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ABSTRACT. It is shown that no local periodicity is equivalent to the aperiodicity
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INTRODUCTION

Kumjian and Pask introduced k-graph C*-algebras in [3] as generalizations
of the higher-rank Cuntz-Krieger algebras studied by Robertson and Steger in
[8], [9], and [10]. There are two immediate difficulties that arise in the theory of k-
graphs. The first difficulty is presented by sources. For directed graphs, a source
is simply a vertex that receives no edge. For k-graphs, a source is a vertex that
fails to receive an edge of some degree. The notion of local convexity was intro-
duced in [4] in order to associate a C*-algebra to certain well-behaved k-graphs
with sources. The second major obstruction in studying k-graphs is presented by
infinite receivers. Finitely aligned k-graphs were introduced in [5] in order to asso-
ciate a C*-algebra to row-infinite k-graphs graphs (possibly containing sources)
that satisfy a mild condition.

In [3], Kumjian and Pask introduce an aperiodicity hypothesis for row-finite
k-graphs without sources and show that if A satisfies this condition, then C*(A) is
simple if and only if A is cofinal. The aperiodicity condition of Kumjian and Pask
also serves as a critical hypothesis for a number of important structural results
concerning k-graph C*-algebras. A number of different aperiodicity conditions
have appeared in the literature for the variety of classes of k-graphs in [4], [5],
[11], [2], [6], and [7].

For row-finite k-graph without sources, Robertson and Sims introduce the
notion of no local periodicity [6]. This formulation of aperiodicity is formally wea-
ker than the condition introduced by Kumjian and Pask. Nonetheless, Robertson
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and Sims show that no local periodicity is equivalent to a number of other aperi-
odicity hypotheses for row-finite k-graphs without sources. The advantage of no
local periodicity is that its negation is strong enough to prove that C*(A) is simple
if and only if A is cofinal and has no local periodicity. Robertson and Sims fur-
thermore use this condition to classify k-graph C*-algebras in which every ideal
is gauge-invariant. This work is similar to the result from directed graph algebras
stating that C*(E) is simple if and only if E is cofinal and every cycle has an exit.

In [1], Farthing constructs a sourceless k-graph A from a k-graph A in such
a way that C*(A) is Morita equivalent to C*(A) when A is row-finite. Robertson
and Sims make use of this result in [6] to generalize their previous work to the
locally convex row-finite k-graphs. Robertson and Sims’ simplicity result is lim-
ited to the locally convex case because of an unexpected difficulty with projecting
paths from A” onto AS®,

For the finitely aligned case, a number of aperiodicity hypotheses have ap-
peared, often defined on different boundary path spaces. In [5], Raeburn, Sims,
and Yeend use a similar condition to Condition B from [4] to prove their version of
the Cuntz—Krieger uniqueness theorem. Farthing, Muhly, and Yeend introduce a
version of Kumjian and Pasks” aperiodicity condition in [2] to prove a version of
the Cuntz—Krieger uniqueness theorem using groupoid methods. The condition
in [2] is much different than that in [4], partly because it operates on the closure
of the boundary path space employed by Raeburn, Sims, and Yeend.

In this paper, the work of Robertson and Sims is generalized to the finitely
aligned case. We show that the condition in [2] is equivalent to an appropriate for-
mulation of no local periodicity. In Section 2, we briefly introduce the standard
definitions and results from the literature. In Section 3, we introduce a condition
called strong no local periodicity for finitely aligned k-graphs without sources and
show that the condition is equivalent to no local periodicity in this situation. This
allows us to exactly follow the proof of Lemma 2.2 from [6] to prove that no local
periodicity implies the aperiodicity condition in [2]. We then show how to reduce
the arbitrary finitely aligned case to that of no sources by introducing a source-
less (k — a)-graph that carries information about aperiodic paths in the original
k-graph. In Section 4, we use these results to construct the usual simplicity argu-
ment as in [6] and [7].

1. PRELIMINARIES

Let k € N and regard N as a monoid with identity 0. Let e; denote the it
generator of Nk. For m, n € N¥ write m < ntomean m; < n; fori =1,2,...,k. For
m,n € Nletm V nand m A n denote the coordinatewise maximum and minimum
of m and n, respectively.
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DEFINITION 1.1 ([3], Definition 1). A k-graph consists of a countable small
category A together with a functor d : A — NF which satisfies the unique factoriza-
tion property: For every A € A and m,n € NF such that d(A) = m + n, there exist
unique v, 4 € Asuch that A = uv,d(y) = m,and d(v) = n.

Let A" = d~!(n) and let r and s denote the range and source maps of A
respectively. Obj(A) is naturally identified with A° via the unique factorization
property and thus 7,s : A — AY. Forv € A®and E C A, putoE = {u € E :
r(p) =v}and Ev = {u € E : s(u) = v}.

For n € N¥, define as in Definition 3.1 from [4]

AS" ={A e A:d(A) <nandd(A) +e; < n=s(A)A% = Q).

Note that vAS" # @ for all v € A and n € NF. Furthermore, AS" = A" if A has
no sources.

Given A, u € A, a minimal common extension of A and y is a pair («, ) €
A x A such that Aw = up and d(Aa) = d(A) Vd(p). The set of minimal com-
mon extensions of A and y is denoted by A™"(A, ). Define MCE(A, i) = {Aa :
(@, B) € A™N(A, 1) }. Recall from Definition 2.2 of [5] the following definition.

DEFINITION 1.2. A k-graph A is finitely aligned if A™™(), u) is finite for all
AueEA

DEFINITION 1.3 ([5], Definition 2.4). Let A be a k-graph, v € AY and E C
vA. E is exhaustive if for every y € vA there is A € E such that AMN (A, u) # Q.
Define
FE(A) = {F CvA\ {v} : v € A, Fis finite exhaustive}.

REMARK 1.4. If A has no sources, then A" is exhaustive for all n € NF. More
generally, A is locally convex if and only if AS" is exhaustive for all n € N,

DEFINITION 1.5 ([2], Definition 3.10). Fory € Aand F C r()A,
Ext(n;F) := | J{a € A: (a,p) € ANy 1) for some B € A}.
A€EF

If F € vFE(A) and 7 € vA, then Ext(1; F) € s(y7)FE(A) as in Proposition 3.11
from [2].

DEFINITION 1.6 ([5], Definition 2.6). Let (A, d) be a finitely aligned k-graph.
A Cuntz—Krieger A-family is a collection of partial isometries {s) : A € A} ina
C*-algebra B satisfying:
(i) {sv : v € A%} is a family of mutually orthogonal projections;
(i) sasy = syy whens(A) = r(p);
(iii) sysy = Y sasg forall A,y € A;
(,B) €A™ (A, 1)
(iv) TT (so —sasy) = O for all E € vFE(A).
AE€E

Denote by C*(A) the universal C*-algebra containing a Cuntz—Krieger A family.
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1.1. BOUNDARY PATHS. Given a finitely aligned k-graph, let X be the collection
of graph morphisms x : (2 ,, — A. For such x, define d(x) = m. As in Defi-
nition 2.8 from [5], let AS® be the collection of paths x € X, for which there is
ny € NF such that n, < d(x) and

neN n, <n<mand n; =m; imply that x(n)A% = @.

Note that when A is locally convex, we may take n, = 0.

Let 0A be the collection of paths x € X, such that for all n < d(x) and for
all finite exhaustive E C x(n)A, there is A € E such that x(n,n +d(A)) = A ([2],
Definition 5.10). We have AS® C 9A, but AS® # 0A in general. If A is row-finite
and without sources, then AS® = A%,

If x € A and n < d(x), define 0"x by ¢"x(0,p) = x(n,n+ p) for all p <
d(x) —n. Then ¢"x € dA by Lemma 5.13 in [2]. If A € Ax(0), there is a unique
path Ax € 0A such that Ax(0,d(A)) = A and Ax(0,p) = Ax(0,p —d(A)) for
p € NF satisfying p +d(A) < d(x) ([2], Lemma 5.13).

For each A € 9A, define S, € B((?(dA)) by

Syep = {e;\x ifr(x) =A,

0 else.

PROPOSITION 1.7 ([11], Lemma 4.6). The operators {S, : A € A} form a
Cuntz—Krieger A-family on (?(9A) such that S, # 0. This is called the boundary-path
representation.

2. APERIODICITY CONDITIONS

A number of aperiodicity hypotheses have appeared in the literature for
the variety of k-graphs. We collect some of them here as they have appeared for
finitely aligned k-graphs.

DEFINITION 2.1. Let A be a finitely aligned k-graph.
(i) A satisfies Condition (A) if for all v € A there is x € vdA such that n vV m <
d(x) and 0™x = ¢"x implies m = n ([2], Theorem 7.1).
(i) A satisfies Condition (B') if for all v € A® there is x € vdA such that A, u €
Av and Ax = px implies A = p ([2], Remarks 7.3).
(iii) A satisfies Condition (B) if for all v € A? there is x € vAS® such that
A, u € Avand Ax = ux implies A = u ([5], Theorem 4.5).

Condition (A) has sometimes been referred to as the aperiodicity condition in
[2], [3], [6], and [7]. We shall do so below. When A is row-finite without sources,
0A = A®. Therefore, Condition (A) presented in Theorem 7.1 from [2] for finitely
aligned k-graphs reduces to the version of Condition (A) in Definition 4.3 from
[3] for row-finite k-graphs without sources.



SIMPLICITY OF FINITELY ALIGNED k-GRAPH C*-ALGEBRAS 339

For row-finite k-graphs without sources A, Conditions (B) and (B') reduce
to precisely the same condition because AS® = dA = A®. When A is row-finite
and locally convex, Condition (B) introduced in Theorem 4.5 of [4] is precisely
the same as that presented in Theorem 4.3 from [5]. However, AS® isin general
a proper subset of dA. Some discussion about the differences between these two
conditions may be found in the Remarks 7.3 of [2].

Finally, there is the notion of no local periodicity (NLP), introduced by Robert-
son and Sims for row-finite k-graphs without sources in [6] and for row-finite lo-
cally convex k-graphs in [7]. For row-finite k-graphs without sources A, the two
notions of no local periodicity coincide because AS® = A%.

DEFINITION 2.2. Let A be a row-finite k-graph.
(i) If A has no sources, then A has no local periodicity if for all v € A? and for
alln # m € NK, there is x € vA® such that 0" x # o™ x ([6], Definition 1).
(ii) If A is locally convex, then A has no local periodicity if for all v € A® and for
alln # m € Nk, there is x € vAS® such that either n — n Ad(x) # m —m Ad(x)
or g"M(¥) x £ MNA(x) x ([7], Definition 3.2).

For finitely aligned k-graphs, we introduce the following version of no lo-
cal periodicity. We do not address the extent to which our version of no local
periodicity is related to the version for row-finite locally convex k-graphs. In the
row-finite no sources setting, our version is equivalent to the previous versions
of no local periodicity.

DEFINITION 2.3. Let A be a finitely aligned k-graph. A has no local periodicity
(NLP) if for every v € A? and every m # n € NF, there exists x € vdA such that
either d(x) # mV nor c™x # o"x.

DEFINITION 2.4. Let A be a finitely aligned k-graph without sources. A has
strong no local periodicity (SNLP) if for every v € A? and every m # n € N, there
exists x € vdA such thatd(x) > mV nand 0™x # o"x.

REMARK 2.5. If no local periodicity fails at v € A?, then there are n # m €
Nk such that 0x = ¢™x for all x € vdA. In this case, A has local periodicity n,
mat v € A. For row-infinite finitely aligned k-graphs (with or without sources)
and fixed n # m € NF, there may exist boundary paths x € vdA such that d(x) #
nV m. Itis not immediately clear whether or not A can satisfy no local periodicity,
yet satisfy ¢"x = ¢"x whenever d(x) > n V m for some n # m € N¥. The next
section will establish that this is not possible for finitely aligned k-graphs without
sources.

2.1. FINITELY ALIGNED, NO SOURCES. Throughout this subsection, let A be a
finitely aligned k-graph without sources. First we show that, in this situation,
NLP is equivalent to SNLP. This will allow us to use the methods in the proof
of Lemma 3.3 in [6] to show equivalence between the aperiodicity condition and
no local periodicity. The main strategy is to realize that, if a boundary path has
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degree with some finite component, then since A has no sources, we can find
infinite receivers along the path. Our strict assumptions in this situation will
provide sufficiently many edges to construct an aperiodic boundary path.

PROPOSITION 2.6. A satisfies NLP if and only if it satisfies SNLP.

Proof. 1t is clear that SNLP implies NLP. Suppose that A has NLP and fails
SNLP at v € A, Then we may fix m # n € N¥ such that o'y = ¢y for all y €
vdA with d(y) > m V n. We will derive a contradiction by constructing w € voA
satisfying d(w) > mV n and 0w # o"w. Fix x € vA®. Setny = nVm—m,
my =nVm—n,v; =x(n),and v = x(n + n). Note that n; A my = 0.

Claim 1. o™y = o™y for each y € v10A or y € V20A satisfying d(y) =niVm;.

Proof of Claim 1. Let y € v10A satisfy d(y) > nq Vmy. Set w = x(0,n)y.
Then c"w = 0™ w, since d(w) > n \V m. In particular,

U,n\/mw — Un\/m—no.nw — Un\/m—ny.

Also,

O_anw — (Tn\/m—mamw — o.n\/m—manw — Un\/m—my‘

Therefore, o™y = ¢"V"=My = g"Vm=ny — gMy as required. A similar proof
shows that the result holds for each y € v0A. 1
Claim 2. We may assume that either v1. A" or vo A™ is finite.

Proof of Claim 2. Suppose that both v; A" and v, A™ are infinite sets. Then
v1 A" and vy A" are also infinite sets because n > nj. Also, x(n + m)A™ is an
infinite set because x(n + m) = x(n + n) = v,. Thus,

{x(n,n+m)a:acx(n+m)A"}
is an infinite set. Notice that if & € x(n 4+ m)A™, then
dix(n,n+m)a) =m-+n; =mVn.
Thus, x(n,n + m)a € MCE(x(n,n 4+ m), A) for some A € v A". This implies that

U MCE(x(n,n+m),A)
A€o A"

is infinite. Because A is finitely aligned, MCE(x(n, n 4 m), A) is finite for each A €
v1A". Hence, A™" (x(n,n 4+ m), A) is non-empty for infinitely many A € v; A",
By the above work, we may choose A € v; A" satisfying

AP (x(mn+m),A) #@ and A # x(m,m+n).

Fix (a, B) € A™™(x(n,n+m), A), set & = x(0,n + m)a, and choose w € vA™ such
that w(0,d({)) = ¢. Then we have:

d"w(0,n) = A, "w(0,n) = x(m,m+n).
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Therefore, c"w # o™ w. This contradicts our assumption that ¢y = ¢™y for all
y € voAwithd(y) >mvn. 1

By Claim 1 and the fact that A is assumed to satisfy NLP, there is z € v10A
and iy € {1,...,k} such that d(z);, < (n1 V my);,. If vA™ is finite, then it is also
exhaustive by the assumption of no sources. Hence, the definition of dA gives
A € v1A™ satisfying z(0,d(A)) = A. Thus, d(z) > ny, which also implies d(z);, <
(my);,. If v1A™ is infinite, instead take z € v20A such that d(z);, < (11 V my);, for
some iy € {1,...,k}. Since v;A™ is finite exhaustive, we may similarly conclude
that d(z) > ny and d(z);, < (m1);,. Note that in either case, (11);, = 0 because
ni A my = 0.

Suppose v1 A" is finite, let z € v10A be as above, and set g = d(z);,e;,.
We claim that d(z) > n; + n1. To see this, assume otherwise. Fix Z € v;A%®
satisfying (0,4 + n1) = z(0,qg +ny). By Claim 1, 0™z = ¢™Zz. If d(z) % ny + ny,
then z(ny + q)A™ is infinite (otherwise we could find A € z(n; + g)A™ such that
z(ny +q,m +q+d(A)) = A, which would give d(z) > ny + q + n1). Therefore,
z(my + q)A™ is infinite. This is a contradiction of the assumption that v1A™ is
finite. To see this contradiction, recall that Lemma C.4 of [5] yields that Ext(#; F) is
finite exhaustive if F is finite exhaustive. In our case, we have assumed that v A™
is finite exhaustive and therefore Ext(z(0, m; + q), v A™) is also finite exhaustive.
Moreover, if « € Z(my + q)A™, then

d(z(0,my +q)a) =my +q+ny = (my+4q) Vn.
Therefore, « € Ext(z(0,my + ¢q); v1A™) so that
z(my + q)A™ C Ext(z(0,m1 + q); v1.A™).

Thus, we can conclude d(z) > ny + n.
Similarly, if v, A™ is finite, we may take z € v20A and conclude that d(z) >
n1 + ny. Without loss of generality, assume v A™ is finite and fix z, z as above.
We have ¢z = ¢z by Claim 1, so Z(n1 4+ q) A = z(mq + q) A is an in-
finite set. Also, the above work shows that Z(m; + g + 11) A% is infinite. Arguing
similarly to the proof of Claim 2

U MCE(z(my +q,m1 + q +n1),A)
Acz(my+q) A0

is an infinite set.
This implies that A™"(z(m1 + g, m1 + g + n1), A) is non-empty for infinitely
many A € Z(mq + q)A%. Therefore, we may choose A € Z(m; + q) A such that

A #£Z(m +4g,n1+4q +61‘0) and Amm(f(ﬂﬁ +q,m +q +m),A) #Q@.
Let (a, ) € A™(Z(my +q,my +q+ny),A) and set
¢ =1z(0,my + g+ np)a.
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Choose w € v1A® such that w(0,d(¢)) = ¢. Then we have
c"w(q,q+e,) = ¢(my +q,m +q+e) = A,
oMw(q,q+e;) = w(ng +q,m +q+e,) =z(nm +q,n1 +q+e;,).

However, A is chosen such that A # Z(n; +q,n1 + g + e;,). Therefore, c™w #
c™Mw, as required. 1

PROPOSITION 2.7. Let A be a finitely aligned k-graph without sources. The fol-

lowing are equivalent:
(i) A has no local periodicity;
(ii) A satisfies the aperiodicity condition.

Proof. 1t is clear that the aperiodicity condition implies no local periodicity.
Assume that A satisfies NLP and fails the aperiodicity condition. The above work
shows we may assume that for every v € A and n # m € NF, there is x € vA®
such that d(x) > n vV m and c"x # ¢™x. A proof identical to that for Lemma 3.3
of [6] now shows that A satisfies the aperiodicity condition. 1

2.2. FINITELY ALIGNED, WITH SOURCES. This subsection is dedicated to proving
the following proposition.

PROPOSITION 2.8. Let A be a finitely aligned k-graph. Then A satisfies the aperi-
odicity condition if and only if A has no local periodicity.

Suppose that A has no local periodicity but fails the aperiodicity condition
at some v; € AY.

Assume there exists x; € v;AS® such that d(x1);, < oo for some i; €
{1,...,k}. If no such x; € v;AS® exists, then v]AS® = v;A®. Fix t; € Nk
such that x1(t1)A“t = @. Set v, = x1(t1) and note that d(y);, = 0 for every
VAS Uz/\gw.

Suppose there is x, € vpAS® such that 0 < d(xp);, < oo for some iy €
{1,...,k}. Then iy # iy and we may find t, € NF such that x,(t;) A% = @. Set
v3 = x(t2). We may continue in this fashion to find v, € A? and an arrangement

(it siasiasse e ik}

of {1,...,k} such that, for every x € v, AS®,

dwy; = 10 Hi=ij<a
e dfi=i,a+1<j<k

Let {f;} be the standard generators in Nk=@_ Define 7w : Nk — Nt-1 and ; :
Nk=2 5 N by:

k k—a k=a
7'[( Zl bijej]-) - Zl bi]'+/7_]cj/ l( 21 b]f]) = Zl bjejJr”'
j= j= = =
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Define a category I by setting:
Obj(I') = {w € A : v,Aw # @}, Hom(I') = {A € A:v,Ar(A) # @}.
Define a degree functor d’ : I' — Nf= by
d'(A) = m(d(A)).
Claim 1. (I',d") is a finitely aligned (k — a)-graph without sources.

Proof of Claim 1. It is clear that I' is a category, with range and source maps
coming from A. It must be checked that d’ is a well-defined functor satisfying
unique factorization.

That d’ is a well-defined functor follows immediately from its definition. To
see that d’ satisfies unique factorization, let A € I" and suppose d'(A) = m' +n’,
where m’,n’ € Nk=%. Set m = 1(m’) and n = 1(n’). Note that d(A) = m +n,
since otherwise d()\)i]. > 0 for some j € {1,...,a}, a contradiction of the fact

that vaAeii = @ forj € {1,...,a}. Thus, there are j,v € A such that A = puv,
d(p) = m,and d(v) = n. Itis clear that d'(y) = m’ and d’(v) = #/, so d’ satisfies
unique factorization.

I is finitely aligned because | ™" (A, 4)| = oo readily implies that A™"(A, 1)
is infinite.

Finally, suppose that w € I' is such that wI'/i = @ for some j € {1,...,k —
a}. Fix A € v,Aw # @ and choose x € AS® such that x(0,d(A)) = A. Then
d(x)j1q = o0, a contradiction. Therefore, I has no sources &

Claim 2. T has NLP.

Proof of Claim 2. Fix w € T and m’ # n' € N¥=% Let m = 1(m'),n = 1(n'),
where ¢ : NK=¢ — N is standard injection. Because A is assumed to satisfy NLP,
there is x € wdA such that d(x) % m \V n or o™x # o"x.

Suppose that d(x) # m \V n for some x € woA. Then d(x); < (m V n); for
some i € {1,...,k}. Since (mVmn); = 0 fori € {iy,..., iz}, this implies that
d(x); < (mVn); for somej € {a+1,... k}. Definey € wol by y(0,l) =
x(0,4(1)). Then d'(y);, < (m'Vn');, so thatd’(y) £ m' v n'.

Suppose that c”x # 0" x for some x € wdA. Define y € wdl by y(0,]) =
x(0,¢(I)). Note that d(x); = 0 fori € {iy,...,iz}. It follows immediately that

oy £ oy
Claim 3. T fails the aperiodicity condition.

Proof of Claim 3. It is assumed that A fails the aperiodicity condition at v; €
AL, Lety € v,0T. We will find ' # m’ € Nk~ such that ¢"'y = o™'y.

For t € N¥ define x € v,0A by x(0,t) = y(0, 7t(t)) and fix u € v1Av, (using
the fact that v1Av, # @ by construction of v,). Since A fails the aperiodicity
condition at v; € AU, there are n # m € NF such that 0" (ux) = ¢ (ux). Notice
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thatd(x); = Owheni € {ij,...,i,} and that d(x); = oo whenever m; # n;. Thus,
n; # m; for some i € {l'ﬂ_;,_l, R rik}-
Define p € Nf by

o Jd(o"(px))i ifi=ij, j<a,
P o ifi=i,a+1<j<k

Then p < d(0"(ux)), p+n > d(u), and
Un\/mfno_rwp(‘ux) — Un\/mfmo_ner(‘ux).
Letg=n+p—d(u). Then
(mVm—n+q)V(nVm—m+q) <d(x)

because ((nVm—n)V (nVm—m)); > 0implies d(x); = oo and ((nVm —n +
q)V(nvm—m+q)); = q; < d(x); otherwise. Moreover,

O.an—n-i-qx:o,n\/m-&-p(Vx) :Un\/m—no,n-&-p(yx) :Un\/m—mgn-&-p(ﬂx) :Un\/m—m-&-qx'

Setn' =n(nVm—m-+q)andm’ = t(nVm—n+q). Notice that n’ # m/, since
otherwise (n V m — n)i/, =(nvm-— m)l-/. for each j € {a+1,...,k}. Finally, the
above work shows that o'y = ¢ y. Therefore, I" fails the aperiodicity condition
atv, €TY. 1

Proof of Proposition 2.8. It is clear that the aperiodicity condition implies no
local periodicity.

If Ahasno local periodicity but fails the aperiodicity condition, then Claims 2
and 3 establish the existence of a lower rank graph I without sources, which has
both no local periodicity and fails the aperiodicity condition. This is a contradic-
tion of Proposition 2.6. &

2.3. EQUIVALENT CONDITIONS. The following lemma (and its proof) is more or
less identical to Lemma 3.4 in [6].

LEMMA 2.9. Suppose A is a finitely aligned k-graph which has local periodicity
n,matv € A°. Then d(x) > n\V mand ¢"x = ¢"x for every x € vdA. Fix x € vdA
and set y = x(0,m),a = x(m,m\ n), and v = uw(0,n). Then pyay = vay for every
y € s(w)oA.

Proof. Let y € s(a)0A and set w = pay. Then we have d(w) > nVm

and c"w = ¢™w by assumption. Moreover, w(0,n) = v, so w = vo"w. Since
o"w = o"w, it follows that c"w = ay, so pay = w =vay. 1

DEFINITION 2.10 ([2]). Let A be a finitely aligned k-graph. A satisfies Con-
dition B if for each v € A?, there is x € vdA such that A # u € Av implies

Ax # ux.
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PROPOSITION 2.11. Let A be a finitely aligned k-graph. The following are equiv-
alent:
(i) A has no local periodicity;
(ii) A satisfies the aperiodicity condition;
(iif) A satisfies Condition (B’).

Proof. Proposition 2.8 establishes that (i) is equivalent to (ii).

(iii) = (i). Suppose A has local periodicity n,m at v € A°. Choose p,v,a
as in Lemma 2.9 and note d(ux) = mVn, d(va) = n+mV n —m, and that
n+mvVn—m # mVnif m # n. Thus, yo # va and pay = vay for each
y € s(a)0A. Therefore, A fails Condition B at s(«).

(ii) = (iii). Suppose that A fails Condition B at v € A’. Then for each
x € vdA, there are Ay # py € Av such that Ayx = px. Notice d(Ax) # d(px),
since then Ay = (Axx)(0,d(Ax)) = (pxx)(0,d(px)) = Hx-

If d(Ax); # d(py); for somei € {1,...,k}, then d(x); +d(Ay); = d(x); +
d(py); implies d(x); = co. Hence,

(d(Ax) Vd(px) = d(px)) V (d(Ax) Vd(px) — d(Ay)) < d(x).
Therefore,
oAV (px) —d(pix) o — gd(/\x)vd(ﬂx)—d(ux)gd(ux)(W) = gd(/\x)vd(ux)yx_
Similarly,
AV (p)=d(Ax) o — GA(Ax)Ve(pix) ) 5.
Since we have Ayx = p,x, this yields
oA V() =d(px) o — pA(Ax)Va(px)=d(Ax) 5.

Hence, A fails the aperiodicity condition atv € A%. 1

3. MAIN RESULT

DEFINITION 3.1 ([12], Definition 5.1). Let A be a finitely aligned k-graph
and let H C A°. H is hereditary if, for all A € A, r(A) € H implies s(A) € H. H is
saturated if for allv € A%, F € vFE(A) and s(F) C H imply v € H.

Given a saturated and hereditary set H, Iy denotes the ideal generated by
{sv:v € H}.

DEFINITION 3.2 ([12], Definition 8.4). Let A be a k-graph. A is cofinal if, for
every v € A and x € 9A, there is n < d(x) such that vAx(n) # @.

PROPOSITION 3.3. Let A be a finitely aligned k-graph. The following are equiva-
lent:
(i) Ais cofinal;
(i) If I is an ideal of C*(A) and s, € I for some v € A, then I = C*(A).
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Proof. (i) = (ii). Suppose that A is cofinal and let H C A" be a non-empty,
saturated, and hereditary set. Suppose that H # A°. By Claim 8.6 of [12], there is
a path x € dA such that x(n) ¢ H for all n < d(x). This, however, is a contradic-
tion: Let v € H. By the assumption that A is cofinal, there is n < d(x) for which
vAx(n) # @. Let A € vAx(n). Thenr(A) € H and hence x(n) = s(A) € H by the
assumption that H is hereditary.

Suppose that I is an ideal of C*(A) and that s, € I for some v € A. Let
H; = {v € AV : s, € I}. Then Hj is non-empty and Lemma 3.3 from [12] shows
that Hj is a saturated and hereditary subset of A?, whence H; = A°. This implies
sy € I forall v € A% which yields I = C*(A). Hence, the only non-empty
saturated hereditary subset of A” is AU itself.

(ii) = (i). Assume that A is not cofinal. Then there is a vertex v € A and a
path x € dA such that vAx(n) = @ for all n € N¥ with n < d(x). Let

Hy = {w e A’ : wAx(n) = @V n € NF such that n < d(x)}.

The proof of Proposition 8.5 in [12] shows that Hy is a non-trivial saturated and
hereditary set in A°. Hence, Iy, is a non-trivial ideal of C*(A) containing a vertex
projection. 1

PROPOSITION 3.4. Let A be a finitely aligned k-graph. The following are equiva-
lent:
(i) A has no local periodicity;
(ii) every non-zero ideal of C*(A) contains a vertex projection;
(iii) the boundary-path representation 7t is faithful.

Proof. (i) = (ii). Suppose that A has no local periodicity. Then A satisfies the
aperiodicity condition. Therefore, the Cuntz—Krieger uniqueness theorem given
in Theorem 7.1 of [2] yields that every ideal of C*(A) contains a vertex projection.

(i) = (i). If ker(rs) # {0}, then s, € ker(7ts) for some v € A°. This is
a contradiction because 7rg is non-zero on vertex projections given that vdA is
non-empty for each v € A’

(iii) = (i). Suppose that A has local periodicity n,m at v € A%. Let y,v,a
be as in Lemma 2.9 and put @ := SuaSy, — SvaSy,- A proof identical to that for
Proposition 3.5 in [6] now shows that a € ker(7rg)\{0} after replacing A* by
0A. 1

THEOREM 3.5. Let A be a finitely aligned k-graph. Then C*(A) is simple if and
only if A'is cofinal and has no local periodicity.

Proof. Proposition 3.4 shows that every non-zero ideal of C*(A) contains
a vertex projection. Proposition 3.3 shows that every such ideal is equal to all
of C*(A). Therefore, C*(A) has no non-trivial ideals. If C*(A) is simple, then
Proposition 3.3 shows that A is cofinal and Proposition 3.4 gives that A has no
local periodicity. 1



SIMPLICITY OF FINITELY ALIGNED k-GRAPH C*-ALGEBRAS 347

Acknowledgements. 1would like to thank my advisor, Jack Spielberg, for his help with
these results.

REFERENCES

[1] C. FARTHING, Removing sources from higher-rank graphs, J. Operator Theory
60(2008), 165-198.

[2] C. FARTHING, P.S. MUHLY, T. YEEND, Higher-rank graph C*-algebras: an inverse
semigroup and groupoid approach, Semigroup Forum 71(2005), 159-187.

[3] A. KuMJIAN, D. PAsk, Higher rank graph C*-algebras, New York ]J. Math. 6(2000),
1-20.

[4] I. RAEBURN, A. SiMS, T. YEEND, Higher-rank graphs and their C*-algebras, Proc.
Edinburgh Math. Soc. 46(2003), 99-115.

[5] I. RAEBURN, A. SIMS, T. YEEND, The C*-algebras of finitely aligned higher-rank
graphs, J. Funct. Anal. 213(2004), 206-240.

[6] D. ROBERTSON, A. SIMS, Simplicity of C*-algebras associated to higher-rank graphs,
Bull. London Math. Soc. 39(2007), 337-344.

[7] D. ROBERTSON, A. SIMS, Simplicity of C*-algebras associated to row-finite locally
convex higher-rank graphs, Israel J. Math., to appear.
[8] G. ROBERTSON, T. STEGER, C*-algebras arising from group actions on the boundary
of a triangle building, Proc. London Math. Soc. 72(1996), 613-637.
[9] G. ROBERTSON, T. STEGER, Affine buildings, tiling systems and higher rank Cuntz-
Krieger algebras, |. Reine Angew. Math. 513(1999), 115-144.
[10] G. ROBERTSON, T. STEGER, Asymptotic K-theory for groups acting on A buildings,
Canad. . Math. 53(2001), 809-833.
[11] A. SiMs, Relative Cuntz—Krieger algebras of finitely aligned higher-rank graphs, In-
diana Univ. Math. ]. 55(2006), 849-868.

[12] A. SiMs, Gauge-invariant ideals in the C*-algebras of finitely aligned higher-rank
graphs, Canad. |. Math. 58(2006), 1268-1290.

JACOB SHOTWELL, DEPARTMENT OF MATHEMATICS AND STATISTICS, ARIZONA
STATE UNIVERSITY, TEMPE, AZ 85281, U.S.A.
E-mail address: shotwell@asu.edu

Received May 25, 2009.



