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ABSTRACT. In this article, we characterize the “identity” of an operator space
through an analogue of the abstract numerical radius. From this, we give a
simple proof of the fact that quotients of unital operator spaces by complete
M-ideals are unital. Moreover, we show that both CB(A) and CB(M,) are
unital operator spaces, when A is a C*-algebra and M is a von Neumann al-
gebra. We also show that if X is a normed space with numerical index 1, then
CB(max X; min X)) is a unital operator space. Using the idea in our characteri-
zation, we consider unital tensor products of unital operator spaces.
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1. INTRODUCTION AND NOTATIONS

Operator spaces are important objects in functional analysis and there is a
ground breaking characterization of operator spaces by Effros and Ruan (see e.g.
[18] or [12]). However, in applications, sometimes the starting point is not general
subspaces of L(H) but unital subspaces of L(H) (i.e. subspaces that contain the
identity; see e.g. [2]). Therefore, it seems important to have an abstract character-
ization of unital operator spaces.

The aim of this paper is to find the operator space analogue of the well-
known notion of geometric unitaries in Banach spaces theory and use it to char-
acterize unital operator spaces. Moreover, we will give some applications of this
characterization. After we finished an earlier version of this work, we learned
that Blecher and Neal gave a metric characterization of unital operator spaces in
more or less the same period as we. Nevertheless, there seems to be no direct
relation between these two works.
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In Section 2, we will define a quantity ny,(V;u) for an operator space V
and a norm-one element u € V, which is an operator space analogue of the well-
known notion of numerical radius 7(X, 1) in Banach space theory (it is also a gen-
eralization of the k-numerical radius as defined in [4]). We will show that there
exists a complete isometry (respectively, complete isomorphism) from V to some
L(H) that sends u to idy if and only if ng,(V; 1) = 1 (respectively, ng, (V;u) > 0).
We will also study some properties of nq,(V; ).

Although the argument for our characterization theorem is easy, the idea
behind it seems to open a door for the discovery and manipulation of unital op-
erator spaces, and we will give such examples in Section 3. First of all, we use
our characterization to give a simple proof for the fact that the quotient of a unital
(respectively, quasi-unital) operator space by a complete M-ideal is also a unital
(respectively, quasi-unital) operator space. Even though one can use the theory
of the C*-envelope to prove this fact, our proof is more elementary. Secondly, we
use the idea of our characterization to construct unital tensor products of unital
operator spaces. More precisely, one can always “unitize”, in a functorial way,
an operator space tensor product of two unital operator spaces. Thirdly, we use
our characterization to show that CB(A) and CB( M) are unital operator spaces
with identity I4 and I, respectively, when A is a C*-algebra and M is a von
Neumann algebra. Finally, our characterization can be used to show that if X is
a normed space with numerical index 1, then Ix is the identity for the operator
space CB(max X; min X).

NOTATION 1.1. Throughout this article, unless specified, H is a Hilbert
space, X is a Banach space, and U, V as well as W are matricially normed spaces
(i.e. a matrix normed space that satisfies only condition (M2) in [12], p. 20), while
V is the underlying normed space of V. Moreover, we will denote by Bx and
S1(X) the closed unit ball and the unit sphere of X.

Note that given a matricially normed space V, the image Vy, of V in V**
is an operator space. Moreover, it is easy to see that the canonical map from
CB(Vy, W) to CB(V, W) given by the canonical map xy : V. — Vj is a complete
isometry (see e.g. [16]).

We end this section by recalling the notion of “numerical radius” and “geo-
metric unitary” for normed spaces (see e.g. [1] and [13]). For any u € &1(X), we
set S% = {f € X" : [fll = 1 = f(w)}, v"(x) == sup{[f ()] : f € ¥}
(x € X),aswell as n(X; u) := inf{y*(x) : x € G1(X)}.

A norm one element u in a normed space X is called a geometric unitary
(respectively, strict geometric unitary) if the numerical radius n(X; u) is non-zero
(respectively, equals 1).

REMARK 1.2. Let X be a normed space and u € &1(X). Suppose that Y is
another normed space and ¥ : X — Y is a contractive topological injection. If
Y(u) € G1(Y), then n(Y; ¥ (u)) < [[¥7H| - n(X;u).



AN ABSTRACT CHARACTERIZATION OF UNITAL OPERATOR SPACES 291
2. COMPLETE GEOMETRIC UNITARIES

2.1. DEFINITION AND MAIN RESULTS. LetV and W be matrically normed spaces,
v € 61(V) and w € &1(W). For any n € N, we put Mory,(V;W) := {¢ €
CB(V, W) : [|glles < L (0) = w}, S, := Morj, (V; My),

72(x) := sup{llgx(x)]| : 9 € S,"im €N} (k € N;x € My(V))
(where @y : My (V) — M,y is given by @i ([x;j]) = [¢(x;;)]), as well as

nep(V;0) :=inf{yp(x) : x € &1(Mi(V));k € N}

Moreover, we denote by A?(V) the unital C*-algebra @ C(S,"°M,) and define
n=1
7 1 V. — A?(V) to be the map given by evaluations.
In the case when V is an operator algebra and u being the identity of V, the
quantity ) (x) was defined in [4], p. 192, and is called the k-th numerical radius of
xeV.

DEFINITION 2.1. u € &41(V) is called a complete strict geometric unitary (re-
spectively, complete geometric unitary) if ny, (V; u) = 1 (respectively, ng, (V; 1) > 0).
In this case, we say that V is a unital operator space with identity u (respectively, a
quasi-unital operator space with quasi-identity u).

REMARK 2.2. (i) Sy is a compact set under the point-norm topology, and
SVu _ gViu
L= .
(if) Suppose that V is a matrix normed subspace of a matricially normed space
W and 7" is defined by S,'" in a similar way as 7. It is easy to see that
T = vi"w forall k € N and so ng, (W, u) < ng,(V, u).

Suppose that X is a vector space and oy is a seminorm on My (X) (k € N)
satisfying conditions (M1) and (M2) in [12], p. 20. Let N := {v € V : 0}'(v) = 0}.
Then 0} induces a semi-norm 0 on My (X/N) which, by 2.3.6 of [12], provides an
operator space structure on X/N. This gives the following lemma.

LEMMA 2.3. < induces an operator space structure on Vy, := V/N, (where
N, :={v € V: 9} (v) = 0}).
Whenever we talk about the operator space V,, we consider the operator

space structure as given in the above lemma (even when N,, = (0)). Moreover,
we denote by Q, the canonical complete contraction from V to V.

LEMMA 2.4. Let V be a matricially normed space and u € &1(V).
(i) nep(V;u) > 0if and only if Qy is a complete isomorphism. In this case, we have
nep(Viu) = [1Qi I -
(i) nep (Vu, Qu(u)) = 1.
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Proof. (i) The first statement is more or less obvious. If ng,(V; 1) > 0, then
we have the followmg which gives the second statement:

nep(V;u) ™t = inf{p € Re: [(Qu Dn(W)Il < s (y)im € Ny € M(Va) ).

(ii) It is not hard to see that Q, induces a bijection from SV“’Q“(u) to SV”

Consequently, N, (,) = (0) and 7} = %CQ“(” on Mi(Vi) = My(Vy, (), which
implies that ny,(Vy; Qu(u)) =1. 1

PROPOSITION 2.5. Let V and W be matricially normed spaces. Suppose that

¥ : V — W is a complete contraction and u € S1(V) such that ¥ (u) € S1(W).
(i) There exists a complete contraction ¥y : Vy — Wy () with Qy () o ¥ =¥, 0Qu.
(ii) If ¥ is a complete topological injection, then ng,(W; ¥ (1)) <||[¥ Y| - nep (Vs 10).

Proof. (i) ¥ induces a map ¥, : SW ¥ — Sy and we have 'yz(”) o¥ < vy
(n € N). This produces the required map Y¥,,.

(i) By Remark 2.2(ii) and the argument for part (i),
nap(W; ¥ (1)) < nep (F(V); ¥ (1))
=sup {A € Ry 1 A[Fu(x)]| < 7 " (Fa(2))in € Nyx € My(V)}
<sup{A € Ry s Al |G [l < 7 (x)im € Nyx € M (V)}
= [[¥ M lep - nep (V). W

Consequently, for any complete contraction ¥ : V. — L(H) with ¥(u) =
idy (where u € G1(V)), there exists a complete contraction ¥, : V, — L(H) with
Y =Y, 0Qu.

The following is our first theorem which tells us that one can use strict com-
plete geometric unitary to describe the “identity” of an operator space. Let us
first recall the following well-known fact.

LEMMA 2.6. Forany T € L(H"), one has ||T|| = sup{||(P® I,)T(P ® L,,)|| :
P € L(H) is a finite rank projection}.

THEOREM 2.7. Let V be a matricially normed space and u € S1(V). Then u is a
complete geometric unitary if and only if there exists a Hilbert space H and a completely
contractive complete topological injection © : V — L(H) such that ©(u) = idy and
e (Vi) = 07|,

Proof. Suppose that ng,(V;u) = 1. If m : A*(V) — L(H) is a unital *-
representation and © := o j};, then @(u) = idy, and O is a complete isometry
(because nq,(V,u) = 1). Conversely, suppose there exists such a ® which is a
complete isometry. For any rank n projection P on H, the map x — PO(x)P is an
element of S,*. Therefore by Lemma 2.6, || - ||y = 7{ (k € N), and ny,(V,u) =1
(see Lemma 2.4(i)). The general case follows from the case of ny,(V;u) = 1 as
well as Lemma 2.4(i) and Proposition 2.5(ii). 1
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In the case of ng,(V;u) = 1, one can also prove the necessity of the above

theorem by taking H = @ @ ¢*(n) and adapting the argument of 2.3.5 in [12].
n=1 Viu
PES,
COROLLARY 2.8. Let V be a matricially normed space and u € &1 (V).

(i) If u is a complete strict geometric unitary, then V is an operator space.
(1) nep (V; u) = ng, (V**; u) (where V** is the bidual of V).

2.2. RELATIONSHIPS BETWEEN n,(V, 1) AND n(V, u). In this subsection, we will
compare ng, (V,u) and n(V,u).

LEMMA 2.9. Let V be a matricially normed space. If ng,(V; u) > 0 (respectively,
e (V;u) = 1), then n(V;u) > 0 (respectively, n(V;u) > 3).

Proof. If ¥ is the completely contractive complete topological injection (re-
spectively, complete isometry) given by Theorem 2.7, then Remark 1.2(ii) and

Theorem 3 of [9] show that n(V;u) > ”ﬂf‘}ﬂ)ﬁ” > Z\I‘f'l’ll\' 1

Next, we consider the case of minimal quantization.

PROPOSITION 2.10. Let X be a normed space and u € S1(X).
) n(X;u) < ng(minX; u).
(i) n(X;u) > 0if and only if ng, (min X; u) > 0.
Proof. (i) Since S{" % = §X it suffices to prove that for any k € N and
x = (xj) € 61(Mg(minX)), we have

1) n(X;u) < sup{||fi(x)| : f € S¥}.

Suppose that (2 is a compact Hausdorff space such that minX C C((2) as oper-
ator subspace. There exist w € Q and (c;), (d;) € &1(f*(n)) with 1 = ||x|| =
[[x(w)| = ‘ iZjEix,»j(w)dj , which implies that H iEjEixijde > 1. On the other hand,

it is easy to see that H Zfixijde < |lx|]| = 1. Now, for any f € SX*,
ij

dq 1
Il = [(Fey | o || ] = (T |
d Ck K
Hence, 1" ( ZEixi]-dj> <sup{||fr(x)| : f € S¥"} and Equality (2.1) is verified.
ij
(ii) This part follows from part (i) as well as Lemma 2.9. 1

Consequently, if V is an operator space and u € &1 (V) such thatng, (V;u) >
0, then we have ng,(min V; 1) > 0 (by Lemma 2.9 and Proposition 2.10). This fact
is not easy to obtain directly from the definition.
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For a C*-algebra A and u € &1(A), it is easy to see, by using 4.1 of [5] and
the above discussions, that u is a unitary if and only if ng,(A;u) = 1, which is
also equivalent to n,(A;u) > 0. However, for a general operator spaces V it is
possible to have elements 1,v € &1(V) such that ng,(V,u) > 0and ng,(V,u) > 0
but ng, (V; u) # ng(V;v). In order to give such an example, we need the follow-
ing lemma which is probably known but we include a simple argument here (as
we do not find it explicitly stated in the literature).

LEMMA 2.11. Suppose that X and Y are two normed spaces and u € &1(X).
Then n(E; (u,0)) = n(X;u) where E = X ®' Y.

Proof. Note that SE/(#0) = SXi# » By.., which implies 79 (x,y) < % (x) +
llyll. For any ¢ > 0, there are f € S** and g € By* with v*(x) < |f(x)| +¢
and g(y) = Iyl 1F £(x) = |F(x)|e, then [£(x) + () ()] > 7(x) + |y — .
Consequently, 79 (x,y) = 9*(x) + |ly||, and n(E; (1,0)) < n(X;u). On the
other hand, for any n € N, there exists (x,,,y,) € E with ||x,]| + |[yx| = 1 and
7Y*(xn) + |lyn| < n(E; (u,0)) + 1. If there are infinitely many n with x,, = 0, then
there is a subsequence with 1 = ||y, || < n(E;(1,0)) + nik, which implies that
n(E; (4,0)) = 1and n(X;u) = 1 as well. Otherwise, we may assume that all x;,
are non-zero and take z;, = H € G1(X). Since (7" (xn) + llynl) (X = |lyull) =
7" (xn) (because " (xn) < [|xnll =1 = [lynll), we have v*(zx) < 7" (xu) + [lynll <
n(E; (1,0)) + 1. This completes the proof. 1

EXAMPLE 2.12. If E is a finite dimensional Banach space with n(E;u) = 1
(see e.g. 3.5 of [10]), then for any quantization E of E, we have 0 < nq,(E;u) < 1
(by Propositions 2.10(ii) and the fact that % < % together with Lemma 2.9). More-
over, if F = C ®! E, then n(F; (0,u)) = % and n(F;(1,0)) = 1 (by Lemma 2.11)
and so, by the above, 0 < ng,(minF; (0,u)) < 1 but ng(minF;(1,0)) = 1 (by
Proposition 2.10(i)).

3. APPLICATIONS

The idea of characterizing unital operator spaces through the quantity
1 (V;v) can be used to give an abstract characterization for non-unital opera-
tor systems in a similar fashion as [19]. However, we leave the details to the
readers (see also [17] for a even more general situation). In the following, we will
give another four interesting applications.

3.1. QUOTIENT OF QUASI-UNITAL SPACES. In this subsection, we will show that
the quotient of a quasi-unital (respectively, unital) operator space by a proper
complete M-ideal is also quasi-unital (respectively, unital). In the case of uni-
tal operator space, one can also obtain the same result by considering the C*-
envelope (see the closing remark of [3]), but our argument is more elementary.
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LEMMA 3.1. Let X and Y be two normed spaces, and E = X &* Y. If (u,v) €
&1(E) with n(E; (u,v)) > 0, then ||u|]| =1 = ||v]|.

Proof. Suppose that ||u|| = 1but ||[o| < 1. For any (f,g) € SE(4?), we have
IfIl +ligll = 1 = f(u) +g(v). Hence [|g| = 0 and so, SF**) = &% x {0}.
Thus, we have a contradiction that (f,0)(0,y) = 0forany y € &1(Y) and (f,0) €
SE;(u,v)_ I

THEOREM 3.2. Let V be an operator space and W C 'V be a complete M-ideal. If
v € 61(V) with ng,(V;v) > 0, then ||Q(v)|| = 1 and ng,(V;v) < ngp,(V/W; Q(0))
(where Q : V. — V /W is the canonical quotient map).

Proof. By Corollary 2.8(ii), we assume that W is a complete M-summand of
V (since W+ is a complete M-summand of V**). Let P : V — V be the complete
M-projection such that P(V) = WandletU = (I — P)(V). ThenV = Ua* W
as operator spaces and Q(x) — (I — P)(x) is a complete isometry from V/W to
U. Suppose that v = (1, w) with u € Uand w € W. Then by Lemmas 2.9 and
3.1, we see that ||u]| = 1 = ||w||. Pick any f € &1(U*) with f(u) = 1 and define
¥ :U — Vby ¥(x) = (x, f(x)w). It is not hard to check that ¥ is a complete
isometry (as || fu (x)w|| < ||x|| for any x € M,,(U)) such that ¥ (u) = (4, w). Now,
nep(V; (u,w)) < ng,(U; u) (by Proposition 2.5(ii)). 1

Consequently, the quotient of a unital operator system by a complete M-
ideal is also a unital operator system.

3.2. UNITAL TENSOR PRODUCTS. Let us start with the following easy lemma
which follows from Proposition 2.5(i) and Theorem 2.7.

LEMMA 3.3. Let U be an operator space, u € &1(U) and U* := j;,(U) € A*(U).
(i) If V is a unital operator space with identity e and ¢ € Mory (U; V), there is
¢ € Mory (U", V) such that ¢ = o jj.
(ii) u is a complete strict geometric unitary if and only if ji; is a complete isometry.

If V and W are operator spaces, an operator space matrix norm || - ||, on
the algebraic tensor product V ® W is called a subcross matrix norm if ||v ® w||, <
||o]|[|w]| for any p,q € N, v € Mp(V) and w € My(W).

DEFINITION 3.4. Let V and W be unital operator spaces with identity e and
f respectively. A unital operator space subcross matrix norm on the algebraic tensor
product V. © W is an operator space subcross matrix norm such that e ® f is a
complete strict geometric unitary.

One may wonder whether there are many unital operator space subcross
norm around. The following result shows that it is the case. Moreover, one can
actually construct, in a functorial way, a unital operator space subcross norm from
a given operator space subcross norm.
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PROPOSITION 3.5. Let V and W be unital operator spaces with identity e and f
respectively. Suppose that || - ||,, is an operator space subcross matrix norm on V.o W
with || - ||v < || - ||, where || - ||\ is the injective operator space tensor norm.

(@) ]‘e,%; w 18 injective and induces a unital operator space subcross matrix norm,
| - [I}i, on V.© W. Moreover, || - ||, = || - |I}; if and only if || - || is unital.

@) [~ [v =1 11% < -1l < [IA (where || - || is the projective operator space
tensor norm).

Proof. (i) It is easy to check that ]‘i@g/v is a complete isometry (i.e. e ® f is

the identity of VOW). Let ® : V©, W — VOW be the canonical map and
1 AH(V o, W) — A®®f(VEOW) be the corresponding #-homomorphism.

. = .e®f  _ .e®f
Since & o ]V%W = jyew

ond statement is clear.
(ii) The first inequality is clear, and the second one follows from Lem-
ma 3.331). 1

o e . . . . .. .
o @ and is injective, ]V%J; w is also injective. The sec-

If || - ||, is an operator space subcross matrix norm on V ® W, we denote by
V @5 W the unital operator space ]f,%{‘ w(V o, W).
REMARK 3.6. (i) If U is another unital operator space with an identity g,
Mor” (VE"W; U) = {¥ € CB(V;CB(W; 1)) : |[¥]la < L¥(e)(f) = g}
(ii) By part (i), for any n,p,q € N, v € M,(V), w € Mg(W), & € My, p; and
B € Mpg,u, we know that ||a(v ® w)B||A equals
sup{[|a(@pq(v,w0))Bll : ¢ € CB(V x W; Mp); [|9lls < 15 9(e, f) = i;k € N}

(iii) If B is a completely contractive unital Banach algebra (respectively, uni-
tal operator algebra) with an algebraic identity e, then the product on B induces
a map in Mor®°(B*®"B"; B") (respectively, Mor{“*(B ! B; B)).

3.3. CB(A) AND CB(M..) ARE UNITAL OPERATOR SPACES. Our last two subsec-
tions concern with the existence of complete geometric unitaries in CB(V; W).
Let us first recall the well-known fact that T — T* is a complete isometry from
CB(V; W) to CB(W*; V*). This gives the following lemma.

LEMMA 3.7. Let V and W be operator spaces. For any T € &1(CB(V; W)), one
has ng, (CB(V; W); T) 2 ng, (CB(W*; V*); T*).

THEOREM 3.8. Let A be a C*-algebra and M be a von Neumann algebra. Then
nep(CB(A); I4) = 1and ng, (CB(M.); In,) = 1.

Proof. Let e be the identity of M, n € Nand T € &;(CB(M; M, (M))).
Forany ¢ € (0, 1), there exists k € Nand a € Bt (m) with 1 < [|Ti(a) || +&. If

a (1 — aa*)1/? . . .
U= (1= a*a)/? . , then u is a unitary in My (M) and || Ty(a)|| <
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I Tox(u)||. As e is a complete strict geometric unitary, there exists m € N and
¢ € St with

T2 () || = [1(" @ L) T (u) | < [l p2tn ((u™ © L) Toie (1)) || + .
Now define @ : CB(M) — Moy, by @(S) = @or(1*Sor(u)) (S € CB(M)). Itis
clear that @ (1) = Doy, and | ®]|q, < 1 because

Dy(S) = pan((u” @ I)Sp(u)) (I € N; S € CB(M; M;(M))).

Consequently, ¢ € SZC,(];(M);IM and we have ||®,(T)|| > 1 — 2e. This shows that

nep(CB(M); Ing) = 1 and so, ng,(CB(My); In,) = 1 by Lemma 3.7. Finally,
nep(CB(A); I4) = 1 because A** is a von Neumann algebra. 1

3.4. A SITUATION WHEN CB(max X; min X) IS UNITAL. For a normed space X,
we denoted by max X and min X the two operator space structures on X as de-
fined in Section 3.3 of [12]. In this subsection, we will show that 14, (CB(max X;
min X); Ix) is greater than the numerical index 7(X). Consequently, CB(max X;
min X) is quasi-unital if X is a Banach space (note that in this case, n(X) > 0),
and CB(max X; min X) is a unital operator space if n(X) = 1. We recall that n(X)
is defined as follows: n(X) :=  inf  (T), where
Te&1(L(X))
¥(T) == sup{|f(Tx)| : x € &1(X); f € S} (T € L(X)).

Please see [6], [7], [8], [11], [14] and [15] for general information and background
on numerical indices.

THEOREM 3.9. Let X be a normed space. Then nq,(CB(max X,min X);Ix>n(X).

Proof. It is well-known that CB(max X; min X) = min £(X) and we have
n(X) < n(L(X); Ix). We can apply Proposition 2.10(i) to complete the proof. 1
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