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ABSTRACT. If a is a densely defined sectorial form in a Hilbert space which
is possibly not closable, then we associate in a natural way a holomorphic
semigroup generator with a. This allows us to remove in several theorems of
semigroup theory the assumption that the form is closed or symmetric. Many
examples are provided, ranging from complex sectorial differential opera-
tors, to Dirichlet-to-Neumann operators and operators with Robin or Wentzell
boundary conditions.
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1. INTRODUCTION

Form methods are most efficient to solve evolution equations in a Hilbert
space H. The theory establishes a correspondence between closable sectorial
forms and holomorphic semigroups on H which are contractive on a sector (see
[17], [24] and [19], for example). The aim of this article is to extend the theory
in two directions and apply the new criteria to differential operators. Our first
result shows that the condition of closability can be omitted completely. To be
more precise, consider a sesquilinear form

a: D(a) x D(a) — C
where D(a) is a dense subspace of a Hilbert space H. The form a is called sectorial
if there exist a (closed) sector
Zp={re*:r>0, [a| <0}
with 6 € [0, %), and v € R, such that a(u) — 7||u||?; € Z4 for allu € D(a), where

a(u) = a(u, u). We shall show that there exists an operator A in H such that for all
x, f € Honehas x € D(A) and Ax = f if and only if there exist u1,uy,... € D(a)
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such that (Rea(uy)), is bounded, nhn;o U, = xin H and }}ingoa(un,v) = (f,v)u

for all v € D(a). It is part of the following theorem that f is independent of the
sequence 1y, Uy, .. ..

THEOREM 1.1 (Incomplete case). The operator A is well-defined and — A gen-
erates a holomorphic Co-semigroup on the interior of X /»_g.

This is a special case of Theorem 3.2 below, but we give a short proof already
in Section 2. Recall that the form a is called closable if for every Cauchy sequence
uq, Uy, ... in D(a) such that lim u, = 0in H one has lim a(u,) = 0. Here D(a)

n—oo n—oo

carries the natural norm ||ul|, = (Rea(u) + (1 — 7)|[u[%)/2. In Theorem 1.1 we
do not assume that a is closable. Nonetheless, the operator A is well-defined.
For our second extension of the theory on form methods we consider the
complete case, where the form a is defined on a Hilbert space V. However, we do
not assume that V is embedded in H, but merely that there exists a not necessar-
ily injective operator j from V into H. This case is actually the first we consider
in Section 2. It is used for the proof of Theorem 1.1 given in Section 2. In Theo-
rem 3.2 we give a common extension of both Theorem 1.1 and the main theorem
of Section 2. It turns out that many examples can be treated by our extended
form method and Section 4 is devoted to several applications. Our most substan-
tial results concern degenerate elliptic differential operators of second order with
complex measurable coefficients on an open set (2 in R?. If the coefficients satisfy
merely a sectoriality condition (which can be very degenerate including the case
where the coefficients are zero on some part of (2), then Theorem 1.1 shows right
away that the corresponding operator generates a holomorphic Cy-semigroup on
Ly (). We prove a Davies-Gaffney type estimate which gives us locality proper-
ties and in case of Neumann boundary conditions and real coefficients, the invari-
ance of the constant functions. This extends results for positive symmetric forms
on R? in [13] and [12]. We also extend the criteria for closed convex sets due to
Ouhabaz [21] to our more general situation and show that the semigroup is sub-
markovian if the coefficients are real (but possibly non-symmetric). As a second
application, we present an easy and direct treatment of the Dirichlet-to-Neumann
operator on a Lipschitz domain (2. Here it is essential to allow non injective
j: D(a) — H. As aresult, we obtain submarkovian semigroups on L, (9(2). Most
interesting are Robin boundary conditions which we consider in Subsection 4.3
on an open bounded set (2 of R? with the (d — 1)-dimensional Hausdorff mea-
sure on d(). Using Theorem 1.1 we obtain directly a holomorphic semigroup on
L,(Q). Moreover, for every element in the domain of the generator there is a
unique trace in Ly (9(2, 0) realising Robin boundary conditions. Such boundary
conditions on rough domains had been considered before in [9] and [8]. We also
give a new simple proof for the existence of a trace for such general domains. We
use these results on the trace to consider Wentzell boundary conditions in Sub-
section 4.5. These boundary conditions obtained much attention recently [14],
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[25]. By our approach we may allow degenerate coefficients for the elliptic opera-
tor and the boundary condition. Our final application in Subsection 4.2 concerns
multiplicative perturbation of the Laplacian.

Throughout this paper we use the notation and conventions as in [17]. More-
over, the field is C, except if indicated explicitly. We will only consider univocal
operators.

2. GENERATION THEOREMS FOR THE COMPLETE CASE

The first step in the proof of Theorem 1.1 is the following extension of the
“French” approach to closed sectorial forms (see Chapter XVIIA, Example 3 of
[10], Sections 2.2 and 3.6 of [24], and [18]). It is a generation theorem for forms
with a complete form domain. It differs from the usual well-known result for
closed forms in the following point. We do not assume that the form domain
is a subspace of the given Hilbert space, but that there exists a linear mapping
j from the form domain into the Hilbert space. Moreover, we do not assume
that the mapping is injective. In the injective case, and also in the general case
by restricting j to the orthogonal complement of its kernel, we could reduce our
result to the usual case. It seems to us simpler to give a direct proof, though,
which is adapted from Section 3.6, Application 2 of [24], treating the usual case.

Let V be a normed space and a: V x V — C a sesquilinear form. Then 4 is
continuous if and only if there exists a ¢ > 0 such that

2.1) la(u,0)] < clluflvovllv

forallu,v € V. Let H be a Hilbert spaceand j: V — H abounded linear operator.
The forma: V x V — Cis called j-elliptic if there exist w € R and y > 0 such that

(2.2) Rea(u) +w|j(u) [} = ulully

for all u € V. The form a is called coercive if (2.2) is valid with w = 0.
An operator A: D(A) — H with D(A) C H is called sectorial if there are
v € R, called a vertex, and 6 € [0, 7 ), called a semi-angle, such that

(Ax,x) =7 |x|} € =

for all x € D(A). Moreover, A is called m-sectorial if it is sectorial and AI —
A is surjective for some A € R with A < . Then an operator A on H is m-
sectorial if and only if —A generates a holomorphic Cyp-semigroup S, which is
quasi-contractive on some sector, i.e. there exist § € (0, 7) and w € R such that
le™ %S|l gy < 1forallz € XZy. (See Theorem IX.1.24 of [17] and proof of
Theorem 1.58 of [21].)

The main theorem of this section is as follows. We repeat that in our setting
an operator is always univocal.
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THEOREM 2.1. Let H,V be Hilbert spaces and j: V — H a bounded linear oper-
ator such that j(V) is dense in H. Let a: V x V — C be a continuous sesquilinear form
which is j-elliptic. Then one has the following:

(i) There exists an operator A in H such that for all x, f € H one has x € D(A) and
Ax = f if and only if
there exists a u € V such that j(u) = x and a(u,v) = (f,j(v))n for
allveV.

(ii) The operator A of statement (i) is m-sectorial.

We call the operator A in statement (i) of Theorem 2.1 the operator associated
with (a, j).

In the proof of Theorem 2.1 we need two subspaces of V which we need
throughout the paper. Set

Dy(a)={u € V : there exists an f € H such that a(u,v)=(f,j(v))y forallve V}

and
V(a) ={ueV:a(u,v)=0forallv € kerj}.
Clearly Dy (a) C V(a) and V(a) is closed in V.

Proof of Theorem 2.1. The proof consists of several steps.

Step 1. First, we prove that the restriction map j|y(,): V(a) — H is injective.
If u € V(a) and j(u) = 0, then a(u) = 0. The j-ellipticity (2.2) of a then implies
that [[u|ly = 0. So u = 0 and j|y(,) is injective.

Step 2. Next we prove statement (i). If u € V, then it follows from the density
of j(V) in H that there exists at most one f € H such thata(u,v) = (f,j(v))y for
all v € V. But j|Dg(a) is injective. Therefore we can define the operator A by
D(4) = (Dy(a)) and

(2.3) a(u,v) = (Aj(u),j(v))g forallu € Dy(a)andv € V.

(We emphasize that (2.3) is restricted to u € Dy(a) and need not to be valid for
all u € V with j(u) € D(A). An example will be given in Example 3.14.)

Step 3. Let ¢, w and p be as in (2.1) and (2.2). Let x € D(A). There exists
au € Dy(a) such that x = j(u). Then ((wl + A)x,x) = a(u) + w||j(u)|? and
Re((wI + A)x,x) > p|ul/?3. Therefore

| Im((wl 4 A)x, x)| = [Ima(u)| < cllul < %Re((wl—i—A)x,x).

So A is sectorial with vertex —w.

Finally, set A = w + 1. We shall show that the range of AI + A equals H.
Define the form b on V by b(u,v) = a(u,v) + A(j(u), j(v))y. Then b is continuous
and coercive. Let f € H. The Lax-Milgram theorem implies that there exists a
unique u € V such that b(u,v) = (f,j(v))y forallv € V. Then j(u) € D(A) and
(AT + A)j(u) = f. Thus A is m-sectorial. This proves Theorem 2.1. &
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Although Theorem 1.1 is a special case of Theorem 3.2, a short direct proof
can be given at this stage.

Proof of Theorem 1.1. Denote by V the completion of (D(a), || - ||4). The injec-
tion of (D(a), || - ||») into H is continuous. Hence there exists a j € £(V, H) such
that j(u) = u for all u € D(a). Since a is sectorial, there exists a unique contin-
uous extension a: V x V — C. This extension is j-elliptic. Let A be the operator
associated with (@,j). If uj, up,... € D(a) with uj, up, ... convergent in H and
Rea(uq),Rea(uy), ... bounded, then uy,uy, ... is bounded in D(a). Therefore it
has a weakly convergent subsequence in V. It follows from the density of D(a)
in V that A equals the operator from Theorem 1.1. In particular, the operator is
well-defined. Now the result follows from Theorem 2.1. 1

In the definition of j-elliptic the assumption is that (2.2) is valid forallu € V.
For a version of the Dirichlet-to-Neumann operator in Subsection 4.4 this condi-
tion is too strong. One only needs (2.2) to be valid for all u € V(a) if in addition
V = V(a) + kerj (cf. Theorem 2.5(i)).

COROLLARY 2.2. Let H,V be Hilbert spaces and j: V. — H a bounded linear
operator such that j(V') is dense in H. Let a: V x V — C be a continuous sesquilinear
form. Suppose that there exist w € R and p > 0 such that

(2.4) Rea(u) +wlj()llE; = ulully

forallu € V(a). In addition suppose that V.= V (a) + ker j. Then one has the following:
(i) There exists an operator A in H such that for all x, f € H one has x € D(A) and
Ax = f if and only if
there exists a u € V such that j(u) = x and a(u,v) = (f,j(v))n for
allveV.

(ii) The operator A of statement (i) is m-sectorial.

Again we call the operator A in statement (i) of Corollary 2.2 the operator
associated with (a, j).

Proof of Corollary 2.2. Define the form b by b = a|y () v(s)- Then (b, jly(a))
satisfies the assumptions of Theorem 2.1. Let B be the operator associated with
(b jlvia)-

Clearly Dy (a) C Dy(b). Conversely, if u € Dy(b), then there is an f € H
such that b(u,v) = (f,j(v))y forall v € V(a). Then a(u,v) = (f,j(v))y for all
v € V(a), but also for all v € ker j by definition of V(a). Since V = V(a) + kerj
by assumption, it follows that u € Dy(a). Therefore Dy (a) = Dy (b). But j|p,,(a)
is injective. Hence the operator B satisfies the requirements of statement (i). Then
statement (ii) is obvious. 1

We return to the situation of Theorem 2.1. If the form 7 is j-elliptic and if
T € C, then obviously the operator A + 71 is associated with (b, j), where b is the
j-elliptic form b(u,v) = a(u,v) + t(j(u),j(v))g on V.
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Although it is very convenient that we do not assume that the operator j is
injective, the second statement in the next proposition shows that without loss of
generality one might assume that j is injective, by considering a different form.
The proposition is a kind of uniqueness result. It determines the dependence of
the operator on the choice of V.

PROPOSITION 2.3. Suppose the form a is j-elliptic and let A be the operator asso-
ciated with (a, j). Then one has the following:

(i) If U is a closed subspace of V such that Dy(a) C U, then A equals the operator
associated with (a|yxu, jlu)- If, in addition, the restriction j|i; is injective, then U =
Dy (a), where the closure is taken in V.

(ii) V(a) = Dy (a). Moreover, j|y ,) is injective and A equals the operator associated
with (aly(a)xv(a)Jlv(a))-

(iii) If U is a closed subspace of V (a) such that j(U) is dense in H and A is the operator
associated with (a|yxu, jlu), then U = V(a).

Proof. (i) Note that j(U) and j(V (a)) both contain j(Dg(a)) = D(A). There-
fore j(U) and j(V(a)) are dense in H. Let by = a[yxy and by = aly(g)xv(s)- Fur-
ther, let B and B be the operators associated with (b1, j|ur) and (b2, jly(s))- Then
for all u € Dy(a) one deduces that (Aj(u),j(v))g = a(u,v) = bi(u,v) for all
v € U. Therefore u € Dy(by) and Byj(u) = Aj(u). So A C By. But both —A and
—B; are semigroup generators. Therefore By = A. Similarly, A = B,. Finally, if j
is injective on U, then it follows from the inclusion V' (a) C U and the uniqueness
theorem for closed sectorial forms, ([17], Theorem V1.2.7) that U = V(a). This
proves statement (i).

(ii) The injectivity of j|y(,) has been proved in Step 1 of the proof of Theo-
rem 2.1. Then (ii) is a special case of (i).

Finally, statement (iii) follows from (i) with a replaced by a|7xi;. I

It is easy to construct examples with V(a) # V. Therefore the injectivity
condition in Proposition 2.3(i) is necessary.

COROLLARY 2.4. Assume the notation and conditions of Corollary 2.2. Let A be
the operator associated with (a, j). Then one has the following:
(i) V(a) = Dy(a). Moreover, j|y ) is injective and A equals the operator associated
with (aly(a)xv(a) ilv(a))-
(ii) Let U be a closed subspace of V (a) such that j(U) is dense in H. Then a|ixy is
jlu-elliptic. Suppose A is the operator associated with (a|yxu, jlu). Then U = V (a).

Proof. Let b = aly(z)xv(s)- Then it follows from the proof of Corollary 2.2
that b is j|y (s -elliptic and A is the associated operator. Moreover, Dy(a) =
Dy (b). Then

V(b)) ={u e V(a):a(uv)=0forallv € V(a)Nkerj} = V(a).
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It follows from Proposition 2.3(ii) applied to (b, j|y(,)) that V(b) = D (b). Hence

V(a) = Dy(a). Moreover, (j|y(a)) |v(s) is injective. Therefore j|y ) is injective.
If U is a closed subspace of V() such that j(U) is dense in H, then a|; is
jlu-elliptic. Then statement (ii) follows from Proposition 2.3(iii). &

In Subsection 4.4 we give an example that Proposition 2.3(i) cannot be ex-
tended to the setting of Corollary 2.2.

One can decompose a form a in its real and imaginary parts as a = h + ik,
where I, k: D(a) x D(a) — C are symmetric sesquilinear forms. We write Ra = h
and Sa = k.

The next theorem gives a connection between the current forms a together
with the map j and the closed sectorial forms in Section V1.2 of [17].

THEOREM 2.5. Suppose the form a is j-elliptic and let A be the operator associated
with (a, j). Then the following holds:
(i) kerj @ V(a) = V as vector spaces.
(ii) Let ac be the form on H defined by

D(ac) = j(V) and ac(j(u),j(v)) = a(u,0) (u,0€ V(a)).
Then a. is the unique closed, sectorial form such that A is associated with a.

Proof. (i) Let w € R and u > 0 be as in (2.2). We can assume that w = —1
and the form a is coercive. Otherwise we replace a by the form (u,v) — a(u,v) +
(w+1)(j(u),j(v))y. Leth = Ra and k = S be the real and imaginary part
of a. Then (u,v) := h(u,v) defines an equivalent scalar product on V. So we
may assume that ||u||y = ||ul|, forallu € V. Let V; = kerjand V, = (kerj)= .
Moreover, let 711 and 7, be the projection from V onto Vi and V), respectively.
Then h(uq,v7) = 0forall uy € V; and vy € V;. There exists a unique operator T €
L(V) such that k(u,v) = h(Tu,v) forallu,v € V. Let Ty; = my o T|y, € L(V7)
and Typ = 1 0 T|y, € L(Vo, V1). If (uy,up) € Vi x Vo, then uy +up € V(a) if and
onlyif 0 = a(uy +up,v1) = h((I +iT)(u1 +uz),v1) = h((I +iT11)u1 +iT1puz,v1)
forallv; € V4. So

V(&l) = {Ml “+us: (Ml, le) € Vy x Vo and (I + iTn)ul +iTouy = 0}.

But T is self-adjoint since # and k are symmetric. So I +iTy; is invertible. Thus
for all up € V, there exists a u7 € Vj such that u; + up € V(a). Consequently,
j(V(a)) = j(Va) = j(V). This implies that kerj + V(a) = V. That the sum is
direct has been proved in Step 1 of the proof of Theorem 2.1.

(ii) Define on j(V(a)) the scalar product carried over from V(a) by j. Then
the form a. is clearly continuous and elliptic, which is the same as sectorial and
closed (Lemma 3.1). The operator A is clearly the operator associated with a.. 1

We call the form a in Theorem 2.5 the classical form associated with (a, j). It
equals the classical form associated with the m-sectorial operator A. The proof of
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Theorem 2.5 also allows to estimate the real part of the classical form of a by the
classical form of the real part of a as follows.

PROPOSITION 2.6. Suppose the form a is j-elliptic and let A be the operator as-
sociated with (a,j). Suppose w < —1 in (2.2). Let h be the real part of a and h. the
classical form associated with (h,j). Then D(ac) = D(hc). Moreover, there exists a
constant C > 0 such that Reac(x) < Che(x) forall x € j(V).

Proof. The first statement is obvious since D(a.) = j(V) = D(hc). We use
the notation introduced in the proof of Theorem 2.5. Moreover, we may assume
that the inner product on V is given by (u,v) — h(u,v). Let u € V(a). Then
(I 4 iT1q)uq + iTpuz = 0, where uy = m1(u) and up = 7mp(u). Therefore uy =
—i(I +iTy1) "' Typuy. Moreover, j(u) = j(us) and up € V(h). So ac(j(u)) = a(u)
and he(j(u)) = he(j(u2)) = h(uz) = ||uz||%. Since the operator (I +iTy1) 1Ty, is
bounded one estimates

Reac(j(u)) = Rea(u) = h(u) = [l + |uzl}y < Clluz||§; = Che(j(u))
where C = ’|(1+1T11)71T12H2+1. |

The next lemma gives a sufficient condition for the resolvents to be compact.

LEMMA 2.7. Suppose the form a is j-elliptic and let A be the operator associated
with (a, ). If j is compact, then (Al + A)~' is compact for all A € C with Re A > w,
where w is as in (2.2).

Proof. By the Lax-Milgram theorem there exists a B € L(H, V) such that

(f,j(©))u = a(Bf,v) + A(j(Bf),j(v))n

forall f € Hand v € V. Then B(H) C Dy(a) and (A + AI)j(Bf) = f for all
f € H. Therefore (Al + A)~! = jo Bis compact. 1

REMARK 2.8. If B is the operator associated with (a*,j) where a* is the j-
elliptic form on V given by a*(u,v) = a(v,u), then A* is an extension of B. But
both —A* and —B are generators of semigroups. Therefore A* is the operator
associated with (a*, j).

In Theorem 2.2 of [21] there is a characterization of closed convex subsets
which are invariant under the semigroup S. For a background of this theorem we
refer to the Notes for Section 2.1 in [21]. Using the two statements of Theorem 2.5,
the theorem of Ouhabaz can be reformulated in the current context. Recall that a
sesquilinear form b is called accretive if Reb(u) > 0 for all u € D(b).

PROPOSITION 2.9. Suppose the form a is j-elliptic, let A be the operator associated
with (a, j) and S the semigroup generated by — A. Moreover, suppose that a is accretive.
Let C C H be a non-empty closed convex set and P: H — C the orthogonal projection.
Then the following conditions are equivalent:

(i) StC C Cforall t > 0.
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(ii) For all u € V there exists a w € V such that

Pj(u) = j(w) and Rea(w,u—w) > 0.
(iii) For all u € V there exists a w € V such that

Pj(u) = j(w) and Rea(u,u—w) > 0.

(iv) There exists a dense subset D of V such that for all u € D there existsaw € V
such that

Pj(u) = j(w) and Rea(w,u—w) > 0.

Proof. (i) = (ii) Let u € V. By Theorem 2.5 there exists a u’ € V(a) such that
j(u") = j(u). Then Pj(u’') € D(a.) by Theorem 2.2, 1)=-2) of [21]. So there exists
aw € V(a) such that Pj(u’) = j(w). Then Rea(w,u’ —w) = Reac(j(w),j(u') —
j(w)) = Reac(Pj(u'),j(u") — Pj(u’)) > 0 again by Theorem 2.2, 1)=-2) of [21].
But a(w,u —u’') = 0since w € V(a) and u — u’ € kerj. SoRea(w,u —w) > 0.

(ii) = (iii) Trivial, since Rea(u — w,u — w) > 0.

(iii) = (i) Let u € V(a). By assumption there exists a w € V such that
Pj(u) = j(w) and Rea(u,u —w) > 0. Let w’ € V(a) be such that j(w) = j(w').
Then a(u,w —w') = 0since u € V(a) and w — w' € kerj. So Rea(u,u —w') >0
and Reac(j(u),j(u) — Pj(u)) = 0. Then the implication follows from Theorem 2.2,
3)=1) of [21].

(ii) = (iv) Trivial.

(iv) = (ii) Since a is continuous there exists a ¢ > 0 such that |a(u,v)| <
cllullv||lv|ly for all u,v € V. Letu € V. There exist u,uy,... € D such that
limu, = uin V. For all n € N there exists by assumption a w, € V such that
Pj(uy) = j(wy) and Rea(wy, uy, — wy) > 0. Let 4 and w be as in (2.2). Then

llwnl[5 < Rea(wn) + wllj(wn) I
= Rea(wy, uy) — Rea(wy, y — wy) + w||j(w,)|%
< Rea(wy, ttn) + wllj(wn) I} < cllwnllvllunllv + wl|Pj(un)IF;

for all n € N. Since {u, : n € N} is bounded in V and {Pj(u,) : n € N} is
bounded in H by continuity of j and contractivity of P, it follows that the set {wy, :
n € N} is bounded in V. So there exist w € V and a subsequence wy,,, wy,, ... of
w1, Wy, ... such that lim w,, = w weakly in V. Then kILH;: Pj(uy,) = limj(wy, ) =

j(w) weakly in H. On the other hand, the continuity of j and P gives lim Pj(u,) =
n—oo
Pj(u) strongly in H. So Pj(u) = j(w). Next, since Re a(wy, u, — wy,) > 0 one has
Rea(w,) < Rea(wy, uy) foralln € N. Moreover, klim Rea(wy,, uy, ) = Rea(w,u).
—00
In addition, since a is accretive and j-elliptic it follows that v +— (Rea(v) +
ellj(v)]1%)1/? is an equivalent norm associated with an inner product on V for
all ¢ > 0. Therefore Rea(w) < lilgninfRea(wnk). So Rea(w) < Rea(w,u) and

Rea(w,u —w) > 0 as required.
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3. GENERATION THEOREMS IN THE INCOMPLETE CASE

In this section we consider forms for which the form domain is not neces-
sarily a Hilbert space. First we reformulate the complete case.

Let a: D(a) x D(a) — C be a sesquilinear form, where the domain D(a)
of a is a complex vector space, the domain of a. Let H be a Hilbert space and
j: D(a) — H a linear map. We say that a is a j-sectorial form if there are v € R,
called a vertex, and 6 € |0, g), called a semi-angle, such that

a(u) = yllj(u)l} € Zo

for all u € D(a). If a is j-sectorial with vertex -, then we define the semi-inner
product (-, -), in the space D(a) by

(u,0)a = (Ra)(u,0) + (1 = 7)(j(u),j(v))n-

Again we do not include the 7 in the notation. Then the associated seminorm
I - ||z is @ norm if and only if Rea(u) = j(u) = 0 implies u = 0 for all u € D(a).
A j-sectorial form a is called closed if || - ||, is anorm and (D(a), || - ||») is a Hilbert
space. This term coincides with the term for closed forms in Section VI.1.3 of [17]
if j is an inclusion map.

The alluded reformulation is as follows.

LEMMA 3.1. Let V be a vector space, a: V x V. — C a sesquilinear form, H a
Hilbert space and j: V. — H a linear map. Then the following are equivalent:
(i) The form a is j-sectorial and closed.
(ii) There exists a norm || - ||y on V such that V is a Banach space, the map j is
bounded from (V, || - ||v) into H, the form a is j-elliptic and a is continuous.
Moreover, if condition (ii) is valid, then the norms || - ||, and || - ||y are equivalent.

The easy proof is left to the reader.

In this section we drop the assumption that (D(a), || - ||.) is complete. So H
is a Hilbert space, a: D(a) x D(a) — C is a sesquilinear form, j: D(a) — H is
a linear map and we assume that a is merely j-sectorial and j(D(a)) is dense in
H. We will again associate a sectorially bounded holomorphic semigroup gen-
erator with (a,j). The next theorem is an extension of both Theorem 1.1 and
Theorem 2.1.

In a natural way one can define the notion of Cauchy sequence in a semi-
normed vector space.

THEOREM 3.2. Let a be a sesquilinear form, H a Hilbert space and j: D(a) — H
a linear map. Assume that a is j-sectorial and j(D(a)) is dense in H. Then one has the
following:
(a) There exists an operator A in H such that for all x, f € H one has x € D(A) and
Ax = f ifand only if there exist uq,uy, ... € D(a) such that:
6)] nlglgo](un) = x weakly in H,
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(ii) supRe a(u,) < oo, and,
neN
(iii) nhf.}o”(””’v) = (f,j(v))y forallv € D(a).
(b) The operator A of statement (a) is m-sectorial.
(c) Let x,f € H. Then x € D(A) and Ax = f if and only if there exists a
Cauchy sequence uy, iy, . .. in D(a) such that nlgx;lo](un) = xin H and r}iirgoa(un,v) =

(f,j(v))g forall v € D(a).

If Vy is a vector space with a semi-inner product, then there exist a Hilbert
space V and an isometric map q: Vy — V such that q(Vp) is dense in V. Then V
and g are unique, up to unitary equivalence. We call (V,q) the completion of V;. If
also V] is a vector space with a semi-inner product and (V’,q’) is its completion,
then for every linear map Tp: Vy — V{j and ¢ > 0 such that ||T0”||V5 < cflully,
for all u € V), there exists a unique T € £(V, V') such that 4’ o Ty = T o 4. Then
IT|| < c. We call T the continuous extension of Ty to V.

Proof of Theorem 3.2. Let (V,q) be the completion of D(a). Since ||j(u)||g <
|lie]|a for all u € D(a) the continuous extension j € £(V, H) of j is a contraction.

Note that jog = jand j(V) is dense in H. Next, since
ja(u,0) = (), j(v))u| < (1+ tan6) |[ula]o]la

for all u,v € D(a), where 6 is the semi-angle of a and we used the estimate (1.15)
of Subsection VI.1.2 in [17], there exists a unique continuous sesquilinear form
a: VxV — Csuch that a(q(u),q(v)) = a(u,v) for all u,v € D(a). Then a is
j-sectorial with vertex 7y and semi-angle 0. Moreover, 4 is j-elliptic. Now let A be

the operator associated with (4, j).
Let x, f € H. We next show that the following statements are equivalent:

(i) x € D(A) and Ax = f;

(ii) there exists a Cauchy sequence uy, uy, ... in (D(a), || - ||a) such that
lim j(u,) = xand lim a(u,,v) = (f,j(v))y forall v € D(a); and
n—oo n—oo

(iii) there exists a bounded sequence uy, iy, ... in (D(a),|| - ||s) such that
lim j(u,) = x weakly in H and ;}in;oa(un,v) = (f,j(v))y forallv € D(a).

n—oo

(i) = (ii) It follows from the definition (2.3) that there exists a i € V such

that j(i#) = x and a(u1,9) = (f,j(0))y for all ¥ € V. Then there exist u, uy,... €
D(a) such that limg(u,) = # in V. Hence uj,uy,... is a Cauchy sequence in
(D(a), || - ||a)- Moreover,

(fri@)u = (f,j(q(0)))m = @(it, q(0)) = lima@(q(un), 4(0)) = lima(u, )

for all v € D(a) and lim j(u,) = lim j(q(u,)) = j(&) = x in H.
(ii) = (iii) Trivial.
(iii) = (i) Since q(u1),4(u2), ... is a bounded sequence in V| the weak limit

i = lim q(uy) exists in V after passing to a subsequence, if necessary. Then j(i1) =
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limj(g(u,)) = limj(u,) = x weakly in H. Moreover,

a(it,q(v)) = lima(q(un),q(0)) = lima(uy, 0) = (f,j(©))u = (f,j(9(©)))n

(4n),
forallv € D(a). Since q(D(a)) is dense in V one deduces thata(i,?) = (f,j(?))n
forallo € V.Sox € D(A) and Ax = f as required.
We have proved the existence of the operator A in statement (a) of the the-
orem, together with the characterization (c). Now statement (b) follows from
Theorem 2.1. 1

We call the operator A in statement (a) of Theorem 3.2 the operator associated
with (a,j). Note that this is the same operator as in Theorem 2.1 if D(a) was
provided with a Hilbert space structure such that j is continuous, a is continuous
and 4 is j-elliptic.

In the proof of Theorem 3.2 we also proved the following fact.

PROPOSITION 3.3. Let a be a sesquilinear form, H a Hilbert space and j: D(a) —
H a linear map. Assume that a is j-sectorial and j(D(a)) is dense in H. Let (V,q) be
the completion of D(a). Then there exists a unique continuous sesquilinear forma: V x
V — C such that @(q(u),q(v)) = a(u,v) for all u,o € D(a). Moreover, @ is j-elliptic,
where | is the continuous extension of j to V and the operator associated with (a, ) equals

the operator associated with (4, j).

REMARK 3.4. Leta be a sesquilinear form, H a Hilbert space and j: D(a) —
H a linear map. Suppose that a is j-sectorial. Let D be a core for 4, i.e. a dense
subspace of D(a). Then j(D) is dense in H and the operator associated with (a, j)
equals the operator associated with (a|pxp,j|p). This follows immediately from
Theorem 3.2(c)

REMARK 3.5. Leta be a sesquilinear form, H a Hilbert space and j: D(a) —
H a linear map. Assume that 7 is j-sectorial and j(D(a)) is dense in H. Then a*
is j-sectorial. Moreover, if B is the operator associated with (a*,) and A is the
operator associated with (a,j), then B = A*. Indeed, using the notation as in
the proof of Theorem 3.2 it follows that A is the operator associated with (, j).
Moreover, (1,v),+ = (u,v), for allu,v € D(a) = D(a*). Therefore (V,q) is also
the completion of D(a*). Then a* = (@)*. By construction the operator B is the
operator associated with (a*,j) = ((a)*,]). Hence B = A* by Remark 2.8. In
particular, if a is symmetric, then A is self-adjoint.

REMARK 3.6. It follows from the construction that the operator AI + A is
invertible for all A > — if A is the operator associated with a j-sectorial form a
with vertex +.

The next theorem is of the nature of Theorem VIIL.3.6 of [17]. If [y, F, ... are

subsets of a set F, then define liminfF, = |J N F.
n—oo n=1k=n
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THEOREM 3.7. Let a be a sesquilinear form, H a Hilbert space and j: D(a) — H
a linear map. Assume that a is j-sectorial with vertex «y. For all n € N let a, be a
sesquilinear form with D(a,) C D(a). Suppose that there exist 6 € [0, %) and for all
n € Navy, € Rsuch that

(3.1) an(u) —a(u) — 'YnH](“)H%J €y

forall u € D(ay). Assume that lim v, = 0. Moreover, suppose that there exists a core
n—oo
D for a such that D C liminfD(a,) and lim a,(u) = a(u) for all u € D. Finally,
n—oo n—oo
suppose that j(D(ay,)) is dense in H for all n € N. Let A be the operator associated with
(a,j) and for alln € N let Ay, be the operator associated with (an, j|p(a,))- Fix A > —1.
Then, forall f € H,
lim A+ Ay) = AT+ AL
Proof. Without loss of generality we may assume that ¥ = 0 and 7, < 1
for all n € N. Then a, is j-sectorial with vertex 7, and D(a,) has the norm
[ull2. = Rean(u) + (1 — v4)|j(1)||3,. We use the construction as in the proof
of Theorem 3.2. For the form a we construct V, g, f, a and for the form a, we
construct Vi, Gu, jn, dn-
Let n € N. It follows from (3.1) that ||u||? < ||u||2 forallu € D(a,). Let
@, be the continuous extension of the inclusion map D(a,) C D(a). So @, €
L(Vy, V) and &y 04, = 4. Then ]n(ﬂn(”)) = j(u) = j(q(u)) = j(Pu(qn(u))) for
all u € D(ay,) and by density j, = j o ®,. Define the sectorial form b, : D(a,) X
D(a,) — Cby

bu(u,0) = an(u,0) — a(u,v) = 7a(j(u),j(v)) -

Then |b, (u)| < [|u]|2,, so there exists a unique continuous accretive sectorial form
by: Vi x V; — C such that by, (9, (1), gn(v)) = bu(u,v) for all u,v € D(ay,). Then

(32 (1, 0) = A(Py (1), Pu(0)) + bu (1, 0) + Y (i (1), ju (0) ) 1

first for all u, v € q,(D(ay)) and then by density for all u,v € V,,.

In order not to duplicate too much of the proof for the current theorem for
the proof of Theorem 3.8 we first prove a little bit more. Let f, f1,f2,... € H
and suppose that lim f, = f weakly in H. For all n € N there exists a unique
il € Dy(@y,) such that j,(ii,) = (AI+ An) "' fu. Set u, = ®y(iiy) € V. Then
j(un) = ju(ik,). We shall show that there exists a subsequence (t4n,) of (uy)and a
u € Dy(a) such that lim u,,, = u weakly in V and ju) = (AL 4+ A)71f.

Since i, € Dyy(a,) and Ajy (i) + Anju(iln) = fn it follows from (2.3) that

(3.3) A (itn), ju (0)) 1t + (i, ©) = (fu, Jn(0)) 1
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for all v € V,,. Taking v = 1, in (3.3) and using (3.2) we obtain
(34) (A7) (i) I + Red(un) + Re by (i)

= Re(fu, ju(in)) 1t < || fullrallin )l < 5 Vi (@) 7 + 3N fall e

Since 4 + 4 > 0 for large n this implies that the set {j(uy) : n € N} = {j, (ily) :
n € N}isbounded in H, and that the two sets {Re a(u,) : n € N} and {Re b, (i) :
n € N} are bounded. In particular the sequence 11, uy, . . . is bounded in V. Pass-
ing to a subsequence, if necessary, it follows that there exists a u € V such that
limu, = u weakly in V. Then lim j(u,) = j(u) weakly in H.

Let n € N. Then b, is j,-sectorial with vertex 0 and semi-angle 6. Therefore

by (i1, 0)| < (14 tan ) (Re by (i1,))/?(Re by (v))1/2
forall v € V,,. Now let v € D. Then lim Reb,(v) = 0 by assumption. Hence
n—oo

nlirr.}o by (i, g (v)) = 0. It follows from (3.2) and (3.3) that

A((un), j(0)) 1 + @, G (0)) + b (1T, G (0)) + Y ((100), j(0)) 10 = (frr(0)) 11

Taking the limit n — oo gives

(3.5) A (), j(0) +a(u,q(0)) = (f,j(0))n

forall v € D. Since D is a core for a one deduces that (3.5) is valid for all v € D(a)
and then again by density one establishes that

(3.6) AG(), j(0)m +a(w,0) = (f,j(0))n

forallv € V. Thus u € Dy(a), and by definition of A it follows that j(u) =
AL+ A)7Lf.

Now we prove the theorem. Let f € H and apply the above with f, = f
for all n € N. In order to deduce that lim j(u,,) = j(u) strongly in H, by Proposi-
tion 3.6 in [16] it suffices to show that lim sup ||j(u,) ||z < [Ij(10) |-

Substituting v = u, in (3.6) gives

(), j(un)) 1 + (1) = (f, j(un)) 1
for all n € N. Hence by (3.4) one deduces that
M) I3 < Alln () | + Re by (i)
= Re((f, j(#n)) 11 = @(un)) = ullj(1en) I
= Re(A(j(u), j(tn)) 11 + (1t 1) = @) = allf () |

for all n € N. But Red(u) < liminfRea(u,) by Lemma VIIL.3.14a of [17]. There-
fore limsup A||j(un)[|%; < ReA|j(u)||% = Al[j(u)||% and the strong convergence
follows.
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We have shown that there exists a subsequence 11,1y, ... of the sequence
1,2,... such that lim (AI4 Ap,)~f = (AI+ A)~'f. But this implies that
—00

lim (AT 4 A,) " f = (AT + A)71f

n—oo

and the proof of the theorem is complete. 1
For compact maps one obtains a stronger convergence in Theorem 3.7.

THEOREM 3.8. Assume the notation and conditions of Theorem 3.7. Suppose in
addition that the map j: D(a) — H is compact. Then, for all A > —vy,

lim [|(AI+ Ay t—=(AT+ A =0.

Proof. Suppose not. Then there existe > 0, ny,np,... € Nand fi, fo,... € H
such that ny < ngyq, ||fellp < 1and [|(AI+ Ap) Y — (AL + A)"1fi || > e for
all k € N. Passing to a subsequence, if necessary, there exists an f € H such that
kh_)n(}o fn, = f weakly in H. For all k € N there exists a il € Dp(dy,, ) such that

ﬁlk(ﬁk) = (M + Ap,) " fi. Let uy = &y, (1iy), where we use the notation as in the
proof of Theorem 3.7. Then it follows from the first part of the proof of Theo-
rem 3.7 that there exists a u € Dy(a) such that, after passing to a subsequence if
necessary, klggo ur = u weakly in V and j(u) = (AI + A)~1f. Since j is compact,

the map j is compact. Therefore
lim (AL+ Ay,) " fi = lim ) = ) = (A +4)7'f

strongly in H. Moreover, klim (M + A)"'fy = (M + A)"'f by Lemma 2.7. So
klim (AL + An,) " i — (ML + A)~1fi|| = 0. This is a contradiction. &

If a is symmetric and j is the identity map, then Theorem 3.7 is a general-
ization of Corollary 3.9 in [11], which followed from Theorem VIIL.3.11 of [17].
Note that Theorem VIIL.3.11 in [17] is a special case of Theorem 3.7. The point in
the following corollary is that the form a is merely j-sectorial, but not necessarily
j-elliptic. It allows one to describe the associated operator also by a limit of suit-
able perturbations. This also underlines that the associated operator as we define
it is the natural object.

COROLLARY 3.9. Let V, H be Hilbert spaces and j € L(V, H) with j(V) dense in
H. Leta: V x V — C be a continuous j-sectorial form with vertex vy. Let b: V. x V —
C be a j-elliptic continuous form. Suppose that there exists a 6 € [0,7) such that
b(u) € Zq forallu € V. Forall n € N define a, = a+ 1b. Then ay, is j-elliptic. Let A,
be the operator associated with (ay, j) and A the operator associated with (a, j). Then, for
allA > —yand f € H,
lim (A4 A,) " f = (AL 4+ A)71f.

n—oo
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We next consider the classical form associated with the m-sectorial opera-
tor A.

PROPOSITION 3.10. Let a be a sesquilinear form, H a Hilbert space and j: D(a) —
H a linear map. Suppose the form a is j-sectorial and j(D(a)) is dense in H. Let A be
the operator associated with (a, j). Then one has the following:
(i) There exists a unique closable sectorial form a, with form domain j(D(a)) such
that A is associated with ay.
(ii) D(ay) = {x € H : there exists a bounded sequence uy,uy, ... in D(a) such that
x = nhllgoj(u”) in H}.
(iii) There exists a ¢ > 0 such that ||j(u)||s, < c||ul|q for all u € D(a). In particular,
if D is a core for a, then j(D) is a core for ay.
(iv) Let h be the real part of a and let h, be defined similarly as in statement (i). Then
D(ar) = D(hr)'

Proof. (i) We use the notation as in the proof of Theorem 3.2. Let b be the
closed sectorlal form associated with A, i.e. the classical form associated with
(@,]) given in Theorem 2.5(ii). So D(b) = ]( ) = j(V(a@)) and b(j(u),j(v)) =
(u,v) for all u,v € V(@). Then j(D(a)) = j(q(D(a))) C j(V) = D(b). We show
that j(D(a)) is a core for b. Let x € D(b). There exists a unique u € V(@) such that
j(u) = x. There exist uy,uy,... € D(a) such that limg(u,) = u in V. Let 71, be
the projection of V onto V(@) along the decomposition V = ker j @ V(@). Clearly
715 (1) = u. In addition, 71, is continuous and j(u,) = j(q(us)) = j(m2(gq(uy)))
for all n € N. Therefore

1 = j(un) I pw) = ll7e2(u) = m2(q(un))llv @) < ll7e2llllu =g (ua)llv

foralln € N, from which one deduces that lim j(u,) = x in D(b). We have shown
that j(D(a)) is a core for b. Let ar = b|j(p(a))xj(D(a))- Then b = @. This proves
existence of a,. The uniqueness is obvious from Theorem VI1.2.7 of [17].

(i) “c” Let x € D(ay) = D(b). Let uy,up,... € D(a) and u € V(a) be as
in the proof of statement (i). Then limj(u,) = x in D(b), therefore also in H.
Moreover, lim g(u,) = u in V. So the sequence q(u1),4(u2),... is bounded in V.
But ||unlla = ||9(un)||v for all n € N. Thus the sequence uy, uy, ... satisfies the
requirements.

“>” Let uq,uy, ... be abounded sequence in D(a), x € H and suppose that
limj(u,) = xin H. Then g(u1),q(uz), ... is a bounded sequence in V. So passing
to a subsequence if necessary, there exists a v € V such that lim q(u,,) = v weakly
in V. Then j(v) = lim j(u,) weakly in H. Hence x = j(v) € j(V) = D(a).

(iif) The construction in the proof of Theorem 3.2 with / instead of a leads
to the same closed space W, then the same normed space V) and the same Ba-
nach space V. Leth: V x V — C be the unique continuous form on V such that
h(g(u),q(v)) = h(u,v) for all u,v € V. Then h = N7, the real part of a@. Let h be
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the classical form associated with (, /). Then ke = hy and b = @ by part (i). Then
statement (iv) follows from Proposition 2.6.

(iii) Again by Proposition 2.6 there exists a ¢ > 1 such that Re b(x) < che(x)
forall x € j(V). But he(j(u)) < h(u) = Red(u) forall u € V. So ||j(u)]|, < c||ullz
forall u € V. Then ||j(u)|a, < cllq(u)|lz = c|lulls for all u € D(a). The last
assertion in statement (iii) is an immediate consequence. 1

We call a, the regular part and a; the relaxed form of the j-sectorial form a. If
D(a) C H and j is the identity map, then it follows from the proof of Proposi-
tion 3.10(i) that a,(x) = a(mp(x)) for all x € D(a), with the notation introduced
there. So if in addition a is symmetric and positive, i.e. if the numerical range
{a(u) : u € D(a)} is contained in [0, c0), then this terminology coincides with the
one employed by Simon ([23], Section 2). Under these assumptions Simon charac-
terized the regular part of a as the largest closable form lying below a for the order
relation by < by if and only if D(by) C D(by) and by (1) < bp(u) for all u € D(by).
Of course, such an order relation does not exist for sectorial forms. It seems to us,
though, that the direct formula in Theorem 1.1 expressing the generator directly
in terms of the form g, is frequently more useful than the computation of a,. For
positive a Simon proved Proposition 3.10(ii) in Theorem 3 of [22]. Note that for
general a (but still j the inclusion), the form a is closable if and only if a; coincides
with a on D(a).

Let a be a densely defined sectorial form and A its associated operator, as
above. If the form a is symmetric, then the associated operator A is self-adjoint.
But the converse is not true if the form a is not closable. In order to see this,
it suffices to consider the form (1 +i)a where a is the form as in Example 3.14
below.

For general j-sectorial forms we also consider invariance of closed convex
subsets.

PROPOSITION 3.11. Let a be a sesquilinear form, H a Hilbert space and j: D(a) —

H a linear map. Suppose the form a is accretive, j-sectorial and j(D(a)) is dense in H.
Let A be the operator associated with (a, j) and S the semigroup generated by —A. Let
C C H be a non-empty closed convex set and P: H — C the orthogonal projection. Then
the following are equivalent:

(i) StC C Cforall t > 0.

(ii) For all u € D(a) there exists a Cauchy sequence w1, w>, ... in (D(a), || - ||a) such
that ’}Lr{}o](wn) = Pj(u) in H and nlgl(}o Rea(wy, u —wy) > 0.

(iii) For all u € D(a) there exists a bounded sequence wy,wy, ... in (D(a),| - |4)
such that lim j(w,) = Pj(u) in H and lim sup Re a(wy,, u — wy,) > 0.
n—oo n—00

Proof. We use the notation as in the proof of Theorem 3.2. Clearly the form a
is accretive by continuity and density of V. We shall prove the equivalence with
condition (iv) in Proposition 2.9 for D = V) = g(D(a)), @ and ;.
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(i) = (i) Let u € D(a). By Proposition 2.9, (i) = (iv) there exists a w €
V such that j(w) = Pj(u) and Red(w,q(u) —w) > 0. There are wy,w,... €
D(a) such that limq(w,) = w in V. Then the sequence wy, wy, ... satisfies the
requirements.

(ii) = (iii) Trivial.

(iii) = (i) Let u € D(a). By assumption there exists a bounded sequence
w1, Wy, ... in the space (D(a),|| - |la) such that nlim j(wy) = Pj(u) in H and
limsup a(wy, u — wy) > 0. Then g(wy),q(wy),... is a bounded sequence in V,

n—oo

so passing to a subsequence if necessary, it follows that it is weakly convergent.

Letw = lim g(w,) weakly in V. Then j(w) = lim j(w,) weakly in H, so j(w) =
n—oo

Pj(u) = Pj(q(u)). Moreover, d(w,q(u)) = lima(q(w,),q(u)) and Red(w, w) =

Ra(w) < liminf Ra(q(w,)) by Lemma VIIL3.14a of [17]. So Rea(w, q(u) — w) >

limsup Rea(wy, u —wy) > 0. Then condition (i) follows from Proposition 2.9, (iv)

n—oo

O |

REMARK 3.12. Clearly condition (ii) in Proposition 3.11 is valid if for all
u € D(a) there exists aw € D(a) such that j(w) = Pj(u) and Rea(w,u —w) > 0.

Proposition 3.11 has several consequences which will be useful for differ-
ential operators in the next section. If (X, 5,m) is a measure space and a is a
sesquilinear form in L, (X), then we call a real if Reu € D(a) and a(Reu,Imu) €
R forall u € D(a).

COROLLARY 3.13. Let (X, B, m) be a measure space and a a densely defined sec-
torial form in Ly(X). Let A be the operator associated with a as in Theorem 1.1 and let S
be the semigroup generated by the operator — A.

(i) If a is real, then S¢Ly(X,R) C Lo(X,R) forall t > 0.

(i) If a is real, u™ € D(a) and a(ut,u~) < 0 forall u € D(a) N Ly(X,R), then S
is positive. In particular, |Syu| < S¢|u| forall t > 0 and u € Ly(X).

(iii) If a is accretive, real, u N1 € D(a) and a(u A1, (u—1)") > 0forallu € D(a)N
Ly(X,R), then S is submarkovian, i.e., ||S¢ut]|oo < [[Ut|loo for all u € Ly(X) N Loo(X)
and t > 0.

(iv) If a is accretive, real, u A1 € D(a) and a((u —1)",u A1) > 0 forall u €
D(a) N Lp(X,R), then ||Ssul|1 < ||u||1 forallu € L1(X) N Ly(X) and t > 0.

Proof. (i) Replacing a by (u,v) — a(u,v) + y(u,v)y we may assume that a
is accretive. Let u € D(a). Set w = Reu. Then w € D(a) and Rea(w,u — w) =
Rea(Reu,iImu) = Ima(Reu,Imu) = 0. So by Proposition 3.11 the set L,(X,R)
is invariant under S. (See also Remark 3.12.)

(ii) Again we may assume that a is accretive. Let C = {u € Lp(X,R) : u >
0}. Then C is closed and convex. Let P be the orthogonal projection of Ly(X)
onto C. Letu € D(a). Then Pu = (Reu)™ € D(a). Moreover, Rea(Pu,u — Pu)
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= Rea((Reu)™, —(Reu)” +ilmu) = —a((Reu)*, (Reu)~) > 0. So by Proposi-
tion 3.11 the set C is invariant under S.

(iii) Let C = {u € Lp(X,R) : u < 1}. Then C is closed and convex in L (X).
The orthogonal projection P: Ly(X) — C is given by Pu = (Reu) A 1. It follows
by assumption and Proposition 3.11 that the set C is invariant under S. Hence S
is submarkovian.

(iv) This follows by duality from statement (iii) and Remark 3.5. &

We end this section with an example which shows that in general (2.3) is
restricted to u € Dy (a).

EXAMPLE 3.14. Let H = L,(0,1), D(a) = C[0,1] and
a(u,0) =Y 27"u(qn)o(qn)
where {g, : n € N} = [0,1] N Q with g, # g for all n,m € N with n # m. More-

ovet, let j be the inclusion map. Then it is not hard to characterize the completion
of D(a) and to show that the operator A associated with a is the zero operator.

4. APPLICATIONS

We illustrate the theorems of the previous sections by several examples.

4.1. SECTORIAL DIFFERENTIAL OPERATORS. First we consider differential oper-
ators on open sets in R?. We emphasize that the operators do not have to be
symmetric and may have complex coefficients. The next lemma, whose proof is
trivial, provides an efficient way to construct sectorial operators.

LEMMA 4.1. Let Q C R? be open. Forall i,j € {1,...,d} let aij € Lyjoc(Q).
Let D(a) be a subspace of Ly(Q2) with CX(€Q2) C D(a). Assume that dju € Ly 1o.(02)
as a distribution and

/|(aiu)al~jajv| < o0
0

forallu,v € D(a) and i,j € {1,...,d}. Define the form a: D(a) x D(a) — C by
d —_
a(u,0) =Y /(aiu)aijajv.
A

d _
Let 6 € [0, 7) and assume that '}:1 a;j(x)GiGj € Zg forall § € C?and a.e. x € Q. Then
i,j=
the form a is sectorial with vertex 0 and semi-angle 6.

We call an operator A associated with a form a which satisfies the assump-
tions of Lemma 4.1 a sectorial differential operator and a a sectorial differential form.
Then — A generates a holomorphic semigroup.
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The assumptions on the domain D(a) and the coefficients a;; are very gen-
eral. For example one can choose D(a) = C(2) together with the condition
a;j € Lyjoc(Q2), or alternatively if a;; € Leo(2) one can choose for D(a) any sub-
space of H!'(Q) with C®(Q) C D(a).

In order to avoid too many cases we will not consider unbounded coeffi-
cients in this paper. Let Q C R be open. For alli,j € {1,...,d} let a;j € Leo(Q2).
Define the form a: D(a) x D(a) — C by

ou,0) = 3 [@aaare,

ij=1}

where D(a) is a subspace of H'(Q) with C&°(Q) C D(a).
We call (a;;) strongly elliptic if there exists a p > 0 such that

d

Re Y a;j(x)&;& > pl¢?

ij=1

forall & € C? and a.e. x € Q. Clearly if (ajj) is strongly elliptic, then there exists

d —
af € [0,7)suchthat ¥ a;(x){;¢; € Xg forall { € C? and a.e. x € (. We then
ij=1
also say that the form a and associated operator are strongly elliptic.

d _
Let 6 € [0,7) and suppose that )} a;;(x)&;¢; € Zg forall § € C? and a.e.
ij=1
d P
x € Q. Letl: D(a) x D(a) — C be defined by I(1,v) = Y, [(9;u)d;v. For all
i=10)

n € Nleta" =a+ 1], Although a is not strongly elliptic in general, the form
a™ is strongly elliptic for all n € N. If A, A,, S and S(") are the associated
operators and semigroups, then the conditions of Theorem 3.7 are satisfied. In
particular the A, converge to A strongly in the resolvent sense and therefore SE")
converges strongly to S; for all ¢ > 0.

We next show that under a mild condition on the form domain D(a) the
semigroup associated with a sectorial differential operator satisfies certain Davies—
Gaffney bounds. If F and G are two non-empty subsets of RY, then d(F,G) de-
notes the Euclidean distance. The value of M can be improved significantly if
the coefficients are real. (See Proposition 3.1 of [13].) In this paper the following
version for complex coefficients suffices.

THEOREM 4.2. Let Q C R? be open. For all i,j € {1,...,d} let a;j € Leo(2).
d _
Let 6 € [0,%). Suppose Y. a;j(x)i¢j € Zg forall & € C* and a.e. x € Q. Define the
ij=1
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forma: D(a) x D(a) — Cby

a(u,v) = i /(8 1)a;;0;0,

ii=1}
where D(a) is a subspace of H' (Q) with C*(Q) C D(a). Suppose e’¥u € D(a) for all
u € D(a), p € Rand ¢ € CP(R?,R). Let S be the semigroup associated with a. Then

(4.1) (S, 0)| < e~ AP EMDT |5 1

for all non-empty open 1,0 C Q, u € Ly((), v € Ly(Qy) and t > 0, where
d
M =3(1 +tan9)2<1 + ¥ ||aij||m).
ij=1
Proof. We first suppose that (a;;) is strongly elliptic. Let p > O and ¢ €
CZ(RY,R) with || V|| < 1. Define the form a,: D(a) x D(a) — Cby

d .
ap(,0) = Y. [ @+ pyi)asdo — pg,
ij=1}

where ¢; = 9;¢ foralli € {1,...,d}. Then

Rea,(u) = Rea(u )—|—pRe/ Z piua;oju — pRe/ Z (9ju)aijpjit

ij=1 ij=1

(4.2) — p? Re/ Z piaijpi|ul?

b ij=1

for all u € D(a). It follows from the estimate (1.15) of Subsection VI.1.2 in [17]
that

d 1/2
’ Z al]( )6177]‘ (1+ tan0) (Re Z az] 616]) (Re Z a1] 77177])
ij=1 ij=1 ij=1
1+ tan)?
< €Re Z az] élgj %Re Z aij(x)ﬂiﬁj
i,j=1 i,j=1

forall &7 € C% ¢ > 0and a.e. x € Q. Choosing & = (9;u)(x), ; = (p;u)(x) and
€= é it follows that

p’/ Z (Ou)ajjpiu ’ Rea( )+ (1+tan8)?p Re/ Z piaijpilul®.

ij=1 ij=1
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Similarly the second term in (4.2) can be estimated. Hence

—

. d
Rea, (1) > = Rea(u) — (1+2(1+ tan)?)p? Re/ Y piagp |
5 =1

N

(43) > 2 Rea(u) ~ Mp? Jul.

Define Usp: Ly(Q) — Lp(Q2) by Uspv = e**¥v. Then Us,D(a) C D(a). More-
over, ay(u,v) = a(Upu, U_pv) for all u,v € D(a). Since (a;;) is strongly elliptic,
the forms a and a, are sectorial (cf. Lemmas 3.6 and 3.7 in [4]). Let A and A, be
the associated operators and let () be the semigroup generated by —Ap. Then

Ap =U-pAlU, and St(p) = U_,S5:U, for all t > 0. It follows from (4.3) that
2
(44 1511122 < MP*
forall t > 0. Then
|(Si,0)] = |(SFU- g1, Upo)| < 18 [l22 | U-ptl ol |Upo |2
< Mt P OV o],
forallu € L(21) and v € Ly(€2,), where
dy(€21,02) = inf — .
(01,02) = inf 9(x) = sup y(x)

xe

Minimizing over all ¢ € CZ°(R?) with || V)||c < 1 one deduces that

(St 0)| < eMPPte P12 1y, o],

and choosing p = % gives, forall u € Ly(21),v € Lp(y) and t > 0,

[(S,0)] < e HEOOTEM o).

Finally we drop the assumption that (a;;) is strongly elliptic. For all n € N
define ai(f) = a;j+ %5,-]-. Then (ulg]ﬁ)) is strongly elliptic. If S is the associated
semigroup, then nhn;o Sgn) = §; strongly for all t > 0 by Theorem 3.7. Hence the
theorem follows. &

We next consider locality properties of the relaxed form @, of the sectorial
form a.

COROLLARY 4.3. Assume the notation and assumptions of Theorem 4.2. Then
a;(u,v) = 0 for all u,v € D(ay) with disjoint compact supports.

Proof. There exist open non-empty Q1,2 C R? such that suppu C Q,
suppv C 2 and d(4,(2;) > 0. Then it follows from Theorem 4.2 that there
exists a b > 0 such that

1
(1= S)u,0)| = [(Si,0)| < e Julla]|v]l2
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forall t > 0. Hence by Lemma 1.56 of [21] one deduces the following, as required:

_ . _ 1 — 1
(o, )| = tim (1 = S, )] < lim e ulafjofls = 0. n

If Q C RY define
Ly (Q) = {u € Ly(Q) : supp u is compact}.

Another corollary of Theorem 4.2 is that S; maps L .((2) into L;(2). This is a
special case of the following lemma.

For all R > 0 let Bg denote the open ball in R? with centre 0 and radius R.
Set XR = 1p R*

LEMMA 4.4. Let d € N. There exists a constant c; > 0 such that the following
holds. Let Q C R be open and T € L(Lo(Q)). Let N > 0 and suppose that
|(Tu,0)] < e N ]l o]

for all non-empty open (21,2 C Q, u € Ly(Qq) and v € Ly(Qy). Then TLy(Q) C
L1(Q) and

(1 = xar) Tully < cqR™ N2 e/ BNy
forall R > 0and u € Ly(Q) with supp u C Bg.

Proof. Since xorTu € Lp(Q2N Byr) C L1(Q2) it suffices to show the estimate.
Let ¢ € C.(Q). Then

[((1 = x2r)Tw, @)| = [(Tu, (1 — x2r) @ Z X(n+2)R ~ X(n+1)R)P)|

X o
<Y e N ullal| (na2)r = Xns1yR) @12
n=1

X a2 d
<Y e N+ 2)R)2 By [V u]l 2] oo

n=1
o0
< 3d/2|31|1/29_R2/(2N)||u||2||§0\|oo Z e‘”sz/(ZN)(nR)d/Z.
n=1

Let ¢’ > 0 be such that x%/4 < ¢’e* uruformly for all x > 0. Then ¢’ can be chosen

to depend only on d. Note that Z e < fe_”" dx = /f foralla > 0.
0

n=1
Therefore
[=S) =) 2 2.d/4
—n2R2/(2N) /2 _ d/4 y 2R/ R
n;le (nR) (4N) ; ( ™ )
ad 2R2 TN\ 1/2
4N d/ Z R 4N < c (4N)d/4( R2 ) .

Then the lemma follows by taking the supremum over all ¢ with |[@|lcc < 1. 1



56 W. ARENDT AND A.F.M. TER ELST

As a consequence one deduces Li-convergence of the approximate semi-
groups on Ly -(2). Recall that the coefficients in Theorem 4.2 are complex.

LEMMA 4.5. Assume the notation and assumptions of Theorem 4.2. Foralln € N

d N
let a™ = a + L1, where 1 is the form with D(I) = D(a) and I(u,0) = Y. [(3;u)9;v.
i=10)

Let (") be the semigroup associated with a™), Then lim an)u = Syu in Ly (Q) for all
n—oo
t>0andu € Ly (Q).
Proof. It follows from Theorem 4.2 that there exists an M > 0 such that

1(Se1t, 0)| V (8™ 1, 0)| < e 4P EMO T 11 119,

for all n € N, non-empty open (21,2, C Q, u € Lp(21),v € Ly(2p) and t > 0,
Letc; > Obeasin Lemma 4.4. Letu € L .(Q2) and t > 0. Then

(1 - XZR)SEYI)”Hl < cdel (4Mt>(d+2)/4efR2(8Mt)*1 2

for alln € Nand R > 0 with suppu C Bg. So I%im 1- XZR)Sgn)u =01in L1(Q)
uniformly in n € N. Similarly, I%im (1 — x2r)Stu = 01in L1(Q). So it suffices

to prove that nlim sz(Slg”)u — Siu) = 0 for large R > 0. Since HXZR(SE")L{ -

Siu) |l < |Bar|'2)|S™u — Su|, for all m € Nand R > 0, it follows from Theo-
rem 3.7 that ,}EIC}OXZR(Sgn)M —Smu)=0in L;(Q) forallR > 0. 1«

For strongly elliptic operators one can strengthen the conclusions of Theo-
rem 4.2.

LEMMA 4.6. Assume the notation and assumptions of Theorem 4.2. In addition
suppose that the operator is strongly elliptic. Then one has the following:
(i) StLo(Q) € HY(Q) forall t > 0.
(i) There exist c, M’ > 0 such that

_ _ 2 1\ —1
|(8:S1u,0)] < et~ 2B MYy 1 o

for all non-empty open 21,2y C Q, u € Ly(01), v € Lp(Qy) and t > 0.
(i) If u € Lp(Q), then Syu,0;Su € Ly(Q) forallt > 0and i € {1,...,d}.
Moreover, t — ||9;Ssu|1 is locally bounded.

Proof. (i) Let b be the sectorial differential form with form domain D(b) =
H'(Q) and coefficients a;;. Since (a;;) is strongly elliptic if follows that b is closed.
Clearly b is an extension of a. So a is closable. Let A be the operator associated
with a. Then A is the operator associated with @. Since S is holomorphic one
deduces that S;L,(Q2) C D(A) C D(a) € D(b) = H(Q) forall t > 0.

(iii) This is a consequence of Lemma 4.4 and the estimates of Theorem 4.2
and statement (ii), which we next prove.
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(ii) We use the notation as in the proof of Theorem 4.2. Fix 6’ € (6, 5). For
all ¢ € R with |gp| < 6/ — 0 define o) = e%a; for all i,j € {1,...,d}. Then

d —_

”221 al[;-”] (x)¢igj € Xy forall § € C?and ae. x € Q. Let al?) be the corresponding
form with form domain D(a). For all p > 0let uf[;P], Alel AL(p], Sl¢l and Sl be the
form, operators and semigroups defined naturally as in the proof of Theorem 4.2.
Then it follows from (4.4) that

15195, < eMie’t

d
forall p,t > 0and |@| < 8’ — 6, where M; = 3(1 + tan§’)? (1 + ”21 ||aij||oo). But
ij=

Sfp]p = e teAp — Sfeiq,. So ||Sfeiq?||2—>2 < eMiP’t for all t,p > 0and |p| < 6’ —6.
Since S is a holomorphic semigroup on the interior of X /,_g it follows that
1 1
0 = _ - gP
= 2 / r e
L (t)

for all t+ > 0, where I;(t) is the circle centred at t and radius » = ct and ¢ =

sin (% — 0’). Therefore

1 1 1 oo
A2 < 5 [ g lSElaadlz] < eV
[ ApS [l2—2 o A |z—t|2” % ll2—2d|z| e
L (t

for all p,t > 0, where My = Mj (1 + c). It then follows from (4.3) that

1 d

SHY 19:5ful[3 <Re ap(S{u, Sfu)+Mp?||S{ul|3 < | ApSF ull2[|SFull2+ Mo || S w3
i=1

1
< MM |3 4 MpP?ME .

Hence there exist c3, M3 > 0 such that
1850 [l < cat~1/2eMar’t
foralli € {1,...,d} and p,t > 0. Since
_ 2
1U-p9:StUp 122 = 1| (3 + 0:) S¥ |22 < [19:SF |22+ [0l [|SF [l < cat ™1/ 2eMer™

for suitable c4, My > 0, statement (ii) follows as at the end of the proof of Theo-
rem4.2. 1

The conditions on the form domain in Theorem 4.2 are satisfied in case
of Neumann boundary conditions, i.e. if D(a) = H!(Q). We next show that if
D(a) = H'(Q), then a strong locality property is valid. We start with a lemma
for (complex) strongly elliptic operators.
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LEMMA 4.7. Let Q C R? be open. Foralli,j € {1,...,d} let ajj € Leo(Q2).
Suppose (aj;) is strongly elliptic. Define a: H'(Q2) x H'(Q) — C by

d [E—
a(u,0) =Y /(aiu)aijajv.
ij=15
Let S be the semigroup associated with a. Then (Syu,1) = (u,1) for all u € Ly ()
and t > 0.

Proof. Fix T € C®(IR?) such that t|p, = 1. For all n € N define 7, € C°(R?)
by T, (x) = t(n"'x). For all n € N define f,: (0,00) — Cby f,(t) = (Su, tu1q).
Note that 7,15 € H'(Q) = D(a) for all n € N. Therefore

d d

f,; (t) = —a(Stu, Tnlg) = — Z (aiStu, ai]‘a]‘(’fnl())) = — Z (aiStu, a,‘]‘(aan)IQ)
i,j=1 ij=1

and
d
a1 < Y 10iSeull[laijllcon™ 1970
ij=1
foralln € Nand t > 0, where we used that 9;S;u € L1(Q) by Lemma 4.6(iii).
So lim f;,(t) = 0locally uniform on (0, c0). In addition, lim f,(t) = (Ssu,1) for
n—o0 n—oo
all t € (0,00). Therefore t — (S;u,1) is constant. Since lilrgl(Stu,l) = (u,1) the
t

lemma follows. &

We are now able to prove strong locality for Neumann sectorial differential
operators. Note that our conditions allow that the coefficients are 0 on part or
even the entire domain.

PROPOSITION 4.8. Let Q C RY be open. Forall i,j € {1,...,d} let ajj €

d _
Leo(Q). Let 0 € [0, 7). Suppose Y. a;;(x)GiG; € Zg forall & € C?and ae. x € Q.
ij=1

Define the form a with form domain D(a) = H'(Q) by
d * —_
a(u,0) =Y / (9ju)a;jo;v.
=15
Then one has the following:
(i) ar(u,v) = 0 for all u,v € D(ay) with compact support such that v is constant on
a neighbourhood of the support of u.
(ii) If S is the semigroup associated with a, then (Stu,1) = (u,1) for all t > 0 and
uec LZ,C(Q)-

Proof. We first prove statement (ii). For all n € N let ah) = g+ %l, where

d N
1 is the form with D(I) = H'(Q) and I(u,v) = Y. [(d;u)d;0. Let S™ be the
i=10)
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semigroup associated with a(™. Then (S;u,1) = lim (Sf")u,l) = (u,1) for all
n—oo

t >0and u € L, () by Lemmas 4.5 and 4.7.

Next let u,v € D(a,) with compact support such that v is constant on a
neighbourhood of the support of u. Then there exist an openset U anda A € C
such that suppu C U and v(x) = A for all x € U. Therefore (u,v) = A(u,1) =
A(Syu,1) forall £ > 0.

Let c; > 0 be the constant in Lemma 4.4, which depends only on d. More-
over, set

M =3(1+ tan6)*(1+ 2 Jaijles )
ij=1

Fix R > 0 such that supp u C Bg.
Now let t > 0. Then

((I=St)u,v) = A(Stu,1) — (Stu,v) = A(Stu, 1 — x2r) + (Stu, Axar — 0).

We estimate the terms separately. First, S satisfies the Davies—Gaffney bounds
(4.1) of Theorem 4.2. So one estimates

— _R2 -1
[(Se1, 1= xar) | < [[(1 = xar)Seuell1 < eqR™ (4ME)( T2/ e REBMO 1y |

by Lemma 4.4. Next, let D > 0 be the distance between supp u and U°. Then it
follows from Theorem 4.2 that

(St Axar — )] < e P MO w3 || Axak — o>
< (IA12R)*2|By /2 + [[o]2)e= 2" BMO ™ u .
Therefore
E((1= S1)u,0)| < [A|egR ™! (4Mt) (2 e =REMI Ty
+ (IAI@R)Y2[By [/ + [[o]|) ¢~ e~ DX MO
forall t > 0. Since a;(u,v) = ltilr(r)l t=1((I — St)u, v) the proposition follows. &
Up to now the coefficients were allowed to be complex in this section. If

the coefficients are real, but possibly not symmetric, then one has the following
application of Corollary 3.13 and Proposition 4.8.

COROLLARY 49. Let QO C R4 be open. Forall i,j € {1,...,d} let a;j €

Leo(,R). Let 6 € [0,%). Suppose 2 aij(x)&iE; € Zg forall & € C* and ace.
ij=1
x € Q. Define the form a: D(a) x D(a ) — C by
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where D(a) = HY(Q) or D(a) = H}(Q). Let S be the semigroup associated with
a. Then S is real, positive and S extends consistently to a contraction semigroup on
L,(Q) for all p € [1,00], which is a Co-semigroup if p € [1,00) and the adjoint of a
Co-semigroup if p = co. Moreover, if D(a) = H'(Q), then S1n = 1q, forall t > 0.

Proof. Only the last statement needs comments. Since L, ((2) is dense in
L1(Q) one deduces from Proposition 4.8(ii) that (S;u,1) = (u,1) for all u €
L1 (). Then the claim follows by duality and Remark 3.5. 1

Thus for real coefficients and Neumann boundary conditions the semigroup
S is stochastic on L.

4.2. MULTIPLICATIVE PERTURBATION. Let Q C R? be open and bounded. We
perturb the Dirichlet Laplacian by choosing a special function j. Then we obtain
a possibly degenerate operator as follows.

PROPOSITION 4.10. Let m: Q2 — (0,00) be such that 1 € Ly)0.(Q). Define the
operator, formally denoted by (mAm) on Ly(Q2) by the following. Let w, f € Ly(02).
Then we define w € D((mAm)) and (mAm)w = f if and only if mw € H}(Q) and
Amw) = L inD(Q).

Then the operator (mAm) is self-adjoint and (mAm) generates a positive semi-
group S. Moreover, the following set is invariant under S:

1
C={fela(QR): f< 1}
Proof. Let V = H}(Q) N Ly(02, 25dx) and define j € L(V, L,(Q)) by j(u) =
L Definea: VxV — Cbya(u,v) = [ VuVov. Then a is continuous and sym-

Q
metric. Since (2 is bounded it follows from the (Dirichlet type) Poincaré inequal-

ity that the norm
) % 1/2
ur—»(/|Vu| +/m2)
[0} [0}

is an equivalent norm on V. Therefore the form 4 is j-elliptic. Let A be the opera-
tor associated with (a,j). We shall show that A = —(mAm).
Let w € D(A) and write f = Aw. Then there exists a u € V such that

w=j(u) =Land [VuVo = [fZ forallv € V. Observe that% € L1 10c(0Q2).
0] @)

Taking v € D(Q) one deduces that —Au = % in D(Q)'. Thus w € D((mAm))
and —(mAm)w = f.

Conversely, let w € D((mAm)) and write f = —(mAm)w. Set u = mw €
H}(Q). Then

a(u,v) /VuVU— (Au,v) = / / j(v)

0]
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for all (NS D( ). Since D((2) is dense in V by Proposition 3.2 of [3], it follows
that a(u,v) ff] )forallv € V. Thus w = j(u) € D(A). This proves that

A = —(mAm).

The operator A is self-adjoint since a is symmetric. We next show the invari-
ance of the set C. The set C is closed and convex in L,((2). Define P: L,(Q2) — C
by Pf = (Re f) A % The P is the orthogonal projection onto C. Let u € V. Define
w = (Reu) A1 € V. Then Pj(u) = j(w) and Rea(w, u — w) = 0. Hence it follows
from Proposition 2.9 that the set C is invariant under S. Since f < 0 if and only
if nf € C for all n € N the invariance of C also implies that the semigroup is
positive. 1

By a similarity transformation we obtain two further kinds of multiplicative
perturbations. We leave the proofs to the reader.

PROPOSITION 4.11. Let p: 2 — (0,00) be such that % € Ly j1oc(0Q). Define
the operator, formally denoted by (pA) on Ly((2, %dx) by the following. Let w, f €
L2(Q,%dx). Then we define w € D((pA)) and (pA)w = f if and only if w €
Ly(Q, 1dx) N HY(Q) and aw = L in D(Q)"

Then the operator (pA) is self-adjoint and generates a submarkovian semigroup.

PROPOSITION 4.12. Let p: 2 — (0,00) be such that 5 € Ly joc(€2). Define
the operator, formally denoted by (Ap) on Lp(Q, pdx) by the following. Let w, f €
Ly (2, pdx). Then w € D((Ap)) and (Ap)w = f if and only if pw € H}(Q) and
Alpw) = fin D(Q)".

Then the operator (Ap) is self-adjoint and generates a submarkovian semigroup.

4.3. ROBIN BOUNDARY CONDITIONS. Let Q C R¥ be an open set with arbitrary
boundary I'. At first we consider an arbitrary Borel measure on I" and then spe-
cialize to the (d — 1)-dimensional Hausdorff measure.

Foralli,j € {1,...,d} leta;; € Lo(Q,C). Let6 € [0,7). Suppose that

Z al]( )61@,‘7 € Xpforall & € C?and ae. x € Q. Let u be a (positive) Borel
l]_
measure on I such that y(K) < co for every compact K C I'. Define the form a by

D(a) = {u e H'(Q)nC((Q): / lu2dpu < 00}
T

and
Z / (9;u) a”a]v—i-/uvdy
/] 1(2

Then C®(Q) C D(a) C Lp(Q2) and a is sectorial. In order to characterize the as-
sociated operator A we need to introduce two concepts and one more condition.
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First, define the Neumann form ay by D(ay) = H!(Q) and

d [E—
an(u,v) = Z /(aiu)ai]-a]-v.
ij=1f
Throughout this subsection we suppose the form ay is closable. Here we are
more interested in the degeneracy caused by . If u € D(ay) and f € Ly(Q2),
then we say that Au = f weakly on (2 if

aN(u0) = [ fo
(0]

forallv € C®(Q). If u € D(ay), then we say that Au € Ly(Q) weakly on Q if
there exists an f € L(2) such that Au = f weakly on . Clearly such a function
f is unique, if it exists. Secondly, if u € D(ay) and ¢ € Ly(I', 4), then we say that
@ is an (a, p)-trace of u, or shortly, a trace of u, if there exist uy,uy,... € D(a) such
that limu, = u in D(ay) and limu,|r = ¢ in Ly(I', u). Moreover, let HS,H(Q)
be the set of all u € D(ay) for which there exists a ¢ € Ly(I', u) such that ¢ is
a trace of u. We emphasize that ¢ is not unique (almost everywhere) in general.
Clearly D(a) C H;,F(Q). With the help of these definitions we can describe the
operator A as follows.

PROPOSITION 4.13. Letu, f € Ly(Q). Then u € D(A) and Au = f if and only
ifu € Hy, (Q), Au = f weakly on ) and there exists a ¢ € Ly(I, ) such that ¢ is a
trace of u and, for all v € D(a),

4.5) an(u,v) — /(Au)? =— / podu.
Q r
If the conditions are valid, then the function ¢ is unique.

Proof. “=" There exists a Cauchy sequence u1,uy,... in D(a) such that
limu, = uin Ly(Q) and lima(u,,v) = (f,v)y forall v € D(a). Then uy, uy, ...
is a Cauchy sequence in D(ay). Therefore u € D(ay) and limu, = u in D(ay).
Moreover, u1|r, uz|r, . .. is a Cauchy sequence in Ly (I, #). Therefore ¢ := lim u, |
exists in Ly(I', u). Then ¢ is a trace of u. Let v € D(a). Then

an(u,v) +/(p5dy =lima(u,,v) = (f,0)g = /fﬁ.
r 0]
Therefore if v € CZ°(2), then
an(u,v) = /fﬁ,
0
so Au = f weakly on Q2. Moreover, for all v € D(a),

an(u,0) —l—/qﬁdy = /(Au)ﬁ
r 0
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If also ¢' € Ly(I', ) satisfies (4.5), then [(¢ — ¢')odpu = 0 for all v € D(a).
r

But the space {v|r : v € H'(Q) N C.(Q)} is a x-algebra which separates the
points of I'. Therefore it is dense in Cy(I'). Let p € Cc(I'). Then there exists a
X € CZ(RY) such that x|suppy = 1. By the above there exist v1,v,... € H(Q) N
C.(Q) such thatlim v, | = ¥ in Co(I'). Then lim(xv,,)|r = ¥ in Co(I'). Moreover,
u(supp(x|r)) < oo. Therefore im(xv,)|r = ¢ in Lp(I, u) and the space {v|r :
v € HY(Q)NC(Q)} is dense in Ly (T, ). Thus ¢’ = ¢.

“<" There exist ¢ € Ly(I',u) and uy, uy, ... € D(a) such that limu, = u in
D(an), limu,|r = ¢ in Ly(I', u) and (4.5) is valid for all v € D(a). Then uy,u, . ..
is a Cauchy sequence in D(a) and

lim a(uy,,v) =an(u,v) + / pody = /(Au)@ = /f@
r Q o)

n—oo

forallv € D(a). Sou € D(A) and Au = f. 1

This proposition shows how our general results can be easily applied. It
is worthwhile to consider more closely the associated closed form since this is
intimately related to the problem to define a trace in Ly (I, i) of suitable functions
in H'(Q).

Let

W ={(u,ulr) : u € D(a)},

where the closure is in D(ay) @ Ly(I, jt). Then the map u +— (u,u|r) from D(a)
into W is an isometry and therefore it extends to a unitary map from the comple-
tion of D(a) onto W. The form a is closable if and only if the map j: W — L(Q2)
defined by j(u, ¢) = u is injective. Note that if ¢ € Ly(I', i), then (0, ¢) € W if
and only if ¢ is a trace of 0.

The following lemma is due to Daners ([9], Proposition 3.3) in the strongly
elliptic case, but our proof is different.

LEMMA 4.14. There exists a Borel set I, C I such that
{o € Lo(I',u) : pisatrace of 0} = Lo(I'\ Iy, ).

Proof. Set F = {¢ € Lo(I',p) : (0,¢) € W}. Then F is a closed subspace of
Lo (L, ).
First we show that uip € F forall ¢ € F and u € D(a) N WL (R). Since ¢ €
F there exist 11, uy, ... € D(a) such that limu, = 0in D(ay) and lim u,|r = ¥ in
Ly(I', ). Then uu, € D(a) for all n € N and lim(uuy, )| = ug in Ly(I', u). By the
Leibniz rule one deduces that
ajj + 1171

() an) > < Nl ( 3 | oy | )"+ o () ()72

foralln € Nand lim uu, = 0in D(ay). So uyp € F.
Secondly, let P: Ly(I', ) — F be the orthogonal projection. Let ¢ € Ly (I, i)
and suppose that p([¢ # 0]) < co. We shall prove that P¢ = 0 a.e. on [¢ = 0].
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Let A = [¢ # 0]. Since {u|r : u € H'(Q) N C®(RY)} is dense in Ly (I, ) there
exist uy,up,... € H'(Q)NCP(RY) such that limu,|r = 14 in Ly(T, ). Then
also lim(0V Reu, A1)|r = 14 in Ly(I', 4), so we may assume that 1, € D(a) N
W&o(Rd) and 0 < u, < 1forall n € N. Passing to a subsequence if necessary
we may assume that lim u,|r = 14 a.e. Therefore limu,P¢ = 14P¢ in Ly(T, pt).
Since u, P¢ € F for all n € N one deduces that 14,P¢ € F. Then

19 —14Poll1, () = 11a(@ — POl yr ) < ll¢ — Polly(r -

So14P¢p = Pg and Pp = 0 a.e. on A® = [¢ = 0]. Now the lemma easily follows
from Zaanen's theorem ([7], Proposition 1.7). &

Obviously the set I, in Lemma 4.14 is unique in the sense that y (17, , AI'") =
0 whenever I'" C I is another Borel set with this property. It follows from the last
paragraph of Section 3 in [8] that the set I, coincides with the set S in Proposi-
tion 3.6 of [8]. In Example 4.2 of [8] there is an example of an open set (2 and y the
(d — 1)-dimensional Hausdorff measure such that y(I') < co and p(I'\ I5,;) > 0,
where g is the form of the Laplacian.

It is clear from the construction of I}, and the definition of H,},ﬂ(Q) that
there exists a unique map Tr,,: H,},H(Q) — Ly(Iy, p) in a natural way, which
we call trace. Note that if u € H}IV(Q), then Tr, ,u is the unique ¢ € Ly(I; ., i)
such that ¢ is an (a, y)-trace of u. In general, however, the map Tr,, is not
continuous from (H;’M(Q), | - [|zy) into Ly(Iy, pt). A counter-example is in Re-
mark 3.5(f) of [9].

The map u +— (u, Tr,yu) from H;V(Q) into D(an) ® Lo(Iq,u, 1) is injective.
Therefore one can define a norm on H,},M (Q) by

2 2 2
H“HH;ly(Q) = [ullp@y) + ||Tra,y””L2(ra,y,y)-

It is easy to verify that H;,”(Q) is a Hilbert space. In addition, the operator
Tr gy H;’H (Q) — Ly(Iypu, 1) is a continuous linear operator with dense range.
It is now possible to reconsider the element ¢ € Ly (I, it) in Proposition 4.13.

PROPOSITION 4.15. Let u, f € Ly(Q). Then u € D(A) and Au = f if and only
ifue H{}#(Q), Au = f weakly on Q2 and, for all v € D(a),

(i, 0) — / (Au) = — / (Tt g 10)Tdlp.
Q r
Proof. Letu € D(A) and ¢ € Ly(T, i) be the corresponding unique element
as in Proposition 4.13. If p € Ly(I'\ I 4, 1) = F, then there exist vy, vy, ... € D(a)
such thatlimv, = 0in D(ay) and lim v, | = ¢ in Ly(I, ). Substituting v = vy, in
(4.5) and taking the limit # — oo one deduces that [ ¢pdu = 0.So ¢ € Ly(I}y,, 1)
r

and ¢ = Trg u. 1
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We now consider the case where y is the (d — 1)-dimensional Hausdorff
measure, which we denote by ¢. In particular, we assume that c(K) < co for ev-
ery compact K C I'. Moreover, we write I; = I, and Tr, = Tr ;. The measure
o coincides with the usual surface measure if 2 is C1. We continue to consider,
however, the case where (2 is an arbitrary bounded open set. If (2 has a Lips-
chitz continuous boundary and the form a equals the classical Dirichlet form I,
then I} = I, = Q2 by the trace theorem (see Théoreme 2.4.2 of [20]). By Propo-
sition 5.5 of [8] it follows that o(I7) > 0 if (2 is bounded, without any regularity
condition on the boundary. (Note, however, that there exists an open connected
subset Q C R3 such that ¢(I"\ I}) > 0; see Example 4.3 of [8].) The embed-
ding of H 11 »(Q) into L»(2) is compact if (2 has finite measure, by Corollary 5.2 of
[8]. This surprising phenomenon is a consequence of Maz’ya’s inequality. It was
Daners [9] who was the first to exploit this inequality to establish results for Robin
boundary conditions on rough domains. Further results were given in Section 5
of [8].

We conclude our remarks by considering y = o, where B € Loo(I',R) and
B > 0 a.e. We define the weak normal derivative with respect to the matrix (a;;).
Let ¢ € Lp(I',u), u € D(ay) and suppose that Au € Ly(Q2) weakly on (2. Then
we say that ¢ is the (a;;)-normal derivative of u if

an(u,v) — /(Au)ﬁ = /(p@da
0] r

for all v € D(a). If Q is of class C!, u is the (d — 1)-dimensional Hausdorff

measure and u € C'(Q2), then our weak definition coincides with the classical

definition by Green’s theorem. We reformulate Proposition 4.13.

PROPOSITION 4.16. Let u, f € Ly(Q). Then u€ D(A) and Au= f if and only if
ueH! 50((2), Au= f weakly on Q2 and —BTr , gy is the (a;;)-normal derivative of u.

a
Note that if (a;;) is strongly elliptic and if u € D(A) and Au = f, then

u € HY(Q), Au = f weakly on Q, u has a trace Tru and v -aVu = —BTru
weakly. Thus one recovers the classical statement.

4.4. THE DIRICHLET-TO-NEUMANN OPERATOR. Let (2 be a bounded open sub-
set of RY with Lipschitz boundary I', provided with the (d — 1)-dimensional
Hausdorff measure. Let Tr: H!(QQ) — Ly(T') be the trace map. We denote by
Ap the Dirichlet Laplacian on Q. If ¢ € Ly(T'), u € H(Q) and Au € Ly(Q)
weakly on (2, then we say that g—z = ¢ weakly if ¢ is the (a;;)-normal derivative
of u, where a;; = §;;.

Let A € R and suppose that A € oc(—Ap). The Dirichlet-to-Neumann operator
D, on Ly(I') is defined as follows. Let ¢, € Ly(I'). Then we define ¢ € D(D,)
and D) ¢ = ¢ if there exists a u € H'(Q) such that —Au = Au weakly on (,
Tru = ¢ and g—;‘ = ¢ weakly. We next show that the Dirichlet-to-Neumann
operator is an example of the m-sectorial operators obtained in Corollary 2.2.
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Define the sesquilinear form a: H!(Q) x H'(Q2) — C by

a(u,v) = /Vu%—)\/ui
Q Q

Moreover, define j: H'(Q2) — Lp(I') by j(u) = Tru. Then kerj = H}(Q) by
Lemma A.6.10 of [1]. Clearly the form a is continuous, the map j is bounded and
j(H'(Q)) is dense in L,(T"). Using the definitions one deduces that

V(a) = {u € HY(Q) : —Au = Au weakly on Q}.

It follows from Step 1 in the proof of Proposition 3.3 in [5] that there exist w € R
and p > 0 such that

Rea(u) + wlj()[12, ) > ullull}

for all u € V(a). Moreover, H'(Q2) = V(a) + ker j by Lemma 3.2 in [5]. So the
conditions of Corollary 2.2 are satisfied.

Note that if A4 is the lowest eigenvalue of the operator —Ap on (2 and u €
H& (Q) is an eigenfunction with eigenvalue A1, then (2.2) is not valid if A > A;.
Therefore Theorem 2.1 is not applicable and this example is the reason why we
used the space V(a) in Corollary 2.2. If still A > A; then there exists a i1 € H}((2)
such thatu # 0and a(i) = 0. If U = V(a) + span{u} then U is a closed subspace
of H'(Q) such that Dy (a) C U. But (a|yxy, jlu) does not satisfy (2.4). Hence
Proposition 2.3(i) cannot be extended to the setting of Corollary 2.2.

Let A be the operator associated with (4, j). We next show that A = D,. Let
@, € Ly(T). Suppose ¢ € D(A) and Ap = . Then thereis a u € H!(Q) such
that Tru = ¢ and a(u,v) = (¢, Tro)p,() forallv € HY(Q). For allv € H}(Q)
one has

/Vu%— )\/uﬁ =a(u,v) =0,
Q Q
so —Au = Au weakly on (2. Then

/ ViV + / ()T = a(u,0) = (9, Tro) (1)
0 0

for all v € H'(Q). So g—z = ¢ weakly. Therefore ¢ € D(D,) and D¢ = .
Conversely, suppose ¢ € D(D,) and D¢ = 1. By definition there exists a
u € H'(Q) such that —Au = Au weakly on Q, Tru = g and 9% = ¢ weakly. Then

a(u,v) = /VuW—/\/uE: /Vu%—l—/(Au)E: /%m: (¥, Tt o)1, (1)
0 0 0 0 r

forallv € H'(Q). So ¢ = j(u) € D(A) and ¢ = Aj(u) = Ag. Thus D), = A is
the operator associated with (a, ).
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If S is the semigroup generated by —D,, then it follows as in the proof of
Corollary 3.13 that S is real and positive. Moreover, if A < 0, then S extends
consistently to a continuous contraction semigroup on L, ((2) for all p € [1,].

4.5. WENTZELL BOUNDARY CONDITIONS. Let again (2 be an open subset of R
with arbitrary boundary I' and let ¢ be the (d — 1)-dimensional Hausdorff mea-
sure on I'. We assume that ¢(K) < co for every compact K C I'. All L, spaces on
I' are with respect to the measure o, except if written different explicitly. For all

i,j €{1,...,d} leta; € Lo(Q). Let6 € [0, 7). Suppose Z a,]( )&i¢j € X for

all & € C? and a.e. x € Q. Define the form b by

D(b) = {u e H'(Q)NC(Q): / lul2de < 00}
T

and
Z / (9;u)a;j0,0 + / uvdo.
r] 10
As in Subsection 4.3 we define the Neumann form by by D(by) = H(Q) and

Z/au a;;0;v.

ij= 1H
Throughout this subsection we assume that the form by is closable. Set I =T, bo
and Tr = Tr;,. Moreover, we assume that the map Tr : (H;U(Q), Il - HW) —

Ly(T) is continuous.
Fix & € Lo(I') and B € L(Ly(I')). Throughout this subsection we assume
that there exists an w > 0 such that

2 2
(46) w|Bol2, 5, + [ Realgl >0
r
forall ¢ € Ly(T). As an example, if B € Leo(T'), w > 0and w|f|? + Rea > 0, then

the multiplication operator B, defined by the function S, satisfies (4.6).
Define the form a by

D(a) = H;,U(Q) and a(u,v) 2 / (oju aljajv—i—/TruTrwcda
1] 1Q
Then a is continuous. Let H be the closure of the space {(u,B(Tr u)) :u €
Hg »(Q)} in the space L,(Q) @ Ly (T) with induced norm. Define the injective
map j: H;/U(Q) — Hby
ju) = (u, B(Tru)).
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If B has dense range, then H = L,(Q) @ Ly(T) since the space {(u, Tru) : u €
H;U(Q)} is dense in Ly () ® Ly(T') by Step a) in the proof of Theorem 2.3 in [6].
Then the claim follows by the range condition on B. Note that the condition (4.6)
together with the assumed continuity of Tr : (H;, ), o) — Lo(T) imply
that a is j-elliptic. Let A be the operator associated with (a, j).

PROPOSITION 4.17. Let x,y € H. Then x € D(A) and Ax =y if and only if
there exist u € H1 Q) and ¢ € Ly(I') such that x = (u, B(Tru)), Au € Lp(Q2)
weakly on (2, (B* 1,b — aTru) is the (a;;)-normal derivative of u and y = (Au, 9).

Proof. “=" Write y = (f,4) € H. There exists a u € H} ((2) such that
x = j(u)and

by (u,0 +/TruTrv¢xd(7— (y,j(v H—/sz-/l/JB (Tro)d

forallv € H,},U(O). Taking only v € CZ°(2) one deduces that Au = f weakly on
Q. In particular, y = (f,¢) = (Au, ). Moreover,

by (u,v) — /(.Au)ﬁ = /(B*lp —aTru)Trode
Q r
forallv € Hg’U(Q), which implies that (B*y — aTru) is the (a;;)-normal deriva-
tive of u.

“<" Letu € H;U(Q) and ¢ € Ly(I') be such that x = (u, B(Tru)), Au €
Ly(Q) weakly on 2, (B*p — aTru) is the (a;;)-normal derivative of u and y =
(Au, ). Then x = j(u). Since (B*y — aTru) is the (a;;)-normal derivative of u
one deduces that, forall v € H;/U(Q):

by (u,v) — [(Au)ﬁd(f = Z(B*l/] — aTru)Trodo.

T T
So

a(u,v) = by (u,v) +/Trumada = /(Au)?—l— /lpB(Trv)d(T = (y,j(v))g
r Q r

forallv e H;U(Q) Therefore x € D(A)and Ax =y. 1

Suppose that B has dense range. Then H is isomorphic with L, (2 U T)in
a natural way, where LI denotes the disjoint union of the measure spaces. We
use this isomorphism to identify H with L,((2 U T). It is easy to verify as in the
proof of Corollary 3.13(i) that S leaves L (2, R) @ Ly(I', R) invariant if the form
by is real, a is real valued and B maps Ly(T;R) into itself. We next characterize
positivity of S.
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PROPOSITION 4.18. Suppose the form by is real, a is real valued and B maps
Lo(T;R) densely into itself.
(i) The map B is a lattice homomorphism if and only if the semigroup S is positive.
(ii) If o(T') < oo, the map B is a lattice homomorphism, & > 0 and there exists a
¢ > 1 such that %1 < B1 < c1, then S extends continuously to a bounded semigroup on
Leo(QU f).

Proof. (i) Let C = {(u,¢) € H: u > 0and ¢ > 0}. Then C is closed and
convex in H. Deflne P: H — Cby P(u, (p) ((Reu)t, (Re@)™). Then P is the
orthogonal projection onto C.

“="TLetu € H;U(Q) Then (Reu)t € Hg,U(Q) and

j(Reu)™) = ((Reu)™, B(Tr ((Reu)"))) = ((Reu)™, (Re B(Tru)) ") = Pj(u)
since B is a lattice homomorphism. Moreover,
Rea((Reu)™,u — (Reu)™) = a((Reu)™, —(Reu)”) = 0.
So C is invariant under S by Proposition 2.9.

“«="If S is positive, then C is invariant under S. Let u € H,}’ »(Q). Tt follows
from Proposition 2.9 that there existsa w € H;U(Q) such that Pj(u) = j(w). Then
((Reu)™, (ReB(Tru))*) = Pj(u) = j(w) = (w, B(Trw)). Therefore w = (Reu)™
and

(Re B(Tru))* = B(Trw) = B(Tr ((Reu)™)) = B((ReTru)™).
This is for all u € H;/ »(Q). Since Tr H; »(Q) is dense in L, (') one deduces that

(Be)* = B(¢*) forall ¢ € Ly(I',R). So B is a lattice homomorphism.

(i) Let C = {(u,¢) € H: u < 1and ¢ < B1}. Then C is closed and
convex. Define P: H — C by P(u, ¢) = ((Reu) A1,(Re ¢) A B1). Then P is the
orthogonal projection of H onto C. Letu € HgU(Q) Define w = (Reu) A 1. Then

w € Hy () and
Pj(u) = ((Reu) A1, (ReB(Tru)) AB1) = ((Reu) A1, B(Tr ((Reu) A 1))) = j(w).
Moreover,
Rea(w,u—w)=Rea((Reu) AL ilmu+(Reu—1)")=a((Reu) A1, (Reu—1)")
:/ocTr((Reu)Al)Tr((Reu— / (Reu—1)T) >0
r r

So by Proposition 2.9 the set C is invariant under S.

Finally, let (1, ¢) € H and suppose that u < 1and ¢ < 1. Then 19 < B1
and 1(u, ¢) € C. Lett > 0 and write (v, ) = S;(u, ¢). Then 1 (v,9) € C. Hence

v<cland ¢ < cB1 < c21. So S extends to a continuous semigroup on L and
[St]lcoco < ¢ forallt >0.
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Using the operator A one can define another semigroup generator which
looks different. If u € D(by), then we say that Au € Hg, »(Q2) weakly on (2 if there
existsan f € Hbl, »(Q) such that Au = f weakly on .

The Laplacian with Wentzell boundary conditions can be realized in the
Sobolev space H 1. This has been carried out in Theorem 2.1 of [15]. We generalize
this approach for the elliptic operator A.

PROPOSITION 4.19. Define the operator Ay on the Hilbert space H; Q) by tak-
ing as domain D (A1) the set of all u € H;,U(Q) such that Au & H;U(Q) weakly on
Qand (B*B(Tr Au) — aTru) is the (a;j)-normal derivative of u and letting Aju = Au
forall u € D(A1). Then — A generates a holomorphic semigroup on H,}’ »(Q).

Proof. Let a. be the classical form associated with (a,j) (see Theorem 2.5).
Then A is associated with the closed sectorial form a.. Define the operator Ag in H
by D(Ap) = {w € D(A) : Aw € D(ac)} and Agw = Aw for all w € D(Ap). Then
—Ap generates a holomorphic semigroup in the Hilbert space (D(ac), || - ||s.)- The
map j: H;, »(Q) — D(ac) is aisomorphism of normed spaces. Hence the operator
—j~1Aoj generates a holomorphic semigroup on H; »(Q). Therefore it suffices to
show that A} = j~1Agj.

Let u € D(j~'Agj). Then j(u) € D(A), Aj(u) € ](Hgg(Q)) and Apj(u) =
Aj(u). It follows from Proposition 4.17 that Au € Lp(2) weakly on Q2 and
there exists a ¢ € Ly(I') such that (B*g — aTru) is the (a;j)-normal derivative
of u and Aj(u) = (Au,y). Since Aj(u) € ](H;U(Q)) one deduces that Au €
H;U(Q) and j(Au) = Aj(u) = (Au,¢). In particular, ¢ = B(Tr.Au). There-
fore (B*B(Tr Au) — aTru) is the (a;;)-normal derivative of u and u € D(A1).
Then Aju = Au = j'Apj(u). Conversely, suppose that u € D(A;). Then
j(u) € D(ac) and it follows from Proposition 4.17 that j(u) € D(A) with Aj(u) =
(Au, BTr Au) = j(Au). So j(u) € D(Ag) and u € D(j ™1 Agj). 1

In case of the Laplacian, i.e. if ajj = 51']', the set (2 is bounded and Lipschitz,
and if B is the multiplication operator with a bounded measurable function S,
then D(A;) is the set of all u € H'(Q) such that Au € H'(Q) weakly on Q2 and
the normal derivative satisfies

% + |BI*Tr (Au) + aTru = 0.

Moreover, Aju = —Au, cf. Remark 2.9 of [6].
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