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ABSTRACT. Mimicking the von Neumann version of Kustermans and Vaes’
locally compact quantum groups, Franck Lesieur has introduced a notion of
measured quantum groupoid, in the setting of von Neumann algebras. In this
article, we suppose that the basis of the measured quantum groupoid is cen-
tral; in that case, we prove that a specific sub-C*-algebra is invariant under all
the data of the measured quantum groupoid; moreover, this sub-C*-algebra is
a continuous field of C*-algebras; when the basis is central in both the mea-
sured quantum groupoid and its dual, we get that the measured quantum
groupoid is a continuous field of locally compact quantum groups. On the
other hand, using this sub-C*-algebra, we prove that any abelian measured
quantum groupoid comes from a locally compact groupoid.
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1. INTRODUCTION

1.1. In two articles ([41], [42]), ].-M. Vallin has introduced two notions (pseudo-
multiplicative unitary, Hopf-bimodule), in order to generalize, up to the groupoid
case, the classical notions of multiplicative unitary [2] and of Hopf-von Neumann
algebras [19], which were introduced to describe and explain duality of groups,
and led to appropriate notions of quantum groups ([19], [45], [47], [2], [27], [46],
[22], [23], [28]).

In another article [20], J.-M. Vallin and the author have constructed, from
a depth 2 inclusion of von Neumann algebras My C M;j, with an operator-
valued weight T; verifying a regularity condition, a pseudo-multiplicative uni-
tary, which leaded to two structures of Hopf bimodules, dual to each other. More-
over, we have then constructed an action of one of these structures on the algebra
M such that M is the fixed point subalgebra, the algebra M, given by the basic
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construction being then isomorphic to the crossed-product. We constructed on
M5 an action of the other structure, which can be considered as the dual action.
If the inclusion My C M; is irreducible, we recovered quantum groups, as
proved and studied in former papers ([18], [12]).
Therefore, this construction leads to a notion of "quantum groupoid”, and a
construction of a duality within "quantum groupoids".

1.2. In a finite-dimensional setting, this construction can be much simplified, and
is studied in [29], [5], [6], [36], [43], [44], and examples are described. In [30],
the link between these "finite quantum groupoids" and depth 2 inclusions of II;
factors is given.

1.3. Franck Lesieur introduced ([25]) a notion of "measured quantum groupoids",
in which a modular hypothesis on the basis is required. Mimicking in a wider
setting the techniques of Kustermans and Vaes [22], he obtained then a pseudo-
multiplicative unitary, which, as in the quantum group case, "contains" all the
information of the object (the von Neuman algebra, the coproduct, the antipode,
the co-inverse). Unfortunately, the axioms chosen by Lesieur don't fit perfectely
with the duality (namely, the dual object does not fit the modular condition on
the basis chosen in [25]), and, in order to get a perfect symmetry, Lesieur gave
the name of "measured quantum groupoid" to a wider class ([26]). In [14] it has
been shown that, with suitable conditions, the objects constructed in [20] from
depth 2 inclusions, were "measured quantum groupoids" in this new sense. The
axioms given in [26] were very complicated, and there was a serious need for
simplification. This was made in [17], and recalled in [15] in an appendix.

1.4. All these constructions have been made in a von Neumann setting, which
was natural, once we are dealing with (or thinking of) depth 2 inclusions of von
Neumann algebras. But, as for quantum groups, a C*-version of this theory is to
be done, at least to obtain quantum objects similar to locally compact groupoids.
Many difficulties exist in that direction: how to define a relative C*-tensor prod-
uct ? how to define the analog of operator-valued weights at the C* level ?

A first attempt in that direction is due to T. Timmermann who defined a
relative C*-tensor product and C*-pseudo-multiplicative unitaries ([38]).

This article is another step in that direction, and is devoted only to the spe-
cial case when the basis of the measured quantum groupoid is central. A first
version has been given in [16].

In this case, we get closed links with the theory of continuous fields of C*-
algebras, as studied by Etienne Blanchard; using this theory and formalism, we
then obtain some results at the C* level for measured quantum groupoids hav-
ing a central basis. This will allow to prove that a measured quantum groupoid
whose underlying von Neumann algebra is commutative comes from a locally
compact groupoid. Applying this result to the measured quantum groupoid ob-
tained from a measured groupoid, we obtain Ramsay’s theorem on measured
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groupoids (which says, roughly speaking, that a measured quantum groupoid is
equivalent, with respect to the product, the inverse and the measure, to a locally
compact groupoid). A similar result is obtained for measured fields of locally
compact quantum groups.

1.5. The paper is organized as follows: in Section 2, we give all the prelimi-
naries needed for this theory, mostly Connes-Sauvageot relative tensor product,
weights on C*-algebras and continuous fields of C*-algebras; in Section 3 is re-
called the notion of pseudo-multiplicative unitary, and the Hopf-bimodules asso-
ciated, and the notion of measured quantum groupoid. In Section 4, we construct
a sub-C*-algebra of a measured quantum groupoid, which is an invariant for all
the data of the measured quantum groupoid.

In Sections 5 and 6, we deal with the particular case of a measured quantum
groupoid whose basis is central; in that case, we obtain, in Section 5, properties
of the restrictions of the coproduct and the weights to this sub-C*-algebra; in Sec-
tion 6, we prove that this sub-C*-algebra is, in two different ways, a continuous
field of C*-algebras, and that the restriction of the coproduct sends this sub-C*-
algebra into the multiplier algebra of the min tensor product of these continuous
fields, as introduced by Blanchard in [3].

In particular, in Section 7, we look after a measured quantum groupoid,
whose underlying von Neuman algebra itself is abelian; it is then proved that
we obtain, in that case, a locally compact groupoid. Applying that result to the
abelian measured quantum groupoid constructed from a measured groupoid, we
recover Ramsay’s theorem.

In Section 8, we define a notion of a measured field of locally compact quan-
tum groups, and use this construction to get that it is equivalent to a continuous
one, in a way which is similar to Ramsay’s theorem; all that was underlying in
Blanchard’s work [4]; these are exactly the measured quantum groupoids with
central basis, and with a dual which has also a central basis. Blanchard’s exam-
ples are recalled.

We finish this article (Section 9) by giving De Commer’s example [10] of a
measure quantum groupoid with a central basis C2, which is not central in the
dual.

2. PRELIMINARIES

In this section are mainly recalled definitions and notations about Connes’
spatial theory and the fiber product construction (Subsection 2.1) which are the
main technical tools of the theory of measured quantum groupoids. In Subsec-
tion 2.5 are recalled classical results about weights on C*-algebras, and a standard
procedure for going from C*-algebra weight theory to von Neumann weight the-
ory and vice versa. In Subsection 2.6 is recalled the definition of a continuous
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field of C*-algebras, and E. Blanchard’s results on the minimal tensor product of
two continuous fields of C*-algebras.

2.1. SPATIAL THEORY AND RELATIVE TENSOR PRODUCTS OF HILBERT SPACES
([8],[351,[37]). Let N be a von Neumann algebra, v a normal semi-finite faith-
ful weight on N; we shall denote by H,, 91,, etc the canonical objects of the
Tomita—-Takesaki theory associated to the weight v; let « be a nondegenerate faith-
ful representation of N on a Hilbert space J; the set of v-bounded elements of the
left-module , X is:

D(o3,v) = {¢ € 3 : 3C < oo, ||a(y)¢]| < Cl|Av(y)|, Yy € M}
Then, for any ¢ in D(,H, v), there exists a bounded operator R*"(¢) from H, to
X, defined, for all y in 91, by:
R*™(&)Av(y) = a(y)g

which intertwines the representations of N.
If ¢, 7 are bounded vectors, we define the operator product:

(€ Mapy = R¥ ()" R¥(E)

which belongs to 77, (N)’, which, thanks to Tomita-Takesaki theory, will be iden-
tified to the opposite von Neumann algebra N°, on which is defined a canonical
weight v°.

If now B is a nondegenerate faithful antirepresentation of N on a Hilbert
space X, we define the relative tensor product X g®@, H as the completion of the

v
algebraic tensor product X ® D(,H, v) by the scalar product defined, if &1, ¢ are
in X, 111, 172 are in D(, X, v), by the following formula:
(61 0ml2©m2) = (B({11,12)ar)81(C2)-
If ¢ € K, € D(,H,v), we shall denote ¢ p®a 1 the image of § © 77 into K @y H
v v

and, writing pg’“(é‘) = § p®a 17, we get a bounded linear operator from 3 into

v
K p®q H, which is equal to 1 @, R (7).

v
One should bear in mind that, if we start from another faithful semi-finite
normal weight v/, we get another Hilbert space J{ 3@, X; there exists an isomor-

V/

phism Uﬁ " from % /;®,x X to H /3®,x X, which is unique up to some functorial
property ([35], 2.6) (but this 1somorphlsm does not send ¢ ,3®,X nong /5®,x Y.

The relative tensor product X ,g®nv H, is canonlcally 1dent1f1ed with K

([35], 2.4(a)).
The linear set generated by operators 6%V (&, 1) = R*Y(&)R*"(y)*, for all §,
1 in D(,H, v), is a weakly dense ideal in a(N)’. We shall denote by K, , the norm
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closure of this set of operators, which is a C*-algebra, and also a a weakly dense
ideal of a(N)'.

Moreover, there exists a family (e;);c; of vectors in D(,3(, v) such that the
operators 0*" (e;, ¢;) are 2 by 2 orthogonal projections (6" (e;, ¢;) being then the
projection on the closure of a(N)e;). Such a family is called an orthogonal («, v)-
basis of .

We shall denote 0y the relative flip, which is a unitary sending X g®, H onto

v

H o ®p K, defined, for any ¢ in D(fK/g, v°), in D(,3, v), by:

v

‘TV@;‘S&X n) =1 «®p C.
v 10

If € D(Hg,v°) and 57 € K, we can then define a bounded linear operator )Lg’“
from X into X B H such that )\g’“ = pQu 1]
v

v
If x € B(N), y € a(N)', it is possible to define an operator x g®, y on
v
K p®@q H, with natural values on the elementary tensors. It is easy to get that this

v
operator does not depend upon the weight v and it will be denoted x s®q y. Let

N
A be a C*-algebra of operators acting on K, such that A C «(N)’, and B a C*-
algebra of operators acting on X, such that B C B(N)’; the linear space generated
by the set of operators x g®, y, with x € Band y € A, is clearly an involutive

N
algebra, and its norm closure a C*-algebra, that we shall denote by B &, A.
N
Let us suppose now that H is a N-Nj-bimodule; that means that there exists

a von Neumann algebra Nj, and a nondegenerate normal anti-representation ¢

of Nj on K, such that e(N;) C a(Np)’. We shall write then 3. If yis in Ny,

we have seen that it is possible to define then the operator 15 g®4 €(y) on K g®q
14

N
H, and we define this way a nondegenerate normal antirepresentation of N; on
K p®a H, that we shall call again ¢ for simplification. If K is a N>-N-bimodule,

v
then X ;®q H becomes a N>-Nj-bimodule (Connes’ fusion of bimodules).

v
Taking a faithful semi-finite normal weight v; on Nj, and a left N;-module
4L (i.e. a Hilbert space £ and a normal nondegenerate representation v of N;
on £), it is possible then to define (X g®q ) ¢®, £. Of course, it is possible

v V1

also to consider the Hilbert space K g®4 (3 ¢®, £). It can be shown that these
v V1

two Hilbert spaces are isomorphic as f(N)"-y(Nj ) °-bimodules. (In 2.1.3 of [41],
the proof, given for N = Nj abelian can be used, without modification, in that
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wider hypothesis). We shall write then X s®, H @, £ without parenthesis, to
v 41
emphazise this coassociativity property of the relative tensor product.

Dealing now with that Hilbert space X & H :®, £, there exist different
v 41
flips, and it is necessary to be careful with notations. For instance, 1 pOu Oy is the

1%
flip from this Hilbert space onto X 3®, (£ ®¢ H), where a is here acting on the
v 1%

second leg of £, ®. I (and should therefore be written 1 ,®¢ &, but this will not
0 o

v
be done for obvious reasons). Here, the parenthesis remains, because there is no

associativity rule, and to remind that « is not acting on £. The adjoint of 1 ®q 0v,
v
iS ]. ‘B®a 0, l/i) .
v

The same way, we can consider ¢y ¢®, 1 from X pQa H @y L onto (H «®p
n v 41 Vo
XK) e®4 L.
V1
Another kind of flip sends K @4 (£ 4 ®¢H) onto £ ®¢ (K p®u J). We shall
v vP % v

denote this application (Tif (and its adjoint (751,13), in order to emphasize that we
are exchanging the first and the second leg, and the representations « and ¢ on
the third leg.

2.2. OPERATOR-VALUED WEIGHTS. Let My C M;j be an inclusion of von Neu-
mann algebras (for simplification, these algebras will be supposed to be o-finite),
equipped with a normal faithful semi-finite operator-valued weight T; from M;
to My (to be more precise, from Mf to the extended positive elements of Mj;
cf. IX.4.12 of [37]). Let g be a normal faithful semi-finite weight on My, and
Y1 = Yoo Ty; fori = 0,1, let H; = Hy,, J; = Jy,, A; = Ay, be the usual objects
constructed by the Tomita-Takesaki theory associated to these weights.

Following 10.6 of [18], for x in 97, we shall define Ar, (x) by the following
formula, for all z in My

AT1 (x)AlPo (Z) = AlP] (xz)'

This operator belongs to Home( Ho, H1); if x, y belong to Ny, then Ar,(x) Ar,(y)*
belongs to the von Neumann algebra M; = ]1M6 J1, which is called the basic
construction made from the inclusion MyCM;, and Ar, (x)*Ar, (v)=T; (x*y)EM.

By Tomita-Takesaki theory, the Hilbert space H; bears a natural structure
of Mq-M?-bimodule, and, therefore, by restriction, of My-Mg-bimodule. Let us
write r for the canonical representation of My on Hj, and s for the canonical an-
tirepresentation given, for all x in My, by s(x) = Jir(x)*J;. Let us have now a
closer look to the subspaces D (Hjs, ) and D(,Hjy, io). If x belongs to Mr, N9y, ,
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we easily get that J; Ay, (x) belongs to D(,Hy, ¢), with

R (T Ay (%)) = LA, (x)]o
and Ay, (x) belongs to D(Hjs, 19), with

R(Ay, () = Ar, (x).

The subspace D(Hjyg, ) N D(,Hy, o) is dense in Hy; more precisely, let Ty, 1, be
the algebra made of elements x in 91y, NNy, NI, NN, analytic with respect to

z[;ll ,5 ;]an2(125111)ch that, for all zin C, (T;p ' (xn) belongs to My, NN, N ‘J‘(;;Jl N ‘ﬁ’%l. Then

(i) The algebra Ty, 1, is weakly dense in My; it will be called Tomita’s algebra
with respect to ¢ and Tj.

(i) For any x in Ty, 1,, Ay, (x) belongs to D(His, o) N D(»Hy, $o).

(iii) For any & in D(His, §3)), there exists a sequence x, in Ty, 1, such that
Ar, (xn) = R0 (Ay, (xy)) is weakly converging to R%¥3 (&) and Ay, (x,) is con-
verging to ¢.

More precisely, in 2.3 of [14] was constructed an increasing sequence of pro-
jections p, in My, converging to 1, and elements x;, in Ty, 1, such that Ay, (x,) =
pné. We then get that:

T (x50) = (R (A, (), ROE (A, (30))s 5= (P&, Pud)s =R (§)pnR¥¥5 (8)

which is increasing and weakly converging to (&, {) s,pg- Moreover, if My is abelian,
and if we write X for the spectrum of the C*-algebra generated by all elements of
the form (11, 12) s,yg, We can identify ¢y as a positive Radon measure on X, and
My with L®(X, 1p); using now Dini’s theorem on Cy(X), we get that Ty (x;;x,) is
norm converging to (&, &) SpQ and that the following is converging to 0:

1AT, (xa) = R (5> = I Ty (xxn) — (& E)s -

2.3. FIBER PRODUCTS OF VON NEUMANN ALGEBRAS AND SLICE MAPS ([20], [13]).
Let’s go on with the notations of Subsection 2.1. If P is a von Neumann algebra
on H, with a(N) C P, and Q a von Neumann algebra on X, with B(N) C Q, then
we define the fiber product Q g*, Pas {x g2, y,x € Q',y € P'}".

N N

Moreover, this von Neumann algebra can be defined independently of the
Hilbert spaces on which P and Q are represented; if (i = 1,2), &; is a faithful
nondegenerate homomorphism from N into P;, B; is a faithful nondegenerate
antihomomorphism from N into Q;, and @ (respectively ¥) an homomorphism
from P; to P, (respectively from Q; to Q) such that ® o ay = «y (respectively
¥ o B1 = PB2), then it is possible to define an homomorphism ¥ g, *,, @ from

Ql ,51*0‘1 Pl into Qz B2 *ay Pz.
N N
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Let A bein Q g*, P, and let {1, ¢ be in D(FHg, v°); define (wg, ¢, p*+ id)(A)
N v
as a bounded operator on X, which belongs to P, such that:
((we, &, gy 1d) (A)1]m2) = (A(81 g 111)182 p® 112)-
v v v

One should note that (wg, &, p*yid)(1) = ¥((1,82)po)-

v
Let us define the same way, for any #1, 17, in D(, X, v) the following which
belongs to Q:

(id gy wWyp ) (A) = (oh)* Aph.
v

Let ¢ be a normal semi-finite weight on QT; we may define an element of
the extended positive part of P, denoted (¢ g*, id)(A), such that, for all 1 in
v

D(,%,v), we have:
I prr id)(A)"2y[* = ¢(id By wy) (A)-
Moreover, if ¢ is a normal semi-finite weight on P™, we have then:
w(g pry id)(A) = ¢(id pry ¥)(A)
and if w; € Q« such that ¢ —sup wj, we have (471/5*71(:1) (A)= sqp(wiﬁ*vid) (A).
i

v
Let now Q7 be a von Neuman algebra such that B(N) C Q1 C Q,and P; be
a von Neuman algebra such that y(N) C P; C P and let T (respectively T’) be
a normal faithful semi-finite operator valued weight from Q to Q; (respectively
from P to Py); then, there exists an element (T g, id)(A) of the extended positive

v
part of Q1 g*, P, such that ([13], 3.5), for all 77 in D(,X,v), and ¢ in H, we have:
N

(T ey id) (A)2(E o m) |2 = I TG g coy) (A)]/2E 2.
v v v
If ¢y is a normal semi-finite weight on P;, we have:
(@r0T pryid)(A) = (@1 pry Id)(T prq id)(A).
v v v

We define the same way an element (id g+, T")(A) of the extended positive part
v
of Q ,xp P, and we have:
N

v v v v
Considering now an element x of Q g, 77y(N), which can be identified to Q N

v
B(N)' (thanks to the identification of X g®, Hy, with X), we get that, for e in 91,,
v
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we have
(idp * 7, @y, 4, () (x) = Blee”)x.
Therefore, by increasing limits, we get that (idg * V) is the injection of Q N B(N)’
into Q. More precisely, if x belongs to Q N B(N)’, we have:
(id ﬁ*vm/ v)(xp ® nl) =x.

Therefore, if T’ is a normal faithful semi-finite operator-valued weight from P
onto y(N), we get that:

. / s /
(idg Vo T')(A)g %{) 41 = (idg * +T)(A).
If «(N) C Z(P), and B(N) C Z(Q), the von Neumann algebra Q g*, P is clearly

N
the weak closure of the C*-algebra Q y®, P we have defined in 2.1.
N

2.4. NOTATIONS. Let M be a von Neuman algebra, and « an action from a locally
compact group G on M, i.e. a homomorphism from G into AutM, such that, for all
x € M, the function g — a¢(x) is c-weakly continuous. Let us denote by C*(«)
the set of elements x of M, such that this function t — a¢(x) is norm continuous.
It is ([32], 7.5.1) a sub-C*-algebra of M, invariant under the a,, generated by the
elements (x € N,f € L1(G)):

ar(x) :/f(s)as(x)ds.
R

More precisely, we get that, for any x in M, as(x) is o-weakly converging to x
when f goes in an approximate unit of L'(G), which proves that C*(«) is o-
weakly dense in M, and that x € M belongs to C*(«) if and only if this file is
norm converging.

If &y and 75 are two one-parameter automorphism groups of M, such that,
for all s, t in R, we have a; o s = s o a4, by considering the action of R2 given
by (s,t) — s o a;, we obtain a dense sub-C*-algebra of M, on which both a and
7 are norm continuous, which we shall denote C*(«, ).

2.5. WEIGHTS ON C*-ALGEBRAS. Let A be a C*-algebra, and ¢ a lower semi-
continuous, densely defined non zero weight on A ([7]). We shall use all classical
notations, and, in particular, we shall denote (Hq,, Ay, 7'(4)) the GNS construction
for ¢; if ¢ is faithful, so is 7y; let us denote M=7,(A)"” and @ the semi-finite
normal weight on M, constructed by Corolarlly 9 of [1], which verifies gorry=¢.

Let us recall that if the C*-algebra A is unital, any densely defined weight ¢
is everywhere defined, and therefore finite.

Following [7], we shall say that ¢ is KMS if there exists a norm-continuous
one parameter group of automorphisms o; of A such that, forallt € R, ¢ = ooy,
and such that ¢ verifies the KMS conditions with respect to ¢. (For an equivalent
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definition of these conditions, see 1.3 of [22]). One can find in 1.35 of [22], the
proof that every KMS weight extends to a faithful extension g on M", and that
we have then 77, 0 0} = ol o Ty, Where ¢/ is the modular automorphism group
of M given by the Tomita-Takesaki theory of the faithful semi-finite weight ¢ on
M. This leads easily to the uniqueness of the one-parameter group oz, which we
shall emphasize by writing it o} .

Moreover, it is well known that the set of elements x in A such that the
function t +— ¢ (x) extends to an analytic function in A is a dense involutive
subalgebra of A (see for instance 0.3.2 and 0.3.4 of [40]).

Let now 1 be a normal semi-finite faithful weight on a von Neumann alge-
bra N. We shall write C*(¢) the sub-C*-algebra of C*(c¥) generated by elements

U}p (x), with f € L1(R) and x € 9Mty. The weak closure of C*(4) contains My, and,
therefore, C* (1) is weakly dense in N; moreover, it is straightforward to see that
the restriction of ¢ to that C*-algebra is densely defined, lower semi-continuous
and KMS. If 1 € C*(y), then the restriction of i to C*(¢) is finite, so (1) < oo
and C*(¢) = C*(o¥). If ¢ is a trace, then C* () is the norm closure of My, and
M(C*(p)) = N.

If <y is one-parameter group of N, such that poy; = ¢, forall t € R, we
may as well define the C*-algebra C* (1, ) generated by all elements:

/f(s)g(t)tffow(x)dsdt
RZ

where f, ¢ belong to L'(R), and x belongs to My; this C*-algebra C*(y, ) is
weakly dense in N, invariant under v, the restriction of ¢ to this C*-algebra is
densely defined, lower semi-continuous and KMS, and the restriction of 7 to this
C*-algebra is norm-continuous. If ¢ is a trace, we have M(C*(y,y)) = C*(v).

2.6. CONTINUOUS FIELDS OF C*-ALGEBRAS. Let X be a locally compact space;
following [21], we shall say that a C*-algebra A is a Cy(X)-C*-algebra if there
exists an injective nondegenerate *-homomorphism a from Cy(X) into Z(M(A)).
If x € X, let us write C,(X) for the ideal of Cy(X) made of all functions in Cy(X)
with value 0 at x, and let us consider a(Cx(X))A, which is an ideal in A; let us
write A* for the quotient C*-algebra A/a(Cx(X))A. For any a in A, let us write
a* for its image in A*. Then, we have ([4], 2.8):
lall = sup [|a*]|.
xeX

By definition ([11]), we shall say that A is a continuous field over X if, for all 4 in
A, the function x — ||a¥|| is continuous.

Let A be a Cy(X)-C*-algebra, and € be a Cy(X)-Hilbert module; let 77 be a
Co(X)-linear morphism 7t from A to £(&), which means that the specialization 7ty
is a representation of A on the Hilbert space £y whose kernel contains a(Cy (X)) A.
We say that 7t is a continuous field of faithful representations if, for all x € X, we
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have Kerrry = a(Cy(X))A. We may then, for all x € X, consider 7, as a faithful
representation of the C*-algebra A* on Ey. It is proved in ([4], 3.3) that, if A is a
separable Cy(X)-C*-algebra, the following are equivalent:

(i) A is a continuous field over X of C*-algebras.
(ii) There exists a continuous field of faithful representations of A.
A continuous field of states on A is a positive Cy(X)-linear application w
from A into Cy(X), such that, for all x € X, the specialization wy is a state on A*.

Given two Cy(X)-algebras A1 and A, Blanchard ([3], 2.9) has defined the
minimal C*-norm on the involutive algebra (A1 ®Ay)/J(A1, Az), where A1 ©® A,
is the algebraic tensor product of the algebras A; and Ay, and J(A1, Ay) the invo-

n
lutive ideal in A1 ® A, made of finite sums rai® b;, witha; € Ay, b; € Ay, such

i=1
n

that ) af ® by =0, for all x € X. This C*-norm is given by:
i=1

where, on the right hand of the formula, is taken the minimal tensor product of
the C*-algebras A and Aj. The completion with respect to that norm will be
called the minimal tensor product of the Cy(X)-algebras A; and A;, and will be
denoted A; ®a(X) Aj.

In the case of continuous fields of C*-algebras, it is proved in ([4], 3.21) that
this C*-algebra, equipped with the morphism f — f ®a(X) 1=1 ®a(X) fis

n
Z a; ® bi
i=1

n
= sup ’ a; ® by
m o oyeX =1 m

equal to the Co(X)-C*-algebra A; ®c,(x) A2. (If 711 (respectively 71,) is a faithful
nondegenerate Cy(X)-representation on a Co(X)-Hilbert module &1 (respectively
&), Aq ®cy(X) Ay is defined as operators on &; ®cy(X) &> ([4], 3.18) and does not
depend on the choice of the Cy(X)-representations ([4], 3.20). Therefore, the ten-
sor product ®g‘0 (X) is then associative ([3], 4.1).

3. MEASURED QUANTUM GROUPOIDS

In this section, we give a summary of the theory of Hopf-bimodules (Defi-
nition 3.1), pseudo-multiplicative unitaries (Definition 3.2), and measured quantum
groupoids ([25], [26], [17], [15]) (Definition 3.6, Theorem 3.7, Definition 3.3, The-
orem 3.10). We describe the canonical example of measured groupoids (Subsec-
tion 3.2, Example 3.11). Proposition 3.5 will be used in Theorem 5.7.
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DEFINITION 3.1. A quintuplet (N, M, «, B, I') will be called a Hopf-bimodule,
following [41] and 6.5 of [20], if N, M are von Neumann algebras, « a faith-
ful nondegenerate representation of N into M, § a faithful nondegenerate anti-
representation of N into M, with commuting ranges, and I" an injective involutive
homomorphism from M into M g, M such that, for all X in N:

N
(M) I'(B(X)) = 1 p&a B(X);
N
(i) T (@(X)) = a(X) 50 1
N
(iii) I' satisfies the co-associativity relation:

(F ‘B*tl 1d)F = (ld ﬁ*“ F)F
N N

This last formula makes sense, thanks to the two preceding ones and Subsec-
tion 2.3. The von Neumann algebra N will be called the basis of (N, M, a, ,T).

If (N,M,w,B,I') is a Hopf-bimodule, it is clear that (N°, M, B,a,¢gy o) is
another Hopf-bimodule, that we shall call the symmetrized of the first one. (Recall
that ¢y o I' is a homomorphism from M to M r]\>!;5 M).

If N is abelian, « = B, I' = gy o I', then the quadruplet (N, M, a,a, ') is
equal to its symmetrized Hopf-bimodule, and we shall say that it is a symmetric
Hopf-bimodule.

Let § be a measured groupoid, with 9(0) as its set of units, and let us denote
by r and s the range and source applications from § to (), given by xx~! = r(x)
and x~'x = s(x). As usual, we shall denote by 5@ (or 9§,2,) ) the set of composable
elements, i.e.

5@ = {(xy) € Fs(x) = r(v)}

Let (A*),c g(0) be a Haar system on § and v a measure v on 6. Let us write y
the measure on § given by integrating A" by v:

U= //\”dv.
G(0)

By definition, v is said quasi-invariant if y is equivalent to its image under the
inverse x — x~1 of G (see [33], [34], IL5 of [9], [31] for more details and examples
of groupoids).

In [48] and [41] were associated to a measured groupoid 9, equipped with
a Haar system (A"), _g) and a quasi-invariant measure v on 50 two Hopft-
bimodules:

The first one is (L°°(9(0),1/), L*(G,u),rg,sg,I'g), where we define rg and sg
by writing , for g in L®(G(%):

rg(g) =gor, sg(g) =gos,
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and where I'5(f), for f in L*(G), is the function defined on G2 by (s, t) — f(st);
I'g is then an involutive homomorphism from L*(§) into L*($2,) (which can be
identified to L*(G)s*,L*®(9)).

The second one is symmetric; itis (L*(§(),v), £(§),rg, g, I'), where £(9)
is the von Neumann algebra generated by the convolution algebra associated to
the groupoid G, and 1/"§ has been defined in [48] and [41].

DEFINITION 3.2. Let N be a von Neumann algebra; let §) be a Hilbert space
on which N has a nondegenerate normal representation « and two nondegener-
ate normal anti-representations Eand B. These three applications are supposed
to be injective, and to commute two by two. Let v be a normal semi-finite faithful
weight on N; we can therefore construct the Hilbert spaces £ ﬁ@a Hand H QR4 ﬁ 9.

A unitary W from $ ,3®,x Honto H R4 3 £ will be called a pseudo multzplzcatlve uni-

ve
tary over the basis N, w1th respect to the representation «, and the anti-representa-

tions B and B (we shall write it is an (a, E, B)-pseudo-multiplicative unitary), if:
(i) W intertwines &, E, B in the following way:

W(a(X) ﬁ®a =1 a®§“(X))Wr w(1 BOu B(X)) = (1 tX®Eﬁ(X))W/
No N No
W(B(X) ﬁ®a 1) = (B(X)«®z HW, W(1 ﬁ®tx (X)) = (B(X) a5 1)W.
N° No

(i) The operator W satisfies:

(L «®5 W) (W p®0 15y) = (W a®5 Lg) 0z 3 (W 580 1) (Lg s 010 ) (L p@0 W)
No N No N N N
Here, (T /5 goes from (H“®l3 H) p®4 Hto (H g®4 H) «®5 H, and 1g ﬁ%“ 00 goes
10 v v 10
from H,g@,x (H,;¢®/3 H) to H/gél/@,x H3®,x H.
ve v

All the properties supposed in (i) allow us to write such a formula, which
will be called the pentagonal relation.

If W is an (a, B, B)-pseudo-multiplicative unitary, then the unitary o, W*o,
from 3% 9 to H ,®p $ is an (&, B, B)-pseudo-multiplicative unitary, called the

Vo

1
dual of W and denoted W.

3.1. ALGEBRAS AND HOPF-BIMODULES ASSOCIATED TO A PSEUDO-MULTIPLI-
CATIVE UNITARY. For &, in D(,9,v), 12 in D(sﬁg, v°), the operator (pgzﬁ) pﬁ'x
will be written (id * wg, ,,) (W); we have, therefore, for all ¢y, 71 in 9:

((id * wg, 5, ) (W)G1lm1) = (W(C1 p@a G2) 111 « @5 712)

VO
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and, using the intertwining property of W with j, we easily get that (id*we, 4, W)
belongs to B(N)'.
If x belongs to N, we have:

(id * wéz,iyz) (W)a(x) = (id = wCz,lX(X*)Wz) (W),
B(x)(id * we, ,,) (W) = (id * wE(x)ézm)(W).

We shall write A, (W) (respectively Ay (W)) the norm (respectively weak) closure
of the linear span of these operators; A, (W) and A, (W) are right a(N)-modules
and left f(N)-modules. Applying 3.6 of [13], we get that A, (W), An(W)*, Aw (W)
and Aw(W)* are nondegenerate algebras (one should note that the notations
of [13] have been changed in order to fit with Lesieur’s notations). We shall
write A(W) the von Neumann algebra generated by Ay (W). We then have
A(W) C B(N)".

For &1 in D($g,v°), 71 in D(o$,v), we shall write (wg, ;,, * id)(W) for the

operator (A%iﬁ )*WA?;'X ; we have, therefore, for all ¢, 77, in 9:

((wg, , *1d)(W)Ealn2) = (W(S1 p&u G2) 111 « @5 712)

v

and, using the intertwining property of W with B, we get that (wg, ,,*id)(W)
belongs to B(N)'.
We shall write An(W) (respectively Ay, (W)) the norm (respectively weak)

closure of the linear span of these operators. As An(W) = An(W)*, it is clear
that these subspaces are nondegenerate algebras; following 6.1 and 6.5 of [20],

—

we shall write A(W) the von Neumann algebra generated by A, (W). We then
haveA/(VT) C B(N)".

In 6.3 and 6.5 of [20], using the pentagonal equation, we got that (N, A(W),
«,B,I), and (N,A/(VV),oc, E, r ) are Hopf-bimodules, where I" and T are defined,
for any x in A(W) and y in A/(I/V), by:

[(x) = W (1a®5x)W, T(y) = oW (y p®a 1) W0y
No N

(Here also, we have changed the notations of [20], in order to fit with Lesieur’s
notations.) In 6.1(iv) of [20], we had obtained that x in £()) belongs to A(W)" if
and only if x belongs to a(N)" N B(N)’ and verifies (x a®p DW = W(x p®q 1).
No N
—
We obtain the same way that y in £($)) belongs to A(W) if and only if y belongs
to a(N)' NB(N)" and verify (1, By)W = W(1 ﬁ%a y). Moreover, we get that
NO
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a(N) C ANA, B(N) C A, B(N) C A, and, for all x in N:

[(a(x)) = a(x) p2a 1, T(B(x)) = 1520 B(x),
N N

Fla(x) = a(x) o1, F(B(x) =1 500 Bl).
N N

3.2. FUNDAMENTAL EXAMPLE. Let § be a measured groupoid; let’s use all nota-
tions introduced in Definition 3.1. Let us note:

St ={(xy) € P r(x) =r(y)}-

Then, it has been shown ([41]) that the formula W f(x,y) = f(x,x'y), where
x,y are in G, such that 7(y) = r(x), and f belongs to L?(G(?)) (with respect to an
appropriate measure, constructed from A* and v), is a unitary from L2($?)) to
L?(G2,) (with respect also to another appropriate measure, constructed from A"
and v).

Let us define rg and sg from L*(5(®),v) to L®(S, ) (and then considered
as representations on £(L?(S, ), for any f in L®(S(0),v), by r¢(f) = forand
sg(f) = fos.

We identify the Hilbert space L2 (5®) with the relative Hilbert tensor prod-
uct L?(G, 1) s;®ry L*(G, 1), and the Hilbert space L?(G2,) with the relative

L2(50),v)
Hilbert tensor product L2(9, W) rg ®@rg L2(S, 1) ([48], 3.2.2). Moreover, the uni-
L2(50)y
tary Wg can be then interpreted ([4(2]) as) a pseudo-multiplicative unitary over the
basis L®(5(%),v), with respect to the representation rg, and anti-representations
sg and rg (as here the basis is abelian, the notions of representation and anti-
representations are the same, and the commutation property is fulfilled). So, we
get that Wg is a (rg,sg, rg) pseudo-multiplicative unitary.

Let us take the notations of Subsection 3.1; the von Neumann algebra A(Wg)
is equal to the von Neumann algebra L® (9, v) ([42], 3.2.6 and 3.2.7); using 3.1.1 of
[42]), we get that the Hopf-bimodule homomorphism I' defined on L®(S, ) by
Wg is equal to the usual Hopf-bimodule homomorphism I'q studied in [41], and

recalled in Definition 3.1. Moreover, the von Neumann algebra m ) is equal to
the von Neumann algebra £(9) ([42], 3.2.6 and 3.2.7); using 3.1.1 of [42], we get
that the Hopf-bimodule homomorphism I defined on £(§) by Wg is the usual
Hopf-bimodule homomorphism 1/"5 studied in [48] and [41].

LEMMA 3.3. Let W bean (a, B, B)-pseudo-multiplicative unitary, & in D (9p,v°),
Gain D (o9, v), 17 in $; let ; be in D($)g,v°) and ] be in $ such that W*(&; a®517) =

Y- Gi p®a {i; then we have: sz((@i, §1>5,UD)C§ = (wg, g, *id) (W)*7.

V!



18 MICHEL ENOCK
Proof. Let 8 be in $); we have the following from which we get the result:

(g, 2, *id) (W) 716) = (W* (&2 1)[E1 52 0) = ( LG pa G111 24 0)

10

_ (Z“(@i,é‘ﬁﬁm")a'e)' '

1

LEMMA 3.4. Let W be an (a, B, B)-pseudo-multiplicative unitary, &1,y in
D($p,v°), ¢ in D(a$,v) and n1, 172 in 9. Let us consider the flip (T%’i from
H gy (H a®p H) onto H.®g (H p®q H). Then, we have:

v v

V0 Vo

(U%:i(lﬁ BRa W)(81 p@a 111 @ §) 12 2@ (81 P4 £2))
N v v v

VO

= (W pu &) 11245 a({01,81)p0)C2)

]/O
Proof. We have the following from which we get the result:
(‘Té\'i(lﬁ BRa W) (81 p®a 111 p@u §)[112 4@ (81 p®a £2))
’ N v v v

VO

= (61 p@a Wi p®u §)101 pR0a (124©5C2)). B

VO

PROPOSITION 3.5. Let W be an (w, B, B)-pseudo-multiplicative unitary, I’ the
coproduct constructed in Subsection 3.1, & in D(,9,v), i in D(ﬁﬁ, v°). Let &1, i1 be in

D(ﬁﬁ,vo), &, 112 in D (49, v); then, we have:
(I ((id * we,y ) (W) (81 pa )62 pa 12) = (g, g, ¥1d) (W) (@py g, ¥1d) (W)E 1)
Proof. Using the definition of I" (Definition 3.1), we get that
(I'((id * wg ;) (W) (61 pa )¢ pa 2)

= ((12®g (id * we, ) (W))W (1 p@a 111)[W(S2 ,5®4x 12))

= ((1a@z W) (W 24 1) (81 Qa1 Qu §) (W @5 )((§2ﬁ®a772) ®57)
No N v v No vo

which, using the pentagonal equation (Definition 3.2), is equal to

(oo (W ﬁ®,x 1)(Le p@u 0v0) (L g2 W)(1 p&a 111 p&a §)|(82 8@ 112) « 5 7)
N N v v v Vo
= ((W p O 1) (14 p®a 0v0)(1g p@a W) (61 p®a 111 p®@a §)[(82 «®p 1) p®u 112)
N N N v v 10 14
= (a%'iaﬁ p2a W) (1 p@a 111 pQu §) 112405 (W™ (822®51)))-
4 N v v

ve v
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Defining now {;, {} as in Lemma 3.3, we get, using Lemma 3.4, that it is equal to
(W p®a §) |12 2@5 ) a((Gir61) o) C})
v yo i
which, thanks to Lemma 3.3, is equal to
(Wi p®a &)z «®5 (wg, g, *id) (W) 1)
v Yo

and, therefore, to the following which finishes the proof:

(W, *1d) (W)E | (wg, g, ¥ id) (W))W

DEFINITION 3.6 ([25], [26]). Let (N, M, a, B, I') be a Hopf-bimodule, as de-
fined in Definition 3.1; a normal, semi-finite, faithful operator valued weight T
from M to a(N) is said to be left-invariant if, for all x € 9+, we have

(id o T)I(x) = T(x) p®@a 1
N N

or, equivalently (Subsection 2.3), if we write ® = voa =l o T:

(id pa @)T(x) = T(3).
N

A normal, semi-finite, faithful operator-valued weight T’ from M to B(N) will
be said to be right-invariant if it is left-invariant with respect to the symmetrized

Hopf-bimodule, i.e., if, for all x € E)DTT/, we have

(T’ praid)T(x) =1 @4 T'(x)
N N

or, equivalently, if we write ¥ = vo =1 o T

(¥ pxaid)I(x) = T'(x).
N

THEOREM 3.7 ([25], [26]). Let (N, M, «, B, I") be a Hopf-bimodule, as defined in
Definition 3.1, and let T be a left-invariant normal, semi-finite, faithful operator valued
weight from M to a(N); let us choose a normal, semi-finite, faithful weight v on N, and
let us write @ = vo a1 o T, which is a normal, semi-finite, faithful weight on M; let
us write He, Jo, A for the canonical objects of the Tomita—Takesaki theory associated to
the weight @, and let us define, for x in N, B(x) = Joa(x*)]e.

(i) There exists an unique isometry U from Hgp "‘®ﬁ Hg to Hp 5®a Heg, such that,

for any (B, v°)-orthogonal basis (G;)icr of (Ho)p for any a in Nt N ‘)’&p and for any v
in D((Hg)p, v°), we have

U(v g Ao (a) =) G p®u Ao ((wog ,s*ald)( (a))).

10 iel v

(if) Let us suppose there exists a right-invariant normal, semi-finite, faithful operator
valued weight T' from M to B(N); then this isometry is a unitary, and W = U* is an
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(a, B, B)-pseudo-multiplicative unitary from He @4 Ho to Ho «®g Hg which verifies,
v Vo

forany x, y1, y2 in N N Ne:

(i Wy Ag (y1y2), A0 () (W) = (id pr Wiy Ag (1) Jode ) T (X7)-

Clearly, the pseudo-multplicative unitary W does not depend upon the choice of the right-
invariant operator-valued weight T', and, for any y in M, we have:

I(y) =W (1.5 y)W.
NO
The proof is 3.51 and 3.52 of [26].

3.3. DEFINITIONS. Let us take the notations of Theorem 3.7; let us write ¥ =
voB~1oT'. We shall say that v is relatively invariant with respect to T and T if
the two modular automorphism groups associated to the two weights @ and ¥
commute; we then write down:

DEFINITION 3.8. A measured quantum groupoid is an octuplet (N, M, a, B, I, T,
T',v) such that:
(i) (N, M, a, B, T') is a Hopf-bimodule, as defined in Definition 3.1;

(ii) T is a left-invariant normal, semi-finite, faithful operator valued weight T
from M to a(N), as defined in Definition 3.6;

(iii) T’ is a right-invariant normal, semi-finite, faithful operator-valued weight
T’ from M to B(N), as defined in Definition 3.6;

(iv) v is normal semi-finite faitfull weight on N, which is relatively invariant
with respect to T and T".

REMARK 3.9. These axioms are not Lesieur’s axioms, given in 4.1 of [26].
The equivalence of these axioms with Lesieur’s axioms has been written down in
[17], and is recalled in the appendix of [15].

THEOREM 3.10 ([26], [15]). Let & = (N,M,wa,B,I, T, T',v) be a measured
quantum groupoid in the sense of Subsection 3.3. Let us write ® = voa~' o T, which
is a normal, semi-finite faithful weight on M. Then:

(i) There exists a x-antiautomorphism R on M, such that R* = id, R(a(n)) = B(n)
or all n € N, and we have the following, where R will be called the co-inverse:
S

I'oR = QNO(R[%*D( R)F
N

(ii) There exists a one-parameter group T; of automorphisms of M, such that Ro 1, =
TroRforallt € R, and, forallt € Randn € N, %(a(n)) = a(cf (n)), w(B(n)) =
B (o} (n)) and we will have the following, where t; will be called the scaling group:

Fot = (T p*a )l = (o p*a c?Rr, Toof = (Tt p*a oI
N N N
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(iii) The weight v is relatively invariant with respect to T and RTR; moreover, R and
T; are still the co-inverse and the scaling group of this new measured quantum groupoid;
we shall denote:

& = (N,M,a,B,T, T,RTR,v).
(iv) Forany &, 17 in D(4He,v) N D((H@)‘B, v°), (id * wéz,ﬂ)(W) belongs to D(T;/2),
and, if we define S = Rt_;/,, we have:

S((id * we 5 )(W)) = (id * wy ) (W)™

More generally, for any x in D(S) = D(7_;,5), we get that S(x)* belongs to D(S) and
S(S(x)*)* = x; S will be called the antipode of & (or &), and, therefore, the co-inverse
and the scaling group, given by polar decomposition of the antipode, rely only on the
pseudo-multiplicative W.

(v) There exists a one-parameter group y; of automorphisms of N such that, for all
t € Randn € N, we have

of (B(n)) = B(1t(n)).

Moreover, for all t € R, we have v o y; = v.

(vi) There exists a positive non-singular operator A affiliated to Z(M), and a positive
non singular operator ¢ affiliated to M, such that

(Do R : D), = Ai/25i
and, therefore, we have:

(DP o c°R: DP); = Al
The operator A will be called the scaling operator, and there exists a positive non-singular
operator q affiliated to N such that A = a(q) = B(q). We have R(A) = A.

The operator & will be called the modulus; we have R(8) = 6=, and ©(8) = 9,
forall t € R, and we can define a one-parameter group of unitaries 6'* p®u 51 which acts

naturally on elementary tensor products, and verifies, for all t € R,

I(8") = 6 g, 6.
N

(vii) We have (D® o 1; : D®)s = A7, which leads to define a one-parameter group
of unitaries P\ by, for any x € Ng:
P¥Ag(x) = A2 Ag (13 (x)).
Moreover, for any y in M, we get
(y) = PryP "

and it is possible to define one parameter groups of unitaries P @, P\ and P* «® pit
N No
such that
W(P" p@y P) = (P! w5 P)W.
N No
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Moreover, for all v€D(P~1/2), weD(P'/?), p, qED(,XH@,v)ﬂD((Hq;)E, v°), we have

(W (va®50)|w @ p) = (W(P~?0 500 Jop) [P 2w 025 Jog)-
10 v 14 10
We shall say that the pseudo-multiplicative unitary W is “manageable”, with "manag-
ing operator” P, which implies (with the notations of Subsection 3.1) that Aw (W) =
A(W) = Mand Ay (W) = A(W).
As, forall s, t in R, we have 7 o 0 = 0 o 5, we get that JpPJp = P.

(viii) Let us write M = Ay (W) = A(W) and let us consider the coproduct T on M,
then, by Subsection 3.1, (N, ]\7111, B, r ) is a Hopf-bimodule; moreover, there exists a *-
antiautomorphism R on M, such that R = id, Roa = B, and T o R = ¢no(R 4%, R)T

B
N

and a left-invariant normal, semi-finite, faithful operator-valued weight T from M to
a(N).
(ix) (N, 1\71, o, E, r , T, ﬁfﬁ, v) is a measured quantum groupoid, called the dual mea-
sured quantum groupoid of &, that we shall denote &. Moreover, we have & = &.
The proof is 3.8, 3.10 and 3.11 of [15].

EXAMPLE 3.11. Let § be a measured groupoid; using the notations intro-
duced in Definition 3.1 and Subsection 3.2, we have seen that ( oo(9(0), v), LG, n),
rg,sg,I'g) is a Hopf-bimodule; moreover, it is possible to prove that the for-
mula which gives, for all positive F in L*(G, i) the image by rg of the func-
tion u +— [ FAA" (respectively the image by sg of the function u — [ FdA,)

S S

defines a normal semi-finite faithful operator-valued weight from L*(S, i) onto
6 (L2 (S0, 1)) (respectively sg (L® (5, v)), which is left-invariant (respectively
right-invariant) with respect to I's as defined in Definition 3.6; moreover, as
L*(G, ) is abelian, the measure v defines a relatively invariant weight as de-
fined in Definition 3.3. So, we obtain a measured quantum groupoid (L® (5, v),
L*(S,u),rg,sg,Ig, Tg, T’g,v), that we shall denote &(G). The dual @ is sym-
metric: it is (L°°(9(0), v),L(9),rg,tg, Tg, ?9,1/), where fg is a normal semi-finite
faithful operator-valued weight from £(9) to rg(L®(§%,v)) which is both left
and right-invariant ([26], 10).

4. A CANONICAL SUB-C*-ALGEBRA OF A MEASURED QUANTUM GROUPOID

Be given a measured quantum groupoid & = (N,M,«,B,I,T,T,v), we
consider in this section the sub-C*-algebra A, (W) N An(W)* of M; we obtain that
it is dense in M (Proposition 4.3(i)), invariant by R (Theorem 4.4(i)), by (Tt@ and
(Corollary 4.5(i)). The results are more precise when N is abelian: in that case, this
C*-algebra is equal to An(W) (Proposition 4.3(ii)) and the one-parameter group
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of automorphisms 7; is norm continuous (Corollary 4.5(iv)). Moreover, we obtain
more complete results if the one-parameter group 7 is trivial (which is the case
when a(N) C Z(M)); then, the modular groups ¢ and *°R are norm continu-
ous on An (W) (Corollary 4.5(ii) and (iii)).

LEMMA 4.1. Let & = (N, M,a,B,I,T,T',v) be a measured quantum groupoid,
and let’s use the notations of Theorem 3.10. Then, if p belongs to D(yHg,v)N
D((H¢)B,VO)DD(P1/2) such that PY/2p belongs to D(yHg,v), and q belongs to
D(yHg,v)ND((He)z,v°) ND(P~1/2) such that P~1/2q belongs to D((H@)B,VO),
then we have

B/

(id * (U]@p,]q,q)(w)* = (ld * a)Pl/zp,p—l/zq)(W)

and, therefore, (id * Wy, p,15q) (W) belongs to An(W) N An(W)*,

Proof. Let us take v € D(P~1/2), w € D(P'/?); then, we have, using Theo-
rem 3.10(vii),

((id * Wigp,1pq) (W) 0|w) = (0] (id * Wy p,1q) (W)w) = (v@5 Jq|W(w g4 Jp))
= (W(P 20 4®@4 p)|P1/2wa®E q)
v 10
= (W(v p®« P”zp)lwz)c@,gp‘mq)

= ((id = (Upl/zp’p—l/zq><W)U|'LU)
which, by density, gives the result. 1

LEMMA 4.2. Let & = (N, M,a,B,I, T, T',v) be a measured quantum groupoid,
and let’s use the notations of Theorem 3.10. Then:

(i) For any p in D(,Hg, V), there exists a sequence py in D(,Hg,v) N D(P/2) N
D(P~1Y2), such that PY/?p, belongs to D(,Hg, V), and such that R%Y(py) is weakly
converging to R%"(p).

(ii) Forany g € D((H¢>)/§, v°), there exists q, € D((Hq;)g, v°)ND(PY2)ND(P~1/2),

such that P~1/2p,, belongs to D((Hg) 3 v°), and such that RBY° (p,,) is weakly converg-
ing to RBV (p).

Proof. Let us write:

pn = g / e " Pt pdt.
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It is a usual calculation to prove that p,, belongs to D(P'/2) N ‘D(P~1/2); moreover,
we get, for any a in 0,

a(a) f/ a)Ppdt = f/ —nt? pity (0¥ 4(a))pdt

- % / e " PYRYY (p) AT A, (a)dt
from which we get that
n a2
Jata)pnll < 22 [ & R (p) 40 )

which proves that p, belongs to D(yHg, v) and that
IR (pa) | < IR*(p) -

Moreover, we have, going on the same calculation
o0
1 ; i
R (pn)Ay(a) = T / e_tZPIt/ﬁRa'v(p)Avlt/ﬁAv(“)dt
which, using Lebesgue’s theorem, is converging to R*"(p)A, (a). With the norm
majoration, we get this way the weak convergence of R*"(p,) to R*"(p), which
is (i). Part (ii) is obtained the same way. 1

PROPOSITION 4.3. Let & = (N,M,w,B,I',T,T',v) be a measured quantum
groupoid, and let’s use the notations of Theorem 3.10. Then:

(i) An(W) N An(W)* is a nondegenerate C*-algebra, which is weakly dense in M.
Moreover, if y € N is analytic with respect to v, then a(y) and B(y) belong to the
multipliers of this C*-algebra.

(ii) If N is abelian, then An(W) is a nondegenerate C*-algebra, which is weakly dense
in M; moreover, we have «(N) C M(An(W)) and B(N) C M(An(W)).

Proof. Let ¢ and 57 be in D(,Hg,v) N D((H@)B, v°); then, using Lemma 4.2,

it is possible to construct sequences p,, and g, such that RBw° (pn) is weakly con-
verging to RBw° (¢) (or, equivalently, R*"(J¢p, ) is weakly converging to R“(J¢())
and R*Y(g,) is weakly converging to R*"(5) (or, equivalently, RB° (Joqn) is
weakly converging to RBw° (Jon)), and such that, using Lemma 4.1, the opera-
tors (id * Wy p, Jog.) (W) belong to An (W) N An(W)*.

So, the element (id * wy,¢ 1, ) (W) belongs to the weak closure of A (W) N
An(W)*.

If ¢ belongs to D(,Hg, V), and 7 to D((H(p)‘g, v°), then, using Subsection 2.2,
we obtain that the element (id * wg ;) (W) belongs also to the weak closure of
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An(W) N An(W)*. So, with the notations of Subsection 3.1, we get that A,, (W) is
included in the weak closure of An(W) N An(W)*, and, using now The-
orem 3.10(vii), we get that M is equal to the weak closure of A,(W) N An(W)¥,
which is (i).

Let us now suppose that N is abelian; then the weight v is a trace, and the
managing operator P defined in Theorem 3.10(vii) is affiliated to a(N)' N B(N)".
Let us write

P = /e;\de,\
0

n
and let us define p, = [ de,. Then p, is an increasing sequence of projections,
1/n
weakly converging to 1, in a(N)’ N B(N)’. Let us take x in Tg 1 (with the no-
tations of 2.2); then the vectors p,Ag(x) belong to D(,Hg,v) N D((H@)B, v°) N
D(PY2) N D(P~1/2) and both P'/2p,Ag(x) and P~1/2p,Ag(x) satisfy the hy-
pothesis of Lemma 4.1. So, using Lemma 4.1, we get that, for x, y in T¢ 1, the
operator (id * Wy, . A (x),Jopade(y)) (W) belongs to An (W) N An(W)*.

Using 10.5 of [13], we get, taking the norm limit, (id * wj, A, (x) joAe(y)) (W)
belongs to An(W) N An(W)* forany x, y in T, or that (id * W, (x),A4(y) ) (W) be-
longs to An(W) N An(W)*. Using now Subsection 2.2, we get that (id * we ;) (W)
belongs to An (W) N An(W)*, forany ¢ in D(,H,v) and 77 in D(HB’ v°), and, there-
fore, we get that its norm closure An(W) is also included in A, (W) N An(W)*,
which finishes the proof. 1

THEOREM 4.4. Let 8= (N, M,a, B, I, T, T',v) be a measured quantum groupoid;
then, for &, 17 in D(4He, V), for all t in R, we have:
(1) R((i* wé’,]@iy)(W)) = (i* w’?J@C) (W),
(i) T (i * we o ) (W) = (i = WA;fg,A;if]M)(W);
(iii) 0} (i, o ) (W) = (i*wé“]@J*“](pA;“rj,P“]@r])(W) and o PR ((i% we j,y) (W)
- (1 * wpitgl(git](p(g—it]@A;’itj¢}7 ) (W)
Proof. Results (i) and (ii) are 4.6 of [26].
Let us take é’ = ]@A@(]/Tyz), and n= ]@Aq:.(x), with x, Y1, Y2 in M N Ne;
then, using Theorem 3.7(ii) and Theorem 3.10(ii), we get
o (% gy A (y12), 40 (1) (W)

= (id 5:,“ WIpAs(y2)JoAe(y1) © o)L (ni(x"))
= (i g% @y, (1720978 1) Jo o 1207 1)) T (T ()

= (1 0 @04 0274 o 07 1)) )T (AT (X))
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which, using again Theorem 3.7(ii) and Theorem 3.10(ii), is equal to the following
which gives the first result of (iii), using Subsection 2.2:

(% @y r (02 iy ao i) W) = (% @pg5mitgo st Ao i) Pt 4o () (W)
By similar calculations, we obtain the following from which we obtain the
second result of (iii):

R (1% Wy pg (i), Ap(x) (V)

= (id ﬁ;ﬂ( WipAe(y2)Jora(yr) © Tt)F(U?OR(x*))
= (id p*q qu,Aq,()\f/zn(yz),]¢A@(/\’/2n(y1))F(‘TFOR(JC*))
N

= (1% W1y Ap (M (y112)) Aa (@R (1)) (W)

COROLLARY 4.5. Let & = (N,M,a,B,I,T,T',v) be a measured quantum
groupoid, and -y the one-parameter group of automorphisms of N defined in Theo-
rem 3.10(v); let &, 7 be in D(H, v), then:

(i) We have R(An(W)) = An(W), and, for any t in R, we have o (An(W)) =

An(W) and ©(An(W)) = An(W).

(i) If (¢, &)y belongs to C*(y) and (n,1)q, to C*(0V), then (i x we,j,y) (W) be-
longs to C*(c®); so, if N is abelian, and if v = id, we have An(W) C C*(c®).

(iii) If ($,G)§ , belongs to C* (V) and (n,1)q, to C*(7), then (i* wg joy) (W) be-
longs to C*(c®°R); so, if N is abelian, and if v = id, we have An(W) C C*(c®°R).

(iv) If (G, G)a v and (17, 1)q , belong to C*(a”), then (i* we 5,y ) (W) belongs to C*(7);
so, if N is abelian, we have An (W) C C*(7).

o

Proof. By the weak continuity of x — 07 (x) and x — 7;(x), the first results
are simple corollaries of Theorem 4.4(ii) and (iii). Let now V be the self-adjoint
positive operator defined on L?(N) defined, for all 7 in 91, and t in R by:

VA (1) = Ay (11(n)).
We have then
R (6% ]p6 oA g E) Au(n) = a(n)6 Jo6 o AG"E = oPF " (a(n))E = a(1:(n))g
= R*(&)V*Ay(n)
from which we get that R*" (6" [0 #Jp A5 &) = R¥ (&) V" and that
(0']00 oA 38, 8" o0 oA G E)e = 1-1((5,8)20).
Therefore, if the function t — 4((&, &)°) is norm continuous, so is the function

ts R0 o0 oG E)]-
On the other hand, we have:

R (A4 ) Av(n) = a(n)84"¢ = A a0} (n))E = AG'R™ (E) AT Ay (1)
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from which we get that (A5, A E)S, = 0 ((&,&)3,); from these results, using
Theorem 4.4(iii) and (ii), we get easily (ii), (iii) and (iv). 1

PROPOSITION 4.6. Let & = (N,M,w,B,T,T,T',v) be a measured quantum
groupoid, then:
() If x is in MpN N, and y is in NrONRoTorNNa, then (14w, Ay (), A (x+2)) (W)
belongs to M+ N ML and we have:
D (i Wiy Ap ()0 (xx)) (W) = (RO T o R(y"y) o Ao (x) JoAa (x));
T((i gy pg 4y) 0 ) (W) = €((T 0 R D)o Ao (), Jo Ao () )
<ITo Ry y)I|T(x7x).

(i) If x, y are in My N NRoror NN, then the operator (i* Wi, A, (yey),Ap(x<x)) (W)
belongs to ML NIME NIME .- NN .

(iii) If x, y are in My N Mroror N Me N Maor, then (i* Wiy, ()40 (x)) (W) be-
longs to Mt N Mg N MroTor N Mepor-

Proof. Using Definition 3.6, we obtain that the operator (i*wj, z, (y+y),A¢(xx))
(W) is positive, and that

Ro T((i * w]@A¢(y*y),A¢(x*x))(W)) =RoTo R((i * w]¢A¢(x*x),A¢(y*y)) (W))
which, using Theorem 4.4(iii) and the right-invariance of Ro T o R, is equal to
RoToR((id p*a whpA@(x))F(y*y)) = (id p*a ‘U]¢Aq>(x))(1 pRa RoTo R(y*y))
N N N

=B((RoToR(y"y)JoAe(x), JoAao(X))av)
from which we get (i); we then get (ii) by using Theorem 4.4(i), and (iii) is just
given by linearity. 1
LEMMA 4.7. Let & = (N,M,«, B, I, T, T',v) be a measured quantum groupoid;

let us define @ = vo a~ Yo T; then, we have, for all x in Ng:

WipAe(x) © R = WlgopAgor (R(x))-
Proof. Let y be analytic with respect to both @ and @ o R; we then get that
<(‘J]¢A¢(x)/]/> = q)(o-lqu (]/)X*x)
and, therefore
(@ a0(v) © R Y) = (075 (R(y))x"x) = P(R(e%5 (y))x"x)

= @ o R(R(x*x)0 % (y)) = @ o R(eJ5R (y*)R(x)R(x*))

which, by a similar calculation, is equal to (W, . A,.x(R(x*))¥*); Which gives the
result. 1
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LEMMA 4.8. Let & = (N, M, a,B,T, T, T',v) be a measured quantum groupoid,
and let us suppose that the von Neuman algebra N is abelian; let us use the notations of
Proposition 4.3(iv) and consider the C*-subalgebra An (W) of M (Subsection 3.1, Propo-
sition 4.3(iv)); for any x in Ny N N, there exists xn in An(W) N My N My such that
AT (xn) is norm converging to At (x).

Proof. As a(N) C M(An(W)) (Proposition 4.3(iv)), we get that T(An(W) N
Mr) is an ideal of a(N), which, by normality of T, is weakly dense in N; let
en be a countable approximate unit of T(An(W) N Mr); we have enT(x*x) =
T(x*enx), which is increasing to T(x*x), and, using Dini’s theorem, is therefore
norm converging to T(x*x). Let f be positive in An(W) such that e, = T(fn);
we have

enT(x*x) = T(T(x*x)V2 fu T(x*x)V2) = T(x}xn)
where x, = fa/2T(x*x)/? belongs to An(W) N M. We then get that At (xy) is
norm converging to Ar(x). 1

THEOREM 4.9. Let = (N, M, w,B, T, T, T',v) be a measured quantum groupoid,
and let us suppose that the von Neuman algebra N is abelian; let us use the notations of
Proposition 4.3(iv) and consider the C*-subalgebra An(W) of M (Subsection 3.1, Propo-
sition 4.3(iv)); then, for all x1, xp in An(W) NNy NNy, Y1, y2 in An(W) N NRoror N
Neor:

(i) We have

(id BFa Wg A (x1),JoAe (x2) )T (An(W)) C An(W)
N
and the closed linear set generated by all elements of the form

(id /9:]"‘ WipAg(x1),JoAs(x2) )T (x)

where x is in An(W), x1, x2 in An(W) N N Ne, is equal to An(W).
(ii) We have

(©lorAsor ) Agon ) pra IDT (An(W)) € An(W)
and the closed linear set generated by all elements of the form
(@JgorAgor (1) Aver (v2) /3;\‘]“ id)I'(y)
where y is in An(W), y1, y2 in An(W) N NroTor N Naor, is equal to An(W).
Proof. Let us take x, x1, xp in M7 N Ng; we have, by Theorem 3.7(ii):

(id /3:]”‘ w]<1>/\ct>(x1)r]¢/\¢>(x2))r(x*) = (id * wl@/\é(xfxz)//%(x))(w)'

If x is in An(W) NNy N Ng; by the norm density of An(W) NNy N Ng into
An(W), we get that, for any y in An(W), (id pg*a Wi, Ay (x,),Joe(x)) ] (v) belongs
N

to An(W), from which we get the first result of (i).
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Using Theorem 3.7(ii), we get that the closed linear set described in (i) con-
tains all elements of the form (id W]@Aq,(x{xz),Aq,(x))(W)/ where x, x1, xp are in
An(W) N1 NNy, and, by linearity, all elements of the form (id * wj, A, (y),44 (x))
(W), where x is in Ap(W) NN NNy and y is in Ay (W) N My N Me; using then
Lemma 4.8, we get it contains all elements of the form (id * wy, A, (y),A4(x)) (W),
where x, y belong to 917 N Yg; so, by Subsection 2.2, it contains all elements of
the form (i * we , ) (W), where ¢ is in D(,H, v) and 7 is in D(HB’ v°). Therefore, it
contains A, (W), and, by the first result of (i), it is equal to An (W), which finishes
the proof of (i).

We have now, using Lemma 4.7, the following which gives (ii):

(w]dﬁoRAdboR(xl)/AcboR(XZ) ﬁ:f”‘ id)I(x)
= (Wlp A0 (R(x5) JoAe(R(x)) © R pra id)T (%)
N

= R((d pra W p(R(x3) Jo o (R(x))) T (R(X)))- W
N

5. MEASURED QUANTUM GROUPOIDS WITH A CENTRAL BASIS

We deal now with a measured quantum groupoid =(N, M, «, 5, I, T, T',v),
such that the von Neuman algebra a(N) is included into the center Z(M). Then,
we obtain first some results about the restrictions of @, ® o R, T and RTR to the
C*-algebra An(W) (Theorem 5.3), and a Plancherel-like formula for the coprod-
uct I' (Theorem 5.7), which gives that the coproduct sends the C*-algebra A, (W)
in the multiplier algebra of the C*-algebra An (W) @4 An(W). A summary of all

N

these properties of An(W) is given in Theorem 5.8.

LEMMA 5.1. Let & = (N, M,a,B,I, T, T',v) be a measured quantum groupoid;
then the following are equivalent:
(i) The von Neuman algebra a(N) is included into the center Z(M).
(ii) The von Neuman algebra B(N) is included into the center Z(M).
(iif) The representation E is equal to «.

Proof. As B = R o, with R an anti-*-isomomorphism of M, we see triv-
ially that (i) and (ii) are equivalent. Moreover, as, by definition, we have B (n) =
Joa(n*)]e, where Jp is the canonical antilinear bijective and involutive isome-
try on Hg constructed by the Tomita—Takesaki theory asociated to the weight
@ =voa~loTonM,we getthat (i) and (iii) are equivalent. &

LEMMA 5.2. Let & = (N, M,«, B, I, T, T',v) be a measured quantum groupoid;
then:
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(i) Ap (Mo NNy N Ngor N Nrrr) is dense in Hy ([26], 6.5), and the subset of
elements x in M N M N Mepor N Mrrr which are analytic with respect both to @
and @ o R, and such that of o 0$°R (x) belongs to Me N M1 N Meor N Mrrr, for all
z,7' € C, is a x-algebra dense in M ([26], 6.6).

(ii) Let us suppose that a(N) is central in M; then, for any x € Mg NNy, there exists
Xn in N NNy N Ngor N Nrrr such that Ap(xn) is norm converging to Ar(x).

Proof. Thanks to 6.6 of [26], let’s take &y, increasing to 1, with hn in Mg N
MT N Mepor N MRTR, hn analytic with respect both to @ and @ o R, and such that
02 0 05°R(hy) belongs to Mp N My N Meor N Mgrr, for all z,z' € C. For any x
in Ny, we get that x, = xaf’i/z(hn) belongs to Mg N N1 N Neor N Nrrr, and we
get that Acp(xafim(hn)) = JohnJoAp(x) is converging to Ag(x) (which gives an
alternate proof of 6.5 of [26], mostly inspired from the initial one, that we shall
use in the sequel of the proof of this lemma). Let us suppose now that a(N) is
central in M, and let’s take x € Mg N Nr, and p € N,; we have

Ar(xn)Av(p) = Ao (x0%; 5 (hn)a(p)) = Ag (xa(p)o?; 3 (Itn)) = JohnJo AT (x) Av(p)

from which we get, by continuity, that Ar(xn) = JehnJeAr(x), and that A7 (xy)
is weakly converging to Ar(x); more precisely, T(xj:xn) = At(x)Joh? JoAr(x) is
increasing to T(x*x); if we write X for the spectrum of the C*-algebra generated
by T(9Mr), using Dini’s theorem in Cy(X), we get that T'(x}:xy) is norm converg-
ing to T(x*x); more precisely, as

IAT (xtn) = A7(2) > = | T(x320) — T(x*xn) + T(xzx) = T(x*x)]|
and T(x*xn) = Ap(x)*JphnJoAT(x) = T(x}x), we get the result. 1

THEOREM 5.3. Let = (N, M, , B, I, T, T',v) be a measured quantum groupoid
and let us suppose that a(N) is central in M; then the restrictions of @ and ® o R to the
C*-algebra An(W) are faithful lower semi-continuous densely defined KMS weights.
Moreover, the restrictions of T and RTR to An(W) are densely defined.

Proof. We had in Proposition 4.6(iii) that the operator (ixwj, o, ()44 (x)) (W)
belongs to Mt N Me N Meor N MrTR, for any x, y in Me NN N Mepor N MRTR;
using now Lemma 5.2 and Subsection 2.2, we see that this set of operators are
norm dense in the set of operators of the form (i* wj, A, (y)A4(x)) (W), for all
x’, y' in Mg N MNy; using again 2.2, we see that it is norm dense again in the set
of operators of the form (i * a)g,,?)(W), for §,7 € D(xHgp,v), and, therefore, by
definition, in A,(W). Moreover, by Corollary 4.5(ii) and (iii), we get that the
modular groups ¢ and ¢/?°R are norm continuous on An(W). 1

LEMMA 5.4. In the situation of Lemma 5.1, let (e;);c; be an («,v)-orthogonal
basis of H; then, we have:
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(i) For all &, 2 in D(oH,v), and 111 in D(,H,v) N D(Hg,v)
(wyy p, *id) (W)E = sz ((id * wge, ) (W)1, 112) a0 ) €.

(i) For all ¢y in D(Hg,v), & in D(oH,v) N D(Hg,v) and 17 in D(,H,v)
((Ugl,éz * ld)(W)*r/ = ZD{(<§2, (ld * (Ugi,ﬂ)(W)(:1>‘B,V)€l‘.
1
Proof. We have W (i, ﬁ®a ¢) = Z(id * wee ) (W)m a®,x e;. Let now  be in

H; we have then the followmg, from Wthh we get (i):

((wm,ﬂz *ld ( §|€ Z (ld*wéel)( )’71 tx(?zx ei|772 a(?a C)

i

— (Za(((id * wgrei)(W)m,Uzﬁ,v)@iM)-

i
We have W* (&> = n) = Z(id*welﬁ)( )& ,3®,X e;. Let now { be in H; we

have then the followmg which fmlshes the proof:
((wgy ¢, xid) (W)™ y[) = (Z(id * Wey ) (W) G2 p®a €81 p®a @)
i v v

1

= (L al(@ (id @) (W)En)peil). 0

LEMMA 5.5. In the situation of Lemma 5.1, let (e;);c; be an («,v)-orthogonal
basis of H and | a finite subset of I, let us write p; = Z 0%V (e;, e;); then, for all 2q, 2,

in Hp®4 H, the finite sum
v

(it % o) (W) pa (id W) (W))E1|E5 )

ic]
is equal to

(0 «®0 15) (15 «®a W)z (1sy p®a (12®a p))W)(E1 pR0 &)|Z2 2a®0a 7).
N N N N ¥ v

Proof. Let ¢y be in D(Hg,v), ¢2 in D(oH,v) N D(Hg,v), 71 in D(,H,v) N
D(Hﬂ,v) and 1, in D(,H, v). If we take 51 = {3 p®a 171 and Ep = o pQy 172, the
v v

scalar product we are dealing with is equal to:

Y (@(((id * we,y) (W)G1, 62) pu) (id * e e, ) (W) i1 [172).

ic]
The commutativity of N gives a((e;, €;)av) (id*we e, ) (W) =(id*wWe o ((6; 615, )e; ) (W),
thanks to the commutation relations of W, and the fact that « = E But by Sub-
section 2.1, we know that a({e;, ¢;)x)e; = e;, and therefore

a((e;, ei)a)(id * wéei) (W) = (id * cug/gi) (W).
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So, this scalar product is equal to

2 (e({(id x ey p) (W), 62) ) (i # g, ) (W1 B il D )

icy
= Z}(“(«id * W,y ) (W)G1, G2) o ((id * wi e, ) (W) 1, 112) a v e le;)
—Z} ld*wrje (W )771/’72>a,V)€i|“(<§2/(id*wei,n)(w)‘§1>ﬂ,v>ei)

= ((weg, &, ¥id)(W)pj(wy, 4, ¥id)(W)¢ln)  (by Lemma 5.4(i) and (ii)).

Coming back to the calculations made in Proposition 3.5, we get it is equal to
(W p@u &) |12 6@ Py (we g, * id) (W) "1).
14

Defining now {;, { as in Lemma 3.3, we get that it is equal to:

(W p®@a )2 zx‘%’zx 2“((@1‘/ €1>,B,V)P]€z/‘)
v i
(022 (Lo p@a W) (€180 pBu) 120 @0 (LaCapy) W(E20@ar)) (Lemma 34)
N v v
=(042(1sy p®u (1a®a p))W) (&1 p®u 11 R0 &) |12 6@ W (82 2@ 17))
N N v v v v
from which we get the result, by linearity, continuity and density. 1

PROPOSITION 5.6. Let (N, M, «, B, I, T, T',v) be a measured quantum groupoid,
and let us suppose that the von Neuman algebra a(N) is included into the center Z(M);
let (e;)icr be an (a,v)-orthogonal basis of H and | a finite subset of 1; let us write p; =

Y. 0%V (e;, e;); let ky, ko be in Koy, & in D(oH,v), 17 in H; then, we have:
i€J

lim [ (k2 o @ (1= py))W ki 20 G| = 0.
v
Proof. Let 171 bein D(oH,v) N D(Hg,v) and 1 in D(,H, v); we have
R (pj (@, %1d)(W)E) = py(wy, p, *id) (W)R™(C)
and, therefore

(py(wyy,, x1d) (W)G, pj(wyy gy *id) (W)E) aw
= R"(8)" (wyy , *1d) (W) pj(wyy , * id) (W)RY(S)

which is increasing with | towards

((wyypp #1d) (W), (wyy g, *1d) (W)E) -

Let X be the spectrum of C*(v), and let us identify C*(v) to Co(X); using then
Dini’s theorem, we get it is norm converging, from which we infer that

lim IRF((X = pp)(wyy pp +id) (W)E)[| = 0.



MEASURED QUANTUM GROUPOIDS WITH A CENTRAL BASIS 33

But, by Lemma 5.4(i), we have
(1= py)(@pyp, *id)(W)E = ;M(id *we e ) (W), 12)a)ei
i¢]
and, therefore
R*((1 = py)(wyy,p, *xid)(W)E) = ;R"""(efﬂ(id * we e, ) (W)L, 12) a0
i¢]
IR* (1 = py) (wny p, *id) (W)E)]I?

= %Wd % W0, ) (W), 2) i { (i % g ) (W) 1, 12)

We have
((id * wg o)) (W)L, 12) 0 = RYY (112) " (08%) W “R* (111)
= (") (R (112)* «Ba 1)WP§’“R“'"(171)

and, therefore

;((id * W o) (W)L, 112) 0 ((id * g e, ) (W1, 12) aw
i¢]

= R ()" (0F) W (6% (12, 172) @ (1= pr))WoE“ R (1)
and its norm is equal to
1O (72 172) @@ (1 = PIIWRE R (1)1
So, we have that
tm (6% (72, 72) 20 (1= pp)) WoE“ RS (1) | = 0
and, therefore
i [0 (72, 72) 20 (1= pp)) WoE*0%* (g2, ) | = 0

and we get the following from which we get the result:
timn [[ (6% (172, 72) «@a (1= pp))W (O™ (m, 1)1 p&a E)|| = 0.
14

THEOREM 5.7. Let (N,M,«,B,I',T,T',v) be a measured quantum groupoid,
and let us suppose that the von Neuman algebra a(N) is included into the center Z(M);
let (e;)ics be an (a,v)-orthogonal basis of H; then, we have, for all , n in D(,H,v)
T((id % wey ) (W) = ) _(id % we, ;) (W) g4 (id * wee, ) (W)
N

1
where the sum is weakly and strictly convergent.
Therefore, using the strict convergence, we get that I (An(W)) is included into the
multiplier algebra of the C*-algebra An(W) Ry An(W).
N
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Proof. Let ¢, nbein D(,H,v). Using Lemma 5.5, for all finite ] C I, we have:
| Eo(lid ) (W) g0 (id 5 ) (W))| < IR @)INIR ()]
i€] N
Let ¢1 be in D(Hg,v), ¢2 in D(oH,v) N D(Hg,v), 11 in D(,H,v) N D(Hg,v) and
12 in D(,H, v); using Proposition 3.5 and Lemma 5.5, we have

(I((id * we, ) (W)) (81 p&a 171)182 pa 712)

= ((we, g, *1d) (W) (wyy p, xid) (W)E|17)
= Z((id * We, ) (W) 1 p®a (id * we e, ) (W) 11162 R0 112)-

If we apply Subsection 2.2 to the inclusion a(N) C M and the operator-valued

weight T, we get that D(,Hge,v) N D((Hq:,)ﬁ, v) is dense in Hg, and we obtain the

weak convergence of the sum Y ((id * we,y)(W) p®@4 (id * wge,)(W)) to
i v

I'((id * wm)(W)).
Moreover, we get, using Lemma 5.5 that, for any k1, kp in K,

| (o id 5 ey ) (W)E g K (id 5 g ) (W)t |82 520 72 |

i¢] v v

< [ (k2 a®a (1= pp))W(k1n g@a &) 111 p@a 11111162 p&a 112l
1% v 1%

= hm HZ (id * we, ) (W) @4 k7 (id * we e,) (W)sz =0 (by Proposition 5.6).
iZ] N
Let now 1, ¥2, y3, ya be in An(W), and ¢ positive; as An(W) C (N)’ =
M(Xy,y), there exists k € Ky, such that [[y1k — y1|| < & and |y2k — 2] < e
Moreover, there exists a finite subset | C I such that

HZld*we 7 5®ak y1(id * we e ) ( W)yzkH <e
iZ]
As, for any finite ]’ such that ] N ]’ = @, we have proved that
| X tid s ey ) (W) g0 (id e ) (W)|| < IR (@R ()|
ie] N
and, as Y y3(id * we, ;) (W)ys p®a y7 (id * we ;) (W)y2 is equal to
ie]’ N
(5 p@a (v — K1) | 1 (id ey (W) g4 (id * oge ) (W) [ya e 2]
N icJ’ N N
+ (Y3 p2a Kyl | 1 (i e, ) (W) @0 (id = wge) (W) [ya p2a (32 — ky)]
N icJ' N N

+ (13 pa k)| 1 (i i) (W) @4 (id 5 g, ) (W)] [ya pa ko]
N N N

ic]’
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and we get the following which gives the result:

| Lyl o) (W) 3 (id % cog.)) (W) |
ie]’

< llv2llllysl lyal IR (E)IIIR™ () €
+ lyaHlys [Hya IR @ HIR™ Gr)lle + llyallllyalle.

THEOREM5.8. Let &= (N, M,a, B, I, T, T, v) be a measured quantum groupoid,
such that the von Neuman algebra a(N) is included into the center Z(M); then, the C*-
algebra An (W) bear the following properties:
(i) We have «(N) C Z(M(An(W))), and B(N) C Z(M(An(W))).
(ii) We have I'(An(W)) C M(An(W) p®4 An(W)).
N

(iii) An(W) is globally invariant under the co-inverse R and the scaling group T;
moreover, the restriction of T to An(W) is a one-parameter norm continuous group of
s-automorphisms of An(W).

(iv) The restrictions of & and ® o R to An(W) are faithful lower semi-continuous
densely defined KMS weights on An(W); the restrictions of T and RTR to An(W) are
densely defined.

Proof. Result (i) has been obtained in Proposition 4.3(ii), result (ii) in Theo-
rem 5.7, result (iii) in Corollary 4.5(i) and (iv), and result (iv) in Theorem 5.3. 1

6. MEASURED QUANTUM GROUPOIDS WITH A CENTRAL BASIS
AND CONTINUOUS FIELDS OF C*-ALGEBRAS

In this section, we go on with a measured quantum groupoid (N, M, «, B,
I',T,T',v) such that a(N) is included in the center Z(M); writing X for the spec-
trum of the C*-algebra C*(v) (which is the norm closure of M,, and whose mul-
tiplier algebra is the von Neumann algebra N), we show that the restrictions of
« and B to An(W) make, in two different ways, An(W) be a Cy(X)-C*-algebra
(Theorem 6.1(i)), and, more precisely, a continuous field of C*-algebras (Theo-
rem 6.1(v)), because the restriction of T to A,(W) gives a field of lower semi-
continuous faithful weights ¢* (Theorem 6.1(ii)), whose representations 77, form
a continuous field of faithful representations of A,(W) (Theorem 6.1(iv)). More-
over, the C*-algebra An(W) p®a An(W) can be interpreted as the Blanchard’s

N
min tensor product An(W) s®7' An(W) of these two fields of C*-algebras (Corol-
Co(X)
lary 6.3), and the restriction of I" to A, (W) sends therefore A, (W) into the multi-
plier algebra of this min tensor product (Theorem 6.4), which is here associative.
All these results are summarized in Theorem 6.5.
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THEOREM 6.1. Let &= (N, M,a, B, I, T, T, v) be a measured quantum groupoid,
such that the von Neuman algebra a(N) is included into the center Z(M), and let X be
the spectrum of C*(v); we shall identify v with a positive Radon measure on X, and N
with L (X, v) = C,(X) (by Subsection 2.5, we have N = M(C*(v))), and the positive
extension of N can be identified with lower semi-continuous functions on X, with values
in [0, +-o0]. Then:

(i) Thanks to the *-homomorphism a|c,(x) (respectively Bic,(x)), the C*-algebra
An(W) is a Co(X)-C*-algebra, in the sense of Kasparov-Blanchard ([21], [3]).

(ii) The restriction of the weight ® to the C*-algebra An (W) can be disintegrated into
a measurable field of lower semi-continuous faithful weights ¢*, invariant under of,

satisfying the KMS conditions for o, and such that, for any a € An(W)*:

®(a) = / o* (a)dv (x).
X

Moreover, we can identify T(a) with the (image by « of the) function x — ¢*(a), which
is therefore lower semi-continuous (and bounded continuous is a € M)

(iii) For any f € Co(X)" and a € An(W)™, we have ¢* (a(f)a) = f(x)¢*(a), and
¢*(a) = 0ifand only if a € a(Cx(X))An(W).

(iv) The representations 7tyx form a continuous field of faithful representations of
An(W).

(v) Thanks to the x-homomorphism wc(x) (respectively Bic,(x)), the C*-algebra
An(W) is a continuous field over X of C*-algebras.

(vi) We have:

@ @
Ho = / Hyedv(x), M= / 7 (An(W) /2(C (X)) An(W))"d (x),
X X
@
D= [ ¢*dv(x),
/
where ¢~ is the faithful semi-finite normal extension to 7wyx (An(W) /a(Cyx (X)) An(W))”

recalled in Subsection 2.5, and we have the following where a = [ “a¥du(x) € M
X

T(/®axdv(x)) — (x o F(a")).

X
(vii) Let R be the co-inverse of ®; then R 5, ) can be disintegrated into a continuous
field
R*: An(W)/a(Cx(X)An(W) — An(W)/B(Cx(X) An(W))
and we have

.@ »@
Hoor = / Hyropedv(x), M = / 7 prors (An(W)/ B(Ca(X) An(W)) dv(x),
X X
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@
PoR = / @~ o R¥dv(x),
X

where ¢ o R¥ is the faithful semi-finite normal extension to 7yxorx (An(W)/B(Cx(X)
An(W))”, and we have the following where b = f@bxdv(x) € Mirg:
X

RTR(/@bxdv(x)) — (x = PO RE(DY)).
X

Proof. By Proposition 4.3(iv), we get that a(C*(v))C M(An(W)), and with
the hypothesis, we get that «(C*(v))C Z(M(An(W)), which gives the first part
of (i); the same holds if we take 8 instead of &, which finishes the proof of (i). The
first part of (ii) is given by 4.11 of [37]; moreover, the application which sends
Y € MT on the image under a of the function x — ¢*(Y) (with the notations
of Subsection 2.5) is a normal semi-finite operator-valued weight T’ from M onto
a(N),suchthatvoa ' o T = @ = voa~! o T, from which we infer that T = T;
taking now the restrictions to A, (W)™, we finish the proof of (ii).

The first result of (iii) is just the operator-valued weight property of T’ dis-
cussed in the proof of (ii); letnow a € A, (W)™ such that ¢*(a) = 0; then T(a) is a
the image under « of the lower semi-continuous function x — ¢*(a) = f(x); and
let us write f, = [inf(1, f)]'/7; then f, € N = Cp(X), a(fp) € M(An(W)), and
a(fy)A is included into a(Cy (X)) An(W); but a(fp) is increasing to suppT(a) (in
®(N)); therefore, a(fp)a is increasing to a xsuppT(a), which is less than a; but, as

T(a x suppT(a)) = T(a) x suppT(a) = T(a)

using the faithfullness of T, we get that a x suppT(a) = a, and, therefore, that
(fp)a is increasing to a; let B be the abelian C*-algebra generated by a(Cy (X))
and 4, and let Y be the spectrum of B; then, we can identify B with C(Y), and,
using Dini’s theorem on Y, we get that &(f,)a is norm converging to a, and, there-
fore, that a belongs to a(Cx (X)) An (W), which finishes the proof of (iii).

Leta € M7, b € M be analytic with respect to @; then, by 2.2.2 of [15], ab
belongs to N, and Ar(ab) = ]@Uﬂ/z(b*)]quT(a), from which we get

T(b*a*ab) = Ar(a)*Joo T (b*) 0%, ;5 (b") JoAr(a) or
T((Uﬂ/z(b*)*a*aa?i/z(b*)) = AT(LI)*Lpb*b](pAT(a).

Let us take now a family by € An(W) N My increasing to 1 (which exists, thank
to Proposition 4.6(i) and Theorem 4.9(i)). Then, the elements

—+o00
1
=1/ p / e*tzat‘p(bk)dt

are in A, (W) N My, analytic with respect to @, and such that ¢ (c;) belongs to
An(W) for any z € C, and the family ¢y is increasing to 1. So, we get that the
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sequence
o o
T(0%p(cp) a*ac?; (c)”)
is increasing to T(a*a). By Dini’s theorem (in Cy(X)), we get that it is norm con-
verging, and therefore, we have, for all x € X

li}(n (Px(‘ffi/z(CZ)*”*W?i/z(C;)*) = ¢*(a"a)
and, therefore, for any x € X
lim |[7rg+ (2) Agx (0% 2 (I? = ¢*(a*a).

So, if a € Ny is in the kernel of 7r,x, we get that ¢*(a*a) = 0, which, by (iii),
implies that a*a belongs to a(Cx(X))A. Let now e, be an approximate unit of
M7 N An(W); we get that ae, is in M1 N Ax (W), and in the kernel of 7ryx, and,
therefore, by polarisation, belongs to a(Cx(X))A. As ae, is norm converging to
a, we get that a € a(Cy(X))A, which gives (iv). Then, the first part of (v) is
given by 3.3 of [4], and the proof for B is made the same way. The proof of (vi)
is then standard. Let’s apply (vi) to the opposite measured quantum groupoid
6° = (N° M,B,a,cNI,RTR, T,v°) and we get (vii). 1

DEFINITION 6.2. The left An(W)-module An(W) NNy is, using a|c, (x)
(Proposition 4.3(ii)), a right C,, (X )-module, and, equipped with the inner product
(a,b) — T(b*a), is a inner-product Cp, (X)-module in the sense of [24]. (We write
inner products left linear).

We can see its completion ¢ as the norm closure of the set {Ar(a),a €
Nr N An(W)}; then the left-An (W)-module structure of ¢ gives that the restric-
tion of 77y to An(W) can be considered as a C, (X)-linear morphism from A, (W)
into £L(€g). Taking the specialization at the point x € X, we obtain a Hilbert
space (€ )x, which is the completion of the inner product in A, (W) N 97 given
by (a,b) — ¢*(b*a); from which we get that (€¢)» = Hyx, and that the repre-
sentation 7, obtained by the specialization of 7tg| 4, (w) is equal to 7Tyr. We have
obtained in Theorem 6.1(iii) that ¢* is faithful on A%, and in Theorem 6.1(iv) that
Ttyx is a continuous field of faithful representations of A ([4], 2.11).

Moreover, we had got in 10.1 of [13] that Hg can be written as f®dev(x),

X
where the Hilbert spaces Hy are defined, by separation and completion, from the
sesquilinear positive form defined on D(,Hg,v) by (&, 1) — (&, 7)av(x). Itis
then straightforward to get that Hy = Hy»x, and that 71y = f ®7'cq,x dv(x). Then, it
X

is clear, if § belongs to D(yHgp, V), and ||G|| = 1, that the application a — (ag, &)
is a continuous field of states on A, (W).

Using B, we get another Co(X)-Hilbert module €pog, and that 7eog A, (w)
is a Cp(X)-linear morphism from A, (W) into £(Epor)-

COROLLARY 6.3. Let 8=(N, M, «, B, I, T, T', v) be a measured quantum groupoid,
such that the von Neuman algebra a(N) is included into the center Z(M). Let X be the
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spectrum of C*(v); using Theorem 6.1(i), let us denote An(W) p@3' An(W) the mini-
mal tensor product of the Co(X)-C*-algebras An(W) (via B) andcgg)(W) (via &), which
is then isomorphic to An(W) g®y An(W) and associative (Subsection 2.6). Then:
(i) The C*-algebra An(W)C; gﬁ“ An (W) has a faithful representation o on the Hilbert
space He p®qy Ho such that,fgﬁ(a)ig a1 and ap in An(W), we have
v

@(a1 ®ag) = ay pQq a2
N
(ii) For any finite sum with a; and b; in An(W), we have

n
‘ Zai ® b;
i=1

(iii) If x, y are in An(W), the application x @ y — ||x @4 y|| extends to a C*-semi-

n
Y i g bi
=1 N

m ‘

N
norm on the algebraic tensor product An(W) ® An(W) and toa C*-norm on the quotient
of this algebraic tensor product by the ideal generated by the operators of the form

{xp(f) @y —x®@a(f)y,x,y € An(W), f € N}.
Therefore, the C*-algebra An(W) p®4 An(W) can be considered as the min tensor prod-
N

uct of the Co(X)-C*-algebra An(W) (via B) with the Co(X)-C*-algebra An(W) (via w).
(iv) If ¢ € D(«Hg,v) let us denote wg the continuous field of states on Ay (W) intro-
duced in Subsection 2.6 (which is the restriction of the spatial state wg on An(W)); then it
is possible to define a positive linear bounded application id g®g' wg from
Co(X)
An(W) @7 An(W) to An(W), (and from M(An(W) g@3 An(W)) to M(An(W))),
Co(X) Co(X)
which is the restriction of the conditional expectation id @, wg to An(W) @5 An(W).
N Co(X)
(v) The application from Co(X) into M(An(W) @5 An(W)) defined by
Co(X)
[ Bf) o’ 1 =125 a(f)
Co(X) Co(X)
gives to An(W) p@3' An(W) a structure of a continuous field of C*-algebras.
Co(X)

Proof. Using 4.1 of [3], we get that there exists a faithful Cy(X)-linear rep-
resentation of An(W) s®7' An(W) on the Hilbert An(W)-module Epor @ (x)
Co(X)
n n
An(W), which sends the finite sum ) a;®b; on the operator ) 7tgor (4;)®c,(x)bi
i=1 i=1
on Egor ®cy(x) An (W). Let’s have a closer look at this last operator, and let’s take
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finite families x; € Ngor, ¢j € No (j = 1,...,m). With a repeated use of Cauchy-
Schwartz inequality, and with the same arguments as in 1.2 of [25], one gets that
the weight @ applied to

i=n,j=m i=n,j=m

< Toor (a;) ARTR (X}) @y (x) bicj, Ttoor (a;) ARTR (X}) ®cy(x) biCj>
=1j=1 =1,j=1

is less than

But, we easily get that

(< ZAT ) ®cy(x ],ZAT ) ®cy(x) ]>) (thoﬁ IRTR( (x7xj)c; c])

i

i) ®cy(x

O

b0

(<ZARTR Xj) ®cy(x C]/ZARTR x}) ®cy(x) € ]>)

= =

= H ;A@OR(X]') l;@a A@(C]')
j= v

and, therefore, we get that

i=n,j=m )
H . Toor (a;) Agor (X)) ﬁ@a 7T<p(b,»)A¢(c]~)H

—_
.
—_

i

Z Toor (i) @cy(x 2 Agor(x ﬁ@zx Ao (cj)

<] 5

From which we deduce the following, which gives (i):
o <] 5

Let us suppose now that Z Toor (4i) pRa (i) = 0; with the same cal-
i=1

N
culation as above, using the faithfulness of @, we get that, for any finite families
(x]‘)]'zl,“_,m and (Cj)j=1,...,m/ we have

\A@R(x]) ﬁ®rx Ag(cj)||*  (by 4.1 of [3]).

2 Tteor (4 ﬁ@tx g (b

i=n,j=m

Y. Toor () ARTR (%)) ®cy(x) bicj = 0
i=1=1

which gives that the operator Z Toor (ai) @cy(x) bi on Epor D¢y (x) An(W) is

equal to 0. By the faithfulness of the representation constructed in 4.1 of [3], we
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get that

i’ =0
m

n
and, therefore, that Z a; @ b; belongs to the ideal J(An(W), An(W)) introduced

=1

in 2.1 of [3]. As the semi-norm Z a;

norm on (An(W) ® An(W ))/](An( ), An( ))_([3], 2.9), we get (iii). Now (iv) is
given by 3.1 of [3], and Theorem 6.1(v), and (v) is trivial.
Let’s use (iv) and consider An (W)@ An(W) as a C*-algebra on Hpg®.Ho,
Co(X) v
which is a sub-C*-algebra of M p*a M; on this von Neumann algebra, the slice

N
map (id y®, T) defines a normal faithful operator-valued weight from M g*, M
N

;|| is the minimal semi-
m

N
onto M B xq(N)=M p®u 1; then, composing with RTR, we get a normal faithful
N N
operator-valued weight RTRﬁ®,,(T from M gxy M on B(N)p®s1=15@,a(N).
N N N

Let A be in ML, A = f a*dv(x), and B be in Miyp, B = [Fb¥dv(x);
X
using Theorem 6.1(vi) and (Vn) we get that (RTR s®@, T)(B «®p A) is equal to the
N N

function x — ¢* o R¥(b¥)¢*(a*), from which we get that this operator-valued
weight RTR g®, T is semi-finite.
N

Let now C € An(W) g@f An(W) NN,
Co(X)
ement of N, and therefore a positive bounded continuous function f on X;
let us suppose that f(x) = 0; let us write, as in the proof of Theorem 6.1(iv),
fp = [inf(1, f)]V/7; then f, € N = C(X), and, as in Theorem 6.1, we shall obtain
that C belongs to the ideal in An(W) @5 An(W) generated by 1 527" «(Cy (X)) =
Co(X) Co(X)
B(Cx(X)) @i 1. Taking now C € An(W) gz An(W) N DN (RTRs,T), N the ker-
Co(X) Co(X) N
nel of TTp¥oR* ﬁ®fx“ Tpx, We shall obtain, using similar arguments, that C belongs
Co(X
also to that ideél;) finally, using again an approximate unit, we shall obtain the
same result for C € An(W) s@F An(W) in the kernel 7 xorx g@3" 7Tyr; therefore,
Co(X) Co(X)
we get that 71,x0rx g®F" 7px is a continuous field of faithful representations of
Co(X)
An(W) @7 An(W), which proves (vi). 1
Co(X)

(RTRg o 17 (RTR p&, T)(C) is an el-
N
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THEOREM 6.4. Let (N,M,wa,B,T,T,T',v) be a measured quantum groupoid,

and let us suppose that the von Neuman algebra a(N) is included into the center Z(M);

then, for all x in the C*-algebra An(W), I'(x) belongs to the multipliers of the C*-algebra

An(W) @« An(W); using Corollary 6.3, we get that the restriction of I' to An(W)
N

sends An(W) into M(An(W) g@f* An(W)).
()
Proof. Let ¢, 1€ D(oH,v); using Theorem 5.7, the operator I'((id*wg ;) (W))
is a strict limit of elements in An(W) g®s An(W), and therefore belongs to
N

M(An(W) p®aAn(W)), from which we get the result, by definition of An(W). &
N

THEOREM 6.5. Let &= (N, M, a, B, I, T, T',v) be a measured quantum groupoid,
and let us suppose that the von Neuman algebra a(N) is included into the center Z(M);
let X be the spectrum of C*(v), and, for x € X, let Cx(X) be the subalgebra of Cy(X)
made of functions which vanish at x; let R be the co-inverse of &; then:

(i) Thanks to the s-homomorphism a|c,(x) (respectively Bic,(x)), the C*-algebra
An(W) is a continuous field over X of C*-algebras; therefore, ([3], 4.1), Blanchard’s
minimal tensor product An(W) g@5" An(W) is associative.

Co(X)

(i) The restriction of the coproduct to An(W) sends An(W) into

M(An(w) ,B®1xm An(w))'
Co(X)

(iii) For any a € An(W)™, we can identify T(a) with the (image by « of the) function
x — @*(a), which is lower semi-continuous (and bounded continuous is a € MF).

(iv) Forany f € Co(X) " and a € An(W)™, we have ¢ (a(f)a) = f(x)¢*(a), and
¢ (a) = 0ifand only ifa € a(Cx(X))An(W).

(v) The representations 7ty form a continuous field of faithful representations of
An(W), when considered, thanks to «, as a continuous field over X of C*-algebras.

(vi) There exists a linear anti-x-isomorphism R* from An(W)/a(Cyx(X))An(W) onto
An(W)/B(Cx(X))An(W), and, considering, thanks to B, An(W) as a continuous field
over X of C*-algebras, ¢~ o R* is then a field of lower continuous faithful weights, such
that 7yxoRx form a continuous field of faithful representations of An(W).

(vii) The representations Tyxorx p&y Tex form a continuous field of faithful represen-
Co(X)
tations of An(W) @3 An(W), which gives to that C*-algebra a structure of contin-
Co(X)
uous field over X of C*-algebra, thanks to the application which sends f € Cy(X) on
Lp@g a(f) = B(f) por* 1.
Co(X) Co(X)
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(viii) For any a € An(W)" Ny, and 1 € D((He)p,v), such that ||| = 1, we
have, for all x € X
¢ [(wy pRg )T (a)] = ¢™(a).
Co(X)
Proof. (i), (iii), (iv), (v) are taken from Theorem 6.1(v), (ii), (iii) and (iv); (ii) is
Theorem 6.4; (vi) is an easy corollary, (vii) was obtained in Corollary 6.3(vi), and
(vii) is just given by restriction of the formula on 9. 1

7. ABELIAN MEASURED QUANTUM GROUPOIDS

We consider now the case of an "abelian" measured quantum groupoid (i.e.
a measured quantum groupoid & = (N, M, «, B, I, T, T, v) where the underlying
von Neuman algebra itself is abelian); then we prove that it is possible to put on
the spectrum of the C*-algebra A, (W) a structure of a locally compact groupoid,
whose basis is the spectrum of C*(v) (Proposition 7.1). Starting from a measured
groupoid equipped with a left-invariant Haar system, we recover Ramsay’s the-
orem which says that this groupoid is measure-equivalent to a locally compact
one (Ramsay’s Theorem 7.2).

PROPOSITION 7.1. Let & = (N,M,u,B,T,T,T',v) be a measured quantum
groupoid, and let us suppose that the von Neuman algebra M is abelian; let us write
G for the spectrum of the C*-algebra Ay (W), and () for the spectrum of the C*-algebra
C*(v). Then:

(i) There exists a continuous open application r from G onto §(%), such that, for all
f € Co(S), we have a(f) = f or; there exists a continous open application s from G
onto G0, such that, for all f € Co(G()), we have B(f) = fos.

(ii) There exists a partially defined multiplication on G, which gives to G a structure
of locally compact groupoid, with GO gs set of units.

(iif) The application defined for all F continuous, positive, with compact support in G,
by F +— a~Y(T(F))(u), defines a positive Radon measure A" on G, whose support is G*.
The measures (A"),, g0 are a Haar system on G.

(iv) The trace v on C*(v) leads to a quasi-invariant measure (denoted again by v) on
GO, Let y = [ Atdv(u); then:

50

(N,M,a,,T) = (L®($9,v),L®(S, n), 75,55, Tg)

whererg, sg, I'g have been defined in Subsection 3.1. Moreover, then, the operator-valued
weights T and RTR are given, for any positive F in L* (S, v) by

T(F)(u / FdA", RTR(F / FdA,
g
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where Ay is the image of A" under the application (x + x~1). Therefore, with the
notations of Example 3.11, we have & = &(9).

Proof. As a(N) C M(An(W)), we can construct by restriction a continuous
application r from G into §(©) such that, for all f € Cy(5(?)) = C*(v), we have
a(f) = f or; we can construct the same way a continuous application s from §
into §(%) such that, for all f € Cy(§¥) = C*(v), we have B(f) = for. The
applications r and s are open by 3.14 of [4], which gives (i).

The application R from An(W) into itself leads to an involutive application
in G, that we shall write x — x~!, and, using that Roa = B, we get that r(x ') =
s(x)and s(x~1) = r(x).

Thanks to Theorem 6.1, we may apply 3.1 of [3] to A, (W), which we identify
to Co(9), and we obtain that the commutative C*-algebra An(W) p@3' An(W) is

C(v)
the quotient of the C*-algebra An(W) ® An(W) (identified with Cy(5?)) by the
ideal generated by all the functions (x1, x2) — f(s(x1))g(x1, x2)—f(r(x2))g(x1, x2),
where x1, x5 are in G, f in C*(v) (identified with Co(G())), and g in Cy(G?). So,
a non zero character on An(W) g®@3' An(W) is a couple (x1,x2) in G2 such that
C*(v)

s(x1) = r(x); let us write G(?) for the subset of such elements of G2.

Therefore, we can identify An(W) g@5' An(W) to Co(S®@). Therefore, we

CH(v)

see that the restriction of I' to An (W) leads to a continuous application from G(2)
into G, which gives to § a structure of locally compact groupoid, which is (ii).

As Ap(W) N7 is a dense ideal in A(W), it contains the ideal K(S) of
continuous functions on G, with compact support; for all F in X(SG), a~(T(F))
belongs to C,(3(?), and, for all u € §©, F s a~1(T(F))(u) defines a non zero
positive Radon measure A* on G; it is now straightforward to get, from the left
invariance of T, that (A"), ¢ is a Haar system on the groupoid. Starting from
Ro T oR, we obtain measures A,, which are the images of A" by the inverse.

The modulus 4 of the measured quantum groupoid gives that the trace v on
C*(v) is a quasi-invariant measure on (%),

Now, by density reasons, we shall identify N with L®(S(), u), M with
L*(G, u), where u is the measure on § constructed from y and the Haar system,
a with rg, B with sg, I' with I's, and we obtain the required formulae for the left
and right Haar systems. 1

THEOREM 7.2 (Ramsay’s theorem ([33])). Let G be a measured groupoid, with
GO) as space of units, and r and s the range and source functions from G to §(0), with
a Haar system (A"), _q0) and a quasi-invariant measure v on GO), Let us write y =

J A*dv. Let I'g, rg, sg be the morphisms associated in Subsection 3.2. Then, there
G(0)

exists a locally compact groupoid G, with set of units §(%), with a Haar system (A*) weG0)s
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and a quasi-invariant measure v on 5, such that, if i = Ik A'dv, we get that the

G(0)
abelian measured quantum groupoids &(3) and &(G) are isomorphic.

Proof. Let us apply Proposition 7.1 to the commutative measured quantum
groupoid &(G) constructed from the measured groupoid G. Then, we get the
result. 1

8. MEASURED FIELDS OF LOCALLY COMPACT QUANTUM GROUPS

In this section, we define a notion of measured field of locally compact quan-
tum groups (Subsection 8.1), which was underlying in [4]. We construct then from
such a field a measured quantum groupoid (Subsection 8.2), and we show that
the measured quantum groupoids obtained this way are exactly the measured
quantum groupoids with a central basis, studied in Sections 5 and 6, such that the
dual object is of the same kind (Subsection 8.5). We finish by recalling concrete
examples (Subsections 8.7, 8.8, 8.9) given by Blanchard, which give examples of
measured quantum groupoids.

DEFINITION 8.1 ([26], 17.3). Let (X, v) be a o-finite standard measure space;
let us take { M*, x € X} a measurable field of von Neumann algebras over (X, v)
and {¢*,x € X} (respectively {¢*}) a measurable field of normal semi-finite
faithful weights on { M*} ([37], 4.4). Moreover, let us suppose that:

(i) There exists a measurable field of injective *-homomorphisms I'* from M*
into M* ® M* (which is also a measurable field of von Neumann algebras, on the
measurable field of Hilbert spaces Hyx @ Hyx).

(i) For almost all x € X, G* = (M*,T'%, ¢*, ¢*) is a locally compact quantum
group (in the von Neumann sense [23]).
In that situation, we shall say that (M*, 'Y, %, ¢, x € X) is a measurable
field of locally compact quantum groups over (X, v).

THEOREM 8.2 ([26], 17.3). Let G* = (M*,I'*, ¢*, ¢*,x € X) be a measurable
field of locally compact quantum groups over (X, v). Let us define:

(i) M as the von Neumann algebra made of decomposable operators [ ® M*dv(x), and
b'¢
« the s-isomorphism which sends L (X, v) into the algebra of diagonalizable operators,

which is included in Z(M).
(ii) @ (respectively '¥) as the direct integral [ @goxdv(x) (respectively [ 6Bt/}"dv(x) ).
b'¢ X

Then, the Hilbert space Hg is equal to the direct integral [ EBH(pxdv(x), the relative
X
tensor product Hp » @« He is equal to the direct integral [ GB(H(PX ® Hyx)dv(x), and
v X

the product M yx, M is equal to the direct integral [©(M* @ M*)dv(x).
N X
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(iii) I" as the decomposable x-homomorphism [ “r *dv(x), which sends M into
X
M ko M.
N

(iv) T (respectively T') as an operator-valued weight from M into a(L® (X, v)) defined
in the following way: a € M represented by the field {a*} belongs to M+ (respectively
OM7,) if, for almost all x € X, a* belongs to Mx (respectively Myx), and the function
x — @*(a*) (respectively x — *(a*)) is essentiallly bounded; then T (a) (respectively
T'(a)) is defined as the image under « of this function.

Then, (L®(X,v),M,a,a, T, T, T',v) is a measured quantum groupoid, that we
shall denote by [©G*dv(x).
X

Proof. The fact that Hp = fqu)xdv(x) is given by 6.3.11 of [37]. Then, we
X

can identify, for an element a € g represented by the field {a*}, Ap(a) with
i HaAq,x (a*)dv(x). If £ € Hg, ¢ can be represented by a square integrable field of

X
vectors {¢* }; moreover, if ¢ € D(,Hgp, V), we get that there exists C > 0 such that,
forall f € L®(X,v) N L2(X,v):

/’Wf )& Pdv(x) cq/ﬁf ) Pd(x)

which gives that the function x + ||¢¥||? is essentially bounded. It is then straight-
forward to get that this function is equal to the element (, )4, of L (X, v).

So, the relative tensor product Hp @4 He is the completion of the alge-
v

braic tensor product D(,Hg,v) ® Ap(9e) by the scalar product defined by the
formula (where b € Ng is represented by the field {b*} and # € D(,Hg, V) is
represented by the vector field {#*}):

(0 A0(@)l7© A0 (b)) = (£((E1)er) A0 @] A (b)
= [ @ @ A @)l @ A ()0
X

from which we get that Hgp «®4 Hp = fEB(Hq;x ® Hyx)dv(x); it is now straight-
v X

forward to obtain that M 4%, M = f@(MX ® M*)dv(x). We then get that the
N X
*-homomorphism I defined in (iii) is a coassociative coproduct which makes

(L®(X,v), M, a,a,I') a Hopf-bimodule.

Then, T as defined in (iv) is an operator-valued weight from M to a(L*(X, v)),
which verify, by definition v o a~1o T = @; therefore, T is normal, faithful, semi-
finite. If 2 € M; and is represented by the field {a*}, for almost all x € X,
a* belongs to M+, therefore, I'*(a*) belongs to Mjyx v, and (id @ ¢*)I*(a*) =
¢*(a*)1p. Let now ¢ € D(,Hg,v), represented by the vector field {¢*}. We



MEASURED QUANTUM GROUPOIDS WITH A CENTRAL BASIS 47

have
@

<D[(wé;a<15§a id)l'a)] = [ (wg @ ¢*)I(a%)dv(x)

¥ ot (0 )wer (L )dv (x) = D(A)awe(1)

P X

from which we get that (id y®, ®)I'(a) = ®(a)1, and, therefore, that
N
(id 2®a T)I'(a) = T(a) «®a 1;
N N

the right-invariance for T’ is proved the same way.
Finally, thanks to 4.8 of [37], we have, for any a € M, represented by the

field {a*} and t € R, 0®(a) = [“o7 (a%)dv(x) and of (a) = [T (a¥)dv(x).
X X

Therefore, the commutation, for almost all x € X, of (Tt(p ' and (sz i ([22] 6.8) gives
that v is relatively invariant. 1

PROPOSITION 8.3. Let (X, v) be a o-finite standard measure space, and {G*, xeX}
a measurable field of locally compact quantum groups, as defined in Definition 8.1; let

I “G*dv(x) be the measured quantum groupoid constructed in Theorem 8.2; then:
X

(i) We have s = B = ,g
(ii) The pseudo-multiplicative unitary of the measured quantum groupoid is a unitary
on He «®« He, which is equal to the decomposable operator [ YWrdv(x), where W* is
v X

the multiplicative unitary associated to the locally compact quantum group G*.
(iii) We have

/GBGxdv(x) = /@(/}\"dv(x).

X X
Proof. The fact that B = a is given in the definition of [¥G*dv(x); more-
X

over, as «(L®(X,v)) C Z(M), we have B = a, which is (i). Therefore, the pseudo-

multiplicative unitary W is a unitary on Hp «®s He = [ 63(Hq,x ® Hyv)dv(x).
v X
Moreover, using Theorem 3.7(i), we get, for all v € D(,Hg, v), represented by the

vector field {v*}, and a € Mg, represented by the field {a*}:
W*(0,® Ap(a)) = Zgz 2 a Ad)[(wv,g,- rx%tx id)I (a)]
v i v
where ((;);c; is an orthogonal («,v)-basis of Hg; each ¢; is in D(,Hg,v), and

is represented by a field {¢}'}; for almost all x € X, the vectors ({¥);c; (more
precisely, those which are not equal to 0) are an orthogonal basis of Hyx ([13],10.1);
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therefore, we get

@
w* (va®a Agp(a)) = Zgl ® Agr[(wys gr @1d) I (a")]dv(x)

W) (0% ® Ags (a)) v (x)

I
Mo— X

—

which gives (ii). Then, we get that the Hopf-bimodules underlying to [ YGrdu(x)
X

and [ PG¥dv(x) are the same; the only result to prove is the equality of the dual
X

operator-valued weights, which is left to the reader.

PROPOSITION 8.4. Let & = (N,M,u,B,I,T, T ,v) be a measured quantum
groupozd and let & be its dual measured quantum groupoid; let us write &= (N,M,u, [3
I, T,RTR,v). Then the following are equivalent:

(i) &(N) € Z(M) N Z(M).
(i) a = p=p.
The proof is clear by using Lemma 5.1 twice (for & and &).

THEOREM 8.5. Let = (N, M, a, B, I, T, T',v) be a measured quantum groupoid
and let & be its dual measured quantum groupoid; let us write & = (N, M, a, E T,
T, RTR v); let W and W be the pseudo multzplzcatzve unitaries associated, and ¢ =
voa~toT (respectively ® = voa~t o T); let us suppose that a(N) is central in both
M and M; let X be the spectrum of C*-algebra C*(v), that we shall therefore identify
with Co(X); for any x € X, let Cx(X) be the subalgebra of Co(X) made of functions
which vanish at x; let An(W) be the sub-C*-algebra of M introduced in Subsection 3.1
and Proposition 4.3(ii), which is, thanks to &\ (x), a continuous field over X of C*-
algebras (Theorem 6.5); let @™ be the desintegration of |4, () over X given in Theorem
6.1(ii); then, by Theorem 6.1(iii), ¢* is a lower semi-continuous weight on An(W), faith-
ful when considered on An(W)/a(Cx(X))An(W), and the representations e« form a
continuous field of faithful representations of An(W). Then:

(i) The Hilbert space Hp «®x He is equal to f@H(Px ® Hyprdv(x).
v X

(ii) The von Neumann algebra M y*, M is equal to:
N
e
/ T (An(W)/a(Cx(X))An(W))” @ g (An(W) /a(Cy (X)) An(W))”dv(x).
X

(iii) The coproduct I' o (w) can be desintegrated in I} 4 ( f I*dv(x), where I'*
is a continuous field of coassociative coproducts on An(W )/ lX(Cx(X))An(W).
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(iv) R* is an anti-x-automorphism of An(W)/a(Cx(X))An(W), and, for all x € X
G* = (An(W)/a(Cx (X)) An(W), I, %, ¢ 0 RY)
is a locally compact quantum group (in the C*-sense). We shall denote also G* its von

Neumann version.
(v) We have, with the notations of Theorem 8.2, & = f 6EG"dv(x).

X
Proof. Let a€ An (W) NN and b € An(W) NMNg; using Definition 6.2, we
can write Ag(a f Agr(a*)dv(x) and Ag(b) = f@A(px(bx)dv(x), where a*
X

(respectively b¥) is the image of a (respectively b) in An(W)/a(Cx(X))An(W); as

the linear set made of vectors of the form Ag(a), for all is dense in Hg, the rela-

tive tensor product He »®a Ho is the completion of the algebraic tensor product
v

D(4Hop,v) © Agp (Mg N An(W)) defined by the scalar product, if { = f@gxdv(x),
X

n = [“y*dv(x) are in D(,Hg, v), by the formula
b'e

(O Ae(a)ln © Ag()) = («((E, 1)ar)Aa(a)|Aa (b))

) Agr (b7))dv(x)

I
@/—\

X\ He—

7 (@ © Age (a7) [ © Ags (b)) dv (1)

from which we get (i). Then (ii) is a direct corollary.
As I'(a(f)) = a(f) a®a 1 = 1,®, a(f), we get, using Theorem 6.5, that
N N

I a,(w) can be desintegrated into a continuous field of x-homomorphisms I'*
from An(W)/ a(Cx(X))An(W) into [An(W)/a(Cx(X))An(W)] @™ [An(W)/
2(Cx(X))An(W)]. Moreover, if a € An(W) NS, we have, for all x € X, (id ®
@) (a) = ¢*(a)1.

So, if a in An(W) N M verify I'*(a) = 0, it implies that ¢*(a) = 0 and,
therefore, by Theorem 6.1(ii), that a € a(Cx(X))An(W). Let now e, be an ap-
proximate unit in An(W) N M7, and let a € An(W) be such that I'*(a) = 0; as
we have I'*(ae,) = 0, we get that ae, belongs to a(Cy(X))An(W), for almost
all x, and we get the same result for a. Therefore, we get that I'* is injective on
An(W)/a(Cx(X))An(W). The coassociativity of I'* is just a corollary of the coas-
sociativity of I'.

It is clear that R* is a *-anti-automorphism of An(W)/a(Cyx(X))An(W),
which will be a co-inverse for I'*; we shall therefore get that ¢* o R* is right-
invariant with respect to I'; in order to prove that G* is a (C*-version of a) locally
compact quantum group, we shall extend I', etc. to 7Tpx (An(W)a(Cx (X)) An(W))”,
and prove that the objects obtained are a locally compact quantum group in the
von Neumann sense.
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In fact, from (i) and (ii), we get that I" can be desintegrated in

@
F:/ I'dv(x)
X

where ' is a +-homomorphism from TTpx (An(W)a(Cx (X)) An(W))” into its von
Neumann tensor product by itself; moreover, by unicity of the desintegration
procedure, we get that, for almost all x € X, I'* is equal to the restriction of I'™*
to An(W)/a(Cx(X))An(W), which proves that I'* extends at the von Neumann
level. We shall therefore write I'* instead of I'*. We obtain that, for almost all x,
I''(1) =1,and (I'"* ®id)I'* = (id ® I'")I'™ from the properties of I'. Moreover,
we had got that the restriction of I'* to An(W)/a(Cx(X))An(W) is injective; so,
if a € mpe(An(W)/a(Cx(X))An(W))"* verify I'*(a) = 0, we get that a is an
increasing limit of elements an in An(W)/a(Cx(X))An(W) such that I'*(a,) = 0;
so, we get that a, = 0, and a = 0, which finishes the proof of (ii). Then, (iii) is
given by 6.5(vi) and similar calculations, and (iv) is straightforward. 1

THEOREM 8.6. Let (X, v) be a o-finite standard measure space, G* be a measur-

able field of locally compact quantum groups over (X,v), and defined in Definition 8.1,

and [ “G¥dv(x) be the measured quantum groupoid constructed in Theorem 8.2. Then:
X

(i) There exists a locally compact set X, and a positive Radon measure U on X, such
that L(X, v) and L*(X, V) are isomorphic, and such that this isomorphism sends v on v.
(ii) There exists a conzznuous field (A¥), .5 of C*-algebras, and a continuous field of
coassociative coproducts I'* : A¥ — A* @™ A*.
(iii) There exists left-invariant (respectively right-invariant) weights ¢~ (respectively
%), such that (A%, I'*, ¢, %) is a locally compact quantum group G* (in the C*-sense).
@
(iv) We have: [¥G*dv(x) = [ G*di(x).
X X
For the proof let’s apply Theorem 8.5 to Theorem 8.2.

EXAMPLE 8.7. Asin 7.1 of [3], let us consider the C*-algebra A whose gen-
erators a, y and f verify:
(i) f commutes with « and .
(ii) The spectrum of f is [0, 1].
(iii) The matrix (i A ) is unitary in Ma(A).

Then, using the sub C*-algebra generated by f, Aisa C([0, 1])-algebra; let us
consider now A as a Cy(]0,1])-algebra. Then, Blanchard has proved ([4], 7.1) that
Ais a continuous field over |0, 1] of C*-algebras, and that, for all g €]0, 1], we have
A7 = SU,(2), where the SU,(2) are the compact quantum groups constructed by
Woronowicz and A! = C(SU(2)).
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Moreover, using the coproducts I'7 defined by Woronowicz as
M) =a@a—qy" ®y, I'(y)=70a+a"®7,
and the (left and right-invariant) Haar state ¢7, which verifies:
@1 (aky My =0, forallk >0, and m # n;
@7 (a*kly*mamy — 0, forallk < 0, and m # n;
1— 2
and (7' )") =
we obtain this way a continuous field of compact quantum groups (see 6.6 of [4]
for a definition); this leads to put on A a structure of C* quantum groupoid (of
compact type, in the sense of [13], because 1 € A).
This structure is given by a coproduct I which is Cy(]0, 1])-linear from A to
A ®™ A, and given by
Co(l01])

Fa)=a @™ a—fy* @™ o, I'(y)=7 @ a+a® Q@™ 7,
Co(J0,1]) Co(J0,1]) Co(]0,1]) Co(]0,1])

and by a conditional expectation E from A on M(Cy(]0,1])) given by:
E(aky™My"y =0, forallk >0, and m # n;
E(a*Hlamany =0, forallk <0, and m # n;

1—q2

E((y*y)™) isthe bounded function x — le

Then E is both left and right-invariant with respect to I". This example give results
at the level of C*-algebras, which are more precise than Theorem 8.2.

EXAMPLE 8.8. One can find in [4] another example of a continuous field of
locally compact quantum group. Namely, in 7.2 of [4], Blanchard constructs a C*-
algebra A which is a continuous field of C*-algebras over X, where X is a compact
included in ]0,1], with 1 € X. Forany g € X, g # 1, we have A7 = SU,(2), and
Al = C}(G), where G is the "ax + b" group ([4], 7.6).

Moreover, he constructs a coproduct (denoted 6) ([4], 7.7(c)), and "the sys-
tem of Haar weights" @ ([B2], 7.2.3), which bear left-invariant-like properties (end
of remark after 7.2.3 of [4]).

Finally, he constructs a unitary U in £(Eg) ([4], 7.10), with which it is pos-
sible to construct a co-inverse R of (A, ), which leads to the fact that ® o R is
right-invariant.

Clearly, the fact that we are here dealing with non-compact locally compact
quantum groups made the results more problematic at the level of C*-algebra; at
the level of von Neumann algebra, Theorem 8.2 allows us to construct an example
of measured quantum groupoid from these data.
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EXAMPLE 8.9. Let us finish by quoting a last example given by Blanchard in
7.4 of [4]: for X compact in [1,00[, with 1 € X, he constructs a C*-algebra which is
a continuous field over X of C*-algebras, whose fibers, for i € X, are A¥ = E,, (2),
with a coproduct J and a continuous field of weights @, which is left-invariant.
As in Example 8.8, he then constructs a unitary U on £(€¢ ), which will lead to a
co-inverse, and, therefore, to a right-invariant C*-weight.

EXAMPLE 8.10 ([26], 17.1). Let us return to Definition 8.1; let I be a (discrete)
set,and, for alliin I, let G; = (M;, I}, ¢;, ¢;) be alocally compact quantum group;
then the product [] G; is a measured field of locally compact quantum groups,

i

and can be given a natural structure of measured quantum groupoid, described
in 17.1 of [26].

9. MEASURED QUANTUM GROUPOID WITH CENTRAL BASIS C?

We finish by studying the structure of measured quantum groupoids with
central basis C2. This example appears in [10] as a Galois object linking two lo-
cally compact quantum groups.

LEMMA 9.1. Let a be a representation of C> on a Hilbert space H; let (e1, e5) be the
canonical basis of C2, v the faithful normal state on C? defined by v(e1) = v(ep) = 1/2.
Then:

(i) All vectors in H are bounded with respect to («,v). For any &, y in H, we have:

(& mav = (aler)Sln)er + (ale2)é]n)ea.
(i) For any representation B of C* on H, the application which sends & p@u 17 o the

v
vector [B(e1) @ a(er) + B(e2) @ a(e2)](E @ 1) extends to an isomorphism of the relative
tensor product H p@, H with the subspace of the Hilbert tensor product H ® H which is

v
the image of the projection B(e1) @ a(er) + B(ez) @ a(ey).
(iii) Let M be a von Neumann algebra on H, such that «(C?) C M and B(C?) C

M then, the isomorphism given in (i) sends M’ pQu M’ on the induced von Neumann
C2

algebra (M' @ M) g (1) 0a(e1)+B(ea) a(es) A M pxo M on its commutant, which is the
C2

reduced von Neumann algebra (M & M) g(e1) 0 (er)+B(e2) Da(er)-

Proof. Forall (A, u) € C2, & € H, we have
lla(Aer + pex)El* = (A1 |la(en)E N + [l la(e) &> < IEIPAAR + [ul?)
= [I€1Pv(|A[%er + |p|?e2)

which proves that § € D(,H, v); it is straightforward then to finish the proof of
(i). Then (ii) is a direct corollary of (i), and (iii) is a direct corollary of (ii). 1
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REMARK 9.2. This kind of result can be generalized to any representation
of a finite dimensional C*-algebra ([10], 5), which generalizes the results of [43]
about relative tensor product of finite-dimensional Hilbert spaces.

PROPOSITION 9.3. Let us use the notations of Lemma 9.1; let (C2, M,a,B,I,T,
T',v) be a measured quantum groupoid, with «(C?) C Z(M). Let ® = voa~loT.
Then:

(i) The fiber product Mg, M can be identified with the reduced von Neumann algebra
N

(M@ M) o) @a(er)+p(ea) 2a(er)

and I' can be identified with an injective x-homomorphism from M to M ® M, which
satisfies:

(1) = Bler) ®@a(er) + Ble2) @ a(ez);
(Ir'®id)I = (id®I)T;

T'(a(er)B(ej)) = ale;)Bler) @ aler)B(e;) + ale;)Bler) @ alea)B(e))-
If we write M; j = Ma(e;)B(e;), we have
I'(M;;) C (Mjy ® My;) © (Mjz ® My)

and My 1 # {0}, My, # {0}.

(ii) The pseudo-multiplicative unitary W can be identified with a partial isometry on
the Hilbert tensor product Hp @ He with initial support [a(e1) @a(e1)+a(e2)@a(er)],
and final support [B(e1) @ a(e1) + B(e2) ® a(ea)], satisfying the pentagonal equation,
and the following intertwining relations, for all n € C?:

W(a(n)®1)=(1®a(n))W = (af

Wl @a(n)) =W(pn) 1)
W1 @p(n)) = (1 p(n)W.

N

)R 1W;
(B(n) @ YW;

(iii) There exists normal semi-finite faithful weights @; ; on M ;, such that, for any X
in S)JT*T', X = x11 ®x12 D x21 D X2, with x;j € MI’L], T(X) is the image under o of
(pr1(x1,1) + @r2(x12))er + (921 (x2,1) + P22(x22) 2.

(iv) There exists normal semi-finite faithful weights ; ; on M; j, such that, for any Y
in ML, Y = y11 ©y12 S Y21 ® Y22 with y;j € Mf], T'(Y) is the image under B of

(P11 (y11) + P21(y21))er + (P12(v12) + ¥22(y2,2) Jea.
(v) For any Xij in Ml-,j and k = 1,2, let us define

I (xij) = T(x; ) (i) Blex) ® aler) Bley)]
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which implies that I ; = ) Flk] Then, we have the following, where the 6; ; are the usual
=

Kronecker symbols, for any x;j € My, ., and y; ; € My, .:

511 91,j(xi ) (w(eD) @) +6; 29 (xi ) (a (e @D =(id@ 1 ) I} (xi )+ (id @ ) I3 (xi );
O1,iWij(yi;) (1@ Bler)) + 62,4, (yi ;) (1@ Blea))
= (i1 @id) T} (vij) + ($i2 @id) 7 (vi)-
Proof. The beginning of (i) is just a corollary of Lemma 9.1, using the fact
that «(C?) (and B(C?) by Lemma 5.1) is included in Z(M); the end of (i) is given

also by this fact, using also the fact that the formulae obtained for I'(a(e1)B(e1))
and I'(a(ex)B(e2)) prove that a(e)B(e1) # 0 and a(ey)B(ez) # 0.

As « is central, we have E = w, then, the identification of W with a partial
isometry comes from the identification of the relative tensor Hilbert spaces made
in Lemma 9.1(ii); this identification gives as well that this partial isometry satisfies
the pentagonal equation, the intertwining properties; finally, the fact that « and
are central finish the proof of (ii).

Results (iii) and (iv) are given by Theorem 6.1(vi); then result (v) is given by
the left-invariance of T (respectively the right-invariance of T'). 1

THEOREM 9.4 ([10], 3.17). With the notations of Lemma 9.1, let & = (CZ, M,u, B,
I, T, T,v) be a measured quantum groupoid, R its co-inverse, with a(C?) C Z(M); let
us write ® = (N, a,a, I,T,RTR, v) its dual. Let’s use the notations of Proposition 9.3;
then:

(i) G! = (erl,l’llrl, $1,1,P11) and G2 = (M2,2/F22,21 22, P20) are two locally
compact quantum groups. The multiplicative unitary W' (respectively W?) of G! (re-
spectively G?) is equal to the restriction of W to a(e1)B(e1) ® a(e1)B(eq) (respectively
w(e2)B(e2) @ a(ez)B(e2)); the co-inverse RY (respectively R?) of G (respectively G?) is
equal to the restriction of R to M 1 (respectively My ).

(i) If «(C2) € Z(M), then B = w and & = G' ® G2 (i.e. Mo = Mpq = {0}).

(iii) If a(er) ¢ Z(M), then Mya # {0}, My = R(Mp) # {0}, I, : Mip —
M, ® My is a right action of G2 on Mo, T, 11,2 : Mip = Mg ® My is a left
action of G! on Mj 5, T21’1 t My — My ® My verify F21,1 =¢(R'® R)FlerR, and
1"221 t My — Moy ® My verify F221 =¢(R® RZ)FlzzR. Moreover, these actions are
eréodic and integrable. , '

Proof. Using Proposition 9.3, we get that M; ; # 0, and that

I'(a(er)B(er))[a(er)Bler) @ aler)Bler)] = aler)Bler) @ a(er)B(er)

from which we get that I 11,1 (1) =1, when considered from M; ; into M; 1 ® M; 1;
by restriction, the coproduct property is straightforward from Proposition 9.3(i);
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using Proposition 9.3(iv), we get
a(er) (id ® @1,0) 11 (x1,1) = aler) @y, (x1,1), and
Bler) (Y11 @id) Y1 (y1,1) = Bler)pr1(y1,1),

which proves that ¢;1 is a left-invariant weight, and v ; is a right-invariant
weight, and proves that G! is a locally compact quantum group, in the sense
of [23]. Then, the result about the multiplicative unitary of G! is a straightfor-
ward calculation, and, then, by polar decomposition of the antipode, one gets the
result about the co-inverse of G!. The proof for G? is identical, which finishes the
proof of (i).

Result (ii) is given by Theorem 8.5; conversely, if M1, = {0}, as My =
R(M;ip), we have also Mp; = {0}, and M = Mj; @ My, and, using Theo-
rem 8.2(iv), we get that « = B, and, therefore, that oc(Cz) Cc Z (Z\7I) So, we get
that, if a(ey) ¢ Z(M), we have M, # {0}, and My, # {0}. Then, by restriction
of the coproduct property of I', we obtain that I 1%2 is a right-action of G2 on Mj 5,
and that I- 21,1 is a left-action of G! on M3 (in the sense of 1.1 of [39]); the prop-
erties of I’ 21’1 and I’ 2%1 come from the formula linking I" and R (and the fact that
Rimy,, = R' and Rim,, = R? obtained in (i)). Moreover, using Proposition 9.3(v),
one gets that, for any x1, € My, ,, we have

P1(x12) = (Id ® @22) 75 (x12).

But the right-hand formula is the canonical operator-valued weight Tl-lz2 ([39],1.3)

r? r?
from M, on the invariants M, 5; so we get that both this algebra M, is equal

to C (which means that I’ 1%2 is ergodic), and that this operator-valued weight is
semi-finite (which means that I’ 12,2 is integrable). The proof for I 21 1 isidentical. 1

REMARK 9.5. In [10] is given a very interesting interpretation of these ac-
tions, and of the link between G! and G2 which occur in that situation, in term of
Morita—Rieffel equivalence. Let’s have a look at what happens when & is abelian
(respectively symmetric).

If & is abelian, by Ramsay’s Theorem 7.2, we have & = &(9), where G is a
locally compact groupoid, with a two-points basis. Then, if X = {x € G,s(g) =
1,7(g) = 2} is not empty, it is clear that, in the construction given in Theorem 9.4,
we obtain two locally compact groups which are isomorphic, and act on the left
and on the right on X; if X is empty, we obtain that § is the disjoint union of the
two locally compact groups G! and G? (Example 8.10).

~

If & is symmetric, then a(C?) C Z(M), and & = Gl @ G2, where G' are lo-
cally compact groups, and G' their duals as symmetric locally compact quantum
groups.

So, we see that this construction, which is completely trivial in the case of
groupoids, gives very rich information in the case of quantum groupoids.
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