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ABSTRACT. For a noisy quantum channel, a quantum error correcting code of
dimension k exists if and only if the joint rank-k numerical range associated
with the error operators of the channel is non-empty. In this paper, geometric
properties of the joint rank k-numerical range are obtained and their implica-
tions to quantum computing are discussed. It is shown that for a given k if the
dimension of the underlying Hilbert space of the quantum states is sufficiently
large, then the joint rank k-numerical range of operators is always star-shaped

and contains the convex hull of the rank k-numerical range of the operators

for sufficiently large k. In case the operators are infinite dimensional, the joint
rank co-numerical range of the operators is a convex set closely related to the
joint essential numerical ranges of the operators.
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1. INTRODUCTION

In quantum computing, information is stored in quantum bits, abbreviated
as qubits. Mathematically, a qubit is represented by a 2 x 2 rank one Hermitian
matrix Q = vv*, where v € C? is a unit vector. A state of N-qubits Q, ..., Qy is
represented by their tensor products in M,, with n = 2N. A quantum channel for
states of N-qubits corresponds to a trace preserving completely positive linear maps
® : M, — M,. By the structure theory of completely positive linear map [2],

r
there are Ty,..., T, € M,, with }_ T]*T] = I, such that
=1

(1.1) O(X) = i T;XT.
j=1
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In the context of quantum error correction, 11, . .., Tr are known as the error oper-
ators.

Let V be a k-dimensional subspace of C" and P the orthogonal projection of
C" onto V. Then V is a quantum error correcting code for the quantum channel ¢
if there exists another trace preserving completely positive linear map ¥ : M,, —
M,, such that ¥ o @(A) = A for all A € PM,,P. By the results in [9], this happens
if and only if there are scalars Vij with 1 < i,j < r such that

PTZ'>|< TjP = ')’ijP-

Let Py be the set of rank k orthogonal projections in M. Define the joint rank
k-numerical range of an m-tuple of matrices A = (Ay,..., An) € M)} by

Ar(A)={(ay,...,am) €C" : there is P € Py such that PA;P=a,P for j=1,...,m}.

Then the quantum channel @ defined in (1.1) has an error correcting code of k-
dimension if and only if

AT, TiTy, .., TET,) £ @.

Evidently, (a1,...,a,) € Ax(A) if and only if there exists an n x k matrix U such
that

uu=1I, and U*A]-U:ajlk forj=1,...,m.

Let x,y € C". Denote by (Ax,y) the vector ((A1x,y),..., (Aux,y)) € C™. Then
a € Ag(A) if and only if there exists an orthonormal set {xy,...,x;} in C" such
that (Ax;, x;) = d;ja, where J;; is the Kronecker delta. When k = 1, A;(A) reduces
to the (classical) joint numerical range

W(A) = {(x*"A1x,...,x"Ayx) : x € C", x*x =1}

of A, which is quite well studied; see [11] and the references therein. It turns out
that even for a single matrix A € M, the study of A¢(A) is highly non-trivial, and
the results are useful in quantum computing, say, in constructing binary unitary
channels; see [3], [4], [5], [6], [7], [14], [15], [18].

More generally, let B(# ) be the algebra of bounded linear operators acting
on a Hilbert space H, which may be infinite dimensional. One can extend the def-
inition of Ax(A) to A € B(H). If H is infinite dimensional, one may allow k = oo
by letting Py be the set of infinite rank orthogonal projections in B(#) in the def-
inition; see [13], [16]. There are a number of reasons to consider rank k-numerical
range of infinite dimensional operators. First, many quantum mechanical phe-
nomena are better described using infinite dimensional Hilbert spaces. Also, a
practical quantum computer must be able to handle a large number of qubits so
that the underlying Hilbert space must have a very large dimension. We will
also consider the joint rank k-numerical range of an m-tuple A = (A4, ..., Ay) of
infinite dimensional operators Aj, ..., Ay, for positive integers k and k = oco. It
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is interesting to note that A (A) has intimate connection with the joint essential
numerical range of A defined as

We(A) = (A (W(A+TF)):FeF(H)"},

where F () denotes the set of finite rank operators in B(H) and cl (S) denotes
the closure of the set S. Clearly, the joint essential numerical range is useful for
the study of the joint behaviors of operators under perturbations of finite rank (or
compact) operators.

The purpose of this paper is to study the joint rank k-numerical range of
A= (Ay,...,An) € B(H)". Understanding the properties of Ay(A) is useful for
constructing quantum error correcting codes and studying their properties such
as their stability under perturbation.

Our paper is organized as follows. In Section 2, we present some basic prop-
erties of Ag(A). Section 3 concerns the geometric properties of Ag(A). We show
that if dim # is sufficiently large, then A;(A) is always star-shaped and contains
the convex hull of Az(A) for sufficiently large k. In Section 4, we study the con-
nection between W, (A), Ax(A) and its closure cl (Ag(A)). We show that A (A) is
always convex, and is a subset of the set of star centers of Ay (A) for each positive
integer k. We also show that

We(A) = ) el (Ak(A)).

k>1
Moreover, we obtain several equivalent formulations of A (A), including
Aw(A) = ({AA+TF) :F e F(H)"}.

The results extend those in [1], [12].
Let S(H) be the real linear space of self-adjoint operators in B(# ). Suppose

Aj = H2j71 +iH2]‘ with szfl/HZj e S(H) for j=1,...,m

Then Ax(A) C C™ can be identified with Ay (Hy,..., Hyy,) € R?". Thus, we
will focus on the joint rank k-numerical ranges of self-adjoint operators in our
discussion.

2. BASIC PROPERTIES OF Ai(A)

PROPOSITION 2.1. Suppose A = (Ay,..., An) € S(H)", and T = (t;) is an
m X n real matrix. If B; = E tijAiforj=1,...,n, then
i=1
{aT rac Ak(A)} - Ak(B)
Equality holds if { A1, ..., Am} is linearly independent and
span{Aj,..., A} =span{By,..., By}.
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Proof. The set inclusion follows readily from definitions. Evidently, the
equality holds if n = m and T is invertible.
Suppose {A1, ..., A} is linearly independent and

span{A1,...,An} =span{By,...,By}.

First consider the special case when A; = B; for 1 <i < m. Then T = [I,4|Ty] for
some m X (n —m) matrix Ty. Let (by, ..., by) € Ag(B). Then there exists a rank k
orthogonal projection P such that PB;P = b;P fori =1, ...,n. Therefore, we have
(b1,...,bm) € Ax(A)and for1 <j<n,

b;P = PB;P = P(i_iltiin)P - P(iitijBi)P - (é tijbi)P

implying that by = ( fl bijh; ) Therefore, (b, ., by) = (by, ., by) T,
1=

For the general case, by applying a permutation, if necessary, we may as-
sume that {By, ..., By, } is a basis of span {By, . .., B, }. Then there exists an m x m

m
invertible matrix S = (s;;) such that A; = ¥ s;iBjforj=1,...,m. For1 <j<m,
i=1

we have
m m m m m
B] = Z ti]‘Al' = Zti]( Z Skin) = Z (Zskitij) By .
i=1 i=1 k=1 k=1 "i=1
m
Therefore, ). syt = 0rj and ST = [Iyy|T1] for some m x (n — m) matrix Tj.

=1
Hence, we have

Ak(B) = Ak(Bl,. . .,Bm)[llTl] = Ak(Bl,.. .,Bm)ST = Ak(Al,.. .,Am)T. 1

In view of the above proposition, in the study of the geometric properties of
Ay(A), we may always assume that Ay, ..., Ay, are linearly independent.

PROPOSITION 2.2. Let A = (Aq,...,Apn) € S(H)", and let k < dim H.
(i) For any real vector p = (pt1,. .., Um),

Ak(Al 7]/111,...,14”1 7‘1/lm1) IAk(A) — M.

@) If (a1,...,am) € Ax(A) then (aq,...,am-1) € Ap(A1,..., Ap_1).
(iii) Agr1(A) S Ar(A).

REMARK 2.3. By Proposition 2.2(i), we can replace A; by A; — p;I for j =
1,...,m, without affecting the geometric properties of Ax(A1,..., Am).

Suppose dimH = n < 2k — 1 and A; = diag(1,2,...,n). Then Ag(41) =
@. By Proposition 2.2(iii), we see that Ay (A) = @ forany Ay, ..., Am. Thus, Ag(A)
can be empty if dim H is small. However, a result of Knill, Laflamme and Viola
[10] shows that Ax(A) is non-empty if dim # is sufficiently large. By modifying
the proof of Theorem 3 in [10], we can get a slightly better bound in the following
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proposition. The proof given here is essentially the same as that of Theorem 3 and
4 1in [10], except for the choice of x;. We include the details here for completeness.

PROPOSITION 2.4. Let A € S(H)™. Form > 1and k > 1. If
dimH =n> (k—1)(m+1)?
then Ax(A) # @.

Proof. We may assume that dimH = n = (k — 1)(m + 1)2. Otherwise, re-
place each A; by U*A;U for some U such that U*U = I,,. Let

g=(m+1)(k—1)+1.

Choose an eigenvector x; of A; with |[x;|| = 1. Then choose a unit vector x;
orthogonal to x1, Axxy, ..., Anxq. By the assumption on #n, we can choose an or-
thonormal set {xq,x2, . ..,xq} of q vectors in C” such that for 1 < r < g, x, is
orthogonal to A;x; forall1 <i <rand1 < j < m. Let X be the n x g matrix with
x; as the i-th column. Then X*AjX is a diagonal matrix for 1 < j < m. By Tver-
berg’s Theorem [17], we can partition the set {i : 1 < i < g} into k disjoint subset

k
Rj,1 < j < ksuchthat R = ]D1 conv {{Ax;,x;) : i € R;j} # @. Suppose a € R.

Then there exist non-negative numbers t;;, 1 < j < k, i E R; such that for all

1<j<k ¥ tij=1and ¥ t;;(Ax,x) =a Lety;= ¥ /Eixforl<j<k
i€eR; ieR; ieR;

Then {y3, .. ,yk} is orthonormal and (Ay;,y;) =aforall1<j<k. 1

PROPOSITION 2.5. Suppose A € S(H)" and 1 <r < k < dimH. Let V, be the
set of operators X : Hi — H such that X*X = HE- for an r-dimensional subspace Hq

of H. Then

(2.1) Ap(A) C (A (X ALX, .., X ApX) : X €V}

and

22)  convAg(A) C conv (ﬂ{Ak,r(X*Alx, o X ARX) X € vr}).

Proof. Suppose (ay,...,am) € Ax(A). Let H, be a k-dimensional subspace
and V : Hy — H such that V*V = Iy, and V*A;V = a;li forj =1,...,m. Let
XeV,and X*X = e for an r-dimensional subspace ‘H1 of H. Then

Ho = X*(V(Hz) n X(Hl ))

has dimension at least s = k —r. Let U : Ho — H be given by Ux = x for all
x € Ho. Then we have U*U = Iy, and U*(X*A;X)U = ajly, forj=1,...,m
Thus, (2.1) holds, and the inclusion (2.2) follows. 1

Proposition 2.5 extends Proposition 4.8 of [13] corresponding to the case
when m = 2. In such a case, the set inclusion (2.1) becomes a set equality if
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dim H < oo orif (Ay, Ay) is a commuting pair, i.e., A1 +1iA; is normal; see Corol-
lary 4.9 of [13]. The following example shows that the set equality in (2.1) may
not hold even in the finite dimensional case if m > 3.

EXAMPLE 2.6. LetBlz((l) _? )’Bz:((l) é),and&z(_? 5)

Fork > 1, let Aj=B;® I forj=1,2,3

(i) We have Ag(A1, Ay, A3) = A1(By, By, B3) = {a € R®: ||a|| = 1}, which is
not convex.

() Ifr=k—1and X € Vyand X*X = I, L for an r-dimensional subspace H,

then dimHi =2k —r =k +1 > 3 so that
A (XFALX, XF AR X, XFA3X) = A (XFA1X, X* A X, X* A3 X)

is convex [11].

Consequently, N{Ax_,(X*A1X, X*AxX, X*A3X) : X € V,} is convex and
cannot be equal to Ag(A1, Ay, A3).

For m > 3, we can take A1, Ay, Az as above and A]- =0y for3<j<m
Then we have

Ac(Av, o Am) # (A (XFALX, ., XFARX) : X € V)
To verify (i), suppose U = <El> is such that
2

Ui, Uy € My, UU=Ujlh + Uzl = and U*AU = ajl,.
Then UjU; — U;Up = apli. It follows that
Uity = (14+a1)x and UyUp = (1 —ay).
Thus, U1 U = (14 a1) Iy and UpU; = (1 — aq)I;. As a result,
WU = (1+a)(1—a)l = ULUGY, for (i) € {(1,2),(2,1)},

and
3

(@i +m+a3) = Y (UAU)?
]:

= (UjUy — U3Up)2 4 (U Uy + Uz U )2 + (iU Uy — iUz Uy )?
= (U1U1+U2U2) = k

Thus, Ar(Aq, Az, A3) C {(a1,a2,a3) € R3: ”1 + a% + a% =1}
Conversely, suppose (a1,a2,a3) € R3 such that a2 + a3 + a3 = 1. Let

(0,1) ifa; = -1,
(0, B) = { (1+a1,ap—ias) :

otherwise.
2(1+a1 )

LetU = (ﬁl ) Direct computation shows that U*A;U = 4] for 1 < j < 3.
k
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By a similar argument or putting k = 1, we see that A;(Bj, By, B3) has the
same form.
It is natural to ask if the set equality in (2.2) can hold for m > 2. Also,

conv (A (X A1X,..., X" AX) : X € V}})

C [(eonv Ay, (X*A1X, ..., X*AyX) : X € Vs }.

It is interesting to determine whether the two sets are equal.

3. GEOMETRIC PROPERTIES OF Ay (A)

Let A = (Aq,...,Am) € S(H)™. Much is known about A;(A); for example
see [11] and its references. For instance, A1(A) is always convex if m < 3 unless
(dimH,m) = (2,3); If (dim#H,m) = (2,3) orn > 1, m > 4, there are examples
of A € S(H)" such that A;(A) is not convex. Furthermore, for any Ay, A, A3 €
S(H) such that span{I, A1, Ay, A3} has dimension 4, there is always an Ay €
S(H) for which Aj(Aj,..., As) is not convex.

In the following, we show that Ax(A) is always star-shaped if dim # is
sufficiently large. Moreover, it always contains the convex hull of A;(A) for
k= (m+2)k. If k =1 and m > 2, we can lower the bound of the dimension of
the Hilbert space to get the star-shapedness result. We begin with the following.

THEOREM 3.1. Let A = (Aq,..., Aw) € S(H)" and k be a positive integer. If
Az(A) # @ for some k > (m + 2)k, then Ay (A) is star-shaped and contains the convex
subset conv A¢(A) so that every element in conv Az (A) is a star center of Ay (A).

Note that Az(A) may be empty if dim # is small relative to k. Even if Az(A)
is non-empty, it may be much smaller than its convex hull; for example, see Ex-
ample 2.6. So, the conclusion in Theorem 3.1 is rather remarkable.

Proof. We may assume a = 0 € Az(A). Then there exists Y such that Y*Y =
Ipqopand Y*A;Y = 0foralll <j < m.
Letb € Ax(A). Then there exists X such that X*X = I; and

(X*A1X, ..., X" ApX) = (1L, ..., by ly).
Suppose X and Y are the range spaces of X and Y, respectively. Then we have
dim (YN(X+A1(X)+- - 4+An(X)H>dim Y—dim (X+Aq (X)+- - +A, (X)) =k

Let Vi be a k-dimensional subspace of Y N (X + Ay (X) + -+ + Ap(X))* and
Vo = YN (X + 1)t Set Z = [X|Y1|Ys], where Y; has columns forming an
orthonormal basis of J; for i = 1,2. Then we have Z*Z = I, 5y and for 1 < j <
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b]Ik Ok *
O 0 * .
* * ok

Let C; = bl © Oy. For t € [0,1], we have
t(bl, .. ,bm) S Ak(Cl/ .. ,Cm) - Ak(Z*A1Z, .. ,Z*AmZ) - Ak(A)

Clearly, Az(A) C Ai(A). Since every element of Az(A) is a star center of
Ax(A) and the set of star centers of a star-shaped set is convex, we see that every
element in conv Az (A) is a star center of Ax(A). Hence, conv Az(A) C Ax(A). 1

m, Z*AjZ has the form

If dim H is finite, then Ai(A) is always closed. But this may not be the
case if dim H is infinite. Using Theorem 3.1, we can prove the star-shapedness of
cl (Ar(A))-

COROLLARY 3.2. Let A = (Ay,...,An) € S(H)" and k be a positive integer.
Ifcl (Ay(A)) # @ for some k > (m+2)k, then cl (Ay(A)) is star-shaped and contains
the convex subset conv cl (A¢(A)) so that every element in convcl (A¢(A)) is a star
center of cl (Ax(A)).

Proof. Suppose a € cl(Az(A)) and b € Ax(A). Then for every e there is
a = (ay,...,am) € Ap(A) such that /1(a — a) < e. By Theorem 3.1, we see that
the line segment joining @ and b lies in Ai(A). Consequently, the line segment
joining a and b lies in cl (Ag(A)). The proof of the last assertion is similar to that
of Theorem 3.1. 1

It is easy to see that a star center of Ay (A) is also a star center of cl (Ag(A)).
However, the converse may not hold. The following example from Example 3.2
of [12] illustrates this.

EXAMPLE 3.3. Consider % = ¢? with canonical basis {e, : n > 1}. Let
A= (Ay,..., As) with Ay = diag (1,0,1/3,1/4,...), Ay = diag (1,0) &0,

1 0 i
A3=<(1) 0)@0 and A4:<_i (‘))@o.

Then (1,1,0,0) € W(A) and (0,0,0,0) € W(A) N We(A) is a star-center of the
closure of W(A). However, (1/2,1/2,0,0) ¢ W(A) so that (0,0,0,0) is not a star-
center of W(A). In fact, W(A) is not convex even though cl (W(A)) is convex.

By Proposition 2.4, we see that Az(A) is non-empty if dim A is sufficiently
large. So, Ax(A) is star-shaped and contains a convex set. The same comment
also holds for cl (Ax(A)). More specifically, we have the following.

THEOREM 3.4. Let A = (Aq,...,Ay) € S(H)". If
dimH > ((m+2)k—1)(m+1)2,
then both Ax(A) and cl (Ag(A)) are star-shaped.
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In Theorem 3.7, we will show that the classical joint numerical range is star-
shaped with a much milder restriction on dim # comparing with that in Theo-
rem 3.4. To demonstrate this, we need two related results.

PROPOSITION 3.5. Suppose dimH = nand A = (Ay,...,An) € S(H)" is
such that {Aq,..., A} is linearly independent. Assume that 0 € A,_1(A), i.e., there

* )forj: 1,...,m.
n—1
(i) If m = 2n — 1, then there is an invertible S € M,,(R) such that

is a basis such that A; has operator matrix (: 0

m
Ay(A) = {(1+u1,u2,...,um)5 ULyl € R,;uf - 1}
]:
so that Aq(A) is not star-shaped.
(ii) If m < 2n — 1, then A1(A) is star-shaped with 0 as a star center.

Proof. (i) If m = 2n — 1, there is an invertible m x m real matrix T = (t;;)
such that for B; = }_ t;;A; forj=1,...,m with
i=1

B = (By,...,Bm) = (E11, E12 + Eo1, —iE1p +iEpy, . .., —iE1n +iEm).
Let x = u(cost,sint(vy +iv3),...,sint(v,,_1 + ivy))! be a unit vector in C" such

m
that |u| =1,t € [0,71/2],and vy, ..., v, € Rwith ¥ 0]2 = 1. Then
j=2

(Bx, x):(l_'_cc;ﬂ,vz sin(2t), vp sin(2t),..., vy sin(Zt)) =(1+uq,uz,...,um)D,
where D = [1/2] @ I,_1, uy = cos(2t) and u; = v;sin(2t) for j = 2,...,m. It
follows that

m
A(B) = {(1 +uqg, U, Uy)D iUy, Uy € R,ﬁu? = 1}.
=
By Proposition 2.1, Aj(A) = {bT~! : b € A{(B)}. The result follows.

(ii) Now, suppose m < 2n — 1. By adding more A}, if necessary, we only
need to consider the case when m = 2n — 2. Let v; be the row vector obtained by
removing the first entry of the first row of A j forj=1,...,m.

Case 1. Suppose span {vy, ..., vy } has real dimension m — 1 = 2n — 3. Then
there is a unitary matrix of the form U = [1] & Uy € M, such that the (1,1) entry
of U* A]-l,I isreal for j = 1,...,m. Hence, there is an invertible m X m real matrix
T = (t;;) such that for B; = 121 tijAjforj=1,...,mwith

i=

B=(By,...,Bu)=(E11, E1o+Ep, —iEip+iEyy, ..., —iE1 1 +iE,—11, E1p+Ep).

Suppose b € A1(B), b # 0. Then there exists a unit vector x = p(ug, u; +
ity ..., Upy_1 + iUy )" such that |u| = 1 and up > 0, with

b = (Bx, x) = ug(uo, 211, ..., 2Up 1)
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For any t € (0,1), we can choose a unit vector of the form x; = \ﬁ(uo, up +

m
itlg, ... Uy + ity ) with ti2, =1 —

-1
Y tu? so that
=0/

(Bx¢, x¢) = t{Bx, x).

Case 2. Suppose {v1, ...,V } has real dimension m = 2n — 2. Then there is
an invertible m x m real matrix T = (t;;) such that

m m
@Mnﬂﬁz(Zm&WWZ%ﬁo

i=1 i=1
= (a1E11,...,amEn) + (E12 + Ez1,iEq2 +iE21, . . ., E1y + Ep1, —iE1, +1En1)

with ay,...,a, € R. Suppose b € A1(B), b # 0. Then there exists a unit vector
x = u(ug,uy +iug, ..., ty_1 + ity )! such that |u| = 1 and uy > 0, with

B

b = (Bx, x) = ug(aiug + 2uy, axug + 2uy, . . ., Ay + ity ).
For any t € (0,1), consider a vector of the form
Xz = (Cug, w1 + iwo, w3 +iwy, ..., Wy 1 + iwm)t,
where ¢ > t and wj = ajug(t — &%) /(28) + tu; /& for j=1,...,m. Then
Guo(a;Sug +2w;) = tug(ajuo +2u;), j=1,...,m,
so that
(Bxg, xz) = t(Bx, x).
If ¢ = V1, then Xg = \/f(uo,ul +iup, ..., Uy_1 + iy )" has norm less than 1; if
& — oo, then ||xg|| > |Gug| — co. Thus, there is & > t such that x¢ is a unit vector

satisfying (Bxg, xz) = t(Bx, x). So, A1(B) is star-shaped with 0 as a star center. By
Proposition 2.1, A;(A) = {bT~! : b € A;(B)}. The result follows. &

THEOREM 3.6. Let A = (Ay,...,Ay) € S(H)". If Ay(A) # O for some
k > (m+1)/2, then A1(A) is star-shaped and contains conv Az (A) such that every
element in conv Az (A) is a star center of A (A).

Proof. We may assume a = 0 € Az(A) withk > (m +1)/2. Suppose x € H
is a unit vector and b = (Ax,x) € A;(A). Suppose X is such that X*X = I
and X*A]'X = 0; forj=1,...,m. Let Y be such that Y*Y = IE+1' and the range
space of Y contains the range space of X and x. Suppose B = (By,...,Bn) =

(Y*A1Y,...,Y*A,Y). Then we may assume that B; has the form <I &) for

k
j=1,...,m. Clearly, span{By, ..., By} has dimension at most m < 2k — 1. By
Proposition 3.5, the line segment joining 0 and b lies entirely in A;(B) C A1(A).
Thus, 0 is a star center of A1(A). Since the set of star centers of A1(A) is convex,
we see that every element in conv Az(A) is a star center of Aj(A). &
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THEOREM 3.7. Let A = (Aq,..., Ay) € S(H)". If

dimH > [mTH} (m+1)2,

then Aq(A) is star-shaped.

Proof. Letk = [(m+1)/2]+1> (m+1)/2. ThendimH > (k —1)(m +1)2
and A;(A) # @ by Proposition 2.4. The result then follows from Theorem 3.6. &

4. RESULTS ON Aq(A)
In this section, we always assume that H has infinite dimension. Denote by
Poo the set of infinite rank orthogonal projections in S(H). For A € S(H)" let
Aso(A) ={(71,---,Ym) € R™: thereis P € P such that PA;P = +;P

forall1 <i< m}.
By the result in Section 3, we have the following.

PROPOSITION 4.1. Suppose A € S(H)", where H is infinite-dimensional. Then
Ax(A) is star-shaped for each positive integer k. Moreover, if a € A« (A), then ais a
star center for Ar(A) for every positive integer k.

When m = 2, it was conjectured in [16] and confirmed in [13] that

Aoo(A1,A2) = m Ak(Al,Az),‘
k>1

in Theorem 4 of [1], it was proven that
Aco(A1, A7) = ({W(A1+F, A+ R) : F,F, € S(H)NF(H)}.

In the following, we extend the above results to Aw (A1, ..., Ap) for m > 2. More-
over, we show that A (A) = N Sk(A), where S (A) is the set of star centers of
k>1

Ax(A). Hence, Ao (A) is always convex.

THEOREM 4.2. Suppose A € S(H)", where H is infinite-dimensional. For each
k > 1, let Sx.(A) be the set of star-center of Ax(A). Then

41) Aw(h) = ()Se(A) = N Ak(A) = {W(A+TF) : F € S(H)" N F(H)"}.
k k

Consequently, Ao (A) is convex.

Proof. It follows from definitions and Theorem 3.1 that

Aw(A) € (\S¢(4) C ) AL(A).
k k
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We are going to prove that NAg(A) C N{W(A+F) : F € S(H)"NnF(H)"}.
k

Suppose F = (F,...,Fy) € S(H)" N F(H)" and K = g‘, rank (F;) + 1. Let
= (1, 4m) € NAx(A). Then there exists a rank K ortl}:ul)gonal projection P
such that PA;P = ;L]Jk? for1 < j < m. Let
Ho = rangePNkerF NkerFN---NkerF,
= range P N (range F; +range F, + - - - + range Fm)l .
Then dim H( > 1. Let x be a unit vector in Hy. Then we have ((A + F)x,x) =
(Ax,x) = p. Therefore, y € W(A +F). Hence, we haveQAk(A) CN{W(A+F):

FeSH)"NF(H)"}.

Next, we prove that \{W(A+F) : F € S(H)" NF(H)"} C A(A). Sup-
pose

pe(HWMA+F):FeSH)" NFH)"}.
By Remark 2.3, we may assume that ¢ = 0. Then 0 € W(A) and there exists a
unit vector x; such that (Axy,x;) = 0. Suppose we have chosen an orthonormal
set of vectors {xy,...,x,} such that (Ax;, x]-> =0foralll <i, j<n LetHpbe
the subspace spanned by
i 1<i<nfU{Ap:1<i<n 1<j<m}
and P the orthogonal projection of H onto Hy. Suppose
B = (1= PYAV(I = Py, (I = PYAu(I = Py
Letb = (by,...,by) be a star-center of W(B). Then
bly, ®B = (byP+ (I — P)A;(I = P),...,byP+ (I = P)Ay(I —P)) = A+TF

for some F € S(H)" N F(H)™. Therefore, 0 € W(bly, & B). Hence, there exists
a unit vector x € H such that 0 = ((A 4+ F)x,x). Letx = y +z, where y € H and
z € Hy. Then ||ly||? + ||z||®> = ||x||* = 1. If z =0, then 0 = b € W(B). If z # 0,
then by Proposition 4.1, we have

z

0= {(A+Fpx) = lylIPo+ 2P (B( ). (7)) € W)

]|
So there exists a unit vector x,, 11 € 3’-[0L such that
0= <(A + H'?)Xn+1/ Xn+1> = <Exn+1/ Xn+1> = <Axn+1r xn+1>-
Hence, inductively, we can choose an orthonormal sequence of vectors {x,}" ,
such that
(Ax;,xj) =0 foralli, j.
Thus, we have

Aco(A) S Sk(A) SN A(A) S {W(A+TF) : FES(H)"NF(H)"} C Aw(A).
k k
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Since S(A) is convex for all k > 1, the last statement follows. 1

The last equality in (4.1) establishes a relationship between A« (A) and the
joint numerical ranges of finite rank perturbations of A. The following result
gives an extension.

THEOREM 4.3. Suppose A = (Aq,...,An) € S(H)". Let n > 1 and Fy €
S(H)" N F(H)™. Then the following sets are equal:
(1) Aeo(A).
(ii) Aoo (A + Fo).
(i) {An(A+TF) :Fe F(H)"NS(H)"}.
(iv) le(ﬂ{Ak(A +F):Fe F(H)"NS(H)"}).

Proof. By Theorem 4.2, we have
A(A+TFo) = {W(A+TFo+F):FeSH)"NFH)"}

= ﬂ{W(A—i—IF) FeSH)"NF(H)"} = As(A).
This proves the equality of the sets in (i) and (ii). For the equality of the sets of (i)
and (iii), let F € F(H)" N S(H)™. Then we have
Aw(A) = Ao (A+F) CA(A+F) CWA+TF).
It follows that
Ao(A) C (HAWA+F):FeSH)"NF(H)"}
C (HWA+F):FeS(H)"NF(H)"} = Ax(A).

The equivalence of (i) and (iv) follows immediately. &

Recall that V), is the set of X : Hf — H such that dimH; = r and X*X =
I, L Then X*AX is a compression of A to Hi. The next result is an analog to

Theorem 4.3 for A (X*AX).

THEOREM 4.4. Suppose A = (Aq,...,An) € S(H)". Letn, 1o > 1 and
Xo € Vy,. Then for X*AX = (X*A1X, ..., X* A X), the following sets are equal:
(i) Ao (A).
(i) Awo(XEAXp).
(iii) {AH(X*AX) Xe U v,}.

r>1

(iv) N (ﬂ{Ak(X*AX):Xe U V,}).

k>1 r>1

Proof. By (4.1) and (2.1), we have

Aco(A) = (N AR(A) = [ Aprr(A) S (N AR(XGAX)) = Ao (X5AXp) C Aco(A).
k K K
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This proves the equality of the sets in (i) and (ii). For the equality of the sets of (i)
and (iii), we will first show that

4.2) N{axax):xe v} CAx(h).
r>1
Letu c N {Al(X*AX) :Xe U V,}. By Remark 2.3, we may assume that ¢ = 0.
r=>1
Then there exists a unit vector x; such that (Axq,x;) = 0. Suppose we have
chosen an orthonormal set of vectors {xy, ..., xy} such that (Ax;,x;) = 0 for all
1 <i, j < N. Let H; be the subspace spanned by

X I<i<NPU{AX:1<i<N, 1<j<m}
and X : Hi — H be given by X(v) = v forall v € Hi-. Then 0 € A;(X*AX). So
there exists a unit vector xy 1 € Hi such that
0= ((X*"AX)XN+1,XN+1) = (AXN+1,XN+1) -

Inductively, we can find an orthonormal sequence {x;} in H such that (Ax;, x;) =
0 for all i, j. Hence, 0 € Ao (A).
To continue the proof of the equality of the sets of (i) and (iii). Let X € U V.

r>1
Then we have
Aco(A) = Ao (X*AX) C Ag(X*AX) C Ay(X*AX).
It follows that
Aw(8) SN As(X8X) : XE SV SN A(X"AX) : X eV} CAn(A).

r>1 r>1

The equality of the sets of (i) and (iv) follows immediately. &
Recall that the joint essential numerical range of A € S(H)" is defined by
We(A) = {d (WA +TF)):FeSH)"NFH)"}
Using the last two theorems, we have the following.

COROLLARY 4.5. Let A € S(H)", where H is infinite dimensional. Denote by
Sk (A) the set of star centers of cl (Ax(A)). Then

We(A) = (Ak(A)> = N Sk(A).
k>1 k>1
In addition, let n > 1 and Fy € S(H)"™ N F(H)™. Moreover, let V be a finite dimen-
sional subspace of H and Xo : V- — H such that X;Xo = Iy.. Then the following sets
are equal:
(i) We(A).

(ii) We (A + Fy).

(i) We (X3 AXo).

(iv) {d (An(A+TF)) :Fe F(H)"NS(H)"}.
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"N {cl (An(X*AX)): X € U vr}.

r>1
(vi) le(m{d (A(A+TF)):Fe FH)"NS(H)"}).
i) 0 (m {cl (A(X*AX))) : X € ) Vr})

Let A € S(H) and k be a positive integer. Denote by U the set of X : Ck —
‘H such that X*X = I and

A(A) = sup{minc(X*AX) : X € Uy},
where o (B) is the spectrum of the operator B. For ¢ = (cy,...,c,) € R™ and
m
AeS(H)", letc- A=Y c;A,. Define
i=1

Qw(A)= (N {a€R":c-a< A(c-A)forallk > 1}.

ceR™

The following extends Theorem 2.1 of [13].
THEOREM 4.6. Let A € S(H)", where H is infinite dimensional. Then
Awo(A) C Ox(A) = We(A).
Proof. Fork > 1, let
QA)= N {aeR":c-a<Ax(c-A)}

ccR™

Clearly, Qe (A) = N k(A). Supposek > 1and a = (ay,...,an,) € Ax(A). Then
k>1
there exists P € P such that PA]-P =a;P forall 1 < j < m. For every ¢ € R", we
have P(c-A)P = (c-a)P. Hence,
c-a=Ag(c- PAP) = A (P(c- A)P) < Ap(c- A).
Therefore, Ax(A) C Q4 (A). Since (2 (A) is closed, we have cl (Ag(A)) C 2 (A).
Hence,
Aco(A) = () Ar(A) C [ (A(A)) = We(A) C [ % (A) = Quo(A).
k=1 k>1 k=1

To show that Qs (A) € We(A). Suppose a € (2(A). By Remark 2.3, we
may assume that a = 0. So, Ag(c-A) > Oforallk > 1and ¢ € R™. For F =

(F,...,En) € S(H)"NF(H)", letK = f rank (F;) 4+ 1. Then
i=1

M- (A+TF)) 2 Agya(e-A) 20 and Aq(—(c- (A+TF))) > Agqa(—c-A) >0.

Therefore, c-0 = 0 € dd(W(c- (A+TF))) = c-d(W(A+T)). Hence, c-0 €
c- We(A) for all ¢ € R™. By the convexity of We(A), we have 0 € We(A). 1
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o=

o -1

n

1
EXAMPLE 4.7. Forn > 1, let B, = { n 0 },Cn = [ 8},1‘11 =

By, As = @ Cypand A = (A1, Ay). Then (0,0) € Qeo(A) but Aw(A) = ©.
1 n=1

3

n
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