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ABSTRACT. If (2 is a locally compact Hausdorff space, we show that any local
C-linear map between Banach Cy(2)-modules is “nearly Cy((2)-linear” and
“nearly bounded”. Thus, any local C-linear map 6 between Hilbert Cy((2)-
modules is Cy(Q2)-linear. If, in addition, (2 contains no isolated point, any
Co(Q)-linear map between Hilbert Cy((2)-modules is bounded. Moreover, if
6 is a bijective “biseparating” map from a full essential Banach Cy((2)-module
E to a full Hilbert Cy(A)-module F, then 6 is “nearly bounded” and there is a
homeomorphism o : A — Q with 8(e- ¢) =0(e) - poo (e € E, ¢ € Co(2)).
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1. INTRODUCTION

A linear map 6 between the spaces of continuous sections of two bundle
spaces over the same locally compact Hausdorff base space (2 is said to be local
if for any continuous section f, one has supp 0(f) C supp f, or equivalently, for
each ¢ € Cy(Q2),

fo=0 = 6(flp=o.

Consequently, local property is weaker than Cy(2)-linearity. In the case when
the domain and the range bundles are over different base spaces, a more general
notion is defined; namely, disjointness preserving, or separating (see Section 5).

Local and disjointness preserving linear maps are found in many researches
in analysis. For example, a theorem of Peetre [19] states that local linear maps of
the space of smooth functions defined on a manifold modelled on R" are exactly
linear differential operators (see, e.g., [17]). This is further extended to the case of
vector-valued differentiable functions defined on a finite dimensional manifold
by Kantrowitz and Neumann [16] and Araujo [3].
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In the topological setting, similar results have been obtained. Local lin-
ear maps of the space of continuous functions over a locally compact Hausdorff
space are multiplication operators, while disjointness preserving (separating) lin-
ear maps between two such spaces over possibly different base spaces are
weighted composition operators (see, e.g., [1], [5], [18], [14], [12], [15]). Among
many interesting questions arising from these two notions, quite a few efforts has
been put on the automatic continuity of such maps. See, e.g., [2], [7], [14], [15] for
the scalar case, and [13], [4], [3], [6] for the vector-valued case.

In this paper, we extend this context to local or separating linear maps be-
tween spaces of continuous sections of vector bundles. Note that similar to the
correspondence developed by Swan [20] between finite dimensional vector bun-
dles over a locally compact Hausdorff space (2 and certain Cy((2)-modules, the
spaces of continuous sections of “Banach bundles” are certain Banach Cy(2)-
modules (see, e.g., [10], and Section 2 below).

One of the original motivations behind this work is to investigate up to what
extent will a local linear map between two Banach Cy(2)-modules be Cy(02)-
linear. Surprisingly, on top of finding that such maps are “nearly Cy((2)-linear”,
we find that they are also “nearly bounded”. In fact, it is well known that there
are many unbounded C-linear maps from an infinite dimensional Banach space
to another Banach space and so, if S is a finite set, there are many unbounded
C(S)-module maps from certain Banach C(S)-module to another Banach C(S)-
module. The interesting thing we discovered is that the above is, in many cases,
the “only obstruction” to the automatic boundedness of Cy(2)-module maps (see
Proposition 3.5 as well as Theorems 3.7 and 4.2).

More precisely, if 6 is a local C-linear map (not assumed to be bounded)
from an essential Banach Cy(2)-module E to another such module F, then 0 is
“nearly Cy(€2)-linear”, in the sense that the induced map 6 : E — Fis a Cy((2)-
module map (where F is the image of F in the space of Cy-sections on the canoni-
cal “(H)-Banach bundle” associated with F; see Section 2). Moreover, 6 is “nearly
bounded” in the sense that there exists a finite subset S C (2 and a positive num-
ber x such that

sup [[6(e)(w)| <xllell (e € E).
weN\S
Furthermore, if F is “Cy(2)-normed” (in particular, if F is a Hilbert Cy(£2)-mo-
dule), then the finite set S consists of isolated points in (2, and

6=060® P b
weSs
where 6 : Eq\s — Fq\s is a bounded Co(02 \ S)-linear map (where E) g and
Fp\s are the canonical essential Banach Cy((2 \ §)-modules induced from E and
F respectively) and 6, are (possibly unbounded) C-linear maps (see Theorems 4.2
and 3.7). Consequently, if (2 contains no isolated point and F is Cy((2)-normed,
then 6 is automatically bounded. As another application, if X and Y are Banach
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spaces, and 6 : (*(X) — £*(Y) is a linear map preserving “zero ultra-limits”
(see Corollary 4.7 for the precise definition), then 6 induces a linear map 64 from
the ultrapower X7 to Y7 for each free ultrafilter ¥ on N, and there exist free
ultrafilters F1,...,F, on Nsuch that sup |[|05| < co.

F#F1,,Fn

On the other hand, we will also study C-linear maps between two Banach
modules over two different base spaces. In this case, we will consider “sep-
arating” maps instead of local maps. More precisely, if 2 and A are two lo-
cally compact Hausdorff spaces, E is a “full” essential Banach Cp((2)-module
(see Remark 3.2(ii)), and F is a “full” Banach Cy(A)-normed module, then for
any bijective linear map 6 : E — F (not assumed to be bounded) with both 6
and 0~! being separating, there exists a homeomorphism ¢ : A — 2 such that
B(e- @) =06(e)-poo (e € E, ¢ € Cy(Q2)), and there exists a finite set S consist-
ing of isolated points of A such that the restriction of 6 from Eq\ sy to Fp\s is
bounded.

This paper is organised as follows. In Section 2, we will first collect some ba-
sic facts about the correspondence between Banach bundles and Banach Cy(2)-
modules. In Section 3, we will show two technical lemmas concerning “near
Co(Q2)-linearity” and “near boundedness” of certain mappings. Section 4 is de-
voted to automatic Cy((2)-linearity and automatic boundedness of local linear
mappings, while Section 5 is devoted to the automatic boundedness of bijec-
tive biseparating linear mappings between Banach modules over different base
spaces. Finally, as an attempt to a further generalisation, we show in the Ap-
pendix that for an arbitrary C*-algebra A, every bounded local linear map from
a Banach A-module into a Hilbert A-module is A-linear. The boundedness as-
sumption can be removed in the case when A is finite dimensional (Corollary 4.9).

2. PRELIMINARIES AND NOTATIONS

Let us first recall (mainly from [10]) some basic terminologies and results
concerning Banach modules and Banach bundles.

NOTATION 2.1. In this article, (2 and A are two locally compact Hausdorff
spaces, E is an essential Banach Cy((2)-module, F is an essential Banach Cy(A)-
module, and 6 : E — F is a C-linear map (not assumed to be bounded). Further-
more, (e and A, are the one-point compactifications of (2 and A respectively.
We denote by N (w) the set of all compact neighbourhoods of an element w in
0, and by Int(S) the set of all interior points of a subset S in (2. Moreover, if
U,V C O such that the closure of V is a compact subset of Int,(U), we denote
by Un(V, U) the collection of all A € Cc(Q) with0 < A <1, A =1on V and the
support of A lies inside Int (U).
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DEFINITION 2.2. Let & be a Hausdorff space and p : & — (2 be a surjective
continuous open map. Suppose that for each w € (2,

(i) there exists a complex Banach space structure on E,, := p~!(w) such that
its norm topology coincides with the topology on =, (as a topological subspace
of B);

(i) {W(e,U) : € > 0,U € Np(w)} forms a neighbourhood basis for the zero
element 0, € E,, where W(e, U) := {¢ € p~1(U) : ||¢]| < };
(iii) the maps C x & — Zand {({,7) € Ex & : p(&) = p(y)} — E given
respectively, by the scalar multiplications and the additions are continuous.
Then (&, 2, p) (or simply, =) is called an (H)-Banach bundle (respectively, an
(F)-Banach bundle) over Q2 if ¢ — ||| is an upper-semicontinuous (respectively,
continuous) map from = to R,. In this case, (2 is called the base space of =, the
map p is called the canonical projection and =, is called the fibre over w € Q.

If 5 is an (H)-Banach bundle over (2 and 2y C (2 is an open set, then

Eny = p (D)

is an (H)-Banach bundle over 2y and is called the restriction of = to (2. If = is an
(F)-Banach bundle, then so is 2.

DEFINITION 2.3. If & and A are (H)-Banach bundle over (2 and A respec-
tively, a map p : & — A s called a fibrewise linear map covering a map o : 2 — A
if p(Ew) C Ag(w) and the restriction pw @ Ew — Ag(y) is linear. Moreover, a
fibrewise linear map p covering a continuous map o : (2 — A is called a Banach
bundle map if p is continuous. A Banach bundle map p is said to be bounded if one
has sup  [o(¢)[| < co.

IglI<1,¢ez

For any map e : (2 — =, we denote
lel(w) := [le(w)]| (w € Q).

Such an e is called a Cy-section on Z if e is continuous, p(e(w)) = w (w € ), and
for any & > 0, there exists a compact set C C 2 such that |e|(w) < e (w € 2\ C).
We put

IH(E):={e: Q — E:eisaCy-section on £}.
Note that |e| is always upper semi-continuous for every e € Iy(Z) and Z is an
(F)-Banach bundle if and only if all such |e| are continuous.

Next, we recall some terminologies and properties about essential Banach
(right) Cp(Q2)-modules. A Banach Cy(€2)-module E is said to be essential if there
exists an approximate unit {y;};c; in Co(Q2) such that ||x — xy;|| — 0 for any
x € E. In this case, E can be regarded as a unital Banach C((2)-module in a
unique way. Furthermore, for any w € (2 and S C 2o, we denote

Ks:={p€C(Qw):¢(S)={0}}, KE:=E-Ks and I5:= |J Kb
VGNQOO((U)
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For simplicity, we set KE := wa}. Note that K§ = E because E is an essential

Banach Cy(2)-module. By p. 37 of [10], there exists an (H)-Banach bundle =E
over Qo with ZE = E/KE (w € Q). Since EE = {0}, if we set EF := p~1(Q),
then I(ZF) = I(EF) under the canonical identification. Furthermore, there
exists a contraction
~: E — Iy(EF)
such that ¢(w) = e + KE. We put E to be the closure of the image of ~.
On the other hand, if 0 is as in Notation 2.1, we define

0:E—F by FGV(e):f(?) (e € E).

DEFINITION 2.4. Let E be an essential Banach Cy(£2)-module.
(a) E is called a Banach Cy(Q2)-convex module if for any ¢, ¢ € C(Qe)+ with
g+ —1, one has |xp -+ yp|| < x| |y}
(b) E is called a Banach Cy(Q2)-normed module if there exists amap |- | : E —
Co(Q)+ such that forany x,y € Xanda € A,
M) |x +y| < [x[ + yl;
(ii) [xa| = |x[|al;
(i) [l ]| = [[|x[1]-

Recall that every Hilbert Cy(2)-module is a Banach Cy((2)-normed mod-
ule, and every Banach Cy(2)-normed module is Cy(£2)-convex. On the other
hand, an essential Banach Cy((2)-module E is Cy((2)-convex if and only if ~ is an
isometric isomorphism onto Iy(EF) (see e.g. Theorem 2.5 of [10]). In this case, we
will not distinguish E and Iy(EF). Furthermore, E is Co(2)-normed if and only
if E is Co(Q2)-convex and EF is an (F)-Banach bundle (see e.g. p. 48 of [10]).

For any open subset (29 C (2, we set Eqp; := Kg\ﬂo and Eq, := FO(EBO).
One can regard Kg\ 0, 3 an essential Banach Cy((2g)-module under the identifi-

cation Co(£20) = K\ - Notice that if E is Co((2)-convex, then Eqn, = Eq,-

REMARK 2.5. (i) It is well-known that w — 0, is a continuous map from (2
into ZF. Thus, if {w; };c] is a net in 2 converging to wy € Qand e € N Kf,]_, then
icl

e € Kfjo. Consequently, if e ¢ KE, there exists U € Np(w) such that e ¢ KE for
any « € U.

(ii) For each w € Q and e € KE, there exists a net {evveny(w) such that
ey € KL and |le —ey|| — 0.

(iii) Let Q = {w1,wy, ...} be a countable compact Hausdorff space and E be a
Banach C(Q2)-module. Then

N K& = {0},

weN

or equivalently, the map ~ is injective. In fact, consider any ¢ € ) KE and
wen

any ¢ > 0. For k € N, there exists ¢, € Ky} with [[e — eq; || < /21, Thus,
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there exists ¢, € C(02) with ¢, vanishing on an open neighbourhood V. of wy
and |le — eg| < e/2F. Now, consider a finite subcover {Vi,...,V,} for Q and
a continuous partition of unity {¢y, ..., ¢, } subordinated to {V3,...,V;}. Then

n n
lell = [le—e & grp| < X lle—equll <
k=1 k=1

(iv) Suppose that ~: E — Eis injective (in particular, if E is Cy(2)-convex). If
e € E,w € Qs and U € N (w) such that é(a) = 0 foralla € U, thene € IE.
In fact,let V € N (w) with V C Int_(U) and ¢ € U, (V,U), then it is clear

P

that e(1 — @) = ¢ which implies that e = e(1 — ¢) € K&.

3. SOME TECHNICAL RESULTS

In this section, we will give two technical lemmas (3.3 and 3.6) which are
the crucial ingredients for all the results in this paper. Before presenting them,
let us give another automatic continuity type lemma that is needed for those two
essential lemmas.

LEMMA 3.1. 3g:={ve A:6(e)(v) =0foralle € E} is a closed subset (where
0 is as in Section 2). Moreover, if o : Ay — Qoo (where Ag := A\ 3g) is a map satisfying
9(15(]/)) C KE (v € Ay), then o is continuous.

Proof. It follows from Remark 2.5(i) that 3 is closed. Suppose on the con-
trary, that there exists a net {v;};c; in Ay that converges to vy € Ag but o(v;) -
o(vp). Then there are U, W € Np_(0(vp)) with U C Intn_ (W) and {i € I :
o(v;) ¢ Intn, (W)} being cofinal. As (2 is compact, by passing to a subnet if nec-
essary, we can assume that {¢(v;)} converges to an element w € (2, and there
exists V € N (w) with VNU = @. Pickanye € Eand ¢ € U (V, Qs \ U).
Since 0(v;) — w, we see that e(1 — ¢) € If(vz') when i is large enough and so
eventually,

0(e(1—¢))(vi) =0

(by the hypothesis). By Remark 2.5(i), we see that 6(e(1 — ¢))(vp) = 0. On the
other hand, we have 0(e¢) € Kfo (because ep € I E(VO)), and so f(e) € Kfo, which
gives the contradiction that vy € 35. 1

REMARK 3.2. (i) Note that for any v € 3¢, one has
(3.1) 0(15) CO(E) CKI (we ).

Consequently, if we extend ¢ in Lemma 3.1 by setting o (v) arbitrarily for each
v € 3p, then G(If(v)) C KF (v € A) but one should not expect such ¢ to be
continuous on the whole of A.
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(ii) 0 is said to be full if 35 = @. Moreover, E is said to be full ifid : E — E is
full (or equivalently, E # KE for any w € Q). Note that if E is full, then for any
w € O, there exists e € E with é(w) # 0.

LEMMA 3.3. Let 0 : Ay — (2 be a map satisfying 6(15(1,)) C KE (v e Ay).
@) If gy := {1/ €A: sup [|0(e)(v)] = oo}, then Sty C Ay,

flel<1

sup  [[(e)(v)[| < o,
vEA\Ug;[ef <1

(as usual, sup @ = —oo) and o (y) is a finite set.

(1) If Ny, :={v € Ap : 9(K§(V)) ¢ KEY, then Mg, C Ug and o(Ng ;) consists of
non-isolated points in (2.

(iif) If, in addition, o is an injection sending isolated points in Ay to isolated points in
Q, then 6(eg) = 6(e)(p o) (e € E, ¢ € Co(Q2)), when we extend o to a map from A
to (2 arbitrarily.

Proof. (i) The first conclusion is clear. We put Y to be the ¢*-direct sum

0

@ EL. For every v € A\ lg, one can regard e — 6(e)(v) as a bounded C-linear
vEA

map from E into Y such that ||6(e)(v)|| < [|6(e)|| (¢ € E), the uniform bound-
edness principle will give the second conclusion. Assume now that o(4ly) is in-
finite. For n = 1, we can find v; € g as well as e; € E with [|e;|| < 1 and
6(e1)(v1)|| > 1. Inductively, we can find v, € $ly and e, € E such that

o(va) #o(v) (k=1,...,n—1), |es] <1 and [|6(e;)(vy)| > n®.

There exist 1y € Nand U; € N(0(vy,)) such that {n € N:n > nyand o(v,) ¢
U } is infinite (because a sequence in (2 can converge to at most one point). In-
ductively, we can find a subsequence {vy, } and Uy € Nn(c(vy,)) (k € N) such
that Uy NU; = O for distinct k,I € N. Without loss of generality, we assume
that n; = k. Pick V}, € N(o(vy)) such that V;, is subset of Int,(U,). Consider

An € Un(Vy, Uy) (n € N) and notice that ||e,A% || < 1. Definee := Y exA2/k* € E
k=1

and take n € N. Since

2 2 _ 2 exAk E
n“e —e A =n Z— Z/\k € Ky,
(£ ) (2 )
we have 1n20(e)(vy) = 6(enA2)(vn) (by the hypothesis). On the other hand, as
en —enA2 =ey(1—A2) € KEn, we have 0(e,) (v,) = 0(enA2)(v,) and

18(6)) = 18N )| = 5 1Bendd) )| = 5 1Ben) )| >,

which contradicts the finiteness of ||6(e)||.
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(i) Consider v € A\ 4y and denote x := sup ||6(e)(v)| < co. Pick any
flefl<1

S K(’;:(V) and ey € K5 (V € Nq(o(v))) with |ley —e|| — 0 (Remark 2.5(ii)). As
f(ey) € K, one has

18(e) (V)| = 1I8(e — ev) (V)] < Klle —ev ],

which shows that v € A\ DMy .. Now, if v € My, such that o' (v) is an isolated point
in 2, then {c(v)} € Nq(c(v)), and we have the contradiction that G(Kf(v)) C K.
This gives second statement.

(iii) Fix ¢ € Co(Q2) and e € E. For any v e A\ Ny ,, we have ep—eq(c(v)) =
e(p—e(c(v))1)e Kg(v). Thus, for any vE A\ Ny, one has from (3.1),

(3.2) 6(cq)(v) = B(e) () (e (v)).

In particular, (3.2) is true when v € A\ 8y (by part (ii)) or when v € iy is an
isolated point of Ay (by the hypothesis as well as part (ii)). Suppose that v € g is
a non-isolated point of Ag. As ¢ is injective, part (i) implies that LIy is a finite set.
Hence, there exists a net {v;} in Ay \ Ly converging to v. Now, by Lemma 3.1,

0(eq)(v) = limb(eg)(v;) = lim6(e) (vi)p(v(v:)) = 6(e) (V)@ (c(v)). 1

REMARK 3.4. Note that since 3y is closed, isolated points in Ay are the same
as points in Ag which are isolated points of A. Moreover, for any v € 39, we have
sup ||6(e)(v)|| = 0, and (3.1) holds. Therefore, Lemma 3.3 remains valid if we

[lell<1

replace all the Ag with A (in fact, the current form is stronger as any injection on
A restricted to an injection on Ag). The same is true for all the remaining results
in this section.

If o is injective, then iy is finite and we have, by Lemma 3.3(i), our first
nearly automatically boundedness result which states that if 8 is a “module map
through an injection o : A — 2” (one can relax this slightly to an injection on Ay),
then 0 is “bounded after taking away finite number of points from A”.

PROPOSITION 3.5. Let Q2 and A be two locally compact Hausdorff spaces. Let
E and F be an essential Banach Co((2)-module and an essential Banach Cy(A)-module
respectively, and let 6 : E — F be a C-linear map (not assumed to be bounded). Suppose
that o = Ag — () is an injection satisfying 8(eq)(v) = 8(e)(v)p(c(v)) (e € E, ¢ €
Co(Q),v € Ag). Then there exist a finite subset T C A and a positive number x such
that
sup [|0(e)(v)[| <xllell (e € E).
veA\T
LEMMA 3.6. Let 0 : Ag — (2 be a map satisfying G(If(v)) C KE (v € Ayp).
Suppose, in addition, that F is a Banach Co(A)-normed module.
(i) Mg, is an open subset of A.
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(ii) If o is injective, then Uy is a finite set consisting of isolated points of A. If, in
addition, tlg # A, then F = Fp\, & @ EF and
veLly
60 := Po,r 00|k ) * Eovotsty) = Favg,
is a bounded linear map (where Py, : F — Fy\yy, is the canonical projection) such that

(3.3) fo(e@) = bo(e)(poo) (e € En\o(sy) @ € Co(Q2\ o(hy))),
when we extends o to a map from A to (2 arbitrarily.

Proof. Notice, first of all, that as F is Cy(£2)-convex, one may regard 6 = 6.

(i) As Ag is open in Aand My, C Uy C Ay, it suffices to show that Ny, is
openin Ag. By Lemma 3.3(i),

k= sup sup [[0(e)(v)]| < .
vl |lef| <1

Let {v;i}ics be a net in Ag \ My, converging to 1y € Ay, and e be an arbitrary
element in KE(VO). By Lemma 3.1, we know that o(v;) — o (vp). Now, we consider
two cases separately. The first case is when {0 (v;) }i¢; is finite. In this case, by

passing to a subnet, we may assume that o(v;) = o(vg) (i € I). Ase € KE(VO) =

K(l;:(v,) and v; ¢ Ny, we have 6(e)(v;) = 0 which gives 6(e)(vp) = 0, and so,
f(e) € Kfo. The second case (of {c(v;) } i being infinite) can be subdivided into
two cases. More precisely, if there exists iy € I such that v; € g for every j > iy,
then we may assume that {o(v;) }ic; € o(ly) which is a finite set, and the above
implies that §(e) € K} . Otherwise, {i € I : v; ¢ Yy} is cofinal, and by passing
to a subnet, we may assume that v; & iy (i € I). For any e > 0, pick V €
Na(o(vp)) and ey € KE with |ley —e|| < e. When i is large enough, o(v;) € V
and ey (0(v;)) = 0. Thus,
16(e)(vi)ll = [16(e —ev) (vi) || < xe.

By the continuity of the norm function on ZF, we have |0(e)(vp)|| < e which
implies that 6(e)(vp) = 0.

(ii) By the hypothesis and Lemma 3.3(i), one knows that {1 is finite. Without
loss of generality, we assume A # 4ly. Let
(34) k:= sup sup [|0(e)(v)| < oo.

veA\Uy |le]|<1
Suppose on the contrary that there is vy € g which is not an isolated point in A.
As Yy is finite, there is a net {v;} in A\ Iy such that v; — vy. By the definition of
g, there is e € E with [le|]| <1 and ||6(e) (1) || > x+1. However, this will contradict
the continuity of |6(e)| (because of (3.4)). Now, as iy is a finite set consisting of
isolated points in A and F is the space of Co-sections on ZF, we see that
F=K{, & @ &
vesly
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By the argument of Lemma 3.3(iii) (more precisely, (3.2) is true for v € A\ tly),
one easily check that 6y will satisfy (3.3). On the other hand, the boundedness of
0y follows from (3.4). 1

Observe that in Lemmas 3.3(iii) and 3.6(ii), one can replace the injectivity of
o with the condition that ¢! (w) is at most finite for any w € Q.

The following is our second nearly automatically boundedness result that
applies, in particular, when F is a Hilbert Cy(A)-module.

THEOREM 3.7. Let 2 and A be two locally compact Hausdorff spaces. Let E be an
essential Banach Cy(Q2)-module, let F be an essential Banach Cy(A)-normed module, and
let 0 : E — F be a C-linear map (not assumed to be bounded). Suppose that o : Ag — Q2
is an injection satisfying G(If(v)) CKE(veA.

(i) If A contains no isolated point, then 0 is bounded.

(ii) If o sends isolated points in Ay to isolated points in (2, then Ny, = @ and
there exist a finite set T consisting of isolated points of A, a bounded linear map 6y :
Eave(ry — Fa\r as well as linear maps 6, : EE(V) — EL (v € T) such that E =
Eqvo(r) ® @D Eg(v) and F = Fy\7 & @ EL under which 0 = 6y © @ 6,.

veT veT veT

Proof. (i) This follows directly from Lemma 3.6(ii).

(ii) The first conclusion follows from Lemmas 3.3(ii) and 3.6(ii), while the
second conclusion follows from Lemma 3.6(ii) (notice that we have a sharper con-
clusion here since Mg, = ©). 1

COROLLARY 3.8. Let E be an (H)-Banach bundle over (2, let A be an (F)-Banach
bundle over A, and let p : =& — A be a map (not assumed to be bounded nor continuous).
Suppose that o : A — (2 is an injection sending isolated points in A to isolated points
in (2 such that e — p oe oo defines a linear map 0 : Iy(E) — Io(A). Then there
exists a finite set T consisting of isolated points of A such that the restriction of p induces
a bounded Banach bundle map po : Eq)y(1) — Ap\r (covering ol m1)- Moreover, o is

continuous on A\ 3, where 35, := {v € A: p(e(c(v))) = 0foralle € E}.

Proof. As 0 is linear, we see that p(0,(,)) = Oy for any v € A. Consequently,
6(1 f(v)) C KE (v € A). Now the first conclusion follows from Theorem 3.7, and the
second conclusion follows from Lemma 3.1 as well as the fact that 3, = 39.

4. APPLICATIONS TO LOCAL LINEAR MAPPINGS

In the section, we will consider the case when A = (2, ¢ = id, and the
C-linear map 6 is a local map in the sense that 6(¢)¢ = 0 whenever ¢ € E and
¢ € Cp(Q) satisfying e¢p = 0. It is obvious that any Cy({2)-module map is local.

REMARK 4.1. Suppose that 0 is local. Let U,V C (2 be open sets with the
closure of V being a compact subset of U, and consider A € U, (V,U). For any
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e € KE and any ¢ > 0, there exists ¢ € Ky with ||e — eg|| < e. Thus, eA = 0 which
implies that §(e)A = 0 and 6(e) = 6(e)(1 — A) € K&, This shows that o = id will
satisfy the requirements in all the results in Section 3.

The following theorem (which follows directly from the results in Section 3
as well as Remark 4.1) is our main result concerning local linear maps.

THEOREM 4.2. Let 2 be a locally compact Hausdorff space. Suppose that E and
F are essential Banach Cy(Q2)-modules, and 6 : E — F is a local C-linear map (not
assumed to be bounded).
(i) 0 is a Co(Q)-module map and there exist a finite subset T C (2 as well as a
positive number « such that sup |[0(e)(v)|| < «|le|| (e € E).
veO\T
(i) If, in addition, F is a Banach Cy(Q2)-normed module, then 0 is a Co(Q2)-module
map and there exist a finite set T consisting of isolated points of (2, a bounded linear map
00 : Eo\r — Four as well as a linear map 6, : E; — E| for each v € T such that
E=Eqr® @ ELF=For® @ E and0=6)& @ 6,
veT veT veT
It is natural to ask if one can relax the assumption of F being C((2)-normed
to Cp(02)-convex in the second statement of Theorem 4.2 (in particular, whether
it is true that every Cy((2)-module map from an essential Banach Cy((2)-module
to an essential Banach Cy((2)-convex module is automatically bounded provided
that (2 contains no isolated point). Unfortunately, it is not the case as can be seen
by the following simple example.

EXAMPLE 4.3. Let E := C([0,1]) @« X and F := C([0,1]) B Y, where X
and Y are two infinite dimensional Banach spaces. Then E is an essential Ba-
nach C([0,1])-convex module under the multiplication: (e,x)p = (eq,x¢(0))
(e, € C([0,1]); x € X). In the same way, F is an essential Banach C(]0, 1])-convex
module. Suppose that R : X — Y is an unbounded linear map and 6 : E — F
is given by 6(e, x) = (¢, R(x)) (e € C([0,1]); x € X). Then 6 is a C([0, 1])-module
map which is not bounded (as its restriction on X is R). In this case, we have
Uy = {0}.

COROLLARY 4.4. Let Q be a locally compact Hausdorff space. Any local C-linear
map 6 from an essential Banach Cy(2)-module to a Hilbert Cy(Q2)-module is a Co(2)-
module map. Moreover, if (2 contains no isolated point, then any such 0 is automatically
bounded.

REMARK 4.5. Let L¢ () (E; Co(2)) and B () (E; Co(£2)) be the set of all
Co(02)-module maps and the set of all bounded Cy(2)-module maps, respec-
tively, from E into Cy((2) (one may regards them as the “algebraic dual” and the
“topological dual” of E respectively). An application of Corollary 4.4 is that the
algebraic dual and the topological dual of E coincide in many cases:
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If (2 is a locally compact Hausdorff space having no isolated
point and E is an essential Banach Cy(2)-module, then

Bey)(E:Co(Q)) = Ley(a) (E; Co(2)).

COROLLARY 4.6. Let E and A be respectively an (H)-Banach bundle and an (F)-
Banach bundle over the same base space 2. If p : E — A is a fibrewise linear map
covering id (without any boundedness nor continuity assumption) such that poe €
Io(A) for every e € Iy(E), then there exists a finite subset S C Q consisting of isolated
points such that p restricts to a bounded Banach bundle map po : Eq\s — Ay s-

Let X and Y be Banach spaces. If E := (®°(X) and F := (*(Y) be the sets
of all bounded sequences in X and Y respectively, then E and F are unital Banach
C(BN)-modules (where BN is the Stone-Cech compactification of N, which can
be identified with the set of all ultrafilters on N). If x € E, we denote by x; the
kth-coordinate of x (i.e. x = [x]ken). Suppose that 6 : E — F is a linear map (not
assumed to be bounded) such that li:rfrn 6(x)x = 0 for every ultrafilter F € fN and

x € E with li;nxk = 0. Since
E _ L1 _ F _ A H —
K —{er.h;nxk—O} and K —{yEF.h;nyk—O} (F € BN),

the map 6 induces a linear map 605 : 5 — EL for each ¥ € BN. In particular,
we obtain 6 : X — Y such that 0(x); = 6x(xx) (k € N;x € E). Moreover, by
Theorem 4.2, we have the following corollary.

COROLLARY 4.7. Let X and Y be Banach spaces. Suppose that 6 : (*(X) —
02°(Y) is a linear map such that li;n 0(x)x = 0 for every ultrafilter ¥ on N and every x €

0%°(X) with lim x; = 0. There exist ¥1, ..., %, € BN with sup |05 < oo.
J FepN\{F1,.... T}

REMARK 4.8. (i) Note that if F is a free ultrafilter on N, then E?(X)

Eﬁ(y) can be identified with the ultrapowers X7 and Y7 of X and Y (over ¥)
respectively. Thus, Corollary 4.7 implies that under the assumption of this corol-
lary, 8 induces a bounded linear map 64 : X7 — Y7 for all but a finite number of
free ultrafilter ¥ and they have a common bound.

(ii) In our original version of Corollary 4.7, we also included results con-
cerning linear maps from cy(X) to ¢p(Y) and from c(X) to c(Y). However, the
referee has kindly shown us the following more general result with a very simple
argument:

and

If 6 : X — Y is a sequence of linear maps such that the induced
map 60 from the space of sequences in X to the space of sequences
in'Y sends ¢o(X) to £*(Y), there is ny € N such that sup ||6, || <co.

n=ngp
The simple argument of the referee is as follows: if for each k € N, there exist
ng > ng_q and xj € X with [|x) || = 1and [|6,(x), )|| > k?, and one sets x,, :=
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x%k/k when n = ny, as well as x, := 0 when n ¢ {n; : k € N}, then one obtains
the contradiction that 0(x) ¢ £*°(Y).

Another important point in Theorem 4.2 is the automatic Cy((2)-linearity.
In fact, it can be shown that for every C*-algebra A, any bounded local linear
map from a Banach right A-module into a Hilbert A-module is automatically A-
linear (see Proposition A.1 in the Appendix). Theorem 4.2 tells us that if A is
commutative, then one can relax the assumption of the range space to a Banach
A-convex module and one can remove the boundedness assumption. Another
application of Theorem 4.2 is that if A is a finite dimensional C*-algebras, then
every local linear map between any two Banach right A-modules is A-linear.

COROLLARY 4.9. Let A be a finite dimensional C*-algebra. Suppose that E and
F are unital Banach right A-modules. If 0 : E — F is a local C-linear map in the sense
of Proposition A.1 (not assumed to be bounded), then 0 is an A-module map.

Proof. Pick any x € Eand a € Ag,. Let A; := C*(a,1). Theorem 4.2 tell us
that 0 is an A;-module map. By Remark 2.5(iii), we see that 6 is also an A;-module
map. In particular, 6(xa) = 0(x)a. 1

REMARK 4.10. (i) Suppose that A is a unital C*-algebra and F is a unital
Banach right A-convex module in the sense ||xa + y(1 —a)| < max{||x||, [|y|}
for x,y € Fand a € A with a < 1. Then, by the argument of Corollary 4.9, all
local linear maps from any unital Banach right A-module into F are automatically
A-linear.

(ii) If one can show that for every compact subset (2 C R and every essential
Banach C(Q2)-module F, the map ~: F — F is injective, then using the argument
of Corollary 4.9, one can show that for each C*-algebra A, all local linear maps be-
tween any two Banach right A-modules are A-module maps (without assuming
that 0 is bounded). However, we do not know if it is true.

5. APPLICATIONS TO SEPARATING MAPPINGS

In this section, we consider (2 and A to be possibly different spaces. In this
case, one cannot define local property any more, but one has a weaker natural
property called separating. More precisely, 8 is said to be separating if

16(e)]|0(g)| =0, whenevere,g € E satisfying [¢]|g] = 0.

In the case when E = Cy(2) and F = Cy(A), this coincides with the well-known
notion of disjointness preserving (see e.g. [1], [5], [18], [14], [12], [15]).

LEMMA 5.1. If ~: F — F is injective and 6 is separating, there is a continuous
map o : Ag — Qoo such that G(If(v)) C I (v e Ay).
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Proof. Set
Syi={we€ Ou:0(IE) CIE} (v e Ay).
Suppose there is v € Ag with S, = @. Then for each w € (2, there exist U, €
Nq, (w) and e, € Kﬁw with 6(ew) ¢ IF. Let {Uy,}", be a finite subcover of
{Uw}wen., and {¢;}!; be a partition of unity subordinate to {Uy,}}" ;. Take
any ¢ € E. From |g¢;||eo;| = 0, we obtain |(g¢;)||0(ew,;)| = 0, which implies
that 8(g¢;)(v) = 0 (otherwise, by Remark 2.5(i), one can find U € N,_ (v) with
0(g9;) (1) # 0 for any u € U, and the above as well as Remark 2.5(iv) will give
the contradiction that 8(ew,) € IF). Consequently,

3(g)(v) = i5<g¢i><v> —0 (gcE),

which contradicts v ¢ 3. Suppose there is v € Ag with S, containing two distinct
points wy and wy. Let U,V € N (w1) with V CIntn (U) and wy ¢ U. For any
peUn, (V,U)and ec E, we havee(1—¢) € If,l and ep e If,z which implies that

6(e) = 0(e(1— ) +0(eq) € L.
This gives the contradiction that v € 34. Therefore, we can define o(v) to be the
unique point in S, and it is clear that 6(I f(v)) C II'. Now, the continuity of ¢

follows from Lemma 3.1 (because I} C K%).

THEOREM 5.2. Let (2 and A be two locally compact Hausdorff spaces, and let E
be a full essential Banach Cy((2)-module (see Remark 3.2(ii)) and F be a full essential
Banach Cy(A)-normed module. Suppose that 6 : E — F is a bijective C-linear map (not
assumed to be bounded) such that it is biseparating in the sense that both 0 and 6~ are
separating.

(i) There exists a homeomorphism o : A — (2 satisfying
O(eg) =6(e)(go0) (e Ege Co(Q))

(ii) There exists a possibly empty finite subset {v1,...,vy} C A consisting of isolated
points such that the restriction of 6 induces a Banach space isomorphism 6 : Eqy — Fu
where A' := A\ {v1,..., vy} and Q' := 0 (Ay).

Proof. (i) If e € E with & = 0, then 6(e) = 6(e) = 0 (as 6 is separating and
F is Cy(A)-convex), which gives e = 0 (as 0 is injective). Hence, one can identify
¢with e and f with f (e € E, f € F) as well as regard § = 6 and §—1 = 1. The
fullness of E and F as well as the surjectivity of § and 0! ensure that 35 = @ and
3g-1 = @. Therefore, by Lemma 5.1, we have two continuous maps

T:0) = Ax and 0:A— O
such that 9’1(15((0)) CIE (w e O)and G(If(v)) C I (v € A). Consequently, for
any v € Ag:=0c }(Q)and w € Qp := T 1(A), we have

c(t(w))=w and t(c(v))=v
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(because E and F are full, and we have If(r(w)) C If, as well as ITF(U(V)) C If; see

also Remark 2.5(i) and (iv)). If there exists v € A\ My » (Mg, as in Lemma 3.3(ii))
with 0(v) = oo, then F = 8(KE) C KF, which contradicts the fullness of F. Thus,

A \ m(-),a C Ao.

On the other hand, as Ag NNy ;- is a finite set (by Lemma 3.3(i) and (ii) and the fact
that ¢ is injective on Ag) and is open in A (by Lemma 3.6(i)), we see that Ag N9y
consists of isolated points of A. Thus, c(Ag NNy ) consists of isolated points of
g (as o restricts to a homeomorphism from Ag to (2p). We want to show that

AgNNgy = @.

Suppose on the contrary that there is v € Ag N Ng,. We know that o(v)
(5 o0) is a non-isolated point of (2 (by Lemma 3.3(ii)). Therefore, there exists a
net {w; }icr in Q\ {c(v)} converging to o(v). If {i € I : w; € Qy} is cofinal, then
there is a net in 2y \ {¢(v)} converging to ¢(v), which contradicts (v) being
an isolated point in (2g. Otherwise, w; € T~ !(c0) eventually, which gives the
contradiction that v = oo (note that T(w;) — T(c(v)) =vasv € Ay).
Consequently,

A\ Ny = Ag.

Suppose that 9y , # @ and v € Ny ;. Since Ny, is an open subset of A (by Lem-
ma 3.6(i)), there exists V € Nu(v) with V. C 9y ,. Take any f € F such that
f(v) # 0 (by the fullness of F) and f vanishes outside V. Thus, f € I (as V is
compact) and so, 67! (f)(w) = 0 for any w € T 1(c0). On the other hand, for
any w € 2y, one has T(w) € Agand so, f € If(w) (as f vanishes on the open set

A containing T(w)) which implies that 671 (f)(w) = 0. Hence ! (f) = 0 which
contradicts the injectivity of 1. Therefore, N, = @. This shows thatco : A — Q
is a homeomorphism and part (i) follows from Lemma 3.3(iii).

(ii) This follows directly from Theorem 3.7(ii). 1

One can apply the above to the case when F is a full Hilbert Cy(A)-module.
Another direct application of Theorem 5.2 is the following theorem which extends
and enriches a result of Chan [8] (by removing the boundedness assumption on
6), as well as results concerning the product bundle cases discussed in [4], [13].
Notice that if (02, {Ey}, E) is a continuous fields of Banach spaces over a locally
compact Hausdorff space (2 (as defined in [9], [11]), then E is a full essential
Banach Cy(02)-normed module.

THEOREM 5.3. Let (2, {Ex}, E) and (A, { Ay}, F) be continuous fields of Banach
spaces over locally compact Hausdorff spaces (2 and A respectively. Let 6 : E — F be a
bijective linear map such that both 0 and its inverse 0~ are separating. Then there is a
homeomorphism o : A — (2 and a bijective linear operator Hy : E,(,,) — Ay such that

0(f)(v) = Hi(f(e(v))) (f€EveA).
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Moreover, at most finitely many H, are unbounded, and this can happen only when v
is an isolated point in A. In particular, if (3 (or A) contains no isolated point, then 6 is
automatically bounded.

Appendix A. BOUNDED LOCAL LINEAR MAPS ARE A-LINEAR

PROPOSITION A.1. Let A bea C*-algebra, and let 6 be a bounded linear map from
a Banach right A-modules E into a Hilbert A-module F. Then 6 is a right A-module map
if and only if 6 is local (in the sense that 6(e)a = 0 whenever e € E and a € A with
ea =0).

Proof. Suppose 6 is local. Observe, first of all, that E** and F** are unital
Banach A**-modules, and the bidual map 8** : E** — F** is a bounded weak*-
weak*-continuous linear map. Fix x € Eand a € A, and let

@ : C(o(a))™ — A™

be the map induced by the canonical normal *-homomorphism ¥ : M(A)** —
A**. Pick a,p € Ry with a < B, and define p := ®(X,(a)n(ap))- Let {fn} and
{gn} be two bounded sequences in C(c(a))+ such that f,¢, = 0, as well as

fo T Xo(@)n@p) and  gn | Xe(a)\(a,p) POintwisely.

Note that as ¥(A) C A, we have a, := ®(f,) € A (observe that f,(0) = 0 if
0 € o(a)), and we can write b, := ®(g) as ¢u + ynl (where ¢, € A and 7, € C).
Fix n € N. Since a, and ¢, commute, there is a locally compact Hausdorff space
Q with C*(ay, ¢n) = Co(Q2). By considering b, € Co(Q2)+ +R41 C C,(Q)4, one
can find a net {d;};c; in Co(Q)+ C A4 such thatd; < b, (i € I)and d; — by
pointwisely. As 0 < d; < b, and a,b, = 0in G, ((2), one knows that a,d; = 0.
Now, the relations 6(xay, )d; = 0 and 6(xd;)a, = 0 imply that 6**(xa, )b, = 0 and
6**(xby)a, = 0. Since the multiplication in the bidual of the linking algebra of F
is jointly weak*-continuous on bounded subsets, we see that 0**(xp)(1 —p) =0
and 0**(x(1 — p))p = 0, which implies that 6**(xp) = 6**(x)p. Finally, there
exists 1, € R and ay, B € Ry such that oy < By and

M
up \f - fk?fa(u)m(ak,ﬂw(f)\ — 0.
k=1

tco(a

Thus, by the weak*-continuity again, we get 6**(xa) = 6**(x)a as required. 1
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