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ABSTRACT. Let p(z,w) be a polynomial in two variables. We call the solu-
tion of the algebraic equation p(z,w) = 0 an algebraic correspondence. We
regard it as the graph of the multivalued function z — w defined implicitly by

p(z,w) = 0. Algebraic correspondences on the Riemann sphere C generalize
both Kleinian groups and rational functions. We introduce C*-algebras asso-
ciated with algebraic correspondences on the Riemann sphere. We show that
if an algebraic correspondence is free and expansive on a closed p-invariant

subset ] of C, then the associated C*-algebra Op(]J) is simple and purely infi-
nite.
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INTRODUCTION

For a branched covering v : M — M, Deaconu and Muhly [9] introduced a
C*-algebra C*(M, ) as the C*-algebra of the r-discrete groupoid constructed by
Renault [27]. In order to capture information of the branched points for the com-
plex dynamical system arising from a rational function R, in [14] we introduced

~

slightly different C*-algebras Og(C), Or = Or(Jr) and Ogr(Fr) associated with
a rational function R on the Riemann sphere C, the Julia set Jg and the Fatou
set Fr of R. We showed that the C*-algebras Or(Jr) on the Julia set are always
simple and purely infinite if the degree of R is at least two. We also studied a re-
lation between branched points and KMS states in [12]. C. Delaroche [1] and M.
Laca-]J. Spielberg [20] showed that a certain boundary action of a Kleinian group
on the limit set yields a simple nuclear purely infinite C*-algebra as a groupoid
C*-algebra or a crossed product. Dutkay and Jorgensen study a spectral theory
on Hilbert spaces built on general finite-to-one maps ([8]).
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On the other hand, Sullivan discovered a dictionary between the theory of
complex analytic iteration and the theory of Kleinian groups in [29]. Sullivan’s
dictionary shows a strong analogy between the limit set Ar of a Kleinian group
I' and the Julia set Jg of a rational function R. Therefore it is natural to gen-
eralize both Kleinian groups and rational maps. In fact there exist such objects
called algebraic correspondences or holomorphic correspondences. Many works
on algebraic correspondences have been done, for example, in Bullet [4], Bullet—
Penrose [5], [6] and Miinzner-Rasch [24]. Let p(z,w) be a polynomial in two
variables. Then the solution of the algebraic equation p(z,w) = 0 is called an
algebraic correspondence. We regard it as the graph of the multivalued function
z — w defined implicitly by p(z, w) = 0.

In this paper, we introduce C*-algebras associated with algebraic corre-
spondences on the Riemann sphere. We show that if an algebraic correspon-
dence is free and expansive on a closed p-invariant subset | of C, then the associ-
ated C*-algebra O(]) is simple and purely infinite. We shall show some exam-
ples and compute the K-groups of the associated C*-algebras. For example, let
p(z,w) = (w—z™)(w —z"2) - - - (w — z") such that my, ..., m, are all different,
where 7 is the number of irreducible components. Then | := T is a p-invariant
set. Let b = #B(p) be the number of the branched points. Then we have

Ko(Op(T)) =27, and Ki(Op(T))=2Z/(r—1)Z.

If mq,my, ..., m, are relatively prime, then the associated C*-algebra O (T) is
simple and purely infinite.

Our C*-algebras O,(]) are related with C*-algebras of irreversible dynam-
ical systems of Exel-Vershik [10], C*-algebras associated with subshifts of Mat-
sumoto [21], graph C*-algebras [19] and their generalization for topological rela-
tions of Brenken [3], topological graphs of Katsura [16], and topological quivers of
Mubhly and Solel [22] and of Muhly and Tomforde [23]. Some of our C*-algebras
are isomorphic to C*-algebras associated with self-similar sets [15] and Mauldin—
Williams graphs [13].

1. ALGEBRAIC CORRESPONDENCES

Let p(z,w) € C|z, w] be a polynomial in two variables of degree m in z and
degree n in w. We shall study an algebraic function implicitly determined by the
algebraic equation p(z,w) = 0 on the Riemann sphere C. Note that there exist
two different ways to compactify the algebraic curve p(z,w) = 0. The standard
construction in algebraic geometry is to consider the zeros of a homogeneous
polynomial P(z,w,u) in the complex projective plane CP2. But we choose the
second way after [5] and introduce four variables z1, zp, w1, W, and a polynomial

p(z1,22, wy, w2) = zy'wy p(z1/22, w1/ w2),
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which is separately homogeneous in zj, z; and in wy, w,. We identify the Riemann
sphere C with the complex projective line CP'. We denote by [z1,25] an element
of CP!. Then the algebraic correspondence C, of p(z, w) on the Riemann sphere is a
closed subset of C x C defined by

Cp = {([z1,22], [w1, wr]) € CxC: p(z1,22, w1, wp) = 0}.
Then C) is compact. In fact, it is a continuous image of a compact subset
{(z1, 22, w1, w2) € C*: P21, 22, w1, wa) = 0and |z1|? + |z2|? + w1 |* + |wa > = 1}.
To simplify notation, we write
Cp={(zw) e CxC:p(zw) =0}

for short if no confusion can arise. It is also convenient to consider change of
variables u = % orv = % instead.
P(ZZ) be the rational function with polynomials

For example, let R(z) =

P(z), Q(z). Put p(z,w) = Q(z)w — P(z). Then the algebraic correspondence C,
of p(z, w) on the Riemann sphere is exactly the following graph, of R,

{(zzw) e CxC:w=R(z), ze C.}

Therefore we regard the algebraic correspondence C;, of a general polyno-
mial p(z,w) as the graph of the algebraic function z — w implicitly defined by
the equation p(z, w) = 0. Then the iteration of the algebraic function is described
naturally by a sequence z1, 23, 23, . .. satisfying (zy,zx41) € Cp fork =1,2,3,....

Any non-zero polynomial p(z,w) € C[z, w] has a unique factorization into
irreducible polynomials:

p(zw) = gi(z,w)" ---gp(z,w)™
where each g;(z, w) is irreducible and g; and g; (i # j) are prime to each other.
Throughout the paper, we assume that any polynomial p(z, w) we consider
is reduced, that is, the above powers n; = 1 for any i. We also assume that any
gi(z,w) is not a function only in z or w. In particular the degree m in z and the
degree n in w of p(z, w) are both greater than or equal to one.
We need to recall an elementary fact as follows:

DEFINITION 1.1. Let p(z, w) be a non-zero polynomial in two variables of
degree m in z and degree n in w. Then we sometimes rewrite p(z, w) as

p(z,w) = am(w)z2"™ + ay_1(w)z2™" L+ - 4 ay(w)z + ag(w)
= by(2)w" + b, 1 (2)w" -+ by (2)w + by (z).
Fix w = wy € C. Then the equation f(z) := p(z,wp) = 0in z € C has

m roots with multiplicities. Take any root z = zg. The branch index of p(z,w) at

(zo, wo), denoted by e (zo, wo) or e(zg, wy), is defined to be the multiplicity for the

root z = zg of f(z) = p(z,wp) = 0. For example, let R(z) = g(é)) be the rational
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function with polynomials P(z), Q(z). Put p(z,w) = Q(z)w — P(z). Then the
branch index e, (2o, R(20)) coincides with the usual branch index er(zp) of R at
Z = Z0.

2. ASSOCIATED C*-ALGEBRAS

We recall Cuntz-Pimsner algebras [25]. Let A be a C*-algebra and X be
a Hilbert right A-module. We denote by L(X) the algebra of the adjointable
bounded operators on X. For ¢, 77 € X, the "rank one" operator 6z, is defined by
0z, (¢) = ¢(y]¢) for ¢ € X. The closure of the linear span of rank one operators is
denoted by K(X). We say that X is a Hilbert C*-bimodule (or C*-correspondence)
over A if X is a Hilbert right A-module with a homomorphism ¢ : A — L(X). In

this note, we assume that X is full and ¢ is injective.
¢

Let F(X) = @ X®" be the Fock module of X with the convention X*° = A.
n=0
For ¢ € X, the creation operator Tz € L(F(X)) is defined by

Te(a) =Ca and T¢({1® - ®Gn) =CR Q- RGp.
We define ip(x) : A — L(F(X)) by

irx)(a)(b) = ab and ipx)(a)(1® - @Cn) = P(a)51® - @ Cu

fora,b € A. The Cuntz-Toeplitz algebra T is the C*-subalgebra of L(F(X)) gen-
erated by i(x)(a) witha € A and Ty with ¢ € X. Let jx : K(X) — Tx be the ho-
momorphism defined by jk (6 ;) = T¢T;. We consider the ideal Ix := ¢~ H(K(X))
of A. Let Jx be the ideal of Tx generated by {ip(x)(a) — (jx o ¢)(a);a € Ix}. Then
the Cuntz-Pimsner algebra Oy is the quotient Tx/Jx . Let t : Tx — Ox be the
quotient map. Put Sz = 7(Tz) and i(a) = 7t(ip(x)(a)). Letix : K(X) — Ox be the
homomorphism defined by ik (0 ;) = SzSj. Then 7t((jk o ¢)(a)) = (ix o ¢)(a) for
a € Ix. We note that the Cuntz-Pimsner algebra Oy is the universal C*-algebra
generated by i(a) with a € A and S; with ¢ € X satisfying that i(a)Sz = Sg(a)¢,
Sei(a) = Sga, SzSy = i((Cln)a) fora € A, ¢, n € Xand i(a) = (ix o ¢)(a) fora €
Ix. We usually identify i(a) with a in A. We denote by (’);lg the x-algebra gener-
ated algebraically by A and Sz with ¢ € X. There exists an action y : R — Aut Ox
with 7¢(Sg) = eith, which is called the gauge action. Since we assume that
¢ : A — L(X) is isometric, there is an embedding ¢, : L(X®") — L(X®"*1) with
¢n(T) = T®idx for T € L(X®") with the convention ¢g = ¢ : A — L(X). We de-
note by Fy the C*-algebra generated by all K(X®"), n > 0 in the inductive limit
algebra lim L(X®"). Let F, be the C*-subalgebra of Fx generated by K(X®F),
k=0,1,...,n, with the convention Fy = A = K(X®?). Then Fx = lig]:n.

Let p(z,w) be a non-zero polynomial in two variables and C, the alge-
braic correspondence of p(z, w) on the Riemann sphere. Consider the C*-algebra
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A = C(C) of continuous functions on C. Let X = C (Cp). Then X is an A-A
bimodule by
(@-f-b)(zw) =a(z)f(zw)b(w)

fora,b € Aand f € X. We introduce an A-valued inner product (-|-) 4 on X by

(fl9haw) =} ez w)f(zw)g(zw)

{zeC:(zw)eCp}

for f,¢ € X and w € C. We need the branch index ep(z,w) in the formula of the
inner product above. Put ||f|l2 = || (f|f) X2

LEMMA 2.1. The above A-valued inner product is well defined, that is, Coww—
(flg)a(w) € C is continuous.

Proof. If we consider p(z, w) = ay(w)z" + ay_1(w)z" 1 + - +a(w)z +
ap(w), as a polynomial in z, then each coefficient (a(w)) is continuous in w.
Then the continuity of the map C 3 w — (f|g)a(w) € C follows from the defi-
nition of the branch index and the continuity of the roots with multiplicities of a
polynomial on the Riemann sphere. See, for example, [7]. &

The left multiplication of A on X gives the left action ¢ : A — L(X) such
that (¢(a)f)(z,w) = a(z)f(z,w) fora € Aand f € X.

PROPOSITION 2.2. Let p(z,w) be a non-zero polynomial in two variables. Then

N

X = C(Cyp) is a full Hilbert C*-bimodule over A = C(C) without completion. The left
action ¢ : A — L(X) is unital and faithful.

Proof. Let m be the degree of p(z,w) in z. Forany f € X = C(Cp), we have

Il <fli=(sup ¥ eplw)lfEo)?) < vl

v {ze@:(z,w)ecp}

Therefore the two norms || - || and || - ||« are equivalent. Since C(Cp) is complete
with respect to || - ||eo, it is also complete with respect to || - |2.
Since (1]1)a(w) = Y ep(z,w)l = m, (X|X)a contains the iden-

{zeC:(zw)eCy}
tity 14 of A. Therefore X is full. If @ € A is not zero, then there exists xy € C
with a(xg) # 0. Since the degree m in z of p(z, w) is greater than or equal to one,
there exists wy € C with (x0,wp) € Cp. Choose f € X with f(xg,wg) # 0. Then
¢(a)f # 0. Thus ¢ is faithful. 1

-~

DEFINITION 2.3. We introduce the C*-algebra O,(C) associated with an al-
gebraic correspondence C, = {(z,w) € CxC : p(z,w) = 0} as the Cuntz—

o~

Pimsner algebra [25] of the Hilbert C*-bimodule X, = C(Cp) over A = C(C).

A closed subset J in C is said to be p-invariant if the following conditions are
satisfied: For z,w € C,
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(i) z € Jand p(z,w) = 0 implies w € ],
(i) w € J and p(z,w) = 0 implies z € J.
Under the condition, we can define C,(]) = {(z,w) € ] x ] : p(z,w) = 0},
A =C(]), Xp(J) = C(Cp(])) similarly. Then X,(]) is a full Hilbert C*-bimodule
(C*-correspondence) over A = C(]) and the left action is unital and faithful.
We also introduce the C*-algebra O,(]) as the Cuntz-Pimsner algebra of
the Hilbert C*-bimodule X, (J) = C(Cp(])) over A = C(]).
We define the set B(p) of "branched points" and the set C(p) of "branched
values":

B(p) := {z € C : there exists w € C such that p(z,w) = 0 and e(z, w)

%
.

In the above definitions, we may replace e(z, w) > 2 by 3—’; (z,w) = 0 after appro-
priate change of variables. Symmetrically we define:

w) =2
C(p) := {w € C : there exists z € C such that p(z,w) = 0 and e(z, w) > 2

B(p) := {w € C : there exists z € C such that p(z,w) = 0 and g—Z(Z,w) = 0};

C(p) == {z e C : there exists w € C such that p(z,w) = 0 and g—Z(z,w) = 0}.

We need some known estimates of the above sets.

LEMMA 2.4. Let p(z, w) be a non-zero polynomial in two variables of degree m in
z and degree n in w. Then B(p), C(p), B(p) and C(p) are finite sets. More precisely we
have *B(p) < 2m(m — 1)n, *C(p) < 2(m —1)n, *B(p) < 2n(n —1)m and *C(p) <
2(n—1)m.

Proof. Tt follows from Proposition 2 in [5] that #C(p) < 2(m — 1)n. Since
p(z,w) has degree m in z, we also have #*B(p) < 2m(m — 1)n. The rest is symmet-
rically obtained. 1

Let Iy = Ix, ;) = ¢~ (¢(C(])) NK(Xp(]))).
PROPOSITION 2.5. Iy ;) = {a € C(]) : a|p(,)} = 0.

The proof is a direct consequence of Proposition 4.4 in [12] or [23].

We consider Hilbert C*-bimodules of iteration of the "algebraic function".
Put X72 = X®,4 X, X7" = X" 1@, X.

We define the path space P, = Py (]) of length n in ] by

Pu={(z1,22, .., zn41) € "t (zi,zi41) € Cp(]),i=1,...,n}.

Then Py, is compact, since it is a continuous image of a compact subset. We extend
the branched index for paths of length 7 as

e(z1,22,---,2p11) = e(z1,22)e(z2,23) - - - e(zn, 2 41)-
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Then C(P,) is a Hilbert bimodule over A by

(a-f-b)(z1,22,.--,zn41) = a(z1)f (21,22, -, 20)b(2p41),

(f1g) a(w) = Z e(z1,...,zn,w)f(z1,. .., 20, w)g(21, ..., 20, W),
{(z1,-20):(21 o2, 0) EPr }

fora,be A, f, g€ C(Py).

LEMMA 2.6. The above A-valued inner product is well defined, that is, Cowr—
(f1g) a(w) € Cis continuous, for any f, g € C(Py).

Proof. Itis enough to assume that | = C. We may and do assume thatn = 2,
because a similar argument holds for general n. We already know that X ® 4 X

~

hasan A = C (C)-valued inner product. Therefore for f1 ® f,91 ® g2 € X ®4 X,

Cowr— (f1® falg1 ® g2)a(w) € Cis continuous. Define f, g € C(P,) by
flz,22,w) = fi(z1,22) fa(z2, ), §(21,22,w) = §1(21,22)§2(22, w).

Then

(f|g)A(w) = Z 6(21/22/ ZU)f(Zl,Zz, w)g(zerZ/ ZU)

{(z1,22)€P1:(21,22,w) EP2 }

= Z e(z1,z2)e(z0, w) f1(21,22) f2(22, ) g1(21, 22) 82 (22, W)

{(21,22)EP]:(Zl,ZZ,w)EPZ}
= ) ez w)fa(za,w) ( Y e(z1,22) f1(z1,22)81(21,22) 82 (22, w))
{zp€C:p(z5,w0)=0} {z1€C:p(21,22)=0}

= )3 e(z2,w) fo(z2,0) (f1]81) a(22)82 (22, W)

{z2€C:p(z0,w)=0}
=(f2l(f11€1)a82) a(w) = (f1 ® f2|81 ® g2) a(w).

Hence w — (f|g) a(w) is continuous. Then for finite sums

f(z1,20,w) = Zfl,i(zl/ZZ)fZ,i(ZZr w), §(z1,22,w) = 281,1'(21122)82,1‘(22,10),

i

w — (f|g)a(w) is also continuous. Put

C(Py)° = {f € C(P2): f(zi,z2,w) = Y fri(21,22) foi(z2,w) for fi, fo; € X}-
finite i
Since C(P,)? is a x-subalgebra of C(7,) and separates points, C(7P,)" is uni-
formly dense in C(P,). Note that the uniform norm || - || and || - ||2 are equiv-
alent, because || - |l < || - |l2 < m"?| - ||oo. For any f,g € C(P,), there exist
sequences (f)n and (gn)n in C(P,)° such that f, — f and g, — g uniformly.
Since

|(fl8)a(w) = (fulgn)a(w)]

< ) e(z1, 20, w)|f (21,22, w)g(2z1,22, W) — fn(z1,22, W)gn (21, 22, w)|,
{(z1,22):(z1,22,w) EP, }
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we see that (f,;|gn) a(w) converges to (f|g)a(w) uniformly in w. Since a uniform
limit of continuous functions is continuous, (f|g) 4 (w) is continuous in w. 1

Now it is easy to check the following proposition.

PROPOSITION 2.7. Let p(z,w) be a non-zero polynomial in two variables. Then
X = C(Py) is a full Hilbert bimodule over A = C(]) without completion. The left
action ¢ : A — L(X) is unital and faithful.

PROPOSITION 2.8. There exists an isometric A-A bimodule homomorphism ¢ :
X" — C(Py) such that, for f1,..., fa € X,

P(i® @@ fu)(z1,22,- -+, Zns1) = fi(21,22) f2(22,23) - - - fu(2Zn, Zny1)-

Proof. 1t is easy to check that ¢ is a well defined A-A bimodule map. The
proof of Lemma 2.6 shows that ¢ is isometric. Since || - || and || - ||2 are equiva-
lent, ¢ is onto. 1

We need to define another compact space G, = G, (]) by
Gy ={(z1,z441) € J? . there exists (z1,22,---,2p21) € Py}
Then C(G,) is a Hilbert C*-bimodule over A by:
(a-f-D)(z1,2n41) = a(z1) f(21,20)b(2041),
(f18)a(w) = ) e(z1,22, -, 20, W) f (21, w)g(z1,w),

{(erZZr---an)3(Z1122/---/Zn/w) €Py }

fora, b € A, f, g € C(Gn). Define a continuous onto map p : P, — G, by
0((z1,22,---,2n+1)) = (21,2p41) for (z1,22,...,2441) € Pn. Then it is clear that
the induced map p* : C(G,) — C(Py) defined by p*(f) = f o p is an isometric
Hilbert bimodule embedding.

3. SIMPLICITY AND PURE INFINITENESS

In this section we consider a sufficient condition for a polynomial so that
the associated O, () is simple and purely infinite.

Let | be a p-invariant subset of C. For any subset U of | and a natural
number 1, we define a subset U(") of J by

u = {we]:(z1,22,...,2n,w) € Py forsomez; € U,zy,...,24 € J}.

DEFINITION 3.1. Let p(z, w) be a non-zero polynomial in two variables and
] a p-invariant subset of C. Then p is said to be expansive on | if for any nonempty
open set U C ] in | with the relative topology there exists a natural number n
such that U™ = J.
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EXAMPLE 3.2. Let R(z) = g(é)) be the rational function with polynomials

P(z), Q(z) and degR > 2. Put p(z,w) = Q(z)w — P(z). Then U™ is exactly
R™(U). Therefore p is expansive on the Julia set Jg by Theorem 4.2.5 of [2].

EXAMPLE 3.3. Let p(z,w) = z> + w?* — 1. Then | := {0,1,—1} is a p-
invariant set and p is not expansive on J. In fact, let U = {0}, then U?") = {0}
and U®*1) = {1,-1}. p is not expanswe on C, because an open set U :=
C\{0,1, -1} is p-invariant and U =U # C for any n. In general, for any poly-
nomial, if p has a finite p-invariant set, then p is not expansive on C similarly.

EXAMPLE 3.4. Let p(z,w) = 2" —w, m > 2. Then ] := T is a p-invariant set
and p is expansive on ], because T is a Julia set of w = R(z) = z".

Let p(z,w) = z—w", n > 2. Then | := T is a p-invariant set but p is not
expansive on J. In fact, let U := T\ {1}. Then U®) = U # T for any k.

More generally we have the following criterion.

PROPOSITION 3.5. Let p(z,w) = z™ — w" for natural numbers m and n. Then
] := T is a p-invariant set, and p is expansive on T if and only if n is not divisible by m.

Proof. Suppose that n is divisible by m, so that n = mj for some j € N. Let
U={z€T:z" #1}. Then for any k € N, 1 is not in U®). In fact, if 1 were
in U, then there exists (z1,22,...,2K, 1) € Py such that z; € U. Hence 2! = 1
and zj' | =z} = ZZU = 1. We continue this argument to obtain z{" = 1. This
contradicts the fact that z; € U. Therefore p is not expansive on T.

Next, suppose that 7 is not divisible by m. Let d be the greatest common
divisor of m and n. Then m = myd and n = nyd for some natural numbers m
and ng. Since n is not divisible by m, mg is greater than or equal to 2. We identify
T with R (mod Z) by z = €?™* and w = e?™f. Then z" — w" = 0 means that
ma = nf — k for some integer k. Hence

Cp(]) = {([06], B]) ER/ZXR/Z:B = %0&—!— % for some integer k}.

Then C,(]) has d connected components, because mZ = dZ (mod n).
For ([a], [B]) € Ga2(]), there exist k1, ky € Z such that

m /m k1 k2 mz mk1 + 7’lk2
B (e )+ = et
Since mZ + nZ = dZ, ([«], [B]) € G2(J) if and only if there exists k € Z such that
B= %zoc + % We continue in this way to %et that ([a], [8]) € G;(J) if and only if
there exists k € Z such that g = m—r + dF k, "L+ n'7 = d"7Z, G-(]) has
dfnl = d connected components. To av01d overlapping, we consider only one
qr-1

connected component. Hence we need to cover an interval [0, Td] [0, Z:]
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Take an open interval I = (0, "%6 + ¢). Since Wmio = fl—:, 1) contains

dar dr 2d" (ny —1)d" nyd"

e e A
It is also true if we replace I by a translation of I. Now for any open set U C ],
there exists an open interval (a,b) with (a,b) C U. Choose a natural number r

such that [b —a| > 1. Then by the preceding argument we see that (a,b)(") =
[0,1]. Hence U = [0, 1](mod Z) = J. This shows that p is expansive on T. 1

——1]U{0} =1[0,1] (mod Z).

DEFINITION 3.6. Let N be a natural number. We define the set GP(N) of
N —genemlized periodic points by

GP(N)={we]:3zeJImn0<m#n<N,Iz,22,23,...,2n,W) € Py,
Iz, up, us, ..., Uy, w) € Py}

Let R(z) = P(é)) be the rational function with polynomials P(z), Q(z). Put p(z, w)
= Q(z)w — P(z). Then

N
GP(N) = |J{w € C: R"(w) = w}.
n=1
In fact, if R"(w) = w for some n < N, then itis clear that w € GP(N). Conversely,
let w € GP(N). Then there exists z such that w = R"(z) = R"(z) for some
0 <m <n < N.Then R" "™ (w) = w.

DEFINITION 3.7. A polynomial p in two variables is said to be free on ] if for
any natural number N, GP(N) is a finite set.

For example, let R(z — Pz) be the rational function with polynomials P(z
p = Q@) POy

Q(z). Put p(z,w) = Q(z)w—P(z). If deg R > 2, then p is free on any p-invariant
set .

LEMMA 3.8. Let p(z,w) = z™ — w". Then p is free on | = T if and only if
m # n.

Proof. Assume that m # n. We identify T with R/Z by z = e?™* and
w = e?™P. For any natural number N, [8] € GP(N) if and only if there exist [a] €
R/Zandr,s 0 <r # s < N such that ([¢],[B]) € G/(J) and ([a], [B]) € Gs(]).
Therefore there exist k1,ky; € Zwith0 < ky < n"—1and 0 < ky; < n® —1 such
that

m" drflkl ms dsflk2
ﬁ:WDH_ o wt T T
Since two lines with different slopes meet at at most one point, *GP(N) < n3N
Hence p is free on T.
Conversely assume that m = n. Then any (z,z,...,z) € J*1isin Py(]).
Hence for any natural number N, GP(N) = T is an infinite set. Thus p is not free

onT. &
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REMARK 3.9. The above example is related with an example of Katsura in
Section 4 of [17] . If m and n are relatively prime, then his example coincides with
our example. If m and n are not relatively prime, then his example is different
from ours. In fact our P, (T) is not connected if m and n are not relatively prime.
But they are isomorphic as bimodules.

PROPOSITION 3.10. Let R;i(z) = Pi(z)/Qi(z) i = 1,...,r be rational func-
tions with polynomials P;(z), Q;(z). Put p(z,w) = (Q1(z)w — P1(2)) - - - (Qr(z)w —
P/(z)). Let |  C be a p-invariant closed subset. Assume that each degR; > 2 and
degRy,...,deg R, are relatively prime. Then p is free on |. Furthermore, if | is the Julia
set for some R;, then p is expansive on |.

Proof. Let N be a natural number and m, n integers with 0 < n < m < N.
Foriy,...,im,j1,...,jn = 1,2,...,r, we shall show that

M::# {ZG@ . Rimo"'ORil(Z):R]'no.--ole(Z)}<oo'

On the contrary, assume that M = oo. Then covering degrees of both sides coin-
cide. Count the covering degrees and rearrange them. Then we have

(degRq1)™' - - - (degR;)” = (degRq)" - -- (degR,)"

with sy +---+s = mand t; +--- +t, = n. Since degRy,...,degR, are rel-
atively prime, s; = t; fori = 1,...,r. Then m = n. This contradicts the fact
that n < m. Hence M < oo. Therefore Q(m,n) := {z € C : thereexistsw €
C such that (z,w) € Gu, (z,w) € Gy} is a finite set. Hence

GP(N)={weJ:3ze]JImn 0<n<m<N,Iz,w) € Gy, Iz,w) € Gy}

is also a finite set. This shows that p is free on J.
It is evident that, if | is a Julia set for some R;, then p is expansiveon J. 1

EXAMPLE 3.11. Let m and n be natural numbers and relatively prime. Con-
sider p(z,w) = (w — z™)(w — z"). We note that ] = T is the common Julia set of
w = z" and w = z". Then p is free on | and expansive on J. We note that there
appears a new branched point (1,1) in Cp.

EXAMPLE 3.12. Let Ry(z) = 4(;(2;912) be the rational function given by Lat-

tes. Then the Julia set Jg, = C. Let Ry(z) = 522((‘?) be any rational function with

odd degree. Put p(z,w) = ((4z(z% — 1))w — (2% + 1)?)(Q2(z)w — P5(z)). Let
J= C. Then p is expansive on | and free on J.

EXAMPLE 3.13. Let iy,...,i4, j1,...,jn be natural numbers. Assume that
i, # 1or jr # 1 for each k. Suppose that those which are not equal to 1 are
relatively prime. Put ] = T. Let

p(z,w) = (21 — wh) (22 —wh) ... (2 — win).

Then p is free on J.
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EXAMPLE 3.14. Let m be a natural number with m > 2. Put p(z,w) =
(w —z™)(w™ — z). Then p is not free on T. In fact, there exist different paths
(z,2M,2,2",z) € Py(T) and (z,2™,z) € Po(T). Hence GP(4) = T.

EXAMPLE 3.15. Let p(z,w) = 22 + w? — 1. Then p is not free on | = C.
In fact, choose any (z,w) € Cp. Then there exist different paths (z,w,z,w,z) €

7)4(@) and (z,w,z) € 772(@). Hence GP(4) = C.
LEMMA 3.16. Suppose that p is expansive on a p-invariant subset |. Then for any

non-zero positive element a € A and for any € > 0 there exist n € Nand f € X®" with
(fIf)a = I such that

lall — & < SpaSy < |lal.

Proof. Let x be a point in | with |a(xg)| = ||a]|. For any ¢ > 0 there exist
an open neighbourhood U of x( in | such that for any x € U we have ||a|| — ¢ <
a(x) < |la||. Choose another open neighbourhood V of x( in | and a compact
subset K C ] satisfying V C K C U. Since p is expansive on ], there exists n € N
such that V(") = J. We identify X®" with C(Py,) D p*(C(Gy)) as in the paragraph
after Proposmon 2.8. Define closed subsets F; and F, of | x | by

FL={(z,w) €] x]:(z,w) € Gy,z € K},
E={(zw)e]x]:(z,w) € G,z U}

Since Fy N F, = ¢, there exists ¢ € C(G,) such that 0 < g(z,w) < 1and

[ 1 (z,w)€eH,
g(z’w)_{o (z,w)EP;.

Since V(") = |, for any w € ] there exists z; € V such that (z;,w) € G,.
Then (z1,w) € F1 and g(z;,w) = 1. Therefore
(0" (9)lp"(8))a(w) = )3 e(z1,...,2n,w)|g(z1,w)[*

{(z1,--2n) EPy_1:(21,-.20,w0) EPp }
> [g(z1,w)]* = 1.

Letbi= (5" ()" (). Then b(y) = (p* (¢)lp"(£))a(y) > 1. Thus b € As
positive and invertible. We put f := p*(g)b~1/2 € X®". Then
(FIf)a=b"12(glg)ab” 2 = L

Forany w € [ and (z1,w) € Gy, if z € U, then |ja]| — e < a(z), and if z € U°,
then f(zy,...,zn,w) = g(x,y)b~/2(w) = 0. Therefore
)

lall =& = (llall —&)(f1)aly)
= (llall —¢) )3 e(zi, . zn, ) f (21 20, w) P

{(z1,+2n) EPy—_1:(21,ee20,0) EPy }



C*-ALGEBRAS ASSOCIATED WITH ALGEBRAIC CORRESPONDENCES 439

< Y e(zi,...,zn,w)a(z1)|f(z1, ..., 20, w)|?
{(z1,020) €Py—1:(21,0020,0) EPy }

= (flaf)a(w) = StaS¢(w).
It is clear that S}asf = (flaf)a < llall(fIf)a = llall. ®

LEMMA 3.17. Suppose that p is expansive on a p-invariant subset |. Then for any
non-zero positive element a € A and for any e > 0 with 0 < ¢ < ||a||, there exist n € N
and u € X" such that

lull2 < (lal —e)™"/* and S;aS, =1.

The proof is exactly as same as Lemma 3.5 of [14].

A step in the proof of the main theorem is to show that a certain element
S in a Cuntz-Pimsner algebra is 0. It is enough to show that the corresponding
element T in the Toeplitz algebra is 0. Since the Toeplitz algebra acts on the Fock
module and the Fock module is realized as a function space, we can calculate
Tx = 0 concretely.

We write A = X®0. Ifa € A, then T, means ¢(a) ® I, on X*". The following
lemma is a key of the proof of our main theorem.

LEMMA 3.18. Let i and j be integers with i,j > 0 and i # j. Take x € X*
and y € X®I. Suppose that a € A = C(]) satisfies the following condition: For any
(z1,22,...,z;,w) € P, (ul,uz,...,uj,w) € Pj, we have a(zy)a(uy) = 0. Then we
have aTxTy*a* =0.

Proof. 1t is enough to show Ty T, f = 0 for any f € X®r r=0,1,2,.... If
r < j, then TaxTa*yf = T,x0 = 0. Hence we may assume thatr > jand f = f1 ® f»
for fi € X%, f, € X2(r=),

(Tax o) (1 @ f2) (21,22, -+ ) Zis Zig1s -+ Zir— 1)

= (Tax(ay|f1) afe)(z1,22, -+, Zis Zig1s - s Zigr—jt1)

= (ax @ (aylfi)af) (21,22, -/ Zis Zi1s -+ ) Zigr—js1)
=a(z1)x(z1, .., zip1)(aylf1) a(ziga) f2(zisrs - Zigr—jig)
= a(z1)x(z1, ..., ziy1)"

( Z e(uy, ..., uj,ziy1)a(ur)y(uy, ..., uj,zip1) fr(ug, - .,u]-,zi+1))~

(ul,,..,uj,z,qu ) EP]

f2 (zi+1/ cee /Zi+77j+1)

=a(z1)a(ur)x(z1,...,2i41)

( Z e(ul,~--/ujzzi+l)]/(u1/--~,ujrzi+1)fl(ulr-~-,uj/Zi+1))'

(ul,...,uj,ziﬂ ) EP]

foziv1, - Zigr—j41) = 0. 1
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We need to prepare the following elementary fact:

LEMMA 3.19. Suppose that p(zy, wo) =0, 3—’;(20, wo) # 0and g—z(zo, wp) # 0.
Then there exist an open neighbourhood U of zg, an open neighbourhood V of wy and a
homeomorphism ¢ : U — V such that forany z € U, w € V, p(z,w) = 0 if and only if
w = ¢(z).

LEMMA 3.20. Assume that p is free on . Suppose that | has no isolated points.
Let N be a natural number. Then for any non-empty open set U in |, there exist points
wo € U,z; € ] (i =1,...,mN), an open neighbourhood V of wy with V- C U, open
neighbourhoods W; of z; in | and homeomorphisms ®; : W; — V fori = 1,...,mN
satisfying the following:

1 wW;nN W] = fori # .

(ii) For any z € W;, w € V, we have (z,w) € Gy if and only if w = @;(z), in
particular wy = ®;(z;).

(iii) For any s € J with (z;,s) € Gy for some k (1 < k < N), there exist an open
neighbourhood W; s of s and homeomorphisms ®; s : W; — W, 5 satisfying the following:
forany z € W;, w € W5, we have (z, w) € Gy if and only if w = @; ;(z).

(iv) These open neighbourhoods W; and W; ; for i, s have empty intersection each other.

Proof. Let D; be the set of w € | satisfying that there existu € |, z € GP(N)
such that (4, w) € Gy, (u,z) € G, forsomek =0,1,...,N.

Since p is free on ], GP(N) is a finite set. Hence D is also a finite set. Con-
sider the set D, of w € | satisfying that there exist u,z € | such that (u,w) €
Gn, (u,z) € Gy for some k = 0,1,...,N and z is in B(p), C(p), B(p) or C(p).
Then D is a finite set. Since D1 U D, is a finite set and | has no isolated points,
there exist a non-empty open set Vy C U such that V C U\ (D; U D,). Choose
wy € Vo € U\ (Dy UD,). There exist distinct z; € ] fori = 1,...,mN such that
(zi,wp) € GN. By the Lemma 3.19 , we can choose a sufficiently small non-empty
open set V. C Vj, non-empty open neighbourhoods W; of z; and homeomor-
phisms @; : W; — V fori =1,...,m" satisfying all the above requirements. &

PROPOSITION 3.21. Let ] be a p-invariant set with no isolated points. Suppose
that p is expansive and free on J. For N € N, for any T € L(X®N), for any ¢ > 0, there
existsa € AT = C(J)" with ||a|| = 1 such that

lp(a) T[> > || T|I* —,
aSxSya =0 forany x € X%, foranyy € X¥1,0 <i,j < N,i #].

Proof. For N € N, for any T € L(X®N), for any e > 0, there exists f € X®N
with || f|l2 = 1 such that ||T||? > || Tf|3 > | T||> — e. Hence there exists w; € |
such that

ITf|5 = Y. e(z1,...,z2nv,w1)|(Tf)(z1,- .., 2N, w1) %

{(z1,--2N): (21, 2n,w1 ) EPN }
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Since the function
w Z e(z1,22,...,z2n, W) (Tf)(z1, ..., w)?
{(z1,22,--2N):(21,22,--- 2N, W) EPN }
is continuous, there exists an open neighbourhood U of w; such that for any
weld
e(z1,...,z2n, W) (TF)(z1, ..., zn, w) 2 > ||T|? —e.
{(z1,--2N): (21, 2N W) EPN }
By Propostion 3.21, there exist points wy € U,z; € | (i = 1,. ,mN ), an open
neighbourhood V of wy with V. C U, open neighbourhoods W; of z; in | and
homeomorphisms @; : W; — V fori = 1,...,m" satisfying the conditions in the
lemma. Choose b € A = C(]) satisfying
b(wg) =1, 0<b(w)<1, suppbCV.
Define a € C(]) by
a(z) _ b(q)l(z)) Z ew,
0 otherwise.

Then this function a satisfies the condition in Lemma 3.18. Therefore for any
x € X®,ye X¥,0<1i,j<N,i#jwehaveaSiSya* = 0.
Moreover we have

lp(a) Tf1I3 = sup )3 e(z1, ..., z2n,w)]a(z)(Tf) (z1, ..., w) [
W {(z1,.2N): (21, 2N,w) EPN }

> sup ) e(zi,...,zn, W) (TF) (21, ..., w)b(w)|?
w {(Zlr"-rZN>:(le-"/ZNrw)GPN}

> ) e(z1,...,z2n,w0)|(Tf)(z1, - .., wo)b(wp)|?

{(z1,e2n):(21, 2N 00 ) €PN }
>|T|I>—e n
It is important to recall the fact that there exists an isometric *-homomorhism
o LXN) 2 A IV +K(X)@ IV 4+ + K(XON) = 0, ()T

as in Pimsner ([25], Proposition 3.11) and Fowler-Muhly-Raeburn ([11], Proposi-
tion 4.6) such that

P(a+ 0y 0 wxyo-oy) = 0+ Sx - Sy Sy - Sy
To simplify notation, we put Sy = Sy, - - Sy, forx =x1 ® - - @ x; € X®k
LEMMA 3.22. Let | be a p-invariant set with no isolated points. Suppose that p

is expansive and free on J. Let b = c*c for some c € O;lg. We decompose b = }_b;

with (b)) = eiftb]-. For any € > 0 there exists P € A with 0 < P < I satisfying the
following:
(i) Pb;P =0 (j #0);
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(ii) || PboP[| = [|bo| — .
Proof. For x € X®", we define length(x) = n with the convention length(a)
=0 fora € A. We write c as a finite sum ¢ = a + ZSXI.S;I_. Put
i
n = 2max{length(x;),length(y;);i}.
For j > 0, each bj is a finite sum of terms in the form such that
S¢Sy xeX®KH), yex® 0<k+j<n
In the case when j < 0, b; is a finite sum of terms in the form such that
SxS; x € X®K, yE x®k+D 0 <k + ljl <n

We shall identify by with an element in L(X®"). Apply Proposition 3.21 for
T = (bp)'/2. Then there exists a € A* = C(J)* with ||a| = 1 such that

lp(a)T* > |IT|* -,
anS;a =0 foranyx € X® for any y € X®,0< i,j < N,i#].
Define a positive operator P = a € A. Then
1/2 1/2
IPboPI| = [ Pg’?|* > ||bg/ (| — & = ||bo]| —e.
It is evident that Pb;P =0 forj # 0. 1

Since we have prepared technical lemmas adapted to our particular situa-
tion, the rest of the proof of our main theorem is a standard one.

THEOREM 3.23. Let p(z,w) be a reduced non-zero polynomial in two variables
with a unique factorization into irreducible polynomials:

p(zw) = gi(zw) - gp(z,w),

where each g;(z,w) is irreducible and g; and g; (i # j) are prime to each other. We
assume that any g;(z,w) is not a function only in z or w. Let | be a p-invariant set
with no isolated points. Suppose that p is expansive and free on J. Then the associated
C*-algebra Oy(]) is simple and purely infinite.

Proof. Letw € O,(]) be any non-zero positive element. We shall show that
there exist z, zp € Op(]) such that zjwz, = I. We may assume that ||w|| = 1. Let
E: Oy(]) = Op(])" be the canonical conditional expectation onto the fixed point
algebra by the gauge action . Since E is faithful, E(w) # 0. Choose ¢ such that

0<s<w and e(||E(w)|| —3e)"! < 1.

There exists an element ¢ € O, (])3# such that ||w — c*c|| < eand ||c|| < 1
Let b = c*c. Then b is decomposed as a finite sum b = }_b; with 7:(b;) = eiftb]«.
j
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Since ||b]| < 1, ||bo]] = ||E(b)|| < 1. By Lemma 3.22, there exists P € A with
0 < P < I satisfying Pb;P =0 (j # ) 0) and ||PbyP|| > ||bg|| — €. Then we have
>

[PboP|| = |[bol| — & = [[E()[| — & = [[E(w)|| = [[E(w) = E(b)[| =& > [|E(w)]| — 2e.
For T := PbyP € L(X®™), there exists f € X®™ with || f|| = 1 such that

ITV2£13 = ICFITF)all > TN —e.
Hence we have ||[TV2f||3 > ||E(w)| — 3e. Define a = SiTSy = (fITfla € A.

Then ||a|| > ||E(w)| — 3¢ > e. By Lemma 3.17, there exist n € Nand u € X®"
such that

lull2 < (llall —€)7'/? and  SjaS, = I.
Then ||u|| < (||E(w)]|| — 3¢)~1/2. We have
1S3 PwPS s —al| < [IS¢ ([P [lw - b]| <.
Therefore
1855 PwPSsSy — I|| < [[u]l*e < e(||E(w)]| —3¢) ™" < 1.
Hence SZS;?PZUPS fSu is invertible. Thus there exists v € Ox with
SuSFPwPS¢S,v = I.
Putz; = SZS]*(P and z = PS§¢S,v. Thenzjwz, = 1.
REMARK 3.24. Schweizer’s theorem in [28] also implies that O,(]) is sim-
ple. Our theorem gives simplicity and pure infiniteness with a direct proof.
The C*-algebra O,(]) is separable and nuclear, and satisfies the Univer-
sal Coefficient Theorem. Hence the isomorphism class of C*-algebra O,(]) is

completely determined by the K-group together with the class of the unit by the
classification theorem by Kirchberg-Phillips [18], [26].

EXAMPLE 3.25. Let m and n be natural numbers. Consider p(z, w) = z" —
w" and | = T. If n is not divisible by m, then O,(]) is simple and purely infinite.

EXAMPLE 3.26. Let m and n be natural numbers and relatively prime. Con-
sider
p(z,w) = (w—z2")(w—z").
Let ] = T. Then Oy(]) is simple and purely infinite.

EXAMPLE 3.27. Let Ry(z) = 4(2( +1)? 0 be the rational function given by Lat-

tes. Let Rp(z) = 522((22)) be any rational function with odd degree. Consider
p(z,w) = ((42(2 = 1))w — (% +1)*)(Qa(2)w — P2(2)).

Let ] = C. Then O,(]) is simple and purely infinite.
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EXAMPLE 3.28. Let iy,...,0y, j1,...,jz be natural numbers. Assume that
i, # 1or jr # 1 for each k. Suppose that those which are not equal to 1 are
relatively prime. Put ] = T. Let

p(z,w) = (2" —wh) (22 —wh) - .- (27" — wn).

Then Oy(]) is simple and purely infinite.

4. K-GROUPS

We shall compute K-groups for several examples.

EXAMPLE 4.1. Let p(z,w) = z™ — w". Then ] := T is a p-invariant set. Con-
sider the Hilbert C*-bimodule X, = C(C,) over A = C(T). Then X, is isomor-
phic to A™ as a right A-module. In fact, let u;(z, w) = ﬁzi fori=0,1,...,m—1.
Then (u;luj)a = d;;I and {ug,uy,...,uy—1} is a basis of X, in the sense that

-1
f= mZ ui(ui|f)a forany f € X, = C(Cp). Leta;(z) = z for z € T. Then
i=0

Z1+1

(¢(a1)u;)(z,w) =

fori=0,1,...,m—2. And

= ujy1(z,w)

1
N

(@la)un1)(zw) = 2" = o = (1o o) (z.),

Therefore, if we identify L(X,) with My (A), then ¢(a1);; = I fori = ]+ 1,j=
L...,m—=2,¢(ar)om-1 = af and ¢(a1);; = O for others. Let ¢] : K;(A) =
Z — Kji(A) = Z. Since [a1] is the generator of K;(A) = Z and ¢1([a1]) = [a]],
¢1(k) = nk for k € Z.

Since ¢(1a) = Ip,(a), ¢ : Ko(A) = Z — Ko(A) = Z is given by ¢7 (k) =
mk for k € Z. By the 31x—term exact sequence due to Pimsner [25], we have

Z E L Ko(0p(T))
u] [
Ki(Op(T) ¢—— 0 e Z

Therefore:

(@) forn =T1andm = 1: Ko(Oy(T)) = Z D 7Z, K1(Op(T)) 2 Z D Z;
(i) forn = 1and m # 1: Ko(Op(T)) 2 Z® Z/(m — 1)Z, K1 (Op(T)) = Z;
(iii) for n # 1and m = 1: Ko(Op(T)) = Z, K1(Op(T)) = Z& Z/ (n — 1)Z;
(iv) forn # landm # 1: Ko(Op(T)) = Z/(m —1)Z, K1 (Op(T)) = Z/(n — 1)Z.
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EXAMPLE4.2. Let p(z,w) = (w —z")(w —z") with (2 < m < n). Then | :=
T is a p-invariant set. Since the set B(p) of branched points in C; is non-empty,
we need to be careful to compute the K-groups Ko(Op(T)) and K; (Op(T)).
If z is a branched point, then w = z" = z", so that 2"~ = 1. Hence
B(p) = {1,&,a?,...,a" ™ 1}, where & = ¥/ ("=") js a primitive (1 — m)-th
root of unity. Put
D(p) = {(z,w) € Cp : e(z,w) > 2} = {(L,1), (a,a™),..., (a" "1 qmn=m=1))}

and any branch index e(af, a”) = 2. Let p1(z,w) = (w —z") and py(z,w) =

(w—2z"). Let X = C(Cp) and

Y = C(Cp,) ®C(Cp,) = C{(1,z,w) : p1(z,w) = 0} U{(2,2,w) : p2(z,w) = 0}).

We shall embed X = C(Cp) into Y as a bimodule over A = C(T) by identifying

the points corresponding to the branched points of p. Let
Z:={feY:f(l,z,w) = f(2zw),(z,w) € D(p)}

={feY:f(l,da,a"r)=f(2,&,a"r), r=0,1,...,n—m—1}.
Then Z is a closed submodule of Y and we can identify X with Z as bimodules.

We introduce a basis {1, ..., Umin} of Y as follows:
Fori=1,...,m,

ui(l,z,w) = —z-1 u;(2,z,w) =0,

EH

andfori=m-+1,...,m+mn,
uj(l,z,w) =0, u;(2,z,w)= \}ﬁziml.
Then (u;|uj) o = 6;,1. Therefore we can identify f € Y with (f;); € A"*" by

m-+n

fi=wilf)a, flkzw)=Y_ uikzw)fi(w), k=12

i=1
We claim that f(1,a",a™") = f(2,a",a™") if and only if

m+n

i uz 1 lX lX ([xmr) — Z Mi(2/ “T’, amr)fi(txmr)

i= i=m+1
if and only if
m+n 1

r i=1) £ (M) — _* r(i-m=1) g ¢ mr
fila") = « fi(@™)
Z l i:;H Vv l
if and only if the corresponding vector (f1(a™),..., fuin(a™)) € C"" is or-
thogonal to a vector
1 a7 (m=1), —Ll, —Lo/, / _ler(rﬂ)) c cmin

1 1,
n,::(ﬁl,ﬁzx,...,ﬁ N N N
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LetC:={a™:r=0,1,...,n—m—1} ={cy,¢2,...,cr} and ¢; # cj, (i # 7).
Fork = 1,2,...,0,put C(k) = {r € {0,1,...,.n—m —1} : a™ = ¢}. If we
identify Y = A™*" = C(T)™*", then

Z={f=(fi)i € A" : (fi(a"™)); is orthogonal to n, for r =0,...,n —m — 1}
v

= (N {f = (fi)i € A™": (fi(cx)); is orthogonal to n, in C"*" for Vr € B(k)}.
k=1

We see that for fixed k, the vectors n, (r € B(k)) are linearly independent. There-
fore the subspace

H(k) := {x = (x;); € C"™" : x is orthogonal to n,, r € B(k)}
has dimension m +n — #*C(k) > m+n— (n —m) = 2m > 2. Let

L(k) := span{T € B(C"*") : T = 6y, for some x,y € H(k)}.
Therefore we have an identification

K(Z) ={f € C(T, Myu4n(C)) : f(cx) € L(k), k=1,...,v}.
We shall show that the canonical inclusion i : K(Z) — K(Y) = My4+,(C(T))
induces the isomorphism
i, K(K(Z) 27— K(K(Y)=Z, r=0,1
Let
J={f €C(T, Ms+n(C)): f(cx) =0, k=1,...,0}

v
and a finite dimensional algebra Q = @ L(k). Then we have an exact sequence
k=1

0] —=K2Z) 5 Q—o.
Consider the six-term exact sequence

*

Ko(J) =0 —— Ko(K(Z)) —— Ko(Q) =Z°

1 l50

Ki(Q) =0 —— Ki(K(2)) —— Ki(]) = Z°

>

Fork =1,...,v, let g € L(k) be a minimal projection and we consider the pro-
jection rp, = (0,...,0,4%,0,...,0) € Q. Let fy € K(Z) be a lift of r; defined as a
"piecewise linear" map with fi(cj) = d;. Since do([ri]) = —[e?7fk], we obtain
that
So(ny,...,mp) = (M —nq, My — N, Ny — N3, ... Ny 1 — Ny).

Since Imn* = Kerdy = {(n,...,n) € Z" : n € Z} = Z and 7* is one to one,
we see that 7* : Ko(K(Z)) &2 Z — Z' is given by n*(n) = (n,...,n). Since
Im éy = Ker i* and i* is onto, i* : Ky(]) = Z" — K1(K(Z)) = Z is given by
i*(ny,...,np) = ny+---+ny. Let p € C(T, M4 (C)) be a projection such that
p(t) is a rank one projection for any ¢t € T and p(cx) € L(k) fork =1,...,v. Then



C*-ALGEBRAS ASSOCIATED WITH ALGEBRAIC CORRESPONDENCES 447

[p] is a generator of Ko(K(Z)) = Z and also a generator of Ko(K(Y)) = Z. Let
cr = % with 0 < 0; < - < 6,. Letu € C(T, My41(C)) be a unitary such
that u(e?™) = e27it/%1 for 0 < t < 6; and u(e¥™*) = 1 for others. Then [u] is
a generator of K1(K(Z)) = Z and also a generator of K;(K(Y)). Therefore we
conclude that i, : K,(K(Z)) 2 Z — K, (K(Y)) = Z, r = 0,1 is an isomorphism.

Since Iy = {f € C(T) : f(«X) = Ofork = 0,1,m —n — 1}, we have
Ko(lx) =0and Kl(IX) =ZzZ" "

Therefore we can identify the left action ¢ : Ix — K(X) = K(Z) with ¢; &
¢ Ix = K(Y) = K(C(Cp,) @ C(Cp,)) on the level of K-groups. Hence ¢* :

m-—n
Ki(Ix) =Z"" — K1(A) = Zis given by ¢*(x1,..., Xm—n) = Y 2x;.
i=1
By a six-term exact sequence, we have

Ko(Ix) =0 2225 Ko(A) =Z —s  Ko(Op(T))

54 150

K1(Op(T)) — Ki(A) =7 ﬁ Ki(Ix) =2z""

The canonical inclusion map j : Ix - A = C(T) induces j* : K;(Ix) = Z"" —
m—n

Ki(A) = Zwith j*(x1,...,Xm—n) = Y. x;. Therefore we have
i=1

Ko((’)p('}l“)) =7Z"" and Kl((’)p(’]l‘)) =0.
EXAMPLE4.3. Letp(z,w) = (w—z")(w—2"2) - (w—2z")and my, ..., m,
are all different, where r is the number of irreducible components. Then | := T

is a p-invariant set. Let b = *B(p) be the number of the branched points. By a
similar calculation, we have

Ko(Op(T)) =27, and Ki(Op(T))=2Z/(r—1)Z.

Acknowledgements. This work was supported by JSPS KAKENHI.

REFERENCES

[1] C. ANATHARAMAN-DELAROCHE, Purely infinite C*-algebras arising from dynami-
cal systems, Bull. Soc. Math. France 125(1997), 199-225.

[2] A.F. BEARDON, Iteration of Rational Functions, Graduate Texts in Math., vol. 132,
Springer, New York 1991.

[3] B. BRENKEN, C*-algebras associated with topological relations, J. Ramanujan Math.
Soc. 19(2004), 35-55.

[4] S. BULLETT, Dynamics of quadratic correspondences, Nonlinearity 1(1988), 27-50.

[5] S. BULLETT, C. PENROSE, A gallery of iterated correspondences, Experiment. Math.
3(1994), 85-105.



448 TSUYOSHI KAJIWARA AND YASUO WATATANI

[6] S. BULLETT, C. PENROSE, Regular and limit sets for holomorphic correspondences,
Fund. Math. 167(2001), 111-171.
[7] E.C. CUCKER, A.G. CORBALAN, An alternate proof of continuity of the roots of a
polynomial, Amer. Math. Monthly 96(1989), 342-345.
[8] D.E. DUTKAY, P.E.T. JORGENSEN, Hilbert spaces built on a similarity and on dynam-
ical renormalization, J. Math. Phys. 47(2006), no. 5.
[9] V. DEACONU, M. MUHLY, C*-algebras associated with branched coverings, Proc.
Amer. Math. Soc. 129(2001), 1077-1086.
[10] R. EXEL, A. VERSHIK, C*-algebras of irreducible dynamical systems, Canad. ]. Math.
58(2006), 39-63.
[11] N.J. FOWLER, P.5. MUHLY, I. RAEBURN, Representations of Cuntz-Pimsner algebras,
Indiana Univ. Math. J. 52(2003), 569-605.
[12] M. Izumi, T. KAJIWARA, Y. WATATANI, KMS states and branched points, Ergodic
Theory Dynamical System 27(2007), 18887-1918.
[13] M. IONESCU, Y. WATATANI, C*-algebras associated with Mauldin-Williams graphs,
Canad. Math. Bull. 51(2008), 545-560.
[14] T. KAJIWARA, Y. WATATANI, C*-algebras associated with complex dynamical sys-
tems, Indiana Math. ]. 54(2005), 755-778.
[15] T. KAJIWARA, Y. WATATANI, C*-algebras associated with self-similar sets, J. Operator
Theory 56(2006), 225-247.
[16] T. KATSURA, On C*-algebras associated with C*-correspondences J. Funct. Anal.
217(2004), 366-401.
[17] T. KATSURA, A class of C*-algebras generalizing both graph algebras and homeo-
morphism C*-algebras. IV. Pure infiniteness, J. Funct. Anal. 254(2008), 1161-1187.
[18] E. KIRCHBERG, The classification of purely infinite C*-algebras using Kasparov’s the-
ory, preprint.
[19] A.KUuMJIAN, D. PAsK, I. RAEBURN, J. RENAULT, Graphs, groupoids and Cuntz-
Krieger algebras, |. Funct. Anal. 144(1997), 505-541.
[20] M. LACA, J. SPIELBERG, Purely infinite C*-algebras from boundary actions of discrete
groups, J. Reine Angew. Math. 480(1996), 125-139.
[21] K. MATSUMOTO, On C*-algebras associated with subshifts, Internat. ]. Math. 8(1997),
357-374.

[22] P.S. MUHLY, B. SOLEL, On the Morita equivalence of tensor algebras, Proc. London
Math. Soc. 81(2000), 113-168.

[23] P.S. MUHLY, M. TOMFORDE, Topological quivers, Internat. ]. Math. 16(2005), 693-755.

[24] H.F. MUNZNER, H.-M. RASCH, Iterated algebraic functions and functional equa-
tions, International |. Bifur. Chaos Appl. Sci. Engrg. 1(1991), 803-822.

[25] M. PIMSNER, A class of C*-algebras generating both Cuntz—Krieger algebras and
crossed product by Z, in Free probability theory (Waterloo, ON, 1995), Fields Inst. Com-
mun., vol. 12, Amer. Math. Soc., Providence, RI 1997, pp. 189-212.



C*-ALGEBRAS ASSOCIATED WITH ALGEBRAIC CORRESPONDENCES 449

[26] N.C. PHILLIPS, A classification theorem for nuclear purely infinite simple C*-
algebras, Documenta Math. 5(2000), 49-114.

[27] J. RENAULT, A Groupoid Approach to C*-Algebras, Lecture Notes in Math., vol. 793,
Springer, Berlin 1980.

[28] J. SCHWEIZER, Dilations of C*-correspondences and the simplicity of Cuntz-Pimsner
algebras, J. Funct Anal. 180(2001), 404-425.

[29] D. SULLIVAN, Quasiconformal homeomorphisms and dynamics. I. Solution of the
Fatou-Julia problem on wandering domains, Ann. of Math. 122(1985), 401-418.

TSUYOSHI KAJIWARA, DEPARTMENT OF ENVIRONMENTAL AND MATHEMATI-
CAL SCIENCES, OKAYAMA UNIVERSITY, TSUSHIMA, 700-8530, JAPAN

YASUO WATATANI, DEPARTMENT OF MATHEMATICAL SCIENCES, KYUSHU UNI-
VERSITY, HAKOZAKI, FUKUOKA, 812-8581, JAPAN

Received September 3, 2008.



