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ABSTRACT. We introduce two notions for flows (or one-parameter automor-
phism groups) on quasi-diagonal C*-algebras, quasi-diagonal and pseudo-
diagonal flows; the former being apparently stronger than the latter. We de-
rive basic facts about these flows and give various examples. In addition we
extend results of Voiculescu from quasi-diagonal C*-algebras to these flows.
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1. INTRODUCTION

Flows on C*-algebras have been studied for some time; basic facts on flows
and their generators, from the perspectives of functional analysis, spectral analy-
sis, and Hilbert space representation theory, etc. are described in [5], [6]. But there
remain many problems pertaining to C*-algebras. For example we still lack clear
and useful criteria which distinguish various kinds of flows, e.g. approximately
inner flows and, in the case of AF algebras, (approximate) AF flows. (See [21] for
some results for flows on AF algebras.) We hope to contribute towards clarifi-
cation of the situation by introducing other properties of flows which appear to
have close bearing on these features at least in the case of simple C*-algebras.

A bounded operator T on a separable Hilbert space H is called quasi-diagonal
if there is an increasing sequence (E,) of finite-rank projections on H such that
imE, = 1 strongly and |[En, T]|| — 0. This notion is extended to a norm-

closed *-algebra A of bounded operators: In case A is separable A is called quasi-
diagonal if there is such a sequence (E,) and ||[E,, T]|| = Oforall T € A. If Ais
a separable C*-algebra, then A is called quasi-diagonal if there is a faithful repre-
sentation 7t of A such that 77(A) is quasi-diagonal. (See [25], [10] for more details.)
Easy examples of quasi-diagonal C*-algebras include AF algebras and commuta-
tive C*-algebras. We mimic this notion in application to flows on C*-algebras in
two ways.



354 AKITAKA KISHIMOTO AND DEREK W. ROBINSON

DEFINITION 1.1. Given a Hilbert space H, let A be a norm-closed *-algebra
of bounded operators on ‘H and U a unitary flow on H such that U;xU; € A for
t € Rand t — UyxU; is norm-continuous for any x € A.

We call (A, U) quasi-diagonal if for any finite set F of A, any finite set w of
H and € > 0 there is a finite-rank projection E on # such that ||[E, x]|| < e||x||
forx € F, ||(1 —E)¢|| < ¢||¢|l for & € w and ||[E, U{]|| < e fort € [-1,1]. We
call (A, U) pseudo-diagonal if for any finite set F of A, any finite set w of H, and
€ > 0 there is a finite-rank projection E on ‘H and a unitary flow V on EH such
that ||[E, x]|| < ¢||x|| for x € F, ||(1 —E)¢|| < €||¢]| for ¢ € w and ||EUxU[E —
VIEXEV|| < ¢||x| forx € Fand t € [-1,1].

Let A be a C*-algebra and let « be a flow on A. We call a quasi-diagonal
(respectively pseudo-diagonal) if (A, «) has a covariant representation (7r, U) on
a Hilbert space H, with 7 faithful and non-degenerate, such that (7t(A), U) is
quasi-diagonal (respectively pseudo-diagonal).

In the above definition 7 is required to be non-degenerate. But this is not
essential. A direct proof will be given in the beginning of Section 2 but this also
follows from Theorems 1.5 and 1.6 below. Thus we immediately obtain the fol-
lowing result. (We do not know if a similar statement is true or false for approxi-
mately inner flows.)

COROLLARY 1.2. Let a be a quasi-diagonal (respectively pseudo-diagonal) flow
on a C*-algebra A and B an a-invariant C*-subalgebra of A. Then «|p is quasi-diagonal
(respectively pseudo-diagonal).

Let H denote the self-adjoint generator of U in the above definition. In gen-
eral H is unbounded. If Q is a bounded operator on A then [Q, H]| is defined to
be bounded if QD(H) C D(H) and QH — HQ is bounded on D(H) (and extends
to a bounded operator on ). We may replace the condition ||[E, U;]|| < € for t €
[—1, 1] in the definition of quasi-diagonality by the seemingly stronger condition
II[E, H]|| < e. The opposite implication can be seen from the proposition given
below. Using this we conclude that quasi-diagonality implies pseudo-diagonality
since if | [E, H]|| < € and we set V; = elFHE then | EUt(x) U} — ViEnt(x)EV || <
2¢||t(x)| for any x € A.

PROPOSITION 1.3. Let U be a flow on H and H the self-adjoint generator of U.
For any € > O there is a & > 0 satisfying the following condition.

If E is a projection such that ||[E, Uy]|| < 6 for t € [—1, 1], then there is a projection
F on H such that |[E — F|| < eand ||[F, H]|| < e.

Proof. Note that it follows from the above estimate on ||[E, U;]|| that
I[E, U] < 6(1+[¢])

for all t € R. In addition to this estimate we use the fact that ¢t — U;EU] is
continuous in the strong operator topology (or in norm).
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Let f be a non-negative C® function on R such that supp(f) C [1/3,4/3]
and f(t) = 1fort € [2/3,1]. Define f by f(p) ~1 [e Pif(t)dtand setC =
i \tf (t)|dt < co. Let g be a non-negative C® functlon on R such that the support
of ¢ is compact, [ g(t)dt = 1and [ |g'(t)|dt < e/C. Set D = [ g(t)(1+ |t])dt.
Assuming 0D < ¢/2 < 1/3 we define

= /g(t)UtEUt*dt.

Then0 < Q <1, ||Q—E| <e/2and ||[H,Q]|| < e/C, where i[H, Q] is identified
w1th fg UtEU*dt Since Sp(Q) C [0,&/2) U (1 —&/2,1] it follows that F =

= [ f(#)ei"Qdt is a projection satisfying ||F — Q|| < €/2. It also follows that
||[H, Fl|| < |I[H, Ql|l [ |tf(£)|dt < e. Since ||E — F|| < e, this concludes the proof.
(See [5] for the norm estimates used here.) 1

We note that a covariant representation (p, V) of (A, ) naturally induces a
representation p x V of the crossed product A X, R on the representation space
H, of p. We denote by KC(H,) the compact operators on .

By extending Voiculescu’s theorem [22] to accommodate the flow we estab-
lish the following:

THEOREM 1.4. Let a be a quasi-diagonal (respectively pseudo-diagonal) flow on
A. If (p, V) is a covariant representation of A such that p x V is a faithful represen-
tation of A x4 R and Ran(p x V)N K(H,) = {0} then (0(A),V) is quasi-diagonal
(respectively pseudo-diagonal).

Mimicking the corresponding result due to Voiculescu [24] we shall give
characterizations of quasi-diagonal and pseudo-diagonal flows.

If A and B are C*-algebras then a linear map ¢ of A into B is called positive
if p(A4) C By and completely positive (or CP) if ¢, =id @ ¢p: M, ® A - M, ® B
is positive for all 7.

THEOREM 1.5. Let a be a flow on a C*-algebra A. Then the following conditions
are equivalent:
(i) « is quasi-diagonal.

(ii) For any finite subset F of A and e > O there is a finite-dimensional C*-algebra B,
aflow B on Band a CP map ¢ of A into B such that ||¢|| <1, ||p(x)]| = (1 —¢)| x| and
lp(x)o(y) — Gyl < ellxllyll for .y € F, and ||Begp — pael| < e for t € [~1,1].

(iii) For any finite subset F of A and e > O there is a covariant representation (7t, U)
and a finite-rank projection E on H  such that ||[Ert(x)E|| > ||x|| —eand ||[E, t(x)]]] <
e||lx|| for x € Fand ||[E, Us]|| < e fort € [—1,1].

When A is separable it follows from the proof of (iii) = (i) that there is a
covariant representation (7r, U) of (A, «) on a separable Hilbert space such that
(rt(A),U) is quasi-diagonal. This fact will be used in the proof of Theorem 1.4
above.
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THEOREM 1.6. Let a be a flow on a C*-algebra A. Then the following conditions
are equivalent:
(i) « is pseudo-diagonal.

(ii) For any finite subset F of A and € > 0 there is a finite-dimensional C*-algebra B,
a flow B on B and a CP map ¢ of A into B such that ||$p|| < 1, ||p(x)]| = (1 —¢€)]x||
and [9()p(y) — p(xy)|| < ell Iyl for x,y € F, and [|Big(x) — o (x)]| < x|
forx e Fandt € [-1,1].

(iii) For any finite subset F of A and & > 0 there is a covariant representation (7, U),
a finite-rank projection E on H, and a unitary flow V on EH x such that ||Ert(x)E|| >
(1—e)|lxlland |[[E, ()]l < ellxl for x € Fand ||EUsm(x)UfE — ViEm(x)EVY || <
e||lx|| forx € Fandt € [-1,1].

In the above theorems the finite-dimensional C*-algebra B can be assumed
to be a matrix algebra My, for some k € N.

If A is separable and « is a pseudo-diagonal flow let (F},) be an increasing
sequence of finite subsets of A whose union is dense in A and choose, for each
(Fu,n~1) in place of (F, ), a CP map ¢, into My, and a flow (") on My, as spec-
ified in condition (ii) of the above theorem. Thus we can define a non-continuous
flow B on the direct product B = [T My, by B:(x) = Hﬁgn)(xn) forx = (x,) € B

n n

and a CP map ¢ of A into B by ¢(x) = (¢u(x))n. Let I = @ My, which is the

ideal of B consisting of sequences converging to zero, and lez Q denote the quo-

tient map of B onto B/I. Then it follows that ¢y = Q¢ is an isomorphism of A into

B/I satistying pa; = Bip. A separable C*-algebra is an MF algebra if it can be

embedded into [T My, / @ M, for some (k;) (see [2] for MF algebras). We may
n n

call the flow & an MF flow since it satisfies the intertwining property with . It
might be interesting to explore this class of flows.

We will show that if & is an approximately inner flow on a quasi-diagonal
C*-algebra then « is pseudo-diagonal (Proposition 2.17). We will also show that
if @ is a pseudo-diagonal flow on a unital C*-algebra then « has KMS states for all
inverse temperatures (Proposition 2.8).

If A is an AF algebra and « is an (approximate) AF flow then it follows that
« is quasi-diagonal (Proposition 2.18). If A is an AF algebra which has a faithful
family of type I quotients then any flow on A is quasi-diagonal (Proposition 2.25).

Let « (respectively B) be a flow on a C*-algebra A (respectively B). We say
that (B, B) homotopically dominates (A, «) if there are homomorphisms ¢: A —
Band ¢: B — A and a homotopy {xs : s € [0,1]} of homomorphisms of A into
A such that pa; = B, YBr = as, Xs&t = ar)s, Xo = P¢ and x1 = id4. The main
result of Voiculescu’s paper [24] has the following analogue:

THEOREM 1.7. Suppose that (B, B) homotopically dominates (A, «). If B is quasi-
diagonal then  is quasi-diagonal.
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This implies that if « is a flow on a C*-algebra A then the flow & ® id on
A ®Cp|0,1) is quasi-diagonal. (The family of endomorphisms ¢, s € [0,1] of A®
Co[0,1) defined by ¢s(x)(t) = x(st) commutes with the flow a ® id and satisfies
¢1 = id and ¢y = 0. This also follows directly from Proposition 2.14.) Thus
approximate innerness does not follow from quasi-diagonality without further
conditions on the C*-algebra. Another result of this type is that if « is a flow on a
quasi-diagonal C*-algebra A then the flow p on A ® C[0, 1] defined by B¢(x)(s) =
ast(x(s)) is quasi-diagonal (Proposition 2.15).

We note that we have not been able to give the pseudo-diagonal version
of the above theorem. We also note that we do not know if quasi-diagonality is
strictly stronger than pseudo-diagonality or not.

Let u be an a-cocycle, i.e. let u denote a continuous function from R into the
unitary group of M(A) such that t — u; is continuous in the strict topology and
usts (1) = usyy fors, t € R. If A is unital then the multiplier algebra M(A) is just
A and the strict topology is the norm topology. We say the flow t — Adu;a; is
a cocycle perturbation of «. We note that quasi-diagonality (respectively pseudo-
diagonality) is stable under cocycle perturbations (Propositions 2.2 and 2.5). We
also note that if B is an a-invariant hereditary C*-subalgebra of A which generates
A as an ideal then «a|p is quasi-diagonal (respectively pseudo-diagonal) if and
only if « is quasi-diagonal (respectively pseudo-diagonal) (Corollary 2.7).

In Section 2 we will give the above basic facts on quasi-diagonal and pseudo-
diagonal flows and some examples including the proof of Theorem 1.7. For
example the rotation flow on the continuous functions on the unit circle is not
quasi-diagonal (and not even pseudo-diagonal) but the rotation flow on the con-
tinuous functions on the unit disk is quasi-diagonal. In Section 3 we general-
ize Voiculescu’s Weyl-von Neumann theorem [22] to cover the present situation
and thereby prove Theorem 1.4. In Section 4 we deal with the adaptation of
Voiculescu’s results in [24] to prove Theorems 1.5 and 1.6.

2. QUASI-DIAGONAL AND PSEUDO-DIAGONAL FLOWS

Let « be a flow on a C*-algebra A. The definition of quasi-diagonality, or
pseudo-diagonality, of & required the representation 7t in the covariant represen-
tation (7r, U) of (A, &) to be faithful and non-degenerate. But the non-degeneracy
of 7t is not essential by the following argument.

First this is evident if A is unital. Therefore we assume that A is not unital.

Secondly, let 7t be a faithful degenerate representation of A on a Hilbert
space H and U a unitary flow on H such that Ad U;7t(x) = mras(x) for all x € A.
Let P be the projection onto the closure of 77(A)#. Note that U;P = PU; and let
us denote by UP the unitary flow t — U;P on PH.

Suppose that (77(A), U) is pseudo-diagonal. We shall show that the restric-
tion of the pair to PH is pseudo-diagonal. For a finite subset F of A, a finite subset
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w of PH and & > 0 we choose a finite-rank projection E on H and a unitary flow
V on EH which satisfy the conditions of the definition. Let Xy be the subspace
(1 — P)EH. We find a subspace K, of PH with the same dimension as Ky such
that K is orthogonal to PEH and ||mra;(x)|x, || < (e/2)||x|| for x € F U F* and
€ [—1,1]. Let W; be a unitary from C; onto K and denote by P; the projection

onto /C; for i = 1,2. Regarding W; as Wy = Wi Py, let W =W, + Wy + (1 — P —
D), which is a unitary on H, and let F = WEW*. Since WEH C W(1 — P)EH +
WPEH C P,W(1— P)EH + PEH, it follows that F < P. Since m(x)WE =
T(x)W1E + 7t(x)(1 — P,)E = 7t(x)P2(Wy — 1)E + 7t(x)E we obtain ||7t(x)WE —
n(x)E|| < ¢, which implies that ||Frray(x)F — WV;W*Frr(x)FWVW*|| < 5¢||x||
for x € Fand t € [—1,1]. The other properties follow easily. Thus the pair F and
t — WV,W* satisfies the required conditions for (7r(A)P, UP).

Now suppose that (71(A), U) is quasi-diagonal. Let (77, U) be the direct sum
of (7, xpU) over all rational numbers p, on the representation space # = @ H,

p

where x,U is the unitary flow ¢ — elP'U;. Let P be the projection onto the closure
of 71(A)H as before and let P be the projection onto the closure of 7T(A)#H, i.e.
P = @ P. We shall show that (77(A)P, UP) is quasi-diagonal.

p

From now on we use 77, U, P to denote 7T, U, P. We have now assumed that
7t x U is faithful besides (71(A), U) being quasi-diagonal. Let H be the self-adjoint
generator of U. For a finite subset F of A, a finite subset w of PH and ¢ > 0 we
choose a finite-rank projection E on # such that ||[E, H]|| < & holds in addition
to the other conditions in the definition. There is a finite-dimensional subspace
K1 of (1 — P)H such that Ky D (1 — P)EH and ||[Py, H]|| < €/2, where Pj is
the projection onto K. Let A1, A, ..., A, be the eigenvalues of Py HP; in increas-
ing order. We choose a finite-rank projection P, such that P, < P, ,PE = (,
[|[Part(x)||, [|[t(x)Pa|| < (e/2)||x]| for x € F, ||[P2, H]|| < €/2 and the increas-
ing list of eigenvalues of P,HP, are arbitrarily close to Aj, Ay, ..., Ay. (In par-
ticular P; and P, have the same rank.) This is possible by the lemma below
which uses faithfulness of 7t x U. Then we choose a unitary W of K1 onto P,’H
such that Wy P HP; = P,HP,W;. We set W = W; + W} + (1 — P; — P,). Then
F = WEW* < P and ||{UW — WU;|| < ¢|t| (by making WP HP; ~ P,HP, W,
precise). This implies that F satisfies the required conditions.

LEMMA 2.1. Suppose that A is non-unital and let 7r, U, P be as above. For any
finite subset F of A, A € Rand e > 0 there exists a unit vector { € PH such that
| 7t(x)&| < efor x € F and |[U& — eME|| < et].

Proof. Letz = Y, x*x and let Py denote the spectral measure for H. Sup-
xeF
pose that there is an ¢ > 0 such that (§,77(z)¢) > € for any unit vector ¢ in

Py(A —e A +¢€)PH. Let f be a non-negative C®-function on R such that f # 0

-~

and supp(f) C (A —¢ A +¢). Since 7w x U is faithful A(f)(z —e)A(f)* > 0, where
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= [ f(t)Adt is a multiplier of A x, R such that n( (f)) = f(H). Applying
Dép and taking the integral over p implies that [ |f(t)|*a;(z)dt is invertible, which
contradicts that A is non-unital. (See 7.8 of [20] for more details.) 1

In order for a to be quasi-diagonal or pseudo-diagonal the C*-algebra A
must be quasi-diagonal. Moreover, it follows that if « is quasi-diagonal then the
crossed product A x, R is quasi-diagonal. (The pair (7, U) gives a representation
T x U of A x4 R, which may not be faithful, such that 7= x U(A x, R) is quasi-
diagonal. As a faithful representation of A x4 R is required in the definition of
quasi-diagonality we may take the direct sum of 77 x x,U over all rationals p as
in the previous paragraph.)

If « is a flow on an AF algebra A then the crossed product A x4 R is AF-
embeddable; in particular it is quasi-diagonal. (We learned this fact from M. Izumi;
the argument uses the fact that the crossed product of A by «|7 is AF-embeddable,
due to [23] and [9].)

As we shall see & need not be quasi-diagonal, nor pseudo-diagonal, even if
A x4 Ris quasi-diagonal.

PROPOSITION 2.2. Let a be a flow on A and let u be an a-cocycle. Then « is
quasi-diagonal if and only if t — Ad u;ay is quasi-diagonal.

Proof. If A is unital this follows straightforwardly. Suppose that A does not
have a unit and that « is quasi-diagonal. Thus we assume that A acts on a Hilbert
space H non-degenerately and there is a unitary flow U such that a;(x) = U;xU;
for x € A and (A, U) is quasi-diagonal. Let F be a finite subset of A and w a
finite subset of . Then we choose p,e € Asuchthat0 < p <e< 1l ep =p,
|lx — pxp|| = 0 forx € F, ||pd — ¢|| ~ 0 for & € wand ||as(e) —e|| =~ 0fort €
[—1,1]. We choose an a-cocycle vin A + C1 such that || (u — vs)e|| = 0, t € [-1,1],
where t — v; is continuous in norm [17]. We choose a finite-rank projection E
such that ||[E, x]|| = 0 forx € FU{p,e} U{v; : t € [-1,1]}, ||(1 — E)E]|| =~ O for
¢ € Qand ||[E, H]|| = 0. By the lemma below there is a subprojection F of E such
that Fp ~ Ep, Fe ~ F, and ||[F, H||| ~ 0. Since ||x — pxp|| =~ 0 for x € F we
have ||[F, x]|| = ||[E,x]|| = 0 for x € F. Since use = vie and eu; ~ ev; we have
||[F ut]|| ~ ||[F,v¢]|| = O for t € [—1,1], which implies that ||[F, u;U;]|| ~ O for
€ [—1,1]. Further we have ||(1 — F)¢|| ~ ||[(1— E)¢|| ~ 0for¢ € w. 1

LEMMA 2.3. For any € > O there exists a § > 0 such that the following holds.

Ife,p € A and a finite-rank projection E satisfy 0 < p < e < 1, ep = p,
llar(e) —e|| < 6 fort € [=1,1], ||[E,H]|| < 6, ||[E,e]|| < éand ||[E,p]|| <6, then
there is a finite rank projection F such that F < E, |[Ep — Fp|| < ¢, ||[Fe — F|| < e and
IE, H][I <&

Proof. Let ¢’ = EeE, p' = EpE, and H' = EHE. Since |[e!'H,¢']|| =~ 0
for t € [~1,1] and ||(1 — E)HE| ~ 0 we conclude that ||[e!H’,¢]|| ~ 0 for t €
[—1,1]. Then Lin’s theorem [19], [4] for almost commuting self-adjoint ¢’ and H’
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in B(EH) tells us that there is a self-adjoint & in B(EH) such that 1 ~ ¢ and
Illg, H']|| = 0 uniformly for any spectral projection g of h. Since p'e’ ~ p'we
deduce that p'h = p’. Let F be the spectral projection of h corresponding to
[1 —¢€/2,1]. From the lemma below and p’ = EpE ~ Ep we may suppose that
|[Fp — Ep|| < e. Since ||[Fh — F|| < ¢/2 and h ~ EeE we may also suppose that
|Fe — F|| < e. Since [F,H] = [F,H'] + FH(1 — E) — (1 — E)HF it follows that
Il[F, H]|| < ||[F, H']|| + || (1 — E)HE||, which we may suppose is smaller thane. 1

LEMMA 2.4. Forany ¢, € > 0 there isa C > 0 such that the following holds.
Forany h,p € Asasuchthat0 < h < 1,0 < p < land ||hp — p|| < 6 the
spectral projection F of h corresponding to [1 — ¢, 1] satisfies | Fp — p|| < ¢ + Cé.

Proof. Fix a continuous function f on [0,1] such that 0 < f < 1, f(1) =

n
cet* with g(1) =
=1

and supp(f) C [1 —¢,1] and choose a polynomial g(t) =

P

such that |f(t) — q(t)| < € for t € [0,1]. Since ||g(h)p — p|| < i |ck|ké = Cé and
k=1
1—

1f(h) —q(h)|| <€ it follows that [|(1 — F)p|| = [[(1 = F)(1 = f(h))p| < ¢ +Cf,
where F denotes the spectral projection of / corresponding to [1 —¢,1]. 1

PROPOSITION 2.5. Let a be a flow on A and u an a-cocycle. Then « is pseudo-
diagonal if and only if t — Ad uw; is pseudo-diagonal.

Proof. If A is unital this follows straightforwardly. Suppose that A does not
have a unit and that « is pseudo-diagonal. Thus we assume that A acts on a
Hilbert space H non-degenerately and there is a unitary flow U such that a;(x) =
UixU;, x € A and (A, U) is pseudo-diagonal. Let u be an a-cocycle in M(A).
Further let F be a finite subset of A and w a finite subset of H. Then, by the
lemma below, we choose p,e € Asuchthat0 < p<e<1l,ep=p,||x —pxp|| =0
forx € F,||p¢ —¢|| = 0for ¢ € w, ||at(e) —e|| = 0fort € [—1,1] and ||[e, us]]| ~
0 for t € [—1,1]. For u and e we choose an a-cocycle v in A + C1 such that
|(r — ve)e|| = 0 for t € [—1,1] [17]. We then express vy as wut(h’“)zxt(w*), where
welUA+Cl),h=h" € A+Cland Ut(h’“> denotes the a-cocycle defined by
Ay — g g, (in):

u™ =14y / wr, (i), (ih) - -~ g, (ih)dlty - - - dby
n:lnn(t)

where Q,(t) = {(t1,t2, ..., tn) : 0< By < tp < -+ < by <t} fort > 0and
similarly for t < 0 (see Lemma 1.1 of [14]).

Let G = FU{pe} U{as(h),as(w) : t € [-1,1]}. Then G is a compact
subset of A + C1. Since (A, U) is pseudo-diagonal, we choose, for G and w, a
finite-rank projection E and a unitary flow V on EH such that ||[E, x]|| ~ 0 for
x € G, |[(1—E)| ~O0for§ € wand |[Ea;(x)E — ViEXEV/"|| < ¢||x]| for x € G
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and t € [—1,1]. Set B = AdV; on B(EH). From the above expression for Ut(h’“)
we note that

Ev; = Ewl "oy (w*) ~ EwEU""EP) g, (EwE)*

for t € [-1,1]. Thus replacing EwE by a close unitary in B(E?) we obtain
a B-cocycle b in B(EH) such that Ev; ~ Eb; for t € [—1,1]. It follows that
EAdvias(x)E ~ Adb:f:(ExE) for x € F and t € [—1,1]. Since Ad b:B+(EeE) ~
EAdbsat(e)E ~ EAdvi(e)E ~ EAdus(e)E ~ EeE for t € [—1,1], by Lemma 2.3,
there is a subprojection F of E such that Fp ~ Ep, Fe ~ F and ||[F, H']|| = 0,
where H' is the self-adjoint generator of t — b;V;.

Since ||x — pxp|| = 0 for x € F, we have ||[F,x]|| ~ ||[E, x]|| = 0O for
x € F and since p¢ ~ ¢ for { € w we have ||(1 — F)¢|| = ||(1 — E)¢|| =~ 0 for
& € w. We conclude that FAd u;a;(x)F ~ FAdva;(x)F ~ FAd e (ExE)F ~

AdetFH'E(FxF) forx € F. 1

LEMMA 2.6. Let A be a non-unital C*-algebra and o a flow on A. Let u be an
a-cocycle in M(A). Then there exists an approximate identity (ey),cy in A such that
max{|las(ey) — eyl : t € [-1,1]} and max{||[e,, us]|| : t € [—1,1]} converge to
zero. Moreover one may assume that there is another approximate identity (py)ue1 with
the same index set I satisfying the same conditions as (ey,) and eypy = py for p € I.

Proof. Define a flow v on My @ A by yi(e12 ® x) = e1p @ ay(x)uj for x €
A. (Thus yi(en ® x) = en1 ® a(x) and 7e(e ® x) = e ® Aduray(x).) We
choose an approximate identity (f,) in My ® A such that max{||y:(fu) — full :
t € [-1,1]} — 0. By taking a net in the convex combinations of {f,} we may
further suppose that ||[e;; ® 1, f,,]|| — 0. Then we define ¢, € A by

lee, = % Y(en®1)fuler®1),
1

which is almost equal to f,. Thus it follows that ||y:(1®e,) —1®@e,| < [|7:(1®
e) = ve(fu)ll + I1ve(fu) = full + || fu — 1 ®ey|, which converges to zero uniformly
inton [—1,1]. Since 1:(1 ®ey) = e11 ® as(ey) + exn @ usa(ey,)uy, this completes
the proof for the first part. To prove the additional assertion, we choose two con-
tinuous functions f, g from [0,1] onto [0,1] such that f(0) = g(0) = 0, f(1) =
g(1) = 1and fg = g. Then the pair f(e,) and g(e,) satisfy f(e,)g(en) = g(ey).
One can prove that f(e;) (respectively g(e,)) is an approximate identity satisfy-
ing the required properties. 1

COROLLARY 2.7. Let « be a flow on A and let B be an a-invariant hereditary
C*-subalgebra of A such that B generates A as an ideal. Then w is quasi-diagonal
(respectively pseudo-diagonal) if and only if a|p is quasi-diagonal (respectively pseudo-
diagonal).

Proof. The “only if” part follows from the definition even if B is an arbitrary
a-invariant C*-subalgebra of A. (See also Theorems 1.5 and 1.6.)
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Suppose that a|p is quasi-diagonal (respectively pseudo-diagonal). If A is
separable (or has a strictly positive element), then B ® K and A ® K are isomor-
phic with each other (see [7]), where K is the separable C*-algebra of compact
operators. Under this identification, x ® id on A ® K is a cocycle perturbation of
«|p ®id (see [17]). Thus the “if” part follows from Propositions 2.2 and 2.5 in the
separable case.

Suppose that A is not separable. Let F be a finite subset of A. Since the
linear span of ABA is dense in A, there is a countable subset G of AB such that
the closed linear span of {xy* : x,y € G} contains F. Let A; be the a-invariant
C*-subalgebra of A generated by G. Then A; D F. Since as(x)*a;(y) € AjNB
for x,y € G, the hereditary C*-subalgebra By = A1 N B of A is essential, i.e. it
generates A as an ideal of A;. Since «|p, is quasi-diagonal (respectively pseudo-
diagonal), it follows that |4, is quasi-diagonal (respectively pseudo-diagonal).
Since F is arbitrary this completes the proof. 1

Recall that pseudo-diagonality follows from quasi-diagonality.

PROPOSITION 2.8. Suppose that « is a pseudo-diagonal flow on a unital C*-
algebra A. Then « has a KMS state for all inverse temperatures including +oco.

Proof. Let F be a finite subset F of A and ¢ > 0. For each (F,¢) we have
a flow 8 on a finite-dimensional C*-algebra B and a CP map ¢ of A into B such
that (1) = 1, [¢(x)| > (1— e)[lx| and $(x)9(y) — pGxv)l| < ellx]lly] for
x,y € F and ||Brp(x) — ¢par(x)|| < ¢]|x|| for x € F and t € [—1,1]. Here we
have replaced the condition ||¢|| < 1by ¢(1) = 1 since A is unital. To justify this
we note that we may assume that 1 € F, which entails that ||¢(1)? — ¢(1)[| < ¢
and ||B:(¢(1)) — ¢p(1)|| < efort € [—1,1]. By functional calculus for small € we
obtain a projection p from ¢(1). Since ||B¢(p) — p|| is of order ¢ for t € [—1,1]
we can perturb B by a p-cocycle which differs from 1 on [—1,1] by up to order
e and suppose that B;(p) = p. Replacing B by pBp and ¢ by q¢( - )q with g =
(p¢(1)p)~1/2 and restricting B we can assume that ¢ is unital. Since ||g — p|| is of
order £ we could start with a smaller € to obtain the right estimates.

There is a self-adjoint i € B such that B; = Ade'*". Fix v € R and define a
state ¢ on B by

Tr(e 7Q)
¢(Q) = Tr(eh) ’
where Tr is a trace on B. Then ¢ is a KMS state on B with respect to § at inverse
temperature .

Let fr.) = ¢¢ be a state on A where ¢ and ¢ depend on (F,e). Let f
be a weak®-limit point of f(r ), where the set X of (F,¢) is a directed set in an
obvious way. We fix a Banach limit ¢ on L*(X) such that f(x) is the ¢ limit
of (F,e) = f(re(x) for x € A. Note that f(xa;(y)) is the ¢ limit of (F, &) —
o(¢p(xat(y))), which is close to ¢(¢(x)Bt$(y)) around co. Thus one can conclude
that f is a KMS state at 7.



QUASI-DIAGONAL FLOWS 363

A similar proof works for a KMS state for v = *co (or a ground state and
ceiling state). See [5], [6] for more details on KMS states. &

We may call such a state fr . on A as above a local KMS state (depending also
on the choice of B, ¢, B, h and Tr on B) and a KMS state f on A obtained as a limit of
local KMS states locally approximable. It follows that the locally approximable KMS
states at an inverse temperature form a closed convex cone. It may be natural to
ask whether all the KMS states are locally approximable for a pseudo-diagonal
flow on some C*-algebra. An easy example of such will be given later.

We remind the reader that if « is approximately inner then we obtain the
same conclusion as in the above proposition [5]. The proof is similar. Since there
is a flow on a unital AF algebra which has no KMS states for v > 0, we know that
there is a flow, on a unital AF algebra, which is not pseudo-diagonal. Obvious
examples of non-pseudo-diagonal flows are as follows:

EXAMPLE 2.9. Let (2 be a compact Hausdorff space and « a flow of home-
omorphisms of (2 such that no point of (2 is fixed under . We denote by the
same symbol « the flow of the C*-algebra on A = C(Q2) which naturally arises as
at(f)(w) = fla_(w)) for f € C(Q) and w € . Then the flow « is not pseudo-
diagonal since if « has a KMS state for non-zero inverse temperature then a acts
trivially on 7t(A)”, where 7 is the associated GNS representation of A, (since
7t(A)"” is commutative) and this implies the existence of fixed points under «
in (2.

EXAMPLE 2.10. Define a flow a on the C*-algebra Co(R) by a;(f)(s) =
f(s —t). Then «a is not pseudo-diagonal. If one defines self-adjoint operators
P and Q on L?(R) by P¢(s) = —i% (s) and Q¢(s) = s¢(s) then there is a finite
sequence f1, fo, ..., fn in Co(R) and & > 0 such that if a finite-rank projection E on
12(R) satisfies [[Efi(Q)E| > (1—e)l|fill and [[[E, £i(Q)]]| < ellfill fori = 1,...,n
then ||[E, P]|| > e. (This statement appears considerably stronger than the state-
ment that if E is a finite-rank projection on L?(R) such that ||[EQq| > 1/2 then

IE, Q]| + I[E, P]|| > 1/3, where Qg = 1~ V/4e=5"/2 is the vacuum vector.)

First consider the paranthetic assertion and note that (P —iQ)(P +iQ) > 1
and (P —iQ)Qy = 0. Assuming there is such a projection E with ||[EQq| >
1/21et T = E(P+iQ)E and v = ||[E, P]|| + ||[E,Q]|| < 1. Then T¢ = [E,P +
iQ]¢ + (P +1iQ)¢ for & € EL?(R) and this implies that || T¢|| = (1 — 7)||¢]|. Since
T*EQo = E(P —iQ)EQy = E[P —iQ, E]Q2y we deduce that || T*EQ|| < 7. Since
IT~Y| = [|(T*)~!| (as operators on the finite-dimensional subspace EL?(R)) it
follows that [|[EQo||/y < (1 —9) Y ory = [[EQo|/(|[EQo| +1) > 1/3. (This
assertion is related to the Heisenberg uncertainty principle.)

To establish the principal assertion of Example 2.10 we may add an iden-
tity to Co(R), i.e. we may consider « as acting on the continuous functions on
RT = RU {co}. We define a unitary u € C(R") by u(t) = 1 for [t/ > 1 and
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u(t) = 7+ for t € (—1,1). Note that a;(u) = e ity for t > 0, where b; is a
continuous function on R with supp(b;) = [—1,1 + t] such that b;(s) = 1+ s for
se[—1,—1+t],bi(s) =tfors € (—1+t,1)and by(s) =1+t —sfors € [1,1+1].

We fix tp € (0,1/2) and € € (0,1/6) and introduce f,g,h € Cy(R) as in
Lemma 2.12 below. In particular it follows that fay(g) = a:(g) and fby = by
fort € [0,tp], (u —1)g = u—1, and byyh = toh. By applying Theorem 1.6 to
u, f,g,h,bs € [0,] etc. we obtain a unital CP map ¢ of C(R™) into M,, for some
n and a flow B on M, such that ¢p(u*)p(u) =~ 1, ¢(g)(p(u) — 1) = p(u) — 1 =
(@(u) =1)9(2), P(at(g)) = Bi(¢(g)) and

Plar(u)) ~ (e ™)p(u) = e MW p(u) ~ pr(¢(u))

for t € [0,tp]. In addition ¢ and B satisfy the assertion made in Lemma 2.12.
We construct the spectral projections F,G,H € M, out of ¢(f),¢(g),$(h) cor-
responding to [1 — 4,1] with a small 6 > 0 as in Lemma 2.12. In particular this
ensures that G(¢(u) — 1) ~ ¢(u) — 1 and FB¢(G) ~ B(G) and Fo(by) ~ ¢(b)
for t € [0,tp]. By slightly modifying F we can suppose that GF = G. By the
polar decomposition of Gp(1)G +1— G ~ ¢(u) we obtain a unitary W € M,
such that W = GWG + 1 — G and e ?(")W ~ B;(W). Let V be a unitary flow in
M, such that By = AdV;. Since FV;GF =~ V;G there is a unitary Y; € FM,F
such that ;G ~ V;G. We may suppose that t € [0,fg] — Y; is continuous
with Yy = F. Since W(F — G) = F — G and FB:(G) ~ B¢(G) we deduce that
FB:(W)F ~ Y;WY; where W is now regarded as a unitary in FM,F. By us-
ing Fe 9 F ~ e F¢()F we thus deduce that YWY W* ~ e Fo)F in M,
for t € [0,t9]. Hence there is a self-adjoint d; € FM,F such that d; ~ 0 and
YWY W* = e Fob)Feidt swhere t 1 d; is continuous. Since det(Y;WY;W*) = 1
we obtain —Tr(F¢(by)F) + Tr(dy) € 2nZ. Since Y,WY;W* = 1, by = 0 and
dy = 0att = 0 it follows that Tr(F¢(b¢)F) = Tr(d;). Note that Tr(F¢(b;)F) >
tTe(Fp(h)F) > t(1 — 6)Tr(FHF) and Tr(FHF) is almost greater than dim(F)/3
(by Lemma 2.12). Since |Tr(d;)| < ||d¢|| dim(F) = 0 this gives a contradiction for
some t away from 0. (See [11], [3] for similar arguments.) 1

LEMMA 2.11. Forany ey, €p,€ > 0thereisa C > 0 such that the following holds.

Forany h,p € Asasuchthat 0 < h < 1,0 < p < 1, and |hp —p|| < &
the spectral projections F of h and G of p corresponding to [1 — e1,1] and [1 — e,1],
respectively, satisfy |FG — G|| < ¢ + Cd.

The proof is similar to that of Lemma 2.4.

LEMMA 2.12. Fixty € (0,1/2)ande € (0,1/6). Define g € Co(R) by g(s) =0
for |t| > 1+¢eand g(s) = 1 fort € [—1,1] and by linearity elsewhere. Define f €
Co(R) by f = a—e(g) V aty+¢(g) where  is the translation flow of Example 2.10. (Note
that f(s) = 1fors € [-1 —¢,1+ty+ €] and fa;(g) = a(g) for t € [0, ty].) Define
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heCy(R)byh(t)=0fort < —1+tgandt >1,h(t) =1fort € [-1+t)+¢1—¢
and by linearity elsewhere. (Note that f - \/{as(h) : |s| < to+3e} = f.)

Let 6 € (0,1) and suppose that « is pseudo-diagonal. Then for any ¢ > 0 there
is a unital CP map ¢ of Co(R™) into My, and a flow B on My, satisfying the following
assertion. If F, G, and H are spectral projections of ¢(f), ¢(g), and ¢(h), respectively,
corresponding to [1 — 6,1], then ||FB:(G) — Bt(G)|| < € fort € [0,ty] and dim F <
3dim H.

Proof. The estimate |[FG — G|| < ¢ follows from Lemma 2.11 by assum-
ing 9(f)9(2) — #(g)| = 0. If plas(g)) =~ Bi(p(g)) sufficiently closely then
B:(G) is almost dominated by the spectral projection G; of ¢pa;(g) correspond-
ing to [1 —35/2,1] (and almost dominates the spectral projection correspond-
ing to [1 —6/2,1]). (See Lemma 2.2 of [3].) If ¢(f)puat(g) ~ ¢pas(g) sufficiently
closely then FG; ~ G;. Thus, assuming ||¢(f)¢pat(g) — ¢ar(g)]| ~ 0, it follows
that FB;(G) ~ B¢(G) for t € [0, to].

Lett; = —tg— 3¢, tp = 2 — 2ty — 6¢, and t3 = 4 — 3ty — 9¢ and note that
ag (M) V ag,(h) V ag, (h) - f = f and that there are non-negative fi, f2, f3 € Co(R)
such that f = f; + fo + f3 and ay,(h) f; = f;. Suppose that dim F > 3 dim H how-
ever we choose ¢ and B. Then, since dimF > dim(B, (H) V By, (H) V B, (H)),
there is a state ¢ on M, such that ¢(F) = 1 and ¢(B,(H)) = 0fori = 1,2,3.
By assuming that ||¢(f;)pas, (h) — ¢(fi)|| = 0 etc. we would have ¢(¢(f;)) =~ 0
for i = 1,2,3, which implies that ¢(¢(f)) ~ 0. But since ¢(¢(f)) > 1 -9
due to ¢(F) = 1 this is a contradiction. Hence dimF < 3dim H follows if

P(fi)par,(h) = ¢(fi). 1

EXAMPLE 2.13. Let D denote the unit disk {z € C: |z| < 1}. Define a flow
a of homeomorphisms of D by a;(z) = zel’. Then the induced flow on C(D) is
quasi-diagonal. More generally let v be a continuous function on [0, 1] of finite
variation and define a flow &’ on D by &}(z) = €/**()z. Then the induced flow
on C(D) is quasi-diagonal. Note that the origin is a fixed point which is neither
absorbing nor repelling.

We shall prove the first assertion here. The second one will not be proved
but follows from the proof of Proposition 2.15 given later.

Let a denote the induced flow on C(ID) and f the rotation flow on C(T), i.e.
Bi(x)(z) = x(ze™), where T = {z € C : |z| = 1}. We regard C(T) as acting
on L(T). Then B is implemented by the unitary flow U defined by U;&(z) =
Z(ze”). Note that U; = Y ekt P, where P is a rank-one projection. For r €

k=—o0

[0,1] let 7T, be the restriction map of C(D) onto C(T): m,(x)(z) = x(rz). For

n
n € N, we define a covariant representation p, of C(D) by p, = @ 7%, with the
k=0

unitary flow U defined by llt(") = é U;.
k=0
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Let F be a finite subset of C(ID) and &€ > 0. For any 6 > 0 thereisann € N
such that ||p,(x)]| = (1 —9)||x| for all x € F and ||7r,(x) — 7ws(x)|| < J|x|| if
x € Fand ||r —s|| < 1/n. We find a decreasing sequence

To = Fy,Go, T1,F1,Gy, ..., T, By, Gn =0

of non-negative operators in the convex hull of the P such that all F; and G
are projections, ||(Fx — Gg) 7/ (x)(Fe — Gi)|| = (1 = 9)||7tx/n(x)|| for x € F and
Tk, 0 /0 (x)]]| < 6||x]| for x € F. We construct the sequence in the reverse order.

After choosing Gy, since 7y, (x) is not compact, one can choose F, > Gy
to satisfy the condition ||(F, — Gg) i/, (x)(Fe — Gi)|| = (1 —0)||7te/n(x)||. By
the general theory of quasi-central approximate units, (see [1] or [20]), one can
choose Ty > Fi. If T is chosen we set Gy_1 to be the support projection of Tj.
After repeating this process a finite number of times we construct Fy. Since the
condition ||[Ty, 7t/ (x)]|| < &]|x]| is void for k = 0 we can set Tp = F.

n
We define a finite-rank projection E = S*S on @ L?*(T) with S = ((Tp —
k=0

T)Y2,(Ty — T)V2,...,(Ty — Tpy1)'V/?) with T,y = 0. Since SS* = Ty, E is
indeed a finite-rank projection. Since all the Ty commute with U, it follows that
[E, Ut(n)} = 0. Since E is tri-diagonal, [E, p,(x)] is expressed as the sum of the

n
diagonal part @ [Ty — Tiy1, 7Tk /u(x)], the upper off-diagonal part and the lower
k=0

off-diagonal pa;t, respectively,

n—1 n—-1

DAk 170 11) /0 () =70/ () Ergesr - DA Err k70 (%) =70 1e1) 7 (%) Br1 i}
k=0 k=0

where Exri1 = Expip = (T — Ter)V2(Tepr — Tei) V2 = (Tin — T2 )V
Thus one can conclude that ||[E, px (x)]]| < €||x|| for x € F for a sufficiently small
0. The diagonal part of Ep,(x)E is given by the direct sum of

(Te—Tier1) 7/ () (Te— Tiey 1) + Ex ks 1 70 (kg1 /0 () Ex 1k Ei k17T (k1) /() Ex— 1.

over k = 0,1,...,n, where Ej ., etc. are given above and the term should be
omitted if k +1 = n 4+ 1 or k —1 = —1. Hence the norm of this is greater than or

equal to
n

D (Fc — Gi) 7t/ (x) (Fc — Gy).-
k=0
Thus we obtain ||Ep, (x)E|| > (1 — ¢)||x|| for x € F for a small J.
Since mp(x) = x(0), 79 is an a-invariant character. Hence we could choose
t +— 1 for a unitary flow implementing a instead of the U which has spectrum
2717, but then the above proof would fail.
The above proof was taken from the proof of Proposition 3 of [24]. It is
appropriate to indicate how to prove Theorem 1.7 at this point. First we establish
the following analogue of Proposition 3 of [24].
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PROPOSITION 2.14. Let « (respectively B) be a flow on a C*-algebra A (respec-
tively B). Let {¢s : s € [0,1]} be a homotopy of homomorphisms of A into B such that
¢saer = Prps and (\Ker(¢ps) = {0}. If Bly, () is quasi-diagonal then o is quasi-diagonal.

s

Proof. Let (p, V) be a covariant representation of (B,B) such that p x V
is faithful and contains no non-zero compact operators in its range. Then, by
the assumption, @ p¢s is faithful and (p¢1(A), V) is quasi-diagonal. Let H de-

s

note the self-adjoint generator of V. Let F be a finite subset of A and ¢ > 0.
There is a self-adjoint compact operator K on H, such that ||K|| < &/2 and
H; = H + K is diagonal. For any small constant § > 0, thereisann € N
such that if |[s; —s;| < 1/m and x € F then ||¢s, (x) — ¢s,(x)|| < J|x]| and
if x € F then max |7tk (x)|] = (1 —6)||x||. There is a finite increasing se-

quence Gg = 0, Fy, Ty, G1, F1,T1, Gy, . .., G, By = Ty, of non-negative compact op-
erators in the maximal commutative von Neumann algebra generated by a fam-
ily of minimal projections commuting with H; such that all Gy, Fy are projections,
[(Fk = Gi) 7t/ (%) (Fie = Gi) | = (1= 8) || 70k (x) || fOr x € Fand || [Ty, iy (x)]]] <
n n
O||x|| forx € F. Let 1 = @ p¢y/, and U = @ V. In this covariant representa-
k=0 n=0

n
tion space @ H, we define a finite-rank projection E as $*S € M, 1 ® B(H,),
k=0

where S is the row vector (Ty, (T; — To)'/?,..., (T, — T,_1)'/?). 1f 6 is sufficiently
small, one can show that (7r, U) and E satisfy condition (iii) of Theorem 1.5 for
(F,€). (See the proof of Proposition 3 of [24] for more details.)

Theorem 1.7 follows from Proposition 2.14 exactly as in the proof of Theo-
rem 5 of [24]. Let us reproduce the proof here. We have two flows « on A and 8 on
B such that (B, f) dominates (A, «), i.e. there are intertwining homomorphisms
¢: A — Band ¢: B — A such that ¢¢ is homotopic to the identity in the en-
domorphisms of A commuting with &. The assumption that § is quasi-diagonal
implies that B|s4) is quasi-diagonal and hence that the flow & on A/ Ker(¢) in-
duced from w is quasi-diagonal. Let D = A ® A/Ker(¢) with the flow a @ & and
consider two intertwining homomorphisms ¢ & 77 and id @ 7 from A into D,
where 71 is the quotient map of A onto A/Ker(¢). Then, since Ran(yp¢ & 1) is iso-
morphic to A/Ker(¢), we conclude that & & &|gan(yper) 15 quasi-diagonal. Since
¢ @ 7 is homotopic to id @ 7 in the intertwining homomorphisms and id ® 7
is injective Proposition 2.14 implies that « is quasi-diagonal. This concludes the
proof of 1.7. (See [24] for another formulation.)

We can also show the following variant of Proposition 3 of [24].

PROPOSITION 2.15. Let a be a flow on a quasi-diagonal C*-algebra A and define
aflowBonB=A®CI[0,1] by Bt(x)(s) = ast(x(s)). Then B is quasi-diagonal.

Proof. Let (7, U) be a covariant representation of (A, a) such that 77 x U is
faithful. For s € [0,1] we define a map ¢s of B onto A by ¢s(x) = x(s). For
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k
eachn € NletL, =1+4+1/2+1/34---+1/nandlets, = L;' ¥ 1/m for
m=

n
k=1,2,...,nwith sy = 0. We define a representation 77, of B by 77, = @ TP1—s,
(n)

and a unitary flow U, 69 U(1_s,)r which implements . Given F and ¢ > 0

we construct the required f1r11te rank projection in the representation space H, =

EB H . of 7, for some large n. The finite-rank projection E = (Ejy) is defined just
k=0
as before as the tri-diagonal matrix S*S by choosing a finite increasing sequence

To, T4, - . ., Ty of finite-rank non-negative operators as above; E; = Ty — Tx_1 and
Exir1 = Eyrp = (T — Tem1)Y?(Tigq — Ti)V/2 = (T — TZ)V/2. Since U™ is not
the direct sum of n 4 1 copies of the same flow it is not sufficient to assume Tj

almost commutes with Uy(; ). To achieve Ad Ut(") (E) ~ E we must also have

U s tErje1 U ~ Eggy1-

T=sp41)t
Since Ej j11 almost commutes with U, this amounts to Ej y 41 llt(k 1)Lt Ef k+1
ie (U —1)(Ty — T?) ~ 0if [t| < (k+ 1)L, L

Let X be the linear subspace of Co(R™) consisting of non-increasing C*-
functions f on R such that f(t) = 1 for all small t and f(t) = 0 for all large t.
We regard H as the generator of t — A; in the multiplier algebra M(A x, R) and
write f(H) = ff(t))\tdt. Since f(H) with f € X is a subspace in M(A x, R)
and contains the identity in its closure with respect to the strict topology, there
isan f_ € X such that ||[f—(H),x]|| < (¢/4)]|x|| for all x € F, where F is the
given finite subset of A. Since this inequality is left invariant under the dual
flow we may assume that f_(t) = 1fort < Oand f_(t) < 1fort > 0. Let
L = min{t : f_(t) = 0} and define f; by fi(t) = 1— f_(t+ L). On the other
hand there is an L’ > 0 such that

-y (H)xx - (D] = (1= 5 ) x|

for x € F where x(_p/ L) is the characteristic function of the interval (—L',L’)
(and hence x(_p/,1/(H) is an open projection in the second dual of A x, R). We
define f; € CO( )by
fi(t) = fr(t+kL+ (2k+1)L")f_(t — kL — (2k+1)L")

fork =0,1,2,.... We note that supp(fx) = [-(k+ 1)L — 2k+ 1)L/, (k+ 1)L +
(2k+1)L'), fi(t) = 1for t € [=kL — (2k +1)L',kL + (2k + 1)L'], fify41 = fx, and
Ik (H), €[ < (e/2) x| for x € F.

Let Py = x(_1/,1/)(H) where H now denotes the generator of U. We choose
a finite-rank non-negative operator Ty on H  such that Ty < fo(H), ||[To, U¢]|| < €
for t € [-1,1], and [|[[To, (x)]|| < (¢/2)[|x[| and [[PyTore(x) ToPol| = (1 —¢) x|
for x € F. This is possible since the set of finite-rank operators T satisfying
0 < T < fo(H) forms a convex set invariant under Ad U; and contains fyo(H) in
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its closure with the strict topology on () and fo(H) satisfies all the condi-
tions required for T with stricter coefficients. Let G; be the support projection
of To and let Py = x(_r—3r/,—1—1)(H) + X(141/,.431) (H). We will find a finite-
rank non-negative operator T; on H, such that G; < Ty < fi1(H), ||[Th, Us]|| < ¢
for t € [=1,1], and |[[Ty, 72(x)][| < (¢/2)[|x|[ and [P Ty7e(x)TiPy[[ > (1 = €)|x]
for x € F. For this purpose let N be a large number and let F be a finite-
rank projection such that F < x(_;—p/ 41 (H) and [[FU:GIUf — LG Uf || =
U FU;Gy — Gy|| =~ Oforallt € [~N, N]. We then choose a finite-rank T such that
F<T< fi(H), [T, Pi]]| <& [T, mae(x)]l| < (26/3)|x]| and |[Py T (x) TPy | >
(1—2¢/3)||x|| forx € F and t € [-N, N|. Then by taking [ h(t)U;TU; dt instead
of T with an appropriate function & > 0 and assuming that N is large enough we
can see that all the conditions are satisfied with TGy &~ Gq instead of G; < T. We
then modify T slightly to obtain a Ty which satisfies all the conditions. Note that
T1To = To and ||[Ty — To, 7e(x)]|| < el[x]|-

By repeating this process we obtain Ty, Ty, ..., Ty—1 such that Ty < fi(H),
TiTi1 = Tioy, [T Wl < efort € [=11], [[[Ty = T, 7w(x)]]| < ef|x[| and
| P Tt (x) T P || = (1 — ¢)||x]|| for x € F, where

Pe = X(—k—(@k+1) 1/, —kL—(2k—1)1) (H) + X (kL -2k 1)1 kL4 (2k+1)17) (H).-

Let Py = X(—co,—nL—(nt+1)1/) (H) + X(2nL+(2n+1)1/,00) (H)- By using that A is quasi-
diagonal, we then choose a finite-rank projection T, such that T, > T,_; and
[P Turt(x) Tu Py || = (1 —e)l|x[| and [|[T, 7w(x)|| < el|x]| for x € F. If [¢] < (k +
)7L, then || (U — 1)(Ty = T < L(k+1) + L'(2k+ 1) (k+1) 7Lt < (L+
2L")/Ly. Since L, — oo as n — oo we obtain the desired sequence Ty, T1,..., Ty
forsomen. 1

EXAMPLE 2.16. Let Ay denote the irrational rotation C*-algebra generated
by two unitaries u,v satisfying uv = e?™ou with § € (0,1) irrational. (Then
Ap is a unital simple AT-algebra with a unique tracial state.) Let a be a flow
on Ag such that a;(u) = e''u and a;(v) = e'’'v with some p € R. Then a is
not pseudo-diagonal. This follows because if w is a KMS state for the inverse
temperature 8 # 0 then one must have e F = w(u*aip(u)) = w(uu*) = 1 which
is a contradiction. Thus « has no KMS states and « is not pseudo-diagonal.

PROPOSITION 2.17. Let A be a quasi-diagonal C*-algebra and « an approximately
inner flow on A. Then a is pseudo-diagonal.

Proof. Suppose A acts non-degenerately on a Hilbert space H such that A is
a quasi-diagonal set of B(H).

Let F be a finite subset of A and ¢ > 0. By assumption thereisanh = h* € A
such that [|a;(x) — Ad e (x)|| < e/3||x|| for x € Fand t € [~1,1]. Thereis a
finite-rank projection E on H such that ||[ExE|| > (1 — ¢€)||x| and ||[E, x]|| < €]|x||
for x € F, and ||[E, h]|| < /3. Since ||[Ee"E — e'E"EE| < /6 for t € [—1,1], it
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follows that
|Ea(x)E — Ad e (EXE) || < e x||

for all x € F. Note also that ||[ExEyE — ExyE|| < ¢|x||||y| for x,y € F. By
setting B = B(EH), Bt = Ade'F"E and ¢(x) = ExE we obtain condition (ii) of
Theorem 1.6. 1

If « is a pseudo-diagonal flow on A and B is an a-invariant C*-subalgebra of
A then a|p is pseudo-diagonal, i.e. pseudo-diagonality is preserved under pass-
ing to an invariant C*-subalgebra. But it is not evident that this property holds
for approximate innerness.

PROPOSITION 2.18. If a is an AF flow then « is quasi-diagonal.

Proof. By assumption the C*-algebra A is an AF algebra and has an in-

creasing sequence (Aj,) of finite-dimensional C*-subalgebras such that |J A, is
n

dense in A and a;(A;) = A,. We choose a maximal abelian C*-subalgebra D,
of Ay N Al _, (with Ay = C1) such that « is trivial on D, and let D be the C*-
subalgebra of A generated by all D,,. Let (¢,) be a dense sequence in the char-
acters of D. Each ¢, uniquely extends to a pure a-invariant state of A which we
also denote by ¢,,. Note that & 7y, is a faithful representation of A.

In the GNS representatign gy of A for ¢ = ¢, we define a unitary flow U
by Uirty(x)Qp = mpas(x)Qp, x € A. It follows that (g, U) is a covariant rep-
resentation of (A, «). Denote by E, the finite-rank projection onto the subspace
7y (An)Qu. Then [E,, mp(x)] = 0 for x € Ay, [E, U] = 0 and li}gnEn = 1. This

shows that (774(A), U) is quasi-diagonal. Denoting U by U? we conclude that
(6B, 714, ) (A), B, UPn) is quasi-diagonal. 1

From the above proof one can construct a projection of norm one ¢, of A
onto Ay such that a¢|4, o ¢ = ¢, o &y, from which follows a stronger form of
condition (ii) of Theorem 1.5. By using this fact one can show that all the KMS
states are locally approximable for an AF flow (see 4.6.1 of [21] and the comment
after Proposition 2.8). This remark also applies to approximate AF flows [16].

A quasi-diagonal flow on an AF algebra is not expected to be simply a co-
cycle perturbation of an AF flow because there is a more general type of AF flow
(see [21] for commutative derivations which generate such flows). Specifically,
there is a flow &« on a unital simple AF algebra A, which is not a perturbation
of an AF flow, such that A has an increasing sequence (B,,) of a-invariant C*-
subalgebras of A with dense union satisfying «|p, is uniformly continuous and
B, =2 A, ® C[0,1] with A, finite-dimensional [15]. We take an a-invariant pure
state f such that f|p, reduces to an evaluation on C[0, 1]. Then, in the GNS repre-
sentation associated with f, the subspace 7¢(B; )2y is finite-dimensional, which
gives the desired finite-rank projections.
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EXAMPLE 2.19. Let (A;) be an increasing sequence of finite-dimensional
C*-algebras and A the closure of the union |JA,. Let B, = A1 @ Ay @ --- D Ay,

n
We define an embedding of B, into B, ;i as follows: if k < n then Ay of By is
identified with Ay of B, ;1 and A, is mapped into A, ® A, 11 by duplication. Let
B be the closure of the union |J B, (which is also defined as the C*-algebra of

n
bounded sequences (x,) with x,, € A, such that lim x,, converges in A). We note
n

that B has many finite-dimensional quotients. Let I, be the ideal generated by
all A; C By, withi # n < m. Then B/, is isomorphic to A,. Since NI, = {0},
one concludes that B is quasi-diagonal. This shows that any flow 8 on B is quasi-
diagonal (since § fixes I;).

Let & be an approximately inner flow on A and choose an b, = h}, € Ay
such that Ad el (x) — a;(x) for x € A. We can define a flow f on B as follows.

Let (") denote the flow on B, implemented by @ hj. One shows that ﬁtn) (x)
k<n
converges for x € B and defines § as the limit.

Conversely, if a flow 8 is given on B then we have an h;, = &, € A, such
that the induced flow on B/I, is given by Ade!" and can argue that Ad et
converges to a flow on A. Hence one concludes that j is defined just as in the
previous paragraph.

EXAMPLE 2.20. Let A be a residually finite-dimensional C*-algebra and &
a flow on A which fixes each ideal of A. Then « is quasi-diagonal. This follows
because A has a separating family of finite-dimensional representations which
must be covariant under «. Thus the direct sum of these representations gives the
required faithful representation of A.

EXAMPLE 2.21. Let 7y denote the periodic flow on the UHF algebra ® M,
of type 2% given by 7 = (X) Ad(1 @ e?™) and let A be the fixed point algebra of 7.

The dimension group of Ai is isomorphic to Z[t] with the positive cone of strictly

positive functions on the open interval (0,1). There is a decreasing sequence

L, I,... of ideals of A such that A/} = C1, NI, = {0}, and I,/ 1,11 = K for
n

n > 1, where K is the compact operators on a separable infinite-dimensional
Hilbert space. It follows from the next lemma that any flow on A/, is quasi-
diagonal and this then implies that any flow on A is quasi-diagonal.

LEMMA 2.22. If A is a type 1 AF algebra then any flow on A is quasi-diagonal.

Proof. There is a strictly increasing family {I,} of (closed) ideals of A in-

dexed by y in a segment [0, v] of ordinals such that Iy = {0}, I, = A, U I,
u<r

is dense in I, for any limit ordinal v, and I, 1/1I, is generated as an ideal by a

minimal projection for any y < v, i.e. [;11/1; = K or otherwise My, for some

m = 1,2,... (see, e.g. [20] for type I C*-algebras). In the following we allow
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L1/, = 0 and call this a composite series for A. Note that any flow « on A
fixes each ideal (because the ideal is generated by projections). We shall prove
the statement that any flow on A (with a composite series indexed by [0, v]) is
quasi-diagonal by induction on v. If v = 1 this is obvious since A = K or M, for
some m and any flow on A is inner. (If A = K we use the Weyl-von Neumann
theorem.)

Suppose that this is shown for any v < ¢. Let A be a type I AF algebra with

a composite series {I,} with y € [0,¢]. If ¢ is a limit ordinal, then {J I, is dense
v<o
in A. Since I, has a composite series indexed by [0, v] the induction hypothesis

implies that any flow on I, is quasi-diagonal which in turn implies that any flow
on A is quasi-diagonal. If ¢ is not a limit ordinal (and I,_; # A) then there is
a minimal projection in A/I,_; which is an image of a projection ¢ of A. The
existence of such a projection e follows since A is AF. Let J(e) denote the ideal of
A generated by e and note that A = J(e) + I,_1 = J(e) + (1 —e)I,_1(1 —e). Since
(1—e)l,—1(1—e)isanideal of (1 —e)A(1 —e) and is generated by an increasing
sequence (p,) of projections it follows that the sequence [(e + py,) is increasing
and | J(e + pn) is dense in A. Set e, = e + py.
n

Let « be a flow on A. Then there is an a-cocycle u in A (or A + C1if A is not
unital) such that Ad u;a¢(e,) = e,. To prove that a is quasi-diagonal on J(e;) it
suffices to show, by Proposition 2.2, that Ad u« is quasi-diagonal on B = e, Ae,.
Note that B has a composite series {],} with J, = e,Iye, C I, and p € [0,0].
Since B/ J,—1 = C1 and any flow on J,_; is quasi-diagonal one can conclude that
any flow on B is quasi-diagonal. Thus we conclude that |}, is quasi-diagonal
for any n, which implies that « is quasi-diagonal. &

REMARK 2.23. If A is a type I AF algebra then any flow on A is an approx-
imate AF flow (or a cocycle perturbation of an AF flow [16]). The proof is quite
similar to the above but using Corollary 1.6 of [17] in place of Proposition 2.7.
Thus the above lemma also follows from this fact and Proposition 2.18.

REMARK 2.24. Let A be a type I C*-algebra and « a flow on A which fixes
each ideal. Then « is universally weakly inner and is approximately inner. (N.B.
A need not be quasi-diagonal.) This follows from [13], [8].

It looks that the quasi-diagonal condition is strong for flows on AF algebras.
But we could not decide if they are approximately inner or not.
Summarizing Example 2.21 gives the following.

PROPOSITION 2.25. Let A be an AF algebra and suppose that there is a sequence
{1} of ideals of A such that "I, = {0} and A/ I, is of type 1 for all n. Then any flow
n

on A is quasi-diagonal.

PROPOSITION 2.26. Let A be a unital AF algebra and let « be a flow on A. Sup-
pose that there is a covariant irreducible representation (7, U) such that (7t(A),U) is
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quasi-diagonal. Then there is an increasing sequence (E,) of finite-rank projections on
H and an a-cocyle u in A such that [E,, t(us)Us] = 0 and |J By, is dense in A where
n

By={x€A:[E,n(x)]=0, k>=n}.

Proof. Since A is an AF algebra there is an increasing sequence (Aj,) of finite-
dimensional C*-subalgebras of A such that the union is dense in A. We omit 7 in
the arguments below.

Given a finite-rank projection E on H and & > 0 there is a finite-rank projec-
tion F on H such that A{\EH C FH, ||[F, x]|| < ¢||x|| for x € Ay and ||[F, Us]|| < e
for t € [—1,1]. Since A; is finite-dimensional the average of vFv* over v in the
unitary group of A; is in a small vicinity of F (depending on € and dim A1) which
yields a projection F’ with |[F — F’|| small by functional calculus. We note that
ESF,F e A}, and ||[F,U{]| < € +2||F' —F| for t € [-1,1]. Since |[F — F/|
can be made arbitrarily small we now suppose that the finite-rank projection F
satisfies E < F, F € A} and ||[F,Us]|| < € for t € [—1,1]. By Proposition 1.3
one obtains a projection F’ in a small vicinity of F such that ||[F/, H]|| is small
where H is the self-adjoint operator with U; = e*f!. Using the irreducibility
of A and Kadison'’s transitivity theorem we obtain an h = h* € A such that
[h,F'] = [H,F'] and ||h|| = ||[H, F]||. We define V to be the unitary part of the
polar decomposition of X = F'F+ (1 — F/)(1 — F). Since | X — 1| < 2||F — F/||
and XF = F’X we conclude that ||V — 1|| is small and that VFV* = F/. A sec-
ond application of Kadison’s transitivity theorem gives a unitary v € A such that
oF = VF' and ||v — 1|| < ||V — 1||. Note that vel("~")v* commutes with F. Let
up = vellH=Myre=itH ¢ A This is an a-cocycle satisfying usU;F = Fu;U; and
|| — 1|| is small for t € [—1,1] because ||}|| and ||v — 1|| are small. Note that if E
satisfies that [E, U] = 0 then we may suppose that u;E = E.

We apply the foregoing procedure repeatedly and each time make a pertur-
bation by selecting a cocycle.

Let (¢n) be an orthonormal basis for H. We construct a sequence (E,) of
finite-rank projections and a sequence (u("™) of cocycles such that E,&, = &,
En1<En En€ A, uE, 1 =E,q, [[ul™ —1] < 27" for t € [-1,1], and u™
is oc(”_l)—cocycle, where a(® = g and a® = Adu(™a("=1)_ Then a(?) converges
to a flow a(*) which is a cocycle perturbation of a with the cocycle u; obtained as
the limit of uE")ugn_l) - -ugl). Since B, D A, the union | By, is dense in A. The

n

other requirements follow easily. 1
Let a be a flow on a unital simple AF algebra A and consider the following
conditions:

(i) There is a covariant irreducible representation (77, U) of A such that the
pair (7t(A), U) is quasi-diagonal.
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(ii) There exist an a-cocycle 1 and an increasing sequence (Bj,) of residually
finite-dimensional C*-subalgebras of A such that |J B, is dense in A and each

B, is left invariant under Adua and has a faithﬁ;ll family of covariant finite-
dimensional representations.
(iif)  is quasi-diagonal.

The above proposition shows that (i) implies (ii). It is immediate that (ii)
implies (iii) since Ad ua|p, is quasi-diagonal. But to show that (iii) implies (i) we
would need to extract more information on (A, «) in addition to the conclusion
of Proposition 2.8.

3. VOICULESCU’S WEYL-VON NEUMANN THEOREM

Our aim is to prove a version of Voiculescu’s non-commutative Weyl-von
Neumann theorem [22]. A new feature is that we deal with a C*-algebra together
with a derivation implemented by an unbounded self-adjoint operator.

THEOREM 3.1. Let « be a flow on a separable C*-algebra A and (7t, U) (respec-
tively (p, V')) a covariant representation of (A, «) on a separable Hilbert space such that
the range of p x V does not contain a non-zero compact operator. If Ker(p x V) C
Ker (7t x U), then there is a sequence Wi, Wy, . .. of isometries from Hy into H, such
that 7t(x) — Wip(x)Wy, € K(Hy) and ||t(x) — Wip(x)Wy| — 0 for x € A.
In addition Hy — WiHyW, € K(Hz) and |Hy — W;HyW,|| — 0 where Hy
(respectively Hy) is the self-adjoint generator of U (respectively V). Furthermore if
Ker(p x V) = Ker(rt x U) and the range of = x U (as well as of p x V) does not
contain a non-zero compact operator then the Wy, can be assumed to be unitary.

This theorem immediately allows a proof of Theorem 1.4.

Poof of Theorem 1.4. Let (p, V') be a covariant representation of (A,a) such
that Ker(p x V) = {0} and Ran(p x V) N K(H,) = {0}. Let F be a finite subset
of A, w a finite subset of Hp and € > 0. Let B be the a-invariant C*-subalgebra
of A generated by F and let H' be a separable closed subspace of H, which is
invariant under p(B) and V such that H' D w and the representation p|g X V on
H' is faithful. We set p’ = p|p on H' and V' = V|4, Note that B is separable
and «|p is quasi-diagonal. Let (77, U) be a covariant representation of (B, ap) on a
separable Hilbert space H, such that (7r(B), U) is quasi-diagonal, Ker(7r x U) =
{0}, and Ran(mr x U) N K(Hr) = {0}. We now apply Theorem 3.1 to (7r,U)
and (p’,V’). For any ¢ > 0 there is a unitary W from X' onto H, such that
llp'(x) — W*rt(x)W|| < (¢/4)]|x|| for x € F and |Hy — W*HyW]|| < €/2. Let
E be a finite rank projection on H, such that ||[E, t(x)]|| < (¢/2)]|x|| for x € F,
(1 — E)W¢| < ¢||&]| for ¢ € w and ||[E,Hyl|| < €/2. We set F = W*EW,
which is a finite-rank projection on H' C H,. Then ||[F, p(x)]|| < ¢[|x]|| for x € F,
(1 =F)¢ll = [[(1 = E)WE]| < el|]| for & € w, and [|[F, Hy][| <&/2+ |[[E, Hulll <
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e. This completes the proof in the quasi-diagonal case. A similar proof can be
given in the pseudo-diagonal case. &

Now we turn to the proof of Theorem 3.1.

Let 0 be a completely positive map (or CP map) of A x4 R into B(H). Let
(ey) be an approximate identity in A x, R. Then o(ey) is increasing and bounded
in B(#) and hence converges in the strong operator topology. Denote the limit
by I and remark that I is the supremum of {c(x) : x € A xR, 0 < x < 1} in
B(H).

More generally we extend ¢ to a CP map from the multiplier algebra M(A x4
R) into B(H). For x € M(A x4 R) one shows that (e, x) converges in the weak

operator topology since [(, o((ey — ev)x)n)| < (&, 0(ey — ev)(j)l/z(n,a(x*(e}, -
€V)X)17>1/2 for u > v. We denote the limit by o(x). It is also the limit of o (e, xe, )
since (e, x(e; — ey)) converges to zero for all pairs p, v with 4 > vasv — oo.
Note that c(A(f)) for f € L}(R) and ¢(A;) for t € R are all well-defined where
A denotes the unitary group implementing &« on A and A(f) = [ f(H)Adt €
M(A x4 R). From the definition we have that o(1) = I.

We next define the a-spectrum of ¢. Set

J=A{f € L'(R):A(f) > 0, o(A(f)) = O}.

Then ] is a hereditary closed cone in L' (R) and the a-spectrum of ¢, denoted by
Sp,(0), is defined by N{Kerf : f € J}. When Sp, (¢) is compact and f € L}(R)+
satisfies f = 1 on Sp, (0) then it follows that c(A(f)) = o(1).

Let D denote the set of { € H such that o(A; — 1)¢/it converges strongly
as t — 0. If D is a dense linear subspace then the operator H' defined on D as
the limit of o(A; — 1) /it is symmetric. If the closure of H’', which we will denote
by o(H), is self-adjoint we will say that ¢ is a-differentiable. If Sp, (o) is compact
then ¢ is a-differentiable and ¢(H) is bounded (because if f € L!(R) satisfies
f=1on Sp, () and supp(f) is compact then it follows that o'(A;) = o'(A(f)A¢)
and t — A(f)A; is differentiable in t). If o is a homomorphism then t — o(A¢) is
a unitary flow and thus o is a-differentiable.

From now on we always assume that the C*-algebra A is separable.

DEFINITION 3.2. Let0: A X, R — B(H) and 0’: A x4 R — B(H') be a-
differentiable CP maps. For two bounded (or unbounded self-adjoint) operators
T and T' (with a common domain) we write T ~ T’ if the difference T — T is (or
extends to) a compact operator.

We write o ~ ¢ if there is a unitary V: H — H’ such that o(x) ~ V*¢'(x)V
forx € AUA x,Rand 0(H) ~ V*¢/(H)V and ¢ < ¢’ if there is an isometry
W: H — H' such that o(x) ~ W*¢o/(x)W forx € AUA X, R and 0(H) ~
W*o'(H)W where W*D(¢’'(H)) = D(¢(H)) and WW*D(c'(H)) C D(¢’'(H)).

We write o = ¢’ if there is a sequence of unitaries V;,,: H — H’ such that
the V, satisfy the above conditions for V and |o(x) — V;f¢o/(x)Vy|| — 0 for x €
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AUA x,Rand ||c(H) — V;jo'(H)Vy| — 0, and ¢ < ¢’ if there is a sequence
of isometries Wy,: H — H' such that the W), satisfy the above conditions for
W, W,W;; — 0, |[o(x) — W;io'(x)Wy| — 0forx € AUA X, R and |c(H) —
W' (H)Wy || — 0.

Note that S is transitive: if o $ 0’ and ¢’ < ¢ theno  ¢” as easily follows.
We are now able to state the following version of the Theorem 3.1.

THEOREM 3.3. Let (7r, U) be a covariant representation of (A, ) on a separable
Hilbert space such that the range of 7t x U does not contain a non-zero compact operator.
If p is an a-differentiable CP map of A xR into B(H,) such that Qp is a homomor-
phism with Ker(Qp) C Ker(mr x U), where Q is the quotient map of B(H,) onto
B(Hp)/K(Hp), then T x U 5 p.

The following lemma is an adaptation of 3.5.5 of [12].

LEMMA 3.4. Let o be a homomorphism of A xR into B(H) where H is a sep-
arable Hilbert space. Then there exists a sequence of CP maps 0,: A X R — B(Hy)

such that Sp ,(0y,) is compact, dim M, is finite, 0,(1) = 1and 0 < @ 0oy
n=1

Proof. Let P be the spectral measure of the generator o(H) of t — o(A¢).
On each spectral subspace P(n,n + 1]H we find a compact operator K, such
that H), = o(H)P(n,n + 1] + K, is diagonal with eigenvalues in (1,1 + 1] and
IIKnl| < 1/(|n| +1). Then H' = Y Hj, is diagonal and is given by ¢(H) + K

n
where K = Y K, is compact. Let (E,, ) be an approximate unit for K(#) consisting
n

of projections such that [E,, H'| = 0. Note that each E, commutes with P(k, k + 1],
is dominated by P[—m, m| for some m and satisfies ||[E,, H]|| = ||[En, K]|| — 0 as
n — oo. In the convex hull of (E,) there is an approximate unit (F,) for C(#)
such that (F,) satisfies ||[F,, 0(x)]|| — 0 for x € AU A x, R in addition to the
conditions on H. Note that F;, is of finite rank.

Let (F¢) be an increasing sequence of finite subsets of AU A X, R such that
U Frisdensein AUA x,Rand ¢ > 0. By assuming || [F,, o(x)]| and ||[F., o (H)]||
k

are sufficiently small we may suppose that D, = (F, — F,_1)"/? with [ = 0
satisfies

|Dpo(x) —o(x)Dyl| <€27", x € F,, and |Dyo(H)—o(H)Dy| <e27".

The former follows from ||[F, — F,_1,0(x)]|| ~ 0 as Dy, is just a continuous func-
tion of F, — F,_1 which can be approximated by polynomials. For the latter,
where ¢(H) is unbounded in general, we use the fact that both D, and ¢(H)
commute with P(k, k + 1]. Thus we have

[Du,o(H)] =Y [DnP(k,k+1], (c(H) — k)P(k,k +1]],
k
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where each commutator is between elements of norm one or less. Since D, P(k, k +

1] = (E,P(k,k + 1] — F,_1P(k, k + 1])'/2 the latter inequality then follows just as
the former.

Introduce the finite-dimensional subspace H, of H by H, = D,H. Let

= @ H, and define a linear map V from H into #' by V& = @ D,¢. This

n n
is an isometry since Y. D2 = 1. Let Q, be the projection onto H, in H and
n

let 0, (x) = Quo(x)Qy for x € A x4, R. Since H,, is finite-dimensional and

D, = D,P[—m,m] for some m one has 0,,(1) = 1 and Sp,(0y,) is compact with

ou(H) = Quo(H)Qy = Quo(H)P[—m, m]Qy. Define ¢’ = @ 0,. Then ¢/ (H) is
n

well-defined and is equal to @ 0, (H).

We will show that VD(;(H)) C D(¢'(H))and D(c(H)) D V*D(c'(H)). If
¢ € D(c(H)) then

Z”Un(H)DngHZ Z” 0u(H), Du)€ + Dypo(H)E|?
22” ), DalZ|1* +2]l0(H)E|%,

which implies that V¢ € D(¢’(H)). If y € D(¢/(H)) and Py denotes the projec-
tion onto the first N direct summands in H’ then

lo(H)V* Pwn—H (H), Dt + Ducia(H)1n

N
<| 21 [0 (H), Dl |+ Y.Da (H | el 1+ 1V Pve’ (D1,
n= n=
where we have used ||[c(H), Dy]|| < €27". From this kind of computation we can
conclude that (c(H)V*Pyn)y is a Cauchy sequence and so V*y € D(c(H)).
From the two inequalities above it follows that D(¢(H)) = V*D(¢'(H))
and VD(c(H)) = VV*D(¢'(H)) € D(¢'(H)). Thus D(Vo(H)) = D(c(H)) and
D(c'(H)V) = V*D(¢’'(H)) are equal and on this common domain

Vo(H)¢ — o' (H)VE = (Dno(H)E — o(H)Dyé)n-

Since ||[Dy, o(H)]|| < €27", the closure of Vo(H) — ¢’ (H)V on D(c(H)) is a com-
pact operator with norm less than e. Since the closure of Vo(H)V* — ¢/ (H)VV*
on D(¢'(H)) is compact it follows that the closure of Vo(H)V* — VV*¢/(H) on
D(¢’(H)) is also compact. Thus we can conclude that the closure of ¢/ (H)VV* —
VV*¢’'(H) on D(¢’(H)) is compact. In the same way one concludes that Vo (x) —
o’ (x)V is a compact operator for x € |J Fyandsoforallx € Aandallx € A x4 R.
Note that ||Vo(x) — ¢’ (x) V| < e for x € Fj. This concludes the proof of ¢ < ¢’ =
? 0y.

It also follows from the foregoing construction of ¢/ and V that one has
bounds |Vo(H) — ¢’ (H)V|| < eand ||[Vo(x) — o' (x)V] < € for x € F; where



378 AKITAKA KISHIMOTO AND DEREK W. ROBINSON

F1 is a prescribed finite subset of A U A X, R. One can then obtain a sequence of
such (o3, Vi) such that |Vio(H) — 03 (H)Vi|| — 0 and ||Vio(x) — op(x) Vi || = 0
forall x € AU A x4 R. Since the direct sum @ o7, is of the form @ 0;, described
in the statement this concludes the proof. &

LEMMA 3.5. Let p be a homomorphism of A X, R into B(H) such that Ran(p) N
K(H) = {0} and let o be a CP map of A x4 R into B(C") such that c(1) =1, Sp, ()
is compact, and ker o O ker p. Then it follows that o < p.

More generally let p be an a-differentiable CP map of A x , R into B(H) such that
Qp is a homomorphism satifying Ker(c) D Ker(Qp) where Q is the quotient map from
B(H) onto B(H)/K(H). Then the same conclusion follows.

Proof. We may assume that A is unital. There is a C®-function f € L!(R)
such that the support of f is compact, 0 < A(f) < 1and f = 1 on Sp,(0).
Then it follows that o(A(f)) = 1. We denote by p, the representation id ® p of
M, (A x4 R) on'H, = C" @ H. We define a state ¢ on M,,(A x4 R) by

n

P([xi]) = % Y (G o(xij)E)),

ij=1
where (&;) is the standard orthonormal basis for C". Since

¢lKer(s,) =0, Ker(pn) C Ker(an), ¢(eu(1@A(f))) =1

and Ran(p,) N K(C" ® H) = {0} there is a sequence (7x) of vectors in C" @ H
such that (17, pn (X)17x) — ¢(x) for x € M, (A Xa R), (k, 00 (L@ A(f))17x) = 1 and
11k converges to zero weakly. Since ¢(e;; ® A(f)) = 6;j/n we may assume

{11k, on (€3 @ A(f))11k) = %,

n

fne= s tkn) EC"OH=HOHG--- & H then we define an isometry
Vi: C" — H by Vi&; = \/nnjy;. Then one can conclude that |[o(x) — Vifp(x) Vi || —
0 for x € A x4 R. (See the proof of 3.6.7 of [12] for details.) Since p(A(f)) Vi = Vg,
o(H) =iA(f") and p(HA(f)) = ip(A(f")) it also follows that

lo(x) = Vip(x) Vil =0, x€ A

and [o(H) — Vip(H) Ve[| = 0.

The condition required for the existence of the foregoing (7;) is precisely
the content of the additional statement. Let B be the C*-algebra generated by the
range of p and the compact operators. Then cQ is a CP map of B into B(C")
vanishing on K(7{). Then the above arguments show that cQ < idp for maps
from B. Composing with the homomorphism p of A into B one arrives at the
conclusion. 1

The following is an adaptation of 3.5.2 of [12].
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LEMMA 3.6. Let p be an a-differentiable CP map of A X, R into B(H) such that
Qp is a homomorphism where Q is the quotient map of B(H) onto B(H)/K(H). Let
On: A X R — B(Hy) be a sequence of CP maps such that dim H, < oo, 0,(1) =1
and Sp,, (o) is compact. If 0, < p for all n then 0 = @ oy < p.
n

Proof. For each n there is a C®-function f, € L'(R) such that the support
of f is compact, 0 < A(fy) < 1and f, = 1 on Sp,(0n). By ou(A(fn)) = 1
and the assumption 0, < p there is a sequence (Vj) of isometries of H, into
H such that p(A(fn)) Vi = Vi, Vikn converges to zero weakly for 4 € H, and
llow(x) = Vip(x)Vi|| = Oforx € AUA x,Rand x = H.

Let (Fy) be an increasing sequence of finite subsets of AU A x4, R such
that |J Fy is dense in AU A X, R and let ¢ > 0. We construct inductively a

n

sequence V,: ‘H, — H of isometries such that p(A(f,))V, = Vi, |lon(H) —
Vip(H)Vy|| < €27 and ||on(x) — Vip(x)Vy|| < €27" for all x € F;;, and more-
over V,’H, with n > 1 is orthogonal to the finite-dimensional subspace spanned
by Viné, p(H) Vi, p(x) Vi, p(x*)Viu& with & € Hyy, x € Fy and m < n. (This last
condition may require a slight modification of V,,, retaining p(A(f,))Vy = Vi,
which will not affect the condition ||oy,(H) — V,fp(H)Vy|| < €27" since p(H) may
be replaced by bounded p(H)p(A(fx)).) We define V = @ V,,, which is an isom-
n

etry from @ H,, into H. Since for x € Fy,
n

Vip(x)V = (Vi p(x)V))ijcm © D Vap(x)Va,

n=m

one has

o(x) = Vp(x)V = (03(x)83j — V' p(x)V))ijem © €D (0 (x) = Viip(x) Vi),

n=m

where if m = 1 we ignore the first direct summand, otherwise it is an operator
on @ H;, which is finite-dimensional. Then one concludes that the displayed

i<m
operator is compact and that ||o(x) — V*p(x)V|| < € for x € Fj. Similarly one
has

o(H) = V*p(H)V = D (ou(H) = V;ip(H)Va),
n
which is compact with norm less thane. 1

Proof of Theorem 3.3. Let (7r,U) be a covariant representation of (A, «) and
p an a-differentiable CP map of A x, R into B(H,) as in the theorem. We may
assume that A is unital.
Let 0 = 7r x U. By Lemma 3.4 we find a sequence 0,,: A X4 R — B(#,) of
CP maps such that dim #H, < oo, 0,(1) = 1, Sp, (o) is compact and o 5 P 0y.
n

Since Ker(¢,) D Ker(c) D Ker(p) Lemma 3.5 shows that 0, < p. Since @ oy, < p
n

by Lemma 3.6 one concludes thato < p. 1
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Proof of Theorem 3.1. The first part of the theorem is a special case of Theo-
rem 3.3.

Let T = mx Uand p = p x V and suppose that Ker(p) = Ker(7). Let
p> denote the direct sum of infinite copies of p. Then applying the first part of
the theorem to p™ and 7= we deduce that p™ can be approximated by a direct
summand 771 of 7 through a unitary. Here 77 is obtained as P7t( - )P where P is a
projection such that PD(7t(H)) C D(7(H)) and ||[P, 7T(H)]|| is small depending
on the approximation. Thus 77; is an a-differentiable unital CP map and this
situation will simply be written as p* ~ 777. Writing 77, = (1 — P)7(-)(1 —
P) one obtains that T ~ 77 @ 7, and that p® ® 7T, ~ 7. Since p & p>® ~ p,
one calculates that p 7T ~ p®p* & 7Ty ~ p* ®© 7T, ~ 7. By changing the
roles of p and 7T we conclude that p ~ 7. Since this is true for any degree of
approximation one obtains the conclusion (see the arguments on page 340 of [1]
for more details). 1

4. ABSTRACT CHARACTERIZATIONS

Voiculescu [24] gave conditions for C*-algebras to be quasi-diagonal. By
mimicking his proof we shall establish Theorems 1.5 and 1.6.

Proof of Theorem 1.5. (i) = (ii). Suppose « is quasi-diagonal. Then there is a
faithful representation 7r of A and a unitary flow U on H, such that (r(A), U) is
quasi-diagonal. For any finite subset F of A and & > 0 there is a finite subset w of
unit vectors in H such that max{|(¢, 7(x)n)| : &, n € w} > (1 —¢/3)||x|| for all
x € F. Then there is a finite-rank projection E on H  such that || [E, 7t (x)]|| < ¢||x||
forx € F, ||(1—E)¢|| < e/3for§ € wand ||[E, H||| < ¢ where H is the self-
adjoint generator of U. Set B = B(EH ), B: = Ade*HE and ¢(x) = Ent(x)E for
x € A. Thenit follows that [|¢(x)|| = (1 —e¢)|x| forx € F, ||¢p(x)p(y) — ¢(xy)|| <
ellx|||ly|l for x,y € F and ||Brp — ¢pat|| < € for t € [—1,1]. The triple B, B, ¢
satisfies the required conditions.

(ii) = (iii). Let F be a finite subset of A and € > 0. Suppose there is a CP map
¢ of A into a finite-dimensional C*-algebra B with a flow B such that ||¢| < 1,
[p(x) | > (1—&)lx]| and (xy) — @(x)p(y) | < ellx] |yl for x,y € F U F* and
|Btp — pat|| < € for t € [—1,1]. We may assume that ¢ is unital. (If A is not
unital, we may assume this by extending ¢ as such; if A is unital we modify ¢
using the fact that ¢(1) is close to a projection.) By Stinespring’s theorem there is
a representation 7 of A and a finite-rank projection E on ‘H  such that ¢ identifies
with E7t( - )E. It follows that

lp(x*x) — p(x")p(2) | = [|E7(x*) (1 = E)p(x)El| = [|(1 — E)(x) E||*.

Since ||[E, 7t(x)]|| = max{||Ent(x)(1 —E)||, Emr(x*)(1 — E)||} we obtain (iii) except
for the condition concerned with the flow.
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To prove (iii) fully we have to modify ¢ and go back to the proof of Stine-
spring’s theorem. For a small ¢ > 0 we replace ¢ by

Q= % / eiﬂtlﬁ_t(l)lxtdt.

Then ¢(1) = 1, B_spa; < e'lp and ||B1p — gay|| < e for t € [~1,1]. (This
method is used in [18].) Noting that ||f_¢pa; — ¢|| < (1 + |t|) we have ||¢ — ¢|| <
€(1+1/7), which is an arbitrarily small constant if € is chosen after y. Hence we
may assume that ¢ satisfies B_;pa; < e°lfl¢ in addition to the conditions in (ii).

The above representation 7t is constructed as follows. Assuming B acts on
a finite-dimensional Hilbert space H we define an inner product on the algebraic
tensor product A ® H by

< L xi®8,) Y@ ’1]'> =2 (i ¢ (x7y))mj)-
i j ij

We obtain a Hilbert space H ; by the standard process of dividing A ® H out by
the null space followed by completion and then a representation 7w of A on H
from the multiplication of A on A, the first factor of A ® H. Using a flow V on H
such that B;(x) = VixV}* for x € B we define a one-parameter group of operators
W on ‘H by

W) % @8 = Zﬂét ) ® Vigi.
i
Since

pogesf

=) (Gi, B (xiy)mj),
ij

the group W is well-defined and we obtain estimates e 1 WEW: < ett1. De-
noting the generator of W by iK one concludes that D(K*) = D(K) and —¢ <
—iK* +iK < €l. Then the closure k of K — K* has norm less than or equal
to e. Since Wirt(x)W_; = ma(x) we conclude that W;W; € m(A)" and so
k € m(A). Set U; = etK=k/2) for t ¢ R. The U is a unitary flow such that
Uit (x)U} = ma(x) for x € A.

We denote by H' the subspace of H, generated by 1 ® ¢ with § € . Let
E denote the projection onto H'. Then it follows that ¢(x) = Em(x)E for x € A.
Since W,EW_;+ = E one obtains ||[U;EU; — E|| < [|k|||t|. Thus condition (iii)
follows.

(iif) = (i). We prove this by following the argument given in [24]. We may
suppose that A is separable.

Let (]—"n) be an increasing sequence of finite subsets of A with dense union.
For (Fy,,n~ ) we choose a covariant representation (71, U") and a finite-rank
projection E;; on the representatlon space H, satlsfymg the condltlons described

in (iii). Let H = EB Hp, T = 69 Ty, U = @ U" and E = @ E,. For each
n=1 = n=1
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k € N let P| denote the projection in H onto the first k direct summands and let
P = (1—P))E = E(1—P}). If m,,(H) (respectively 71(H)) denotes the self-adjoint

generator of U" (respectively U) then m(H) = @ 71,(H). Since ||[Ey, 70, (x)]|| <
n=1

n~Y|x|| for x € F, and ||[Ey, ma(H)]|| < n~! one has [P, (x)] € K forx € A
and [Py, m(H)] € K where K denotes the compact operators on H. If we de-
note by 7t x U the covariant representation of A X, R, then it follows that o =
Py(7r x U) Py is an a-differentiable CP map of A x, R into B(P;H) such that the
composition Q o gy is an isomorphism and

op(H) = (1—P;) - @ Enrta(H)E, - (1 - Pp),
n=1
where Q is the quotient map of B(PyH ) into B(PyH) /K.

Let (p, V) be a covariant representation on a separable Hilbert space X such
that p x V is faithful and Ran(p x V)N K = {0}. Weset Xeo = XB XS -,
P =p®pd---,and V¥ = VOV @ ---. Let G, denote the projection onto
the direct sum of the first k copies of X in Xo. We will show that (p®, V) is
quasi-diagonal as required in (i).

Fix k € N. By Theorem 3.3 applied to (0®, V*®)|g,x,, and 0, = P, (7w x U)P,
we find partial isometries S, : Xoo — H such that S;;S, = Gy, Ran(S,,) C P,/H and
[I1Snp™(x) — (x)Sy|| — 0 for x € A and ||S,p*(H) — w(H)S,|| — 0. Similarly
from the pair of (7r, U) and (p, V) we also find isometries T,: H — X such that
| Turt(x) — p(x)Tu|| — O for x € A and ||Ty7t(H) — p(H)Ty|| — 0. We define an
isometry W), of H into X by

W€ = SiE@® Tp(1—S,SH)EDODO@®-- -,

which satisfies that Gy Xeo C Wy H C Gii1Xoo and ||Wymt(x) — o (x)Wy|| — 0 for
x € Aand ||[Wyt(H) — p®(H)Wy|| — 0as n — co. We note that G, = W, P, W,:.

Now F,, = P),E is a finite-rank projection such that [F, P,] = 0 and F,, P, =
(P, — P))E — P, as m — oo. Thus choosing m, > n for each n sufficiently
large we may suppose that Wy, E,,, P,W,;¢ — ¢ for each ¢ € GyXw. Since Fy, Py
commutes with the range of 0;,, W, Fy,;,, P, W,; will serve as the required finite-rank
projection on X, for a large n. 1

Proof of Theorem 1.6. (i) = (ii). This is easy.
(ii) = (iii). Given (F,¢)let G = {x,x*,xy : x,y € F}. By condition (ii) there
is a flow 8 on a finite-dimensional C*-subalgebra B and a CP map ¢ of A into B

such that [[¢[| < 1, l¢(x)[| = (1 —e)[lx[| and [|¢p(x)p(y) — ¢(xy)[| < ellx[[[[y]
for x,y € G, and ||Bip(x) — par(x)|| < ¢f/x| for x € G and t € [—1,1]. We may
assume that A and ¢ are unital. For v = —loge > 0 we replace ¢ by

Q= % / eiﬂtlﬁ_t(P(Xtdt.
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Since [|¢p(x) — ¢(x)|| < (e+e77)|x|| = 2¢||x|| for x € G, we may suppose,
starting with €/7 instead of ¢, that ¢ satisfies the above properties as well as
the covariance B;pa; < elflp for v ~ —loge. We suppose that B acts on a
finite-dimensional Hilbert space H and choose a unitary flow V on H such that
Bt = Ad V¢|p. Then, by Stinespring’s construction for ¢ as in the proof of Theo-
rem 1.5, we obtain a representation 77 of A, a (non-unitary) flow W and a finite-
rank projection E such that ¢(x) = Ent(x)E for x € A, under the identification of
EH with H, Wt (x)W_; = mas(x) for x € A and W;E = EW,E = V;E. By a per-
turbation of W we obtain a unitary flow U such that 7wa;(x) = Ad U;t(x), x € A.
Then we conclude that (7, U, E, V) satisfies the required properties.

(iif) = (i). The proof is similar to the proof of the corresponding implication
in Theorem 1.5. 1
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ADDED IN PROOFS. The two notions, quasi-diagonality and pseudo-diagonality, for
flows on C*-algebras are in fact equivalent, which will be shown in a forthcoming paper.



