2,5,12,15},
{3,8,9,14}, {4,7,10,13}.

The roots a = i,a = —i yield the 4 x 4 Fourier matrix, thus the minimal
projections are {1,6,11,16}, {2,7,12,13}, {3,8,9,14}, {4,5,10,15}.

Any other values of 4, |a| = 1, yield relative commutants of dimension 3:
{1,6,11,16}, {2,4,5,7,10,12,13,15}, {3, 8,9, 14}. This is not surprising, since this
matrix is of Dita type (see Proposition 3.1).

The dimension of the third relative commutant is 10, and the dimension of
the fourth relative commutant is 35 unless a is a primitive root of order 8 of unity,
in which case the dimension is 36. Based on this evidence, we conjecture that the

principal graph of the subfactor associated to Fy(a) is Dgi)

of order 2 of unity, and ij)

if a is a primitive root

otherwise.

4.2. COMPLEX HADAMARD MATRICES OF DIMENSION 6. The Fourier matrix Fg
is part of an affine 2-parameter family of Dita matrices:

1 1 1 1 1 1
. . b
ael/3)m  pei/3)r  _q e(2i[;3)7r oy
Q23 G(-2/3)n 1 Q@i G(2/3)n
—a b -1 a —b
o2/ @/ 1 (2B 2i/3)n

b 2i/3 i/3
e(i/ua)n TR —1 ae®/3m pel/dm

Fe(a,b) =

_ e e
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: -2 4 p- 2(-1 )2/3
The entries of P; that depend on a,b are: 2 (1 +a 2+ b72), 24+ 23— —

\1/3 _\1/3 1\2/3
20,0 20 L 20T 2 (14 a? +02), 2+ 2(-1)Y 22 —2(-1 )1/3192,

2-2(-1)"a2+2(-1)*° 2.
Making one of these entries 0 yields the following possibilities: 4 = —

fb——f iVBora=-1+3V3b=-1-1V3ora=13-13
2 272

2—|— \/gora—z—b- fb*f—f 301‘11——%—%\@,17:% %\/gor
a = +\fb—2—|— \@ora—f—lfb——f—i 30ra:%+
%\@,b: \/gora——1b——1ora—1b—1ora——1b—lor
azl,b:—l.

n each of these cases the matrix Fy(a,b) is a tensor product of Fourier ma-
trices.

For all other pairs (a, b) satisfying |a| = |b| = 1, the second relative commu-
tant has dimension 4: {1,8,15,22,29,36}, {2,4,6,7,9,11,14,16,18,19, 21, 23, 26,
28,30,31,33,35}, {3,10,17,24, 25,32}, {5,12,13,20,27,34}.

The following family of self-adjoint, non-affine, complex Hadamard matri-
ces was obtained in [4], one of the motivations being the search for Hadamard
matrices of small dimensions that might yield subfactors with no extra structure
in their relative commutants, besides the Jones projections:

1 1 1 1 1 1

1 -1 x -y —-x vy

1 x -1 t -t —x
BNs@O) =11 5 ¢+ 1 5 —f|

1 —x -t y 1 z

1 v —-x —t z 1

where 6 € [—7, —arcos(fl%\/g)} U [arcos(fl%ﬁ), 7] and the variables x,y,z, t
are given by:

142y — 12 142y + 12 —\f\/1+2y+2y3+y
y(~Tt2y+y?) 142y —y?
142+ = V21 +2y +2° +y*
—1+4+2y+y?

The entries of BNy do not depend linearly on the parameters, thus this is not a
Dita-type family. The corresponding subfactors have the second relative commu-
tant generated by the Jones projection. We conjecture that BNg(6) give supertran-
sitive subfactors, i.e. all the relative commutants of higher orders are generated
by the Jones projections.

There are other interesting complex Hadamard matrices of order 6, such as
the one found by Tao in connection to Fuglede’s conjecture ([19]), or the Haagerup
matrix ([7], TZ). We computed the second and third relative commutants for these
matrices, and they only contain the Jones projection.

y=exp(if), z=

t=
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4.3. COMPLEX HADAMARD MATRICES OF DIMENSION 7. The following one-
parameter family was found in [14], providing a counterexample to a conjecture
of Popa regarding the finiteness of the number of complex Hadamard matrices of
prime dimension.

1 1 1 1 1 1 1
1 gel/3m a e(—i/3)m -1 1 eli/3)m
e(2i/3)m
1 ﬁ ael/3)m -1 e(—i/3)m 1 oli/3)m
—i (i/3)m .
P7(a) = 1 e( 1/3)7T _1 e - ae(z}/g’)n e(1/3)7'[ _1
—i (i/3)m :
R G T L L L
1 -1 -1 e(i/3)7'c e(i/3)7r e(—2i/3)7‘[ e(—i/3)7r
1 e(i/?))n e(i/3)71’ -1 -1 e(*i/3)7r e(72i/3)7r

The second relative commutant of the associated subfactors is generated
by the Jones projection, for all |[a| = 1. For 2 = 1 we also computed the third
relative commutant, and it is just the Temperley—Lieb algebra TL,. We conjecture
that P;(a) yield subfactors with no extra structure in their higher order relative
commutants, besides the Jones projections.

4.4. COMPLEX HADAMARD MATRICES OF DIMENSION 8. The following
5-parameter family of Hadamard matrices contains the Fourier matrix and is of
Dita type:

1 1 1 1 1 1 1 1
i/4 : 3i/4 :
1 aeW/H7 i ceB/HT 1 e(?u#)n —ib e(i/c4)71
1 id -1 —id 1 id -1 —id
1 e(3i/4)7fz —ib cell/Hmy -1 _z ib cz
— a e(1/4)71 ae(31/4)7r
Fg(a,b,c,d,z) 1 _1 , B ) i ) G
1 e<3i‘i4)n ib e(n/%)n —1 aeW/9H7  _jp  ceB/H7
1 —id -1 id 1 —id -1 id
: i . (i/4)m
1 9(1/24)n —ib ae(SCi§4)7r -1 G/ gp ce ; 4

The list of possible values of 4, b, c, d, z that yield 0 entries for P; is very long
and we do not include it here. Outside these values, the second relative commu-
tant has dimension 4 and it is given by {1, 10,19, 28,37,46,55,64}, {2,4,6,8,9,11,
13,15,18,20,22,24,25,27,29,31, 34, 36, 38,40, 41, 43, 45,47, 50, 52, 54,56, 57, 59, 61,
63}, {3,7,12,16,17,21,26,30,35,39,44,48,49,53,58,62}, {5,14,23,32,33,42,51,
60}.

We analysed several other complex Hadamard matrices besides those in-
cluded in this paper, such as those found by [12], [17]. We covered most known
examples of complex Hadamard matrices of size < 11. We draw some conclu-
sions:
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(i) As shown in the previous section, matrices of Dita-Haagerup type yield
subfactors with intermediate subfactors, and thus the second relative commutant
has some extra structure besides the Jones projection. We note that parametric
families of Dita-Haagerup matrices exist for every n non-prime, and they contain
the Fourier matrix F,.

(ii) All non-Dita, non-Fourier matrices we tested have the second relative com-
mutant generated by the Jones projection. The third relative commutant is also
generated by the first two Jones projections for all cases we could compute. It
remains an open problem whether there exist such complex Hadamard matrices
with non-trivial standard invariant. Such examples would be even more interest-
ing if the second relative commutant contains just the Jones projections.
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