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ABSTRACT. In this paper we study derivations in subalgebras of L}° (v; £L(X)),
the algebra of all weak operator measurable functions f : S — L£(X), where
L(X) is the Banach algebra of all bounded linear operators on a Banach space
X. It is shown, in particular, that all derivations on L§®(v; £(X)) are inner
whenever X is separable and infinite dimensional. This contrasts strongly
with the fact that L§"®(v; £(X)) admits non-trivial non-inner derivations when-
ever X is finite dimensional and the measure v is non-atomic. As an applica-
tion of our approach, we study derivations in various algebras of measurable
operators affiliated with von Neumann algebras.
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INTRODUCTION

It follows from recent results ([4], [5]) that the algebra Ly(v) of all (equiva-
lence classes of) v-measurable functions on a measure space (S, X, v) does not ad-
mit non-trivial derivations if and only if the Boolean algebra of all v-measurable
subsets of S is atomic. Thus, if v is atomless, then the algebra Ly(v) admits non-
trivial derivations 6 which are obviously not inner and also not continuous with
respect to the topology of convergence in measure. If X is a finite dimensional
Banach space, then it is straightforward that any such derivation extends "coor-
dinatewise" to a non-trivial non-inner derivation on the algebra Lo(v; £(X)) of
all (Bochner) v-measurable functions f : S — £(X). However, if X is an infinite
dimensional Banach space, then the situation changes drastically.

Suppose now that X is an infinite dimensional separable Banach space and
let Ly°(v; £(X)) be the algebra of all weak operator v-measurable functions f :
S — L(X) (see Section 2 for precise definitions). It follows from one of the
main results of the present paper (see Theorem 4.17) that every derivation in
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Ly°(v; £(X)) is necessarily inner and hence continuous with respect to the topol-
ogy of convergence in measure. Actually, Theorem 4.17 shows that similar re-
sults hold for a large class of appropriate subalgebras (so-called admissible sub-
algebras) of Ly°(v; £(X)). It should be pointed out that, specializing to the case
that the underlying set S consists of one point, we recover the classical result of
P. Chernoff [7], who showed that every derivation on £(X) is inner (answering a
question raised by S. Sakai in Section 4.1 of [18]).

Interesting applications of our approach and techniques lie in the realm of
the theory of non-commutative integration on semi-finite von Neumann algebras,
initiated by LE. Segal [20]. The classical spaces of measurable operators associ-
ated with an arbitrary pair (M, T) of a semi-finite von Neumann algebra M and
a faithful normal semi-finite trace T are the following:

(i) the space of all measurable operators S(M ), introduced by Segal [20];
(ii) the space of all locally measurable operators LS(M), introduced by
S. Sankaran ([19]; see also EJ. Yeadon’s paper [24]);
(iii) the space S(7) = S(M, 1) of all T-measurable operators, first considered
by E. Nelson [14].

It should be noted that always S(7) € S(M) C LS(M) (some of the relevant
definitions may be found at the beginning of Section 5). For some of the simplest
examples of von Neumann algebras of type I, we have

(0.1) S(t) = S(M) = LS(M).

For example, the equalities (0.1) hold in the special case (M, T) = (Lo (v),v),
where the trace v is given by integration with respect to a finite measure v. Sim-
ilarly, if H is a Hilbert space and M = B(H) is the von Neumann algebra of
all bounded linear operators in H (so, B(H) = L(X) as Banach algebras, with
X = H), equipped with the standard trace T = tr, then the equalities (0.1)
hold (and these algebras coincide with the von Neumann algebra B(H) itself).
However, these equalities do not hold any longer for the von Neumann algebra
M = L (v)®B(H), equipped with the tensor product trace T = v ® tr, whenever
v is non-atomic and H is infinite dimensional (see Remark 5.20). As will be seen
in Section 5, in this latter case, our general results for derivations on subalgebras
of Ly°(v; £(X)) have implications for each of the algebras listed above.

Firstly, it will be shown that the algebra Ly’°(v; B(H)) may be identified
with the algebra LS(M) of all locally measurable operators affiliated with M =
Lo (v)®B(H) (see Proposition 5.3) and therefore, every derivation on LS(M) is
inner. This result has already been obtained in [1], [2], through methods based on
the theory of Kaplansky-Hilbert modules. Our approach is completely different
and we believe that the methods based on the realization of the algebra LS(M) as
a space of operator-valued functions provide additional insight into the matter.
For example, the following observation, which seems to have escaped the atten-
tion, exhibits itself: the topology of convergence locally in measure in LS(M), as
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introduced by Yeadon in [24], coincides with the natural topology of convergence
in measure on sets of finite measure in Ly°(v; B(H)) (see Remark 5.4). In the set-
ting when M is an arbitrary von Neumann algebra of type I, the description of
all derivations in algebras S(M), S(M, ), LS(M) may be found in [1], [2], [3].

The effectiveness of our approach is illustrated further by showing that the
results of Section 4 may be applied to show that derivations on the algebras S(M)
and S(7) are also inner (see Corollary 5.18). These applications are not straightfor-
ward and require some additional techniques (see Section 5, in particular, Propo-
sition 5.17 and its proof), which may be of independent potential interest. Fur-
thermore, the notion of admissible subalgebra of L{°(v; £L(X)) (see Section 4) is
flexible enough to include also the ideal Sy(7) in S(7) of all T-compact operators
(see Proposition 5.7). Consequently, also derivations on Sy(7) are discussed (see
Corollary 5.8).

In Section 1 some basic notation and terminology is introduced and in Sec-
tion 2 some necessary results concerning vector-valued and operator valued func-
tions are established. Section 3 exhibits some elementary algebraic properties of
derivations, which will be used in the subsequent sections. In Section 4, which
contains one of the main results of the paper (Theorem 4.17), we study in detail
derivations on admissible subalgebras of the algebra Ly’°(v; £(X)). Finally, in the
last section, the results of Section 4 will be applied to derivations on algebras of
measurable operators affiliated with a von Neumann algebra M = Lo (v)®B(H).

1. NOTATION AND TERMINOLOGY

If X is a (complex) Banach space, then X* denotes its Banach dual space. The
value of a functional x* € X* at x € X is denoted by (x, x*). The Banach algebra
of all bounded linear operators in X is denoted by £(X) and its multiplicative
unit is the identity operator 1 = 1x. The subalgebra of £(X) consisting of all finite
rank operators is denoted by F(X). Furthermore, C(X) is the Banach algebra of
all compact operators. Evidently, F(X) C K(X) C L(X). If p € L(X) is a
projection (that is, p> = p), then its range Ran(p) will also be denoted by X,.
Hence, X = X, & X1, where pt =1— p. The algebra £(X,) may be identified
with a subalgebra of £(X) as follows. Given T € L(Xp), define T € L(X) by
setting Tx=Tx, x€ Xy, and Tx=0,x¢€ XpL. Note that

1Tl zex,) < 1Tl 2y < MplleeoliTlee,):
The map T — T is an algebraic isomorphism from £(X,) onto the subalgebra
pL(X)p=1{pSp:S € LX)} ={S € L(X): 5 = pSp}

of £(X). It should be observed that the identification of the algebra £(X) with
a subalgebra of £(X) depends on the choice of the specific projection p onto X,.
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2. SPACES OF VECTOR-VALUED FUNCTIONS

Next, we recall some facts concerning vector-valued and operator-valued
functions, and introduce some relevant notation. For the general theory of vector-
valued measurable functions, the reader is referred to [9]. Given a non-empty set
S and a (complex) vector space V,if f : S — C and v € V, then the function
f®v: S — Vis defined by setting (f ® v)(s) = f(s)v, s € S. If, in addition,
X is a o-algebra of subsets of S, then sim(X; V) denotes the vector space of all
X-simple V-valued functions, that is, f € sim(X; V) if and only if f is of the form

n
f=Xx Xa; ®vj, with A; € Xandv; € V (j =1,...,n;n € N). Note that, without
i=1

loss of generality, it may be assumed that A; N A; = @ whenever i # .

Let Y be a (complex) Banach space and (S, X, v) be a complete o-finite mea-
sure space (so, X equals the c-algebra of all v-measurable sets). Assume that I" is
a linear subspace of Y* which contains a countable norming subset for Y (that is,
there exists a sequence {y;;}7°_; in I such that ||y|ly = sup |(y,y;)| forally € Y;

n

note that this implies that ||y;;||y« < 1 for all n). A function f : S — Y is called
v-measurable with respect to I if the scalar functions s — (f(s),y*), s € S, are v-
measurable for all y* € I (see e.g. Section II.1 of [9]). The linear space of all such
Y-valued measurable functions is denoted by £ (v;Y) and LI (v;Y) is the sub-
space of L] (v;Y) consisting of all v-essentially bounded functions. The following
simple observation will be used.

LEMMA 2.1. If f € L5 (v;Y), then the function s — ||f(s)|ly, s € S, is v-
measurable.

Proof. 1f {yy}3>_; C I' is a norming subset, then
1£S)lly = sup[(f(s),yn)l, s€S.
n

Since the functions s — |(f(s),y5)|, s € S, are v-measurable for all 1, the state-
ment of the lemma is now clear. 1

A function f € L{(v;Y) is called a v-null function if f(s) = 0 v-a.e. on S.
Using the assumption on I, the following lemma is easily proved.

LEMMA 2.2. If f € LE (v;Y), then the following two statements are equivalent:
(i) f is a v-null function;
(ii) for every y* € T the scalar function s — (f(s),y*), s € S, is a v-null function.
The space of all v-null functions is denoted by N (v;Y). Note that N (v;Y)
is a linear subspace of both £} (v;Y) and £ (v;Y). The spaces L} (v;Y) and
LL (v;Y) are defined by setting

LYw;Y) =L (v;Y) /N (v;Y), LL(v;Y)=LL(v;Y) /N(v;Y),
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respectively. Equipped with the norm || - ||, given by

1 flleo = esssup If &)y, f e LavY),
se

it is easily verified that LL (v;Y) is a Banach space. Note that the algebraic tensor
products Lo(v) ® Y and L (v) ® Y may be identified with linear subspaces of
Lg(v,' Y) and LL (v; Y), respectively.

REMARK 2.3. In the present paper we shall be dealing with the following
two special cases of this general setting. Suppose that X is a separable (complex)
Banach space. Let {x,,}°_; be dense in the closed unit ball of X and suppose that
x; € X*issuch that ||x}||x+ = 1 and (xy,, x};) = ||xn||x, for each n € N.

(i) The sequence {x};}5 ; is norming for X. Hence, I' = X* satisfies the re-
quirements for Y = X. It follows from the Pettis measurability criterion (see e.g.
Theorem II.1.2 of [9]) that the v-measurable functions with respect to I" are pre-
cisely the Bochner v-measurable functions. In this case, the spaces L{ (v; X) and
LX' (v; X) will be denoted simply by Lo(v; X) and Le (v; X), respectively.

(ii) Let £(X) be the Banach algebra of all bounded linear operators in X. For
x € X and x* € X*, define the linear functional x ® x* € L(X)* by setting

(T,x®x*) = (Tx,x*), TeL(X),

and let I' = X ® X*, the linear span of {x ® x* : x € X,x* € X*} in L(X)*.
It is clear that {x, ® x;, : n,m € N} is a countable norming set for Y = £(X).
The £(X)-valued v-measurable functions with respect to X ® X* will be called
weak operator v-measurable functions and the space LX®X" (v; £(X)) is denoted by
Ly°(v; L(X)). The spaces LS@X* (v; £(X)) and LE®X" (v; £L(X)) are denoted by
Ly°(v; £L(X)) and LE°(v; L(X)), respectively. Similar notation will be used if
L(X) is replaced by any closed subspace B of £(X). It should be observed that,
by the Pettis measurability criterion, a function f : S — £(X) is weak operator
v-measurable if and only if for each x € X the X-valued function s — f(s)x,
s € S, is Bochner v-measurable.

Returning to the general setting, the space L{ (v;Y) is equipped with the
vector space topology 7o of convergence in measure on sets of finite measure. A neigh-
bourhood base at 0 for 7y is given by the sets

V(A;e,0) ={feLli(w;Y):v{se A:|f(s)|ly > e} <6},

where ¢,0 > 0 and A ranges over all v-measurable subsets of S satisfying v(A) <
co. The topology 7y is metrizable, induced by the translation invariant metric dy
given by

RS f(8) =86y 4,0 wo .
do(f,8) _gzn”(A”)An T+ 176 = sy e 8 € L),
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where {A;,}?7 , is a partition of S into v-measurable sets satisfying 0 < v(A;) <

co for all 1 (note: the metric dy depends on the choice of the partition {A;}5 ;).

A sequence {f,}*_; in L] (v;Y) converges to f € LY (v;Y) with respect to 7p if

and only if every subsequence {fu, }32; has a subsequence { fnk }324 such that

fui. (s) — f(s) with respect to the norm in Y as j — oo, v-a.e. on S. This is also
j

equivalent to
lim vfs € A [[fu(s) ~ f()ly > €} =0

for every ¢ > 0 and every v-measurable set A C S with v(A) < co. The reader
is advised to keep in mind that, in general, L] (v;Y) is not a Banach algebra. The
following observation will be important.

LEMMA 2.4. The space LY (v;Y) is complete with respect to the topology To.

Proof. For the sake of convenience, we present the proof for the case that
v(S) < oo. The extension to the general o-finite case is easy. If v(S) < oo, then it
may be assumed that the metric dj is given by

IS g8y wory,
W8 = [T gy @ S8 S )

Suppose that {f,}*_, is a Cauchy sequence in L] (v;Y). By passing to a subse-
quence, it may be assumed, without loss of generality, that do(f,+1, fn) < 27" for
all n € N. This implies that

=il
/21+||fn+1 e <

and so there exists a v-measurable set E C S such that v(S\ E) = 0 and

<o, s€EE.

() = ful®)lly
LG - f )l

It is easy to see that this implies that

Z||fn+1 fu(s)|ly <oo, seE.

Since Y is a Banach space, the series Z (fu+1(s) — fu(s)) is norm convergent in
n=1

Y for all s € E. Defining

£(5) f (fast(s) — fuls)), s€E

and f(s) = 0,s € S\E, it is clear that f,(s) — f(s) v-a.e.onSand f € Ly°(v;Y)
(as f is the v-a.e. pointwise limit of a sequence of functions in Ly°(v;Y)). It will
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be shown next that do(f,,, f) — 0asn — oco. Given € > 0, there exists N € N such
that
I£u(s) = fun®ly
J T+ 156 = fuls) v

for all n,m > N. Letting m — oo, it follows from the dominated convergence

theorem that
15n9) = FOlly
S T+ 1R - 7Ol

thatis, do(fy, f) < e forall n > N. This suffices to prove the lemma. &

Ifa € Lo(v) and f € L} (v;Y), then the function af € LY (v;Y) is defined by
setting (af)(s) = a(s)f(s), v-a.e. on S. With respect to this action, L] (v;Y) is an
Lo(v)-module. Similarly, LL (v; Y) has the structure of an L (v)-module.

(s) <e

(s) <e

DEFINITION 2.5. A linear operator T : L{ (v;Y) — L{ (v;Y) is called Ly(v)-
linear if T(af) = aT(f) forall f € LY (v;Y) and all a € Lo(v). The unital algebra
of all Ly(v)-linear operators in L{ (v; Y) which are continuous with respect to 7o
is denoted by £, (L} (v;Y)). Similarly, the unital algebra of all L (v)-linear op-
erators in LL, (v; Y) which are continuous (with respect to the norm in LL (v; Y)),
is denoted by £;_ (LL(v;Y)).

REMARK 2.6. It may be of some interest to observe that £;_ (LL (v;Y)) co-
incides with the algebra of all L (v)-linear operators in LL, (v; Y) which are con-
tinuous with respect to the topology 7o. Indeed, if T is an Lo (v)-linear operator
which is Tp-continuous, then it is an immediate consequence of the closed graph
theorem that T is continuous with respect to || - || co-

For the proof of the converse implication, suppose that T is an L« (v)-linear
operator in L., (v; Y) which is bounded with respect to || - ||co. We claim that

1) 1Ay < 1Tl gt 1)y v-ae.ons,
forall f € LL(v;Y). Indeed, suppose that f € L (v;Y) is such that (2.1) does not
hold. Then there exists « > ||T|| L£(LL (v;y)) Such that the set
A={s € S:[(T))lly > allf(s)lIv}
satisfies v(A) > 0. Since T(xaf) = xaTf, itis clear that x4 f # 0 and
ITeaf) ()l = all(xaf)(s)lly, seS.
Consequently,
feaf)E)ly < ITCeAR o < 1Tl pqer oy IXafller v-ae.on S,

and so

aflxaflleo < ||T\|,c(Lgo(u;y))||XAf||oo-

This implies that a < ||T| £(LL (v;y)). Which is a contradiction. Therefore, (2.1)
holds, from which it is clear that T is continuous with respect to 7.
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It should be observed that it follows from (2.1) thatany T € £;_ (LL (v;Y))
has the property that Tf, — Tf v-a.e. on S, whenever f € LL,(v;Y) and {f,}>_,
is a sequence in LL (v; Y) satisfying f, — f v-a.e.onS.

For the proof of the next proposition, the following simple and well known
observation is needed (cf. Lemma 96.6 of [25]). Recall that a set D C Lo(v)™" is
called order bounded if there exists a € Ly(v) ™" such that f < aforall f € D (here
Lo(v)™ denotes the positive cone of Ly(v)).

LEMMA 2.7. Suppose that D C Lo(v)" is upwards directed. If D is not order
bounded in Lo(v)™, then there exists a sequence { fy}5y_, in D and a v-measurable set
E C Ssuch that v(E) > 0and f, > nxg foralln € N.

Proof. Since Ly(v) is order separable (see e.g. Example 23.3(iv) of [13]), there
exists an increasing sequence {g, }%>_; in D which has the same upper bounds as
the set D. Hence, {g,}}°; is not order bounded in Ly(v). Define the function

h S — [0,00] by setting hi(s) = supgnu(s), s € S. Since {gx}5 is not order
neN
bounded in Ly(v), there exists a v-measurable set H such that

HC {se€S:h(s) =00}
and 0 < v(H) < . For k,n € N define
Gur = {s € H:gu(s) <k}
Since G, x |n @ for each k €N, there exists 1, € N such that v(G,, i) < 2=y (H).
Defining

G = U Gnk,kr
k=1

it follows that v(G) < (1/2)v(H) and so v(H\G) > (1/2)v(H) > 0. Further-
more,
8me Z kxmng, s Z kxmne, ke

Hence, the set E = H\ G and the functions f; = g, k = 1,2,..., have the desired
properties. 1

PROPOSITION 2.8. An Ly(v)-linear operator T : Ly (v;Y) — L{(v;Y) is con-
tinuous with respect to Ty if and only if there exists a function 0 < a € Lo(v) such that,
forall f € LL(v;Y),

(22) ITHE)ly < as)lIf(s)lly,  v-aeonS,

Proof. 1f there exists a function 0 < a € Ly(v) satisfying (2.2), then it is clear
that T is continuous with respect to the topology 7 (see the discussion preceding
Lemma 2.4).

Assuming that T is 7g-continuous, define the subset D C Ly(v) ™ by setting

D= {(THC)lly: f € Lo V), | fllow < 13-
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It should be observed that D is upwards directed. Indeed, suppose that f,g €
LL(v;Y) with || f|le, ||€]lec < 1 and let

A={s €S (TA)s)lly = [(Tg)(s)lIv}-

Defining h € LL(v;Y) by setting h = xaf + X5\ a8, it is clear that ||h]jc < 1.
Since T is Lo-linear, it follows that Th = x o Tf + xs\ 4Tg and so

I(TH)($)lly = xa )T () ly + x58 aG)(TE)(S)lly, s €5

This implies that ||Th|ly > ||Tf|ly V ||Tg|ly in Lo(v). Hence, D is upwards di-
rected.

Suppose that D is not order bounded in Ly(v)*. It follows from Lemma 2.7
that there exists a sequence {f,}5°_; in LL (v;Y), with || fy[| < 1 foralln, and a
v-measurable set E C S, with 0 < v(E) < oo, such that

(2.3) T fully =nxe, neN.

Defining g, = (1/n) fu, n € N, itis clear that ||gx||cc — 0 and hence, g, — 0 with
respect to 7. Since T is assumed to be 7j-continuous, this implies that Tg, — 0
with respect to 7p. On the other hand, it follows from (2.3) that || Tg,||y > xr for
all n € N, which clearly is a contradiction.

Consequently, there exists a function 0 < a € Ly(v) such that

I(Tf)(s)|ly <a(s), v-ae onS,

for all f € LL(v;Y) satisfying || fllo < 1. If f € L{(v;Y) is arbitrary, then f
may be written as f = bf, where f € LL (v;Y) satisfies ||f(s)|ly < 1,5 € S, and
b € Lo(v) satisfies 0 < b(s) < ||f(s)|ly, s € S (indeed, define f(s) = f(s)/|lf(s)|ly
and b(s) = ||f(s)||y whenever f(s) # 0 and let f(s) = 0 and b(s) = 0 whenever
f(s) = 0). Since T is Ly-linear, it follows that

Ty = b)ITI)(s)lly < als)lf(s)lly, s€S.

The proof is complete. 1

In the sequel, we will also use the following simple observation.

PROPOSITION 2.9. Suppose that 2 is a linear subspace of L{ (v; Y), which is also a
module over Lo (V) (that is, af € Aforalla € Loo(v) and f € ). Furthermore, assume
that for every f € LY (v;Y) there exists a v-measurable partition { Ay }%°_; of S such that
Xa,f €Uforalln € N. If Ty : A — LY (v;Y) is an Leo (v)-linear operator, then Ty has
a unique extension to an Lo-linear operator T : L{ (v;Y) — L{ (v;Y). The operator T
is uniquely determined by the property that xATf = To(x af) forall f € L§(v;Y) and
all v-measurable sets A C S satisfying x4 f € 2.

Proof. 1t will be shown first that for every f € L{ (v;Y) there exists a unique
Tf € LE(v;Y) such that x4 Tf = To(xaf) for all v-measurable sets A C S satis-
fying xaf € . To this end, let f € Ly (v;Y) be given. By the assumption on 2,
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there exists a v-measurable partition {A,}7° ; of S such that x4, f € 2 for all n.
Since T is Leo-linear, it follows that

To(xa,f) = xa,To(xa,f)
and so it is clear that To(x 4, f) is supported on Aj,. Therefore,

Tf = ilTO(XA”f)

is well defined as a pointwise sum and Tf € LE(v;Y). If A C S is any v-
measurable set such that x4 f € %, then

xXaTf = i xaTo(xa,f) = i xa,To(xaf) = To(xaf)-

n=1 n=1

To prove the uniqueness of Tf, suppose that ¢ € L} (v;Y) is such that x,g =
To(xaf) for all v-measurable sets A C S satisfying xaf € 2. This implies, in
particular, that x 4,8 = To(x 4, f) for all n and so

g= iXAﬂ: i To(xa,f) =Tf.

n=1 n=1

It follows, in particular, that the definition of T f does not depend on the particular
choice of the partition {A;}?’_; with the property that x4, f € 2 for all n.

To show that T is linear, let f, g € L{ (v;Y) be given. A moment's reflection
shows that there exists a v-measurable partition {A;}"’ ; of S with the property
that xa,f, x4,8 € Aforalln. Ifa, B € C, then

Xa,T(af +Bg) = Tolaxa,f + Bxa,g) = aTo(xa,.f) + FTo(xa,8)
= axa,Tf + Pxa,Tg = xa,(aTf + pTg)
for all n and hence, T(af + Bg) = aTf + BTg.

Finally, it will be shown that T is Ly-linear. Suppose that § € Ly(v) and
that f € Li(v;Y) and let {A,}%_; be a v-measurable partition of S such that
X4,8 € Lo(v) and x4, f € ™A for all n. Since x4,8f € 2, it follows that

x4, T(8f) = To(xa,8f) = x2,8To(xa,f) = x4,8Tf
for all n. Hence, T(gf) = gTf, which completes the proof of the proposition. 1

It should be observed that, in particular, the subspace 2 = L’ (v; Y) satisfies
the hypothesis of the above proposition. Indeed, if f € Lg (1;Y), then the sets

Ap={seS:n—-1<|f(s)]ly <n}, neN

are v-measurable (see Lemma 2.1) and satisfy fxa, € L (v;Y) for all n.
It is assumed now that X is a separable Banach space and the notation and
terminology introduced in Remark 2.3 will be employed.



DERIVATIONS IN ALGEBRAS OF OPERATOR-VALUED FUNCTIONS 271

LEMMA 2.10. If F : S — X is Bochner v-measurable and f : S — L(X) is
weak operator v-measurable, then the function s — f(s)F(s), s € S, is Bochner v-
measurable.

Proof. First suppose that F € sim(Z; X), that is, there exist Ay,..., A, € X
n
and x1,...,x, € Xsuchthat F = Y, xXa; ®Xxj. This implies that
=1

F(5)F(s) = ilm,«s)f(s)xj, ses.
L

Since the functions s —— f(s)x;, s € S, are Bochner v-measurable (see Re-
mark 2.3(ii)), it is clear that the function s — f(s)F(s), s € S, is Bochner v-
measurable. The general result now follows from the fact that the pointwise limit
of a sequence of Bochner v-measurable functions is again Bochner v-measurable
(see Section II.1 of [9]). 1

COROLLARY 2.11. With respect to pointwise multiplication, the space
Ly°(v; L(X)) is a unital algebra. Consequently, Ly° (v; L(X)) is also a unital algebra.

Proof. Let f,g € LJ°(v; L(X)) be given. If x € X, then the function s —
g(s)x, s € S, is Bochner v-measurable (see Remark 2.3(ii)). Hence, by Lemma 2.10,
the function s —— f(s)g(s)x, s € S, is Bochner v-measurable. Consequently
(see Remark 2.3(ii)), the function s — f(s)g(s) is weak operator v-measurable,
thatis, fg € L§°(v; £L(X)). Since the v-null functions form a two-sided ideal in
L§°(v; L(X)), it is now evident that L} (v; £(X)) is an algebra. 1

Next, the algebras LY°(v; £(X)) and Ly°(v; £(X)) will be identified with
algebras of linear operators on the spaces Lo (v; X) and Ly(v; X), respectively.
Suppose that f € L¥°(v; £(X)). For F € Lo (v; X), define m¢F : S — X by setting

(msF)(s) = f(s)F(s), s€S.
It follows from Lemma 2.10 that m ¢Fis Bochner measurable. Moreover,
(2.4) [(meE)(s)llx < [f(S) ey IE6S)Ix < ([ flloo||Flleo, v-ae.onS.

Consequently, m¢ : Leo(v;X) — Loo(v; X) is a bounded linear map satisfying
Ml £(rww,x)) < l|flleo- The next lemma shows that the latter inequality is actu-
ally an equality.

LEMMA 2.12. If f € L¥°(v; £(X)), then |m | £(1v,x)) = I flloo

Proof. If x € X, then m(1® x)(s) = f(s)x v-a.e. on S. Hence, if ||x[|x <1,
then

1f(s)xllx < lmp(1@x) oo < Mmpll £(1e(w,3)) (T 2) oo

= |mell rowxplxllx < [Imfllgrgw,x)), v-aeonS,
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where the exceptional set depends on x. Since X is separable, there exists a count-
able set {x,}°° ; which is dense in the unit ball of X. It follows from the above
that || f(s)xallx < |Imfll £(1.(v,x)) for all n, v-a.e. on S. Consequently,

1f () zx) = sup [ f(s)xnllx < Imfll(1ew,x)), v-ae.onS,
and so || flleo < [[m£l £(1., (v, x))- The proof is complete. &

If f € L¥°(v; £(X)), then it is clear that m € L, (Leo(v; X)) (see Defini-
tion 2.5) and, by Lemma 2.12, it is clear that the map f —— m is a linear isometry
from LY°(v; £(X)) into L1 (Leo(v; X)). The next objective is to show that this
isometry is surjective. The proof of this proposition is modeled after the proof of
Lemma 6 in [15], where LY°(v; £(X)) is considered as an algebra of operators on
the space L, (v;X), 1 < p < co.

PROPOSITION 2.13. If T € L1 (Leo(v; X)), then there exists a unique f €
LE(v; L(X)) such that T = my.

Proof. To avoid any possible confusion, in the present proof we use the
pedantic notation F for the equivalence class (with respect to the measure v) of a
v-measurable function F on S.

LetT € £ (Leo(v; X)) be given. Since

ITA®x) oo < ITle(Lao@wxplxlx, x€X,
we may choose Fy € Lo (v; X) for each x € X, such that
E=TA®w and [EO)x < ITlow el ses.

Since the Banach space X is assumed to be separable, there exists a countable
linearly independent subset {x,,}$° ; such that span{x,}’ ; = X. Let W be the
Q + iQ-linear span of the set {x,}° ; and note that W is countable and dense in
X. Since the vectors {x, }?>_; are linearly independent, for each s € S there exists
a unique Q + iQ-linear map fy(s) : W — X such that fy(s)x, = Fy,(s) for all

n
neN.Ifwe W, thenw = ) ajx; witha; € Q+iQ, 1 < j < n. Hence,
j=1

(o)) = Y aiky = 30T ® ) = T(1 0 w) = Fy.
j=1 =1

Since W is countable, this implies that there exists a v-measurable set A C S such
that v(S\A) = 0 and

(2.5) fo(s)w = Fy(s), s€AweW.
In particular,
Ifo()wllx < NTllzrawxyllwlx, s€AweWw,

which implies that for each s € A, the Q 4 iQ-linear map fp(s) : W — X extends
uniquely to a bounded (C-) linear map f(s) : X — X satisfying | f(s)lz(x) <
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I Tl £(Lo(v;x))- Setting f(s) = 0 whenever s € S\ (A, this defines a function f :
S — L(X). A moment'’s reflection shows that the function f is weak operator
v-measurable and so f € LE°(v; L(X)).

We claim that

(2.6) (f(Hx) =T1®x), xeX.

Indeed, given x € X, there exists a sequence {wy }7> ; in W such that ||x — wy ||x —
0 as k — co. Since f(s) € L(X), this implies that f(s)wy — f(s)x foralls € S.
On the other hand, wy — x in X implies that 1 ® wy — 1 ® x in Lo (v; X) and so
T(1®wy) — T(1®x), thatis, F;, — Fx in Leo(v; X). Consequently, Fy, (s) —
Fi(s) v-a.e.on S. It follows from (2.5) that f (s)wy = fo(s)wy = Fy,(s) foralls € A
and all k. Therefore, Fy(s) = f(s)x v-a.e. on S, thatis, (f(-)x) = F, = T1®x),
by which the claim (2.6) is proved.

Let ms € L1, (Leo(v; X)) be the operator corresponding to f € L%°(v; £(X)).
It will be shown next that T = ;. It follows from (2.6) that m¢(1® x) = T(1® x)
for all x € X. By the Lo (v)-linearity of both operators, this implies that

(2.7) me(g@x)=T(g®x), g€ Lxn(v) xe€X.

Consequently, m¢G = TG forall G € Leo(v) ® X. Given F € Leo(v; X), it follows
from the definition of Bochner measurability that there exists a sequence {F,}° ,
in Leo(v) ® X such that F,(s) — F(s) v-a.e. on S. as n — oo. This clearly implies
that m an —m fF v-a.e. Furthermore, as observed at the end of Remark 2.6, also
TF, — TF v-ae. It follows from (2.7) that, m¢F, = TF, for all n and hence,
mgF = TF. This shows that T = my and the proof is complete. 1

In combination with Lemma 2.12, the above proposition yields immediately
the following result.

COROLLARY 2.14. Themap f — my, f € L& (v; L(X)), is an isometric unital
algebra isomorphism from LEC (v; £(X)) onto L1, (Leo (v; X)).

Next, operators on the space Lo(v; X) will be considered. If f € Ly°(v; L(X)),
then it follows from Lemma 2.10 that, for every F € Ly(v; X), the function s —
f(s)E(s),s € S, defines an element of Lo(v; X). Defining the map m : Lo(v; X) —
Lo(v; X) by setting

(mgF)(s) = f(s)F(s), s€S,

it is clear that my is an Lo-linear operator. Moreover,

[(mgE) ()l x < IfF )l ex)IF()x, s €S,

and so it follows from Proposition 2.8 that m¢ € L, (Lo(v; X)). If f € Ly®(v; £L(X))
and my = 0, then f = 0. Indeed, my = 0 implies that m¢(1® x) = 0 for all
x € X, thatis, f(s)x = 0 v-a.e. on S for all x € X. Since X is separable, it follows
that f is a v-null function (cf. Lemma 2.2). Consequently, the map f —— my is
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a unital algebra isomorphism from L§°(v; £L(X)) into Ly, (Lo(v; X)). It will be
shown next that this map is actually surjective.

PROPOSITION 2.15. If T € Ly,(Lo(v; X)), then there exists a unique f €
Ly©(v; L(X)) such that T = my.

Proof. Let T € L1,(Lo(v; X)) be given. It follows from Proposition 2.8 that
there exists 0 < a € Ly(v) such that || (TF)(s)||x < a(s)||F(s)||x v-a.e. on S for all
F € Ly(v; X). Defining

Ap={se€eS:n—-1<a(s) <n}, neN,

itis clear that { A, }%° , is a partition of S and a(s) < n v-a.e.on S. Since T(x 4,F)
= xa,T(F) forall F € Ly(v; X), it follows that T leaves the subspace Lo(Ay, v; X)
invariant. Moreover,

I(TE)(s)llx <nlF(s)llx, s € An F € Lo(An,v; X).

This implies that T leaves Lo (A, v; X) invariant and its restriction to Lo (A, v; X)
is bounded (and evidently, Lo (A, v)-linear). Hence, it follows from Proposi-
tion 2.13 that there exists f, € L¥°(Ay, v; L(X)) such that || fu||cc < 1 and

(2.8) (TF)(s) = fu(s)F(s), s € An,F € Loo(An,v;X).
It should be observed that this implies that
(2.9) (TF)(s) = fu(s)F(s), s € An F € Lo(An,v;X).
Indeed, let F € Ly(Ay, v; X) be given and define
Br={s€A,:|[F(s)|lx <k}, keN.
Since x F € Loo(An, v; X), it follows from (2.8) that
X8, ()(TF)(s) = T(x5,F)(s) = x5, () fa(S)F(s), s € Au.

Since By T Ay as k — oo, this implies that (2.9) holds.
Define f € Ly°(v; £L(X)) by setting f(s) = fu(s) whenever s € A,. If
F € Lo(v; X), then x4, F € Lo(Ayu,v; X) for all n and so it follows from (2.9) that

X4, ($)(TF)(s) = T(xa,F)(s) = xa,(5) fu(s)F(s) = xa,(s)f(s)F(s), s€S,

foralln € N. Since |J A, = S, this implies that (TF)(s) = f(s)F(s), v-a.e. on S.
n=1
The proof is complete. 1

COROLLARY 2.16. The map f — my, f € Ly (v; L(X)) is an algebra isomor-
phism from Ly°(v; L(X)) onto L1, (Lo(v; X)).
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3. DERIVATIONS

In this section, some simple and well known facts concerning derivations
are recalled. For convenience of the reader, we include their short proofs. For an
account of derivations in Banach algebras, the reader is referred to [8]. Additional
details concerning derivations in C* and W*-algebras may be found in [17], [18]
and [6].

Let A be a complex algebra. For x,y € A, the commutator [x,y] is defined by
setting

[x,y] = xy —yx.
The center of A is denoted by Z(A), that is,
ZA)={xeA:[x,y] =0Vy € A}.

Evidently, Z(A) is an abelian subalgebra of A.
A linear map 6 : A — A is called a derivation if
6(xy) =0(x)y+x6(y), xy€A.

If w € A, then the map 6, : A — A, given by dy,(x) = [w,x], x € A, isa
derivation. A derivation of this form is called inner. It is clear that any inner
derivation on A vanishes on the center. Furthermore, if wq,w, € A, then y, =
dw, if and only if w; —w, € Z(A).

LEMMA 3.1. Suppose that A is unital (with unit element 1). If 6 : A — Aisa
derivation, then the following two statements are equivalent:
(i) 6(z) =0forallz € Z(A);
(ii) 6 is Z-linear, that is, §(zx) = zé(x) forall x € Aand z € Z(A).

Proof. If 6(z) = O forall z € Z(A), then 6(zx) = z6(x) for all x € A and
z € Z(A). Hence, (i) implies (ii). If 6 is Z-linear and z € Z(A), then é(z)x =
d(zx) —z6(x) = 0 for all x € A. Taking x = 1, this implies that §(z) = 0. Hence,
(ii) implies (i).

LEMMA 3.2. Ifé: A — Ais a derivation, then 6(z) € Z(A) forallz € Z(A).

Proof. 1f z € Z(A), then

x6(z) = 6(xz) — 8(x)z = 8(zx) — z8(x) = 6(z)x

forall x € A. Hence, §(z) € Z(A). 1

The set of all idempotents in A is denoted by Z(A), that is,

I(A)={pe A:p*=p}

In particular, the set of all central idempotents in A is denoted by Z(Z(A)).

LEMMA 3.3. Let 6 : A — A be a derivation.

(i) If p € Z(A), then ps(p)p = 0.
() Ifp € Z(Z(A)), then 5(p) = 0.
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(i) If p € Z(Z(A)), then §(px) = pd(x) forall x € A.
(iv)Ifp € Z(A) and x € A are such that px = xp, then pé(x)p = pd(xp)p.

Proof. (i) If p € Z(A), then

(3.1 5(p) = 8(p*) = é(p)p + pé(p).
Multiplying both sides of this equation by p yields that pé(p)p = 2pd(p)p and so
po(p)p =0.
(ii) If p € Z(Z(A)), then it follows from (i) that pé(p) = é(p)p = 0 and so
(3.1) implies that 6(p) = 0.
(iii) Since 6 (px) =4 (p)x+pd(x), statement (iii) follows immediately from (ii).
(iv) It follows from é(xp) = d(x)p + x(p) that

pé(xp)p = pé(x)p + pxd(p)p.

Since pxd(p)p = xpd(p)p, it follows from (i) that pxd(p)p = 0 and so pé(xp)p =
po(x)p. 1

The following lemma may be considered as an extension of Lemma 3.3(iii).

LEMMA 3.4. Suppose that A is an algebra which is also a module over a commu-
tative unital algebra B, such that 1gx = x, x € A, and b(xy) = (bx)y = x(by) for
allb € Band x,y € A. Assume furthermore that x € Aand xy = Oforally € A
imply that x = 0. If 6 : A — A is a derivation, then 6(px) = pd(x) forall x € A and
p € Z(B).

Proof. Let peZ(B) and x € A be given. If y € A, then px(1p—p)y=0 and so,

(15 = p)é(px)y + pxd((1p — p)y) = 0.
Multiplying this identity on the left by 15 — p shows that (15 — p)d(px)y
Since this holds for all y € A, it follows that (15 — p)d(px) = 0, that is §(px
pé(px). Interchanging p and 1p — p, this also implies that pd((1g — p)x)
Furthermore,

~—

d(x) = 0(1px) = &(px) +((1 — p)x).
Multiplying this identity by p, we have the following and the proof of the lemma
is complete:

po(x) = po(px) + pd((15 — p)x) = 6(px).
Also, the following general observation will be used.

LEMMA 3.5. Let A be an algebra and 6 : A — A be a derivation. For p € Z(A)
define the subalgebra A, of A by setting

Ay =pAp = {pxp:x € A}.

Defining 6, : Ay — A, by setting 6,(x) = pd(x)p, x € Ay, the map 6 is a derivation
in Ap.
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Proof. Tt should be noted that an element x € A belongs to A if and only if
x = px = xp. Therefore, if x,y € Ay, then we have the following and this proof
is complete:

op(xy) = pd(xy)p=po(x)yp+pxd(y)p=pd(x)py+xpd(y)p=0p(x)y+xdp(y). 1
The following observation will be used in the next section.

LEMMA 3.6. Let (S, X, v) be a finite measure space. If 0 # 6 : Loo(v) — Lo(v)
is a linear map satisfying 6(ab) = 6(a)b + ad(b), a,b € Loo(v), then there exists a v-
measurable set B C S with v(B) > 0 such that for every e > 0 there exists ag € Loo(V)
satisfying |ae| < el and |6(a¢)| > xp.

Proof. If A C S is v-measurable, then 6(x4) = 6(x4) = 2xa6(xa) and
s0 d(xa) = 0. Since & # 0, there exists 4 € Lo(v) such that 6(a) # 0. Mul-
tiplying a by an appropriate scalar, it may be assumed that |§(a)| > xp for
some v-measurable set B C S with v(B) > 0. Given ¢ > 0, there exist dis-
joint v-measurable sets { A, }_, and scalars {a, }_; such that the function b =

N

Y anxa, satisfies |a—b| <el. From the observations above, it follows that §(b) =
n=1
0. Consequently, the function a, =a—b satisfies the desired conditions. 1

4. ADMISSIBLE SUBALGEBRAS OF Ly (v; £(X))

Following P.R. Chernoff [7], a subalgebra i of £(X) is termed standard when-
ever F(X) C sl If s C £(X) is a standard subalgebra, then Z({l) denotes the set
of all projections in , that is,

Z(W) ={pest:p*=p}.

Throughout the present section, it is assumed that X is a separable Banach space
and that (S, X, v) is a o-finite measure space.

DEFINITION 4.1. Let { be a closed standard algebra of £(X). A subalgebra
2 of Ly (v; £(X)) is called U-admissible if:

(i) 2 is an Leo(v)-submodule of L§°(v; ), that is, A C Ly°(v;4) and gf € A
whenever g € Lo (v) and f € 2;

(i) if f € L¥°(v; £(X)) and if for every ¢ > 0 there exists a projection p €
Z(F(X)) such that || f(1® pt)|le < & then xaf € 2 for all v-measurable sets
A C Swithv(A) < o

(iii) for every f € L}°(v;4l) there exists a v-measurable partition {A,}7> ; of S
such that x4, f € A foralln € N.

It should be noted that condition (ii) implies that LZ°(A,v; £(Xp)) C A

for all v-measurable sets A C S with v(A) < co and all p € Z(F (X)) (where
L(Xp) is identified with a closed subalgebra of £(X), as described in Section 1).
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Furthermore, if ${ C £(X) is a closed standard algebra, then it is evident that
Ly°(v; U) and LY (v; i) are YU-admissible subalgebras of Ly®(v; £(X)). The main
objective in the present section is to show that, if X is infinite dimensional, then any
derivation d : 2 — 2is givenby §(f) = [w, f], f € A, forsome w € L§°(v; L(X)).

REMARK 4.2. Let (S, Z, v) be a o-finite measure space and H be a separable
Hilbert space. The von Neumann algebra M = Lo (v)®B(H) is equipped with
the tensor product trace T (with respect to the integral in Lo, (v) and the standard
trace in B(H)). As will be shown in Section 5, the algebra LS(M) of all locally
measurable operators may be identified with the algebra Li°(v; B(H)). As we
shall see in Proposition 5.7, the above definition of admissible algebras has been
chosen such that:

(i) The algebra S(M) of all measurable operators affiliated with M and the
algebra S(7) of all T-measurable operators are both {-admissible with respect to
= B(H).

(ii) The algebra So(7) of all T-compact operators is {-admissible with respect
to 4l = K(H), the algebra of all compact operators in H.

Some simple observations first.

LEMMA 4.3. Suppose that A C Ly°(v; L(X)) satisfies (i) and (ii) of Defini-
tion 4.1. If f € Ais such that fg = 0 forall g € A, then f = 0.

Proof. Let {x,};>_; be a dense subset of X. For each n € N, let x}, € X*
satisfy (xp, x;;) = 1. Define the rank one projection p, in X by setting p,(x) =
(x,x:)x,, x € X. Let the v-measurable set A C S with v(A) < oo be fixed. It
follows from assumption (ii) that x4 ® p, € A and so f(xa ® pn) = 0 for all n.
This implies, in particular, that

f(s)xn = f(s)xa(s)pnxn =0 v-ae.on A
for all n € N. Since {x,}$ ; dense in X, this implies that f(s) = 0 v-a.e. on A.

Using that v is a o-finite measure, it follows that f = 0. 1

A combination of Lemmas 3.4 and 4.3 yields the following result.

COROLLARY 4.4. If A C L§°(v; L(X)) satisfies (i) and (ii) and if 6 : A — A is
a derivation, then 6(x of) = xa6(f) for all f € A and all v-measurable subsets A C S.

Suppose now that 2 C Ly°(v; £(X)) satisfies (i) and (ii) of Definition 4.1
and let  : 24 — 2 be a derivation. It will be shown that ¢ is L.-linear, that is,
d(af) = ad(f) for all a € Loo(v) and f € Q. It is assumed, up to Lemma 4.8, in
addition, that v(S) < oo.

If p € Z(F(X)), then it follows from (ii) and the discussion in Section 1 that

LW L(Xp)) CAp = (1@ p)A(T @ p) C Ly (v; L(Xp))-

It is not difficult to show that the commutant of LZ°(v; £(Xp)) in Ly°(v; L(X}))
is equal to Lo(v) ® Cp and so the centre of 2, is given by Z(2,) = Z, ® Cp,
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where Z, C Lo(v) is given by
Zy={acLy(v):a®pcA}.

Note that Z, is a subalgebra of Lo(v) satisfying Lo (v) € Zp. It follows from
Lemma 3.5 that the map d, : f — (1® p)d(f)(1® p), f € Ay, defines a deriva-
tion on 2l,,. The derivation 4, leaves the centre Z, @ Cp invariant (see Lemma 3.2).
Consequently, there exists a unique linear map J7 : Lo (v) — Lo(v) such that

4.1) Spla®@p)=0d,(a) ®p, a€ Le(v),

and satisfying
p(ab) = o5(a)b +ady(a), a,b € Loo(v).

LEMMA 4.5. If 0 # p,q € Z(F(X)) are such that q = pq = qp, then &;(a) =
oz (a) foralla € Leo(v).

Proof. If a € Leo(v), then

Sa)@q=0(a®q)=(1®9)0@®q)(1®9) =(1®q)0(1®q)(a®p))(1®q)
=1®q)PbAeqg)@ap)+1®q9)@xp)|(1®q).

Using Lemma 3.3 (i), it follows that
(1eq)i1eq)(aep)(1eq) =(1®q)0(1eq)(1@q)(a®p)=0
and so

o) @q=(1®q9)@®p)(1xq) =129)(1xp)i(a®p)(1®p)(1©q)
=(1®9)op(a@p)(1®q) = (1®q)(5,(a) @p)(1@9q) = 5;(a) ®q.

Since q # 0, this implies that 67(a) = 65(a). The proof of the lemma is com-
plete. &

Assume now that X is infinite dimensional. Since the Banach space X is
separable, there exist sequences {x,}?° ; in X and {x;;}?° ; in X* such that (see
e.g. Proposition 1.£.3 of [12]):

(i) (xn,xh) = 0ym foralln,m € N;
(ii) span{x,} ; is densein X;
(iii) {xj};>, separates the points of X.
For n € N, define the projection p, € Z(F (X)) by setting

n

pax =Y (x,x0)x;, x€X.
k=1
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It should be observed that py,pn = pnpm = pm whenever m < n. Indeed, if x € X,
then

m

m
pupnx =) _(pnx, xp)xp = ) <

k=1 k=1

and simﬂarly, PnPmX = pmx. In particular, that {p, }°_; is a commuting family of
projections. Also the following observation will be used.

LEMMA 4.6. If f € Lo(v; £L(X)) is such that (1® pn)f(1® pn) = O for all
n €N, then f = 0.

Proof. First assume that f € Lo(v; £(X)) is such that f(1® p,) = 0 for all
n € N, that is,

m n

],x,f>xk =Y Y (x xf)(xj,xmxk

1 k=1j=1

M§ \HM:

(x, x0) Xk = pmX,
k

l
—_

n
Y (x,x)f(s)xg =0, v-ae.onS, xeX,neN
k=1
Taking x = x;, this implies that f(s)x, = 0 for all » € N and v-a.e. on S. Since
span{x;, };> ; is dense in X, it follows that f(s) = 0 v-a.e.on S.
Suppose next that f € Ly(v; £(X)) is such that (1® p,)f = 0foralln € N,
that is,

n
Z(f(s)x,x,f}xk =0, v-aeonS, xecX,neN.
k=1
Since {x;};> ; are linearly independent, this implies that (f(s)x,x;) = 0 v-a.e.
on S for all k € N. Using that {x}}}° ; separates the points of X, it follows that
f(s)x =0v-a.e.on S forall x € X and so f = 0 (since X is separable).
Assume now that (1® p,)f(1® p,) = 0forall n € N. Since

(12 pm) (1@ pn) =1 pm

whenever m < n, it follows that (1® py)f(1® pn) = 0 for all m,n € N. Fixing
m € N, it follows from the first part of the proof that (1® p,,)f = 0 for all m.
Applying the second part of the present proof, this implies that f = 0. 1

Since pmpn = pm whenever m < n, it follows from Lemma 4.5 that 55 = &7,
for all m,n € N. Consequently, there exists a linear map ¢* : Loo(V) —> LO( )
satisfying

6*(ab) = 6*(a)b+ad*(b), a,b € Lo(v), and
1R pn)d(a@pn)(1® py) =6%(a) ® pu, a € Leo(v),n e N.
LEMMA 4.7. In the situation as above, it follows that 6* = 0.

Proof. Suppose that 6% # 0. Let g, € Z(F (X)) be defined by g, = py+1 — pPn
for all n € N. Note that g, # 0 for all n. It follows from Lemma 3.6 that there
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exists a v-measurable subset B C S with v(B) > 0 such that for every n € N there
exists a, € Lo (V) satisfying |a,| < n’2||qn||2(lx) and
(42) 16%(an)| = nllqnl £(x) X5-

Since |ax(s)| < n72||gx ||Z(1X), s € S, it follows that the series

f(s) = ilan(S)Qn

defines an element f(s) € K(X). Itis also clear that f € Lo(v; K (X)) C Lo(v; L(X)).
Given € > 0, there exists N € N such that

Y lan()lllgnllex) <& s€S,
n=N

and hence, the projection py € Z(F (X)) satisfies ||f(1® py)|le < & Therefore,
it follows from (ii) that f € 2 (recall that it is assumed at present that v(S) < o).
Since (1® qn)f = (an @ gn) = f(1® gn), it follows that

(1®gn)0(f)(1®qn)=(1®gn)0(f(1®qn)) (1@ qn)=(1® gn)d(an © gn)(1® qn)
=04, (an ® qn) = 5;,,(’171) @ Gn

for all n € N. Observing that q,p,+1 = Pn+19n = qan, it follows from Lemma 4.5
that o7 =45 |, thatis, &7 = 6% on Le(v). Consequently,

Pnt+1”
(1®g2)0(f)(1®qn) = 6*(an) ®qn, n€N.
If s € B, then
16 (an) () 1|9nll 2 x) = 1918 (F) ()l ) < Nl Z 30 16 ()l 2x)
and so (4.2) implies that
nllaal o < gl I8 Glec, n € N.

Since g, # 0, this contradicts the fact that [[6(f)(s)[|z(x) < co v-a.e. on S. There-
fore, it may be concluded that 6* = 0. 1

Note that the result of Lemma 4.7 may be formulated as
(4.3) (1@pn)d(a@pn)(1®@py) =0, a€ Leo(v),neN.

LEMMA 4.8. Same situation as above. The derivation & is Lo (v)-linear on 2, that
is, 8(af) = ad(f) forall f € Aand a € Leo(v).

Proof. 1t should be observed first that é(a ® p,) = aé(1® py) for all a €
Lo (v) and n € N. Indeed, if m > n, then

6(@®@pn) =6((1@pn)(a®@pm)) =06(1@ pu)(@® pm) + (1® pn)d(a ® pm)
and so

3(a®@pn)(1@pm) =ad(1Q pu) (1@ pm) + (1@ pn)d(a @ pm) (1@ pm)-
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It follows from (4.3) that
(1@ pu)o(a®pm)(1@ pm) = (1 pn)(1® pm)d(a @ pm)(1® pm) =0

and hence,
6(a®pn)(1@ pm) = ad(1® pn)(1® pm)

for all m > n. Now, Lemma 4.6 implies that §(a ® p,,) = ad(1® py).

Suppose next that f € 2and a € Lo (v). If n € N, then
(44) 6(a(1®@py)f)=06(a(1®py))f+a(1©pn)d(f) =ad(1Rpy) f+a(1pn)d(f).
On the other hand,
45 (a1 @pa)f) =0((A@pn)af) =6(1@ pp)af + (1@ pn)d(af)

= as(1® pn)f + (1@ pn)d(af).

Comparing (4.4) and (4.5), it follows that

(1@ pn)(ad(f)) = (1@ pn)d(af), neN.
Consequently, Lemma 4.6 implies that ad(f) = d(af). The proof is complete. 1

PROPOSITION 4.9. Suppose that X is an infinite dimensional separable Banach
space and that 2 is a subalgebra of Ly°(v; L(X)) satisfying conditions (i) and (ii) of
Definition 4.1. If § : A — A is a derivation, then & is Leo(v)-linear, that is, 5(af) =
ad(f)forall f € Aanda € Leo (V).

Proof. The case that v(S) < oo has been obtained in Lemma 4.8. Using
Corollary 4.4, the extension to the case that v is o-finite follows via a standard
argument. 1

REMARK 4.10. In the situation of Proposition 4.9, define the subalgebra Mgy
of Ly(v) by
Mgy ={a e Lo(v):af € forall f € A}.
By (i) of Definition 4.1, Lo(v) € Mg. We claim that é(af) = ad(f) for all
f € Aand a € Mgy. Indeed, given a € My, there exists a v-measurable par-
tition {A,}5° ; of S such that axs, € Le(v) for all n. Using Corollary 4.4 and
Proposition 4.9, it follows that

xa,0(af) =6(xa,af) = xa,a6(f)
for all n € N. This implies that é(af) = ad(f).

In particular, if 2 =L}°(v;4l) for some closed standard subalgebra &l of
L(X), then § is Ly(v)-linear.

If { is a closed standard subalgebra of £(X), then 7 denotes the topology
in Ly°(v; ) of convergence in measure on sets of finite measure (see Section 2).

PROPOSITION 4.11. Let $ be a closed standard subalgebra of L(X). If 6 : Ly (v; {)
— Ly°(v; ) is an Lo(v)-linear derivation, then & is continuous with respect to Ty.
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Proof. It follows from Lemma 2.4 that L§°(v;4l) is a complete metrizable
topological vector space with respect to 7y. Therefore, it is sufficient to show that
d is closed (see e.g. Theorem 2.15 of [16]). Accordingly, suppose that {f,,}$_; is

a sequence in L}°(v; ) such that f, B 0 and O(fn) .y g asn — oo for some
g € Ly°(v;4). Let p,q € I(F (X)) be two rank one projections and note that
p,q € 4. There exist xp, yo € X and x{j, y; € X* satisfying (xo, x5) = (vo,¥5) = 1,
such that px = (x,x;5)xo and qx = (x,y§)vo, x € X. Defining the rank one
operator v € F(X) by setting vx = (x, y§)xo, x € X, it follows that

(4.6) pTq = (Tyo, xp)v, T € L(X).
It follows from (4.6) that
(1@ p)fu(1©249))(s) = pfals)q = an(s)v, s €S,
where a, € Ly(v). Since f, Ty implies that (1® p)f,(1®4) 7y 0, it is clear that

. .. Tq .
a, — 0as n — oo in measure on sets of finite measure. Hence, 4,5(v) 2 0in
Ly°(v; ). Furthermore, ¢ is Lo-linear and so

(1@ p)fa(1@9q)) = axé(v)
for all n. Consequently, §((1® p)fu(1®4q)) T 0 as n — co. Since
5((1@p)fu(10g)) =6(1@p) fr(109)+ (1@ p)s(fa) (10g)+(10p) f26(129),

1@p)fa(1®9q) B 0 and (1®p)fu6(1®4q) = 0asn — oo, it follows that

\]

(1@ p)s(f)1®q) B0, n— o
On the other hand, 4(f,,) Ty g implies that

1ep)é(f)(10q) B (1ep)gdeg), n— oo

andso (1®p)g(1®q) =0.

Since every finite rank projection in X may be written as a sum of finitely
many rank one projections, it follows that (1 ® p)g(1 ® p) = 0 for all finite rank
projections p in X. Consequently, via Lemma 4.6 it may be concluded that g = 0.
This shows that ¢ is closed and hence, ¢ is Tp-continuous. &

COROLLARY 4.12. Assuming that X is infinite dimensional, let Y be a closed
standard subalgebra of L(X). If 6 : Ly°(v;84) — Ly°(v; ) is a derivation, then ¢ is
continuous with respect to Ty.

Proof. It follows from Remark 4.10 that ¢ is Ly-linear and so the result is an

immediate consequence of 4.11. 1

PROPOSITION 4.13. Let $L be a closed standard subalgebra of L(X). If 6: Ly (v; i)
— LYy°(v; ) is an Lo(v)-linear derivation, then there exists w € Lo(v; £(X)) such that

0(f) =wf— fwforall f €2
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Proof. It follows from Proposition 4.11 that ¢ is continuous with respect to
To. Consequently, by Proposition 2.8, there exists 0 < a € Lo(v) such that

@) 1) ®) e < a@IFE e, v-ae ons,
forall f € Ly°(v;4). Fix xg € X with ||xg[[x = 1 and let x; € X* be such that
|5l x+ = 1and (xg, x5) = 1. Define Fy € Lo(v; X) by Fy = 1® xo.

For F € Ly(v; X) and s € S, define the rank one operator gr(s) € F(X) C U
by setting

gr(s)x = (x,x3)F(s), x€X.
It is clear that
(4.8) 18F ()l 2x) < IE(s)]x-
Furthermore, if x € X and x* € X*, then the function
s+—> (gr(s)x, x™) = (x,x5)(F(s),x*), s€S,

is v-measurable. Therefore, gr € Lj’°(v; 4t). Identifying the elements of L{°(v; )
with Ly (v)-linear operators on Ly (v; X) (see Corollary 2.16), it is clear that grFy =
F. Furthermore, the map F — g, F € Lo(v; X), is linear from Ly(v; X) into
Ly°(v;4). It should be observed that

(4.9) 8rF = fer, f € LY°(ut), F € Lo(; X).
Indeed,
gre(s)x = (x,x0) f(s)F(s) = f(s)((x,x0) F(s)) = f(s)gr(s)x
forx € X,s € S, and so (4.9) holds. Similarly, it follows that
(4.10) gor = bgr, b€ Lo(v),F € Lo(v;X),

that is, the map F — gr, F € Lo(v; X), is Lo(v)-linear.
Define the linear operator T : Ly(v; X) — Lo(v; X) by setting

(4.11) TF = 6(gr)Fy, F € Lo(v; X).

Since ¢ is Lo-linear, it follows, in particularly, from (4.10) that T is also Lo-linear.
Furthermore, it follows from (4.7) and (4.8) that

I(TE)(s)llx = 1I6(8F) (s)xollx < 16(gF)(s)ll £(x)
<a(s)lgr(s)llex) <als)E(s)lx, s €S,

and so T is continuous with respect to the topology 7y (see Proposition 2.8).
Therefore, it follows from Proposition 2.15 that there exists w € Lyj°(v; £L(X))
such that

(4.12) TF = wF, F € Lo(v; X).
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Finally, it will be shown that §(f) = [w, f] for all f € L§°(v;{). If f € Ly°(v; )
and F € Ly(v; X), then it follows from (4.11), (4.12) and (4.9) that

[w, fIF = wfF — fwF = 6(gsr)Fo — fo(gr)Fo = 0(fgr)Fo — fo(gr)Fo
= (f)grFo + fo(gr)Fo — f6(gr)Fo = 6(f)grFo = 6(f)F.

Since this holds for all F € Ly(v; X), we may conclude that §(f) = [w, f]. The
proof is complete. 1

COROLLARY 4.14. Suppose that X is infinite dimensional and let 1 be a closed
standard subalgebra of L(X). If 6 : Ly°(v;U) — Ly°(v; ) is a derivation, then there
exists w € Lo(v; L(X)) such that 6(f) = wf — fw forall f € 2.

COROLLARY 4.15. Let X be a separable Banach space and let A be the algebra
Ly°(v; L(X)) or L§°(v; K(X)). If 6 : A — A'is an Ly(v)-linear derivation, then there
exists w € L§°(v; L(X)) such that §(f) = wf — fw forall f € A.

COROLLARY 4.16. Let X be an infinite dimensional separable Banach space and
let A be the algebra Ly°(v; L(X)) or Ly°(v; K(X)). If 6 : A — Ais a derivation, then
there exists w € L§®(v; £L(X)) such that §(f) = wf — fw forall f € A.

THEOREM 4.17. Let X be a separable Banach space and (S, X,v) be a o-finite
measure space. Suppose that & C L(X) is a closed standard algebra and that A C
Ly°(v; L(X)) is a Y-admissible subalgebra. If 6 : A — 2 is an Leo (v)-linear derivation,
then there exists w € Ly°(v; L(X)) such that 6(f) = wf — fw forall f € 2A.

Proof. It follows from condition (iii) of Definition 4.1 and Proposition 2.9
that § extends uniquely to an Lo(v)-linear map 4 : Ly°(v;4) — Ly°(v;4). Re-
call from Proposition 2.9 that x48(f) = 8(xaf) for all f € Ly°(v;4) and all
v-measurable sets A satisfying x4 f € 2. We claim that ¢ is a derivation. Indeed,
suppose that f,g € Ly°(v; U). It follows from condition (iii) on the algebra 2 that
there exists a measurable partition {A,};° ; such that x4, f, xa,8 € 2 for all n.

Using that 4 is Lo(v)-linear, we find that

Xa,0(f8) = 0(xa,f8) = 0(xa,fX2,8) = 6(X A, f)X 2,8 + X4, fO(X2,8)

~ o~

= x4,9(f)8 + xa,fo(8)

for all n € N. Hence, (fg) = 6(f)g + fo(g), which shows that & is a derivation
in Ly°(v;4). Consequently, the result of the theorem follows immediately from
Proposition 4.13. 1

COROLLARY 4.18. Let X be an infinite dimensional separable Banach space and
(S, X, v) be a o-finite measure space. Suppose that s\ C L(X) is a closed standard algebra
and that A C Ly°(v; L(X)) is a Y-admissible subalgebra. If 6 : A — A is a derivation,
then there exists w € Ly°(v; L(X)) such that 6(f) = wf — fw forall f € A
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5. APPLICATIONS TO ALGEBRAS OF MEASURABLE OPERATORS

In the present section, we shall apply the results of the previous section to
algebras of measurable operators with respect to certain von Neumann algebras.
For details on von Neumann algebra theory, the reader is referred to e.g. [10],
[11], [17] or [21]. General facts concerning measurable operators may be found in
[20], [23] and [24] (see also Chapter IX of [22]). For the convenience of the reader,
some of the basic definitions are recalled.

Let M be a von Neumann algebra on a Hilbert space H. The set of all self-
adjoint projections in M is denoted by P(M). The commutant of M is denoted
by M. A linear operator x : ©(x) — H, where the domain D (x) of x is a linear
subspace of H, is said to be affiliated with M if yx C xy for all y € M’ (which
is denoted by x#M). A linear operator x : ©(x) — H is termed measurable
with respect to M if x is closed, densely defined, affiliated with M and there
exists a sequence {p,}%_; in P(M) such that p, T 1, p,(H) C D(x) and p;
is a finite projection (with respect to M) for all n. It should be noted that the
condition p,(H) C ©(x) implies that xp, € M. The collection of all measurable
operators with respect to M is denoted by S(M ), which is a unital *-algebra with
respect to strong sums and products (denoted simply by x + i and xy forall x,y €
S(M)). Furthermore, a closed densely defined linear operator x : ®(x) — H is
called locally measurable (with respect to M) if x7. M and there exists a sequence
{pn}in P(Z(M)) such that p, T 1and xp, € S(M) for all n. The collection of
all locally measurable operators is denoted by LS(M ), which is a unital *-algebra
with respect to strong sums and products. Evidently, S(M) is a x-subalgebra of
LS(M). For details we refer e.g. to [24].

If the von Neumann M is semi-finite, equipped with a semi-finite faithful
normal trace 7, then an operator x € S(M) is called T-measurable if there exists
a sequence {p, }*_, in P(M) such that p, 1 1, p»(H) € D(x) and 7(p; ) < oo for
all n. The collection S(7) of all T-measurable operators is a unital *-subalgebra
of S(M). For details see e.g. [23]. An operator x € S(7) is said to T-compact if
for every e > 0 there exists a projection p € P(M) such that |xp||py) < €and
7(pt) < 0. The collection Sy(T) of all T-compact operators is a two-sided ideal
in S(7).

Now, we specialize to the case where H is a separable Hilbert space and
M = Lo(v)®B(H), the von Neumann algebra tensor product of L (v) and
B(H) acting on the Hilbert space tensor product L,(v)®H. Here, (S, X,v) is a
o-finite measure space and L« (V) is considered as a von Neumann algebra on
the Hilbert space L,(v), acting via multiplication. The von Neumann algebra
B(H) is equipped with its standard trace tr and L (v) is equipped with the trace

v, givenby v(f) = [ fdv, 0 < f € Loo(v). Let T = v ® tr be the tensor product
S
trace on M, that is, T is the unique semi-finite normal faithful trace 7 satisfying

T(f®@x) = v(f)tr(x) forall 0 < f € Loo(v) and 0 < x € B(H). Identifying
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the tensor product L, (v)®H with the Bochner space L, (v; H), the von Neumann
algebra Lo (v)®B(H) may be identified with the space L¥°(v; B(H)), where the
function f € Lg°(v; B(H)) corresponds to the operator x¢ on Ly(v; H) given by
(x¢F)(s) = f(s)F(s), v-a.e.on S for all F € Ly(v; H) (see e.g. [21]). Tt should be
observed that if f € L{°(v;B(H)), then f > 0 (that is, x; > 0) if and only if
f(s) > 0in B(H) v-a.e. on S. Using this observation, it is not difficult to show
that a sequence {f,}5, in LY°(v; B(H)) satisfies f, |, 0 (in the von Neumann
algebra LY°(v; B(H))) if and only if f,,(s) |» 0 (in B(H)) v-a.e. on S. The (tensor
product) trace on L¥°(v; B(H)) is given by

(5.1) w(f) = [u(FE)dv(s), 0< f e L B(H)).
S
Indeed, using the preceding observations, it is not difficult to show that (5.1) de-
fines a semi-finite normal faithful trace T on L¥°(v; B(H)) satisfying 7(f ® x) =
v(f)tr(x),0 < f € Loo(v), 0 < x € B(H).
The following observation will be used.

LEMMA 5.1. A projection p € M = LY°(v; B(H)) is finite if and only if p(s) is
a finite projection in B(H) for v-almost all s € S.

Proof. First assume that p(s) is a finite projection in B(H) for v-almost all
s € S and suppose that g € P(L¥°(v; B(H))) is such that ¢ < p and g ~ p. Since
g ~ p, there exists a partial isometry v € L{°(v; B(H)) such that v*v = p and
vv* = ¢. This implies that v(s)*v(s) = p(s) and v(s)v(s)* = q(s) v-a.e. on S.
Since p(s) is finite v-a.e. , it follows that q(s) = p(s) v-a.e. on S and hence, p = g.
This shows that the projection p is finite in L{°(v; B(H)).

Assume now that p € P(L¥°(v; B(H))) is finite and let H(s) = p(s)(H),
s € S. Setting Seo = {s € S : dimH(s) = oo}, suppose that v(Se) > 0 and
define p; € P(LE°(v; B(H))) by p1 = xs.p- It follows from Proposition I1.1.9
and Proposition I1.1.1 of [10], that there exist Bochner v-measurable functions
ln : Seo = H, n € N, such that {#,(s)}?* ; is an orthonormal basis in H(s) for all
s € Se. Defining q € P(LY°(v; B(H))) by setting

o

q(s)G =Y (G mm(s))12u(s), s € Seo
n=1
and g(s) = 0if s € S\ S« it is easily verified that g < p; and g ~ p;. Hence, p; is
not finite. Since p; < p, this is a contradiction. Therefore, we may conclude that
V(Seo) = 0, that is, p(s) is finite for v-almost all s € S. The proof is complete. 1

We will show next that the algebra Ly (v; B(H)) may be identified with the
algebra LS(M). Let f € Ly°(v; B(H)) be given. It should be recalled that, by
Lemma 2.10, fF € Ly°(v;H) for all F € Ly(v; H). Define the linear subspace
D(xy) of Ly(v; H) by setting

@(xf) = {F S Lz(l/,‘H) :fF € LZ(V;H)}
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and define the linear operator x; : D (xs) — La(v; H) by
(5.2) XfF = fF, F e @(Xf)

LEMMA5.2. If f € Ly'°(v; B(H)), then the operator x¢, defined by (5.2), is locally
measurable with respect to M.

Proof. Define the subsets A, of S by setting
5.3 Av={s€5:f(6)lsem <n}, neN,
which are v-measurable by Lemma 2.1. It is clear that
Xa,L2(v;H) = {xa,F: F € La(v;H)} C D(xy)

and it follows from the dominated convergence theorem that

(54) D= |J xa,La(v;H)
n=1

is dense in Ly(v; H). This shows that D(xy) is dense in Ly(v; H). Suppose that
{Fu}yq is a sequence in D(xs) and that F,G € La(v; H) such that F, — F and
x¢Fy — Gin Ly(v; H). Passing to a subsequence, it may be assumed that Fy(s) —
F(s) and f(s)F.(s) — G(s) v-a.e. on S. Therefore, f(s)F(s) = G(s) v-a.e. and
hence, F € @(xf) and x¢F = G. This shows that x is closed.

Using that M’ = Le(v) ® C1, it is easy to verify that x¢ is affiliated with
M. Finally, defining the projections {p, }5_; in P(Z(M)) by p, = xa, ® 1, it is
evident that p, T 1and x¢p, € M forall n € N. Consequently, x; € LS(M). 1

If f € Ly°(v; B(H)) and the sets A,, C S are defined by (5.3), then it follows
easily that the subspace D, defined by (5.4), is a core for the operator x s that is,
x ¢ is the closure of its restriction to D. Using this observation, the first part of the
following proposition follows via a standard argument.

PROPOSITION 5.3. The map f — xg, f € Ly°(v; B(H)), is a unital *-isomor-
phism from L{°(v; B(H)) onto LS(M).

Proof. It remains to be shown that for every x € LS(M) there exists f €
Ly°(v; B(H)) such that x = x;. To this end, first assume that x € S(M). By
definition, there exists a sequence {p,}_, such that p, 1 1, xp, € M and p;
is finite for all n. As observed in Lemma 5.1, this implies that p;-(s) is a finite
projection in B(H) v-a.e., thatis, tr(p; (s)) € NU {0}, for v-almost all s € S. Since
pit } 0in M implies that p;-(s) | 0 in B(H) v-a.e. on S (see the observations
preceding (5.1)) and tr(p;(s)) € NU {0}, it follows that for (v-almost) every
s € S there exists ns € N such that p,(s) = 1 for all n > ns. Consequently, if the
v-measurable sets A, are defined by setting

Ap={s€S:pu(s) =1},
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then A, 1 S. Note that p,,(xa, ®1) = xa, ® 1. For each n € N, there exists a
unique f, € L¥°(v; B(H)) such that xp, = xy,. If m < n, then

Xp fr = Xfu (X ®1) = xpm(X4,, ®1) = x(x4, ®1)
= x(x4,®1) (x4, ®1) =xpn(xa,®1) (X4, ®1) =2, (X4, ®1) =2y, 7

and so x A, fm = XA, fn- Therefore, there exists a unique f € Ly°(v; B(H)) such
that x4, f = xa,fn for all n. We claim that x = x¢. Indeed,

x(xa, ®1) = xpn(xa, ®1) = x5, (x4, ®1) = x¢(xa, ®1)

for all n, from which it easily follows that x = xy.

Assume now that x € LS(M). There exists a sequence {g, }°*_; of mutually
orthogonal central projections in M such that ) g, = 1 and xg, € S(M) for

n=1
all n. Each gy, is of the form g, = xp, ® 1, where B, is a v-measurable set. Since
qngm = 0 whenever n # m, it follows that the sets { B, }7’ ; are mutually disjoint
(modulo v-null sets). Furthermore, it is clear that |J B, = S. From the first part
n

of the proof it follows that for every n there exists a unique f, € L{°(v; B(H))
such that xq, = xr,. A moment’s reflection shows that f, = x3, fx for all n and
so there exists a unique f € Ly’°(v; B(H)) such that f, = xp, f foralln € N. Since
x(xp, ®1) = x¢(xp, ® 1) for all n, it is now clear that x = xy, which completes
the proof of the proposition. &

REMARK 5.4. In Definition 3.1 of [24], Yeadon introduces the topology of con-
vergence locally in measure in the algebra LS(M) for a general von Neumann al-
gebra M. If M = Lo(v)®B(H) and the algebra LS(M) is identified with the
algebra L}°(v; B(H)) via the above proposition, then this topology in LS(M)
corresponds to the topology of convergence in measure on sets of finite mea-
sure in L{°(v; B(H)) (as defined in Section 2 of the present paper). To verify this
claim, it should be observed that Z(M) = L (v) and that the dimension function
D : P(M) — M(v)" (in the sense of Segal, ([20], Definition 1.4)) is given by
(Dp)(s) = tr(p(s)), s € S. Here, M(v) " denotes the collection of all (equivalence
classes of) v-measurable functions with values in [0, oo]. The details are left to the
reader.

If f € Ly°(v; B(H)) is self-adjoint, that is, f(s)* = f(s) v-a.e. on S, and if ¢
is a bounded Borel function on R, then ¢(f) : s — ¢(f(s)), s € S, is a bounded
function from S into B(H). On the other hand, the operator xy € LS(M) is self-
adjoint and so the operator ¢(xs) € M is defined via the functional calculus
of x. The next lemma describes the relationship between ¢(f) and ¢(x¢). The
x-algebra of all bounded Borel functions on R is denoted by B, (R).

LEMMA 5.5. If f € Ly°(v; B(H)) is self-adjoint and ¢ € Byp(R), then ¢(f) €
L (v; B(H)) and x5y = ¢(xf).
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Proof. Let f € Lyy°(v; B(H)) be fixed and self-adjoint. Define ¢/ C B, (R) by
setting

U={¢peBy(R):¢(f) € L& (v; B(H)) and x(5) = p(xf) .

It is easily verified that { is a unital x-subalgebra of B, (R). If {¢}5", is a se-
quence in U and if ¢ € B, (R) is such that ¢, — ¢ uniformly on R, then it follows
from the properties of the functional calculus that ¢,,(f) — ¢(f) uniformly on S.
Hence, ¢(f) € L& (v; B(H)) and [|xy, (5) — Xp(f)llar — 0 as n — oco. Similarly,
[pn(xr) — ¢(xf)llaa — 0and so x5y = ¢(x5). This shows that ¢ is uniformly
closed in B,(R). If A € C\R and the function r, € B,(R) is defined by set-
ting 7, (t) = (A —t)~!, t € R, then a straightforward calculation shows that
X (p) = malxg) = (A1— xf)*l. Consequently, ry € U for all A € C\R. The
Stone-Weierstrass theorem now implies that Cy(R) C U.

Suppose that the sequence {¢,,}5_; in U™ and ¢ € B,(R)™" are such that
0 < ¢pn(t) Tn ¢(t), t € R. From the properties of the functional calculus it follows
that ¢ (x¢) T ¢(xf) in M. On the other hand,

Pu(f(5)) Tn ¢(f(s)), s €S,
in B(H). Hence, ¢(f) € L¥°(S; B(H)) and ¢, (f) T ¢(f) in L¥°(S; B(H)), which
implies that x,, () Tn X4(r) in M. This shows that ¢ € U *. From this observation
it follows that U is closed in B, (R)* under monotone pointwise convergence of
sequences. Together with the inclusion Cy(R) C U, this suffices to conclude that
U = By(R), which completes the proof of the lemma.

In the sequel, we shall frequently identify a function f € L{°(S;B(H))
with the corresponding operator x; € LS(M). An immediate consequence of
Lemma 5.5 is the following.

COROLLARY 5.6. If f € Ly°(S; B(H)) is self-adjoint, then the spectral measure
ef of f (as a self-adjoint operator in LS(M)) is given by
ef(B)(s) =e/)(B), ses,
for every Borel set B C R. In particular, for every Borel set B C R, the function s —
ef(s) (B), s € S, is v-measurable.

To apply the results of Section 4 in the present setting, the following obser-
vations are relevant.

PROPOSITION 5.7. (i) The algebras LS(M), S(M) and S(t) are B(H)-admissible.
(ii) The algebra Sy () is K(H)-admissible.

Proof. (i) It is evident that LS(M) = Ly°(v; B(H)) is B(H)-admissible. It is
clear that S(M) and S(7) satisfy condition (i) of Definition 4.1. Since

L (v; B(H)) = M C S(1) € S(M),
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itis also clear that both S(M) and S(7) satisfy condition (ii). If f € Ly°(v; B(H)),
then there exists a v-measurable partition {A,}’ ; of S such that xa,f €
LY¥°(v;B(H)), thatis, x4,f € M for all n. Hence, S(M) and S(7) also satisfy
condition (iii) of Definition 4.1.

(ii) It should be observed first that So(7) C Ly°(v; K(H)). Indeed, if f €
So(T), then there exists for every n € N a projection p, € P(M) satisfying
Il fpnlle < 1/m and t(p;k) < co. Using (5.1), it follows that there exists a v-
measurable set A C S satisfying v(S\A) = 0, such that || f(s)pu(s)|pr) < 1/n
and tr(py(s)t) < oo foralls € A. Consequently, f(s) € K(H) foralls € A
and so f € Ly°(v;K(H)). Since So(T) is a two-sided ideal in S(7), it is clear
that So(7) is an L (v)-module. To show that Sy(7) satisfies condition (ii) of Def-
inition 4.1, suppose that f € LY¥°(v; B(H)) is such that for every ¢ > 0 there
exists p € Z(F(H)) satisfying || f(1® p*)|l~ < e and let the v-measurable set
A C Swith v(A) < oo be given. We have to show that x4 f € So(7). If ¢ > 0,
then there exists p € Z(F(H)) such that ||f(1® p*)|le < e. Replacing p by the
orthogonal projection in H onto Ker(p)*, it is easily seen that the projection p
may be assumed to be self-adjoint, that is, p € P(F(H)). Defining the projection
g € P(M)by g = xa®p, itis clear that 7(q) = v(A)tr(p) < co. Furthermore,

gt = xa®pt + xac ®1and so

I(xaf)atlleo = 1 (xaf)(1 @ p*)lleo < e.

This shows that x4 f € So(7).

Finally, it will be shown that Sy(7) satisfies condition (iii) of Definition 4.1
with respect to 4 = K(H). Since the measure v is assumed to be o-finite, it suffices
to consider the case that v(S) < co. Given f € L§°(v;K(H)), define the sets By,
(k,n € N) by setting

Bk,n = {S €S: tr(e‘f(s)‘(l/k/oo)) > n}'

It follows from Corollary 5.6 that these sets are v-measurable. Furthermore, since
f(s) € K(H), it is clear that tr(el/®)/(1/k,00)) € Nforallk € Nand s € S.
Consequently, B, |, @ for all k and so for each k there exists 1, € N such that
V(Biy,) < 27F. Defining

A= (1B, l€N,
k=1

it is clear that v(Af) < 2-%1 and so A; 1 S. Furthermore, if s € A;, then

tr(el/®)l(1/k,00)) < ny for all k > 1. We claim that xa,f € So(t) forall I € N.
Indeed, given ! and ¢ > O let k € N be such thatk > [ and 1/k < e. The projection
p= )(Ale‘f‘(e,oo) satisfies

(p) = / (e )l (g, 00))du (s) < / tr(elf O (1/k, 00))dv(s) < mev(A;) < oo
A A
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and

1(xa )t lleo = 1 (xa e 10, ][l <e.
Hence, xa,f € So(7) for all I. This suffices to show that So(7) satisfies condition
(iii) of Definition 4.1 with respect to 4l = K(H). 1

A combination of Theorem 4.17, Corollary 4.18 and Proposition 5.7 imme-
diately yield the following results.

COROLLARY 5.8. Let H be a separable Hilbert space, (S, X, v) be a o-finite mea-
sure space and M = Le(v)®B(H). If 2 is one of the algebras LS(M), S(M), S(7)
or So(7) and if § is a Z(M)-linear derivation in 2, then there exists w € LS(M) such
that §(x) = wx — xw, x € 2.

COROLLARY 5.9. Let H be a separable infinite dimensional Hilbert space, (S, X, v)
be a o-finite measure space and M = Lo (v)QB(H). If A is one of the algebras LS(M),
S(M), S(7) or So(t) and if 6 is a derivation in 2, then there exists w € LS(M) such
that 6(x) = wx — xw, x € 2.

If 2A is equal to either S(M) or S(7), then it actually follows that the element
w in Corollary 5.8 may be chosen from the algebra 2 itself (that is, J is inner). This
will follow from the general result of Proposition 5.17, which is of interest in its
own right. The proof of this proposition is divided into a number of lemmas.

Let M be a von Neumann algebra on a Hilbert space H and suppose that
A is a *-subalgebra of LS(M). If w € LS(M) is such that [w,x] € A for all
x € A, then the map &, : A — A, defined by setting 6, (x) = [w,x], x € A, is
a derivation in A. In general, J;, need not be inner in A. It will be shown that
if A is absolutely solid in LS(M) (that is, if x € LS(M) and y € A are such that
|x| < |y, then x € A) and if M C A, then such a derivation Jy, is always inner in
A, that is, there exists wq € A such that &, = dy,.

The following theorem will be used (see Theorem 6.2.7 of [11]).

THEOREM 5.10. If e, f € P(M), then there exist unique mutually orthogonal
central projection py and qo which are maximal with respect to the properties:

(i) qoe ~ qof;
(ii) pe < pf whenever p € P(Z(M)) satisfies p < po;
(iii) pf < pe whenever p € P(Z(M)) satisfies p < 1 — po — go.
Fore, f € P(M) define z(e, f) € P(Z(M)) by setting z(e, f) = po + qo. It
should be observed that z(e, f) is also given by
(55) z(e, f) = V{p € P(Z(M)) : pe 3 pf}.
Moreover, z(f,e) = 1 — pp. This implies, in particular, that
z(fre) 2 1—-z(e, f)

and so

(5.6) z(e, f) Vz(f,e) =1.
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Let a € LS;(M) with spectral measure ¢*. For n € Z, define the central
projections pf and g7, by setting
pn =z(e*(—oo,n],e"(n+1,00)), g =z(e"(n+1,00),¢"(—o0,n]).
In the proof of Lemma 5.12 the following observation will be used.

LEMMA 5.11. If {e, };_; is a sequence of finite projections in M such that e, | 0
and if p € P(M) is such that p =< e, for all n, then p = 0.

Proof. Since eq is finite and p 3 ey, it follows that p is finite and so the
projection e = e; V p is also finite. The reduced von Neumann algebra eMe is
finite, e, | 0ineMe and p 3 e, ineMe for all n. Let T : eMe — Z(eMe) be
the center-valued trace (see Theorem 8.2.8 of [11]). It follows from ¢, | 0 that
T(en) 4 0,and p 3 e, implies that T(p) < T(ey) for all n. Hence, T(p) = 0 and so
p = 0, which proves the lemma. 1

LEMMA 5.12. The central projections {p% } nez and {q% } ez satisfy:
(@) p Vagy =1foralln € Z;
(ii) Pﬁ dnez and ’71‘2 Thews
(iii) A pj =0and A q5 =0.
nez nez

Proof. (i) This follows immediately from (5.6).

(ii) If n € Z, then
16" (—00, 1] < plye(—00, 1+ 1] 3 Pl e (1 +2,00) < ply 16+ 1,00)

and so it follows from (5.5) that p} | < pj,. Similarly,
qe" (n +2,00) < e’ (n+1,00) 3 gye”(—oo,n] < gye(—oo,n +1]

and hence, g5, < q7, ;-
(iii) Since a € LS(M), there exists a sequence {zj }¢- ; in P(Z(M)) such that
zx T 1and az;, € S(M) for all k € N. Defining poo € P(Z(M)) by peo = A ph, it
nez

follows that

(5.7) Poot’ (—00, 1] 3 poe®(n+1,00), n€Z.

([11], Proposition 6.2.3). It follows from (5.7) that for each k € N,
Poozke™ (—o00, 1] X peozie™ (n+1,00), n € Z.

Let k € N be fixed for the moment. Since az; € S(M), there exists 19 € N such
that e™(ny 4+ 1,00) is a finite projection. Consequently, if m € Z and n € N
satisfies n > max(m, ng), then

Pooze’k (—o0, m] < poozge™(—00, 1| 3 Poozre™ (n 4 1,00)

and so it follows from Lemma 5.11 that peozge®™(—oo, m] = 0. Letting m 1 oo, it
follows that peozx = 0 for all k € N. Since zx 1 1, this implies that poo = 0. This
shows that p% |,cz 0.
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Similarly, if o = A g5, then

nez
J-ool’(n+1,00) 2 g€’ (—00,n|, nez,
which implies that
J—ocozke™* (1 +1,00) = q_cozie™ (—o0,n]|, n€Z,

forall k € N. If n < 0, then " (—o0,n] < elazl [—n,00). Since az; € S(M),
there exists 119 € Z such that el%/[—1, c0) is a finite projection for all n < 1. As
above, it now follows that §_czx = 0 for all k € N. Since zj 1 1, this implies that
- =0. 1

The next general observation concerning Boolean algebras will be needed.

LEMMA 5.13. Let B be a complete Boolean algebra (with smallest element 0 and
largest element 1).
() If {An}uez and { By } ez are two sequences in B such that Ay Lnez, Bn Thez,
AN Ay=0, A\ B,=0and A,V B, = 1forall n, then \/ (Ay AByyq) =1
neZ nez €Z
(i) If {A;j}jej is a countable family in B such that V Aj =1, then there exists a
j€]
disjoint family {B;} ey in B such that B; < Aj forall j € Jand \/ B; = 1.
j€l
Proof. (i) It follows from A, V B, = 1 that A, > B} and B, > A for all n.
This implies, in particular, that B, 1,cz 1. Hence, for eachn € Z,

()
By V \/ (Bri1\By) =1
k=n

and so
o0

V/ (Bk1\By) = By,
k=n
Consequently,
V (Buiy1i\Bu) = \/ B =1.
nez nez
It follows from A, > B that

An ABuy1 2 By ABuy1 = By \By

and hence,
\ (AyAByy1) =1
nez
(ii) Without loss of generality, it may be assumed that | = N. Defining
Bl = Al and
B]' = Aj\(Al Voo \/Ajfl), j=2,

it is clear that the sequence {B;};cn has the desired properties. &
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A combination of Lemma 5.12 and Lemma 5.13 (applied to the complete
Boolean algebra of central projections in M) yields the following result.

COROLLARY 5.14. Ifa € LSj, (M), then there exists a disjoint sequence {zy } ney,

in P(Z(M)) such that z, < piqy.., foralln € Zand \/ z, =1.
nez

LEMMA 5.15. Ifa € LS, (M) and n € Z satisfies e*(—oo,n] 3 e*(n+1,00)
and e (n +2,00) 2 e%(—oo,n + 1], then there exists a partial isometry v € M such
that

lav —val| +1 > |a— (n+1)1].

Proof. Let uq,uy € M be partial isometries such that
ujug = e(—oo,n] and wujuy <e’(n+1,00),
uyup = e*(n+2,00) and wupu; < e(—oo,n+1J.
It should be observed that
ujup = (e"(n+1,00)up)* (e (—oco,n + 1jup) = uje”(n +1,00)e(—oo,n + 1uy =0
and hence, u5u; = (ujuy)* = 0. Defining v = 1y + uy, this implies that
v = ujug + usuy = e (—oo,n| + e (n+ 2, 00)

and so v is a partial isometry.
Since
|v*av — v*va|? = |v* (av — va)|* = (av — va)*vv* (av — va)
< (av — va)*(av — va) = |av — val?,
it follows that |v*av — v*va| < |av — val. Therefore, it is sufficient to show that
(5.8) |v*av —v*va| +1 > |a — (n+1)1].

It should be observed that v*v is a projection which commutes with 4 and that
the operator v*av — v*va is self-adjoint.
Note that

ujauy = (e"(n+1,00)uq)*a(e’ (—oo, n+1juy) =uje’ (n+1,00)ae’ (—oo, n+1juy; =0
and hence, u3auy = (ujauy)* = 0. This implies that
v av = ujauy + usauy
and so
(5.9) v av — v*va = [ujauy — ale® (—oo,n| + [usauy — ale” (n + 2, c0).
Since
wiaiy = wfae(n 1, 00)1uy > (1) (n-+1, 00)1uy = (-1t uy = (n-+1)e(—c0, 1]

and
ae®(—oo,n] < ne®(—oo,n] < (n+1)e(—o0,nj,
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it follows that

[ujauy —ale”(—oo,n] > —[a— (n+1)1]e*(—o0,n] > 0.

Similarly,
usauy = uyae’ (—oo,n+ 1upy < (n+ 1)uzup = (n+1)e (n +2,0)
and
ae’(n+2,00) = (n+2)e*(n+2,0) > (n+1)e"(n +2,00)
and so

—[uzauy — ale® (n +2,00) > [a — (n+1)1]e*(n +2,00) > 0.

The above estimates, in combination with (5.9), show that
(5.10) |[v*av — v*va| > |a — (n+1)1|(e*(—o0,n] + €*(n +2,00)).

Observe next that

ne®(n,n+2] < ae”(n,n+2] < (n+2)e"(n,n+2]
and so
—e'(n,n+2]<fa—(m+1)1)e"(n,n+2] <e'(n,n+2|.
This implies that
(5.11) e(n,n+2 = |a—(n+1)1le"(n,n+2].
Adding (5.11) and (5.10) yields
[v*av —v*va| +e*(n,n+2] > |la— (n+1)1],

from which (5.8) follows. The proof is complete. 1

LEMMA 5.16. Ifa € LS, (M), then there exist a partial isometry v € M and an
operator a1 € LSy (M) such that a —a; € Z(LS(M)), and

lav —val +1 > |aq].

Proof. Let the sequence {z,},cz in P(Z(M)) be as in Corollary 5.14. For
each n, the operator az, satisfies the conditions of Lemma 5.15 (with respect to
the reduced von Neumann algebra Mz;). Consequently, for each n € Z there
exists a partial isometry v, € Mz, such that

[(azy)vy — vp(azn)| + zn = |azy — (M + 1)z,

Defining the partial isometry v € M by setting v = Y. v,z,, the operator b €
nez
Z(LS(M)),byb = Y (n+1)zy, and a; = a — b, it follows thata —a; = b €
nez
Z(LS(M)), and
lav —va| +1 > |aq].
The proof of the lemma is complete. 1

We are now in a position to prove the already advertised proposition.
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PROPOSITION 5.17. Let A be a *-subalgebra of LS(M) such that M C A and
A is absolutely solid (that is, if x € LS(M) and y € A satisfy |x| < |y|, then x € A).
Ifw € LS(M) is such that [w,x] € A for all x € A, then there exists wy € A such
that [w, x] = [wy, x| forall x € A.

Proof. First observe that [w*,x] = —[w,x*]* € A for all x € A. Con-
sequently, Rew and Imw satisfy the hypothesis of the proposition. Therefore,
without loss of generality, it may be assumed that w is self-adjoint. It follows
from Lemma 5.16 that there exists a partial isometry v € M and an operator
wy; € LS(M) such that w — w; € Z(LS,(M)) and |[w,v]| +1 > |w;|. Since
|[w,v]| +1 € A, the assumptions on A imply that w; € A. Finally, since w —w; €
Z(LSp(M)), itis also clear that [w, x] = [wy, x] forallx € A. 1

Combining Proposition 5.17 with Corollary 5.8 and Corollary 5.9 we obtain
the following results.

COROLLARY 5.18. Let H be a separable Hilbert space, (S, X, v) be a o-finite mea-
sure space and M = Loo(v)®@B(H). Any Z(M)-linear derivation on each of the alge-
bras LS(M), S(M) or S() is inner.

Proof. For the algebra LS(M), this is already stated in Corollary 5.8. Since the
algebras S(M) and S(7) are solid in LS(M) and M is contained in both algebras,
the result follows from Corollary 5.8 in combination with Proposition 5.17. 1

COROLLARY 5.19. Let H be a separable infinite dimensional Hilbert space,
(S, X,v) be a o-finite measure space and M = Lo (v)QB(H). Any derivation on each
of the algebras LS(M), S(M) or S(7) is inner.

It should be noted that a derivation on Sy(7) need not be inner. Indeed,
assuming that H is infinite dimensional, let p € P(B(H)) be such that tr(p) =
tr(1 — p) = oo and define w € P(M) by w = xs ® p. It is easily verified that the
derivation ¢ in So(7), givenby 6(f) = wf — fw, f € So(T), is not inner.

REMARK 5.20. It should be observed that if M = Le(v)®B(H), where
S = [0,1] equipped with Lebesgue measure v and H is an infinite dimensional
separable Hilbert space, then

M S S(1) G S(M) G LS(M).

To verify this claim, we make the following observations.

(i) Let pp € B(H) be a rank one projection and a € Lo(v). Define f €
Ly°(v;B(H)) = LS(M) by setting f = a ® pg. Since T(1® pp) = 1and f(1®
po)t = 0, it is clear that f € So(T) C S(7). If a & Le(v), then f ¢ M. Hence,
M G S(7).

(ii) Let f € Ly°(v; B(H)) be such that f(s) € K(H) v-a.e. on S and let elfl be
the spectral measure of |f| (see Corollary 5.6). Defining p,, = elfl (1n,00), n € N, it
follows that p,(s) = elf()l (1, 00) is a finite rank projection for v-almost all s € S
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and hence, by Lemma 5.1, p,, is a finite projection in M. Since fp;- € M for all n
and p;- 1 1in M, it follows that f € S(M).

For n € N, define the intervals I, by I, = (27",27"*1] and let g, € P(B(H))
be such that tr(g,) = 2". Let f € L}°(v; B(H))" be defined by setting

=)
f = E nXIn ® f]n,
n=1

as a pointwise convergent series. If 0 < A € Rand s € I, then e/()(A,c0) =
" (A, 00), whichis equal to g, if 0 < A < nand equal to0if A > n. Consequently,

7(ef (A, 00) =Y tr(gn)v(Iy) =
n>A
for all A > 0. This shows that f ¢ S(7) and hence, S(7) & S(M).
It should be observed that the function ¢ € L¥°(v; B(H))™, given by ¢ =

Z X1, ® qn, takes its values in F(H) but, T(e$(A, 00)) = oo whenever 0 < A < 1

and so g & So(T).

(iii) If a € Lo(v), then it is clear thata ® 1 € LS(M). We claim thata ® 1 €
S(M) only if a € Lo(v). Indeed, if a ® 1 € S(M), then there exists a projection
p € P(M) such that (a®1)p € L¥°(v; B(H)) and p= is finite (that is, p(s)" is
finite rank v-a.e.). Define the v-measurable set A C S by setting

A={seS:fas) > (1@ 1)p[e}-
Since [a(s)[|lp(s)llp(r) < [|(@a®1)p[leo v-a.e. on S, it follows that p(s) = 0 v-a.e. on

A, thatis, p(s)* = 1 v-a.e. on A. Consequently, v(S) = 0 and hence, a € Leo(v).
It is now clear that S(M) ¢ LS(M).

REMARK 5.21. As follows from Corollary 5.18, any derivation J in LS(M),
S(M) or S(t), where M = L (v)®B(H), is inner and hence, ¢ is Z-linear.
The main ingredient to obtain this Z-linearity has been Proposition 4.9 (and Re-
mark 4.10). In the setting of von Neumann algebra, the Z-linearity of deriva-
tions also follows from the following proposition, which is of interest in its own
right. The proof of this proposition follows the same lines as the proof of Proposi-
tion 4.9, although there are some non-trivial other ingredients. However, in view
of the length of the present paper, a detailed proof of this proposition will appear
elsewhere.

PROPOSITION 5.22. Suppose that M is properly infinite, that is, every non-zero
projection in P(Z(M)) is infinite (with respect to M). Let A C LS(M) be a *-
subalgebra such that M C A. If 6 : A — A is a derivation, then 6 is Z-linear.

A typical example of a von Neumann algebra M which satisfies the conditions
of the previous proposition is M = Le(v)®N, where N is a factor for which
1, is infinite. Indeed, if 0 # p € Z(M), then p = x4 ® 1,r for some projection
XA € Loo(v). Since 1) is infinite, there exists g € P(N) such that ¢ # 1, and
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g ~ 1. This implies that x4 ® g < p and x4 ® ¢ ~ p. Hence, p is an infinite
projection in M.
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