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SEMICROSSED PRODUCTS AND REFLEXIVITY
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ABSTRACT. Givena w*-closed unital algebra 4 acting on Hp and a contractive
w*-continuous endomorphism § of A, there is a w*-closed (non-selfadjoint)
unital algebra Z X g.A acting on Hy @ (?(Z.), called the w*-semicrossed prod-
uct of A with B. We prove that Z x3.A is a reflexive operator algebra pro-
vided A is reflexive and B is unitarily implemented, and that Z; xg.A has
the bicommutant property if and only if so does A. Also, we show that the

w*-semicrossed product generated by a commutative C*-algebra and a con-
tinuous map is reflexive.
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INTRODUCTION

As is well known, to construct the C*-crossed product of a unital C*-algebra
C by a x-isomorphism a : C — C, we begin with the Banach space ¢!(Z,C,«)
which is the closed linear span of the monomials 6, ® x, n € Z, x € C, under

the norm ikén ®xn| = ik lx1|lc, equipped with the (isometric) involu-
n=— n=—
tion (6, ® x)* = 6_, ® a " (x*). Now, there are two “natural” ways to define
multiplication in ¢}(Z,C,a); either the left multiplication (6, ® x) * (6 @ y) =
Optm @ a™(x)y, or the right one (5, ® x) *r (6 @ Y) = dpym ® xa"(y). Then the
corresponding algebras are isometrically *-isomorphic via the map ¥ (J, ® x) =
d_n ®a~"(x). We can see that (¢1(Z,C,«))°PP = ¢'(Z,CPP, &), where for an al-
gebra B, BPP is the space B along with the multiplication x ® y := yx; hence, in
case C is commutative, each algebra is the opposite of the other. The left and right
crossed product are the completion of the corresponding involutive Banach alge-
bras under a universal norm induced by the | - |;-contractive *-representations
(hence, they are C*-algebras characterized by a universal property) and the map
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¥ extends to a C*-isomorphism. Moreover, it can be proved that the crossed prod-
uct is *-isomorphic to the reduced crossed product C;(C), i.e. the norm closure
of the range of the left regular representation, and thus we end up with just one
object to which we refer as the crossed product of the dynamical system (C,«). The
key fact is that there is a bijection between the | - |{-contractive *-representations
of each of these (!-algebras and the (left or right) covariant unitary pairs (see
Section 1).

If we wish to construct a non-selfadjoint analogue, we can see that there
are more possibilities. For example, Peters defined the semicrossed product as
the completion of the Banach algebra ¢!(Z, C,«); under the universal norm that
arises from the left covariant isometric pairs and examined the case when « is an
injective x-endomorphism of C. He proved that this semicrossed product embeds
isometrically in a crossed product (see [12]) and, for the commutative case, that
this crossed product is the C*-envelope of the semicrossed product (see [13]).

In Section 1 we use an alternative definition using “sufficiently many” ho-
momorphisms of the Banach algebra ¢!(Z.,C,«); (see also [4]). The advantage
is that there is a bijection between the left covariant contractive pairs and the
homomorphisms of the Banach algebra ¢! (Z,C,«);. Moreover, there is a dual-
ity between the left covariant contractive pairs and the right covariant contrac-
tive pairs, which induce the homomorphisms of the Banach algebra MZy,C,a)y;
hence, we get similar results for the right version. Also, using a dilation theo-
rem of [10], we can see that this definition gives the one in [12]. If we consider
the maximal operator space structure, then the semicrossed products are opera-
tor algebras with a universal property that characterizes them up to completely
isometric isomorphism. In Theorem 1.4 we prove that the semicrossed product is
independent of the way C is (faithfully) represented and in Theorem 1.5 we prove
that in case & is a *-isomorphism, its C*-envelope is exactly the crossed product.
So, in order to define a w*-analogue of the semicrossed product that arises by a
w*-continuous contractive endomorphism f of a w*-closed subalgebra .4 of some
B(H)) (for example, a von Neumann algebra), either we take the w*-closed linear
span of a non-selfadjoint left regular representation or the w*-closed linear span
of the analytic polynomials of the von Neumann crossed product, depending on
the properties of B.

In Section 2 we analyze the properties of the w*-semicrossed product, in
case [ is unitarily implemented. First of all, we study the connection between
the semicrossed product and the w*-tensor product A®7, where 7 is the al-
gebra of the analytic Toeplitz operators, and give an example when these two
algebras are incomparable. A main result of this section is the reflexivity of the
w*-semicrossed product, when A is reflexive. Recall that a subspace S C B(H)
is reflexive if it coincides with its reflexive cover, namely Ref(S) = {T € B(H) :
T¢ € S¢ forall & € H} (see [8]); unlike [8], we will call S hereditarily reflexive
if every w*-closed subspace of S is reflexive. As a consequence we have that,
when a unitary implementation condition holds, the w*-closed image of 1¢,; (see
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Example 1.1) induced by a representation (Hy, 71) of C is reflexive. Also, we get
several known results as applications. As another main result, we prove that the
w*-semicrossed product is the commutant of a w*-semicrossed product and is its
own bicommutant if and only if the same holds for A.

In the last section we consider the semicrossed product of a commutative
C*-algebra C(K) with a continuous map ¢ : K — K. As observed in Theorem 1.4,
the representations induced by a character of C(K), say evy, t € K, suffice to obtain
the norm of the semicrossed product and play a significant role for its study. First,
we show that the w*-closure of such representations is always reflexive; in fact,
it has the form (TPy,) ® (TPy) @ - - - @ (T Pp_1), where T is the algebra of lower
triangular operators in B(¢%(Z.)), T is the algebra of analytic Toeplitz operators
and Py, Py, .. ., P,_1 some projections determined by the orbit of the point ¢ € K.

In what follows we use standard notation, as in [5] for example. Z; =
{O, 1,2,... } and all infinite sums are considered in the strong-convergent sense.
Throughout, we use the symbol v for the unilateral shift on B(¢%(Z.)), given by
v(en) = e,+1. A useful tool for the proofs in Sections 2 and 3 is a Féjer-type Lemma;
consider the unitary action of T on H = Hy®/¢?(Z, ) induced by the operators
Us, s € R, given by Us(¢ ® ey) = €& ®ey,. For every T € B(H) and every
m € Z we define the “m-Fourier coefficient”

27 d
i S
G (T) :/USTUs*e =

the integral taken as the w*-limit of Riemann sums. If we set

1 n
o1 (T)(F) = z+11¥ ) Gu(T)explim),

then oy(T)(0) ¥, T. Note that Gm(+) is w*-continuous for every m € Z.

Now, for every k,A € Z;, and T € B(H) let the “matrix elements” T, , €
B(Hp) be defined by (T, A&, 17) = (T({ ®ex ), ®ex), §, i € Hp; then we can write
the Fourier coefficients explicitly by the formula

Vm( Y Tntnn ® pn) when m > 0,

Gm(T) = n>0

( Y Tn—min ® Pn) (V¥)™™ whenm < 0,
n=0

where V' = 1y, ® v. For simplicity, we define the diagonal matrices

Y Tninn®@pn  whenm >0,

>0
T(m =

Z Tn,—m+n @ pn whenm < 0.

Tl/
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Note that the sums converge in the w*-topology as well, since the partial sums
are uniformly bounded by ||T||. Hence, G, (T) is the m-diagonal of T, when we
view H as the £2-sum of copies of Hy.

1. SEMICROSSED PRODUCTS OF C*-ALGEBRAS

Let C be a unital C*-algebraand a : C — C a *-morphism; define ¢!(Z.,C, a)
to be the closed linear span of the monomials 6, ® x, n € Zy, x € C, under the
norm

k k
’ Z On @ Xn| = Z [xnllc-
n=0 1 n=0

We endow ¢1(Z,C, «) either with the left multiplication (6, ® x) *| (5 @ y) =
Ontm @ a™(x)y, or with the right one (6, ® x) #; (6 @ y) = Spim @ xa"(y), and
denote the corresponding Banach algebras by ¢(Z.,C,«); and ¢*(Z,C, a),, re-
spectively. One can see that (¢1(Z,C,«),)°PP is exactly £1(Z,,C°PP,a),, where,
if B is an algebra, B°PP is the space B with the multiplication x ® y := yx. Thus,
in case C is commutative, each algebra is the opposite of the other.

Let (H, ) be a x-representation of C and T a contraction in B(H). The
pair (7, T) is called a left covariant contractive (I-cov.con.) pair, if the left covari-
ance relation is satisfied, i.e. w(x)T = Trt(a(x)), x € C. If, in particular, T is
an isometry, pure isometry, co-isometry or unitary, then we will call such a pair
a left covariant isometric, purely isometric, co-isometric or unitary pair. We can see
that every l-cov.con. pair induces a | - |;-contractive representation (H, T x 71) of
(Y(Zy,C,a)y, given by

k k
(T x 7'()( g)én ®xn) = ;JT”n(xn).

Conversely, if p : ¢(Zy,C,a); — B(H) is a contractive representation, then
(H, p) restricts to a contractive representation (H, 7t) of the C*-algebra C, thus
a *-representation. If we set p(d1 ® e) =T, then ||T"|| <1, for every n € Z. It is
easy to check that the pair (71, T) satisfies the left covariance relation.

Analogously, there is a bijection between the right covariant contractive (r-
cov.con.) pairs (7, T), (i.e. satisfying the right covariance condition T7t(x) =
m(a(x))T, x € C) and the | - |1-contractive representations 77 x T of the alge-
bra ¢1 (Z+,C, ). Note that if (77, T) is a I-cov.con. pair then (7r, T*) is a r-cov.con.
pair. Thus TT* commutes with 77(C).

EXAMPLE 1.1. Let (Hy, 7r) be a faithful *-representation of C and define on
Hy ® (*(Z.) the representation 77(x) = diag{m(a"(x)) :n € Z4 }and V = 1y, ®
v, where v is the unilateral shift. Then (77, V) is a l-cov.is. pair. For simplicity we
will denote the corresponding representation V x 7z, by lf,,. As mentioned before,



SEMICROSSED PRODUCTS AND REFLEXIVITY 383

the pair (77, V*) is a r-cov.con. pair which induces the representation rt; := 7 x
V*. One can check that lt; and rt, are faithful.

DEFINITION 1.2. The (left) semicrossed product Z X4 C is the completion of
(Y(Z+,C,a); under the norm

|Flly = sup{||(T x m)(F)|| : (7, T) is a l-cov.con. pair}.

The (right) semicrossed product C x, Z is the completion of ¢!(Z.,C,a); under
the norm

IIF||x = sup{||(7r x T)(F)|| : (7t, T) is a r-cov.con. pair}.

The left semicrossed product is endowed with an operator space structure
(the maximal one, see 1.2.22 of [2]) induced by the matrix norms

1B 11l = sup{I[(T x 7)(E )]l : (7, T) l-con.cov. pair}.

We note that there is a bijective correspondence between the l-cov.con. pairs (7, T)
and the unital completely contractive representations of /!(Z..,C, a);. So, the left
semicrossed product has the following universal property (up to completely iso-
metric isomorphisms): for any unital operator algebra 53 and for any unital com-
pletely contractive morphism p : £1(Z4,C,a); — B, there exists a unique unital
completely contractive morphism p : Z4 x, C — B that extends p.

In Theorem 1.4, we prove that the semicrossed product, as an operator alge-
bra, is independent of the way C is (faithfully) represented. In order to do so, we
use some dilations theorems of [10] and [12] and arguments similar to the ones in
Theorem 6.2 of [7].

First of all, every l-cov.con. pair (71, T) on a Hilbert space H dilates to a
l-cov.is. pair (7,W) on a Hilbert space H; O H, such that n(x)H C H and
n(x)|g = nt(x), for every x € C, and T" = PyW"|y, for every n € Z, where W
is an isometry (see [10]). Hence, by IL5 of [12] we see that the norm || - | is the
supremum over all left covariant purely isometric pairs. By Proposition 1.4 of [12],
for such a pair (17, W) on a Hilbert space H; there is a representation (Hy, ') of C
such that W X # is unitarily equivalent to 1,.,. Thus, eventually we have that, for
F € (YZy,C,a)y, ||F|ly = sup{||ltz(F)| : (H, ) a x-representation of C}. More-
over, ||[F; ]|l = sup{||[lt=(F;;)]|| : (H, ) a *-representation of C}.

PROPOSITION 1.3. IfFi,j S A (Z+, C, 06)1, then || [Fl,]] |1 = ||[1t7ru (F,’])} H, where
(Hu, 7ty) is the universal representation of C. Analogously, if F;; € YZ+,C, )y, then
1[Ei Il = et (Ei I

Proof. Let (H, 1) be a *-representation of C. By definition of the universal
representation we have that 7,|g = 7 and 7, (x)H C H. Let Hy = H ® (*(Z).
We denote by Py, the projection onto H ® ¢>(Z) C H, ® (*(Z4) and observe
that Py, (1p, ® v)"|g, = (1g, ® v)", for every n € Z,. Thus, for every v €
Z+ and for every [F;;] € M, (01 (Z+,C,a)), we have that [t=(Fj)] = (Py, ®
L) Mty (Fi )] (11,)00, and so || [z (F )]l < || Mmy (Fi)]]l- @
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If (H, i) is a faithful *-representation of C, we denote by C*(7t, V) the C*-
algebra generated by the representation lt; in B(H ® ¢*(Z)). The covariance
relation shows that C*(7r, V) is the norm-closed linear span of the monomials
Vmi(x) (V)Y m,A € Z.. Since, C*(7t, V) is a direct summand of C*(7t,, V), the
compression @ : B(Hy ® (?(Z)) — B(H ® ¢*(Z4)) is a *-epimorphism when
restricted on C*(7ty, Vyi). We will prove that it is also faithful, hence completely
isometric.

To this end, for every s € [0,27], we define us : (>(Zy) — (*>(Z4) by
us(en) = ey, Let U, = 1g, ® us and Us = 15 ® us. The map ;s = adﬁs isa
x-automorphism of C* (71, V), since 7s(7u (x)) = 7u(x) and 75 (V) = 2Ty,
Similarly, s = ady, is a *-automorphism of C*(7, V). It is clear that @ o 75 =
s o @, because CD(INIS) = Us. We denote by C*(7y, Vu)“7 the fixed point algebra of
7 and define the contractive, faithful projection E:C* (1tu, Vi) — C*(7ty, Vu)'7 by

27 d
~ _ s
X):= X)—,
) / 7l )271
0
(as a Riemann integral of a norm-continuous function). Let

{ZVrruxn ) anC}

then we can check that C* (7, V)7 is the norm-closure of |J By. Let Xj be an
keZy

element of By. Since, V' 7ty (x) (V)" = diag{&. .0,y (x), Ty (a(x)),... }, we
n—times
see that X} is a diagonal matrix whose (m,m)-entry is the element (Xy)mm =

min{m,k} .
nu( Y am (xm_j)>. So, if (H, i) is a faithful *-representation of C,

=0
0t = o )=,
min{m,k} '
=" @) | = 1@l
L

So || Xl = 51111119{H(Xk)m,m||} = sup{[[((Xx))mmll} = [[@(Xp)]; hence @ :

m
C*(1ty, Vu) — C*(71, V) is isometric on each By. Thus, @ is injective when restricted
to the fixed point algebra C*(rty, Viu)7.

THEOREM 1.4. The left semicrossed product Z4 x4 C is completely isometrically
isomorphic to the norm-closed linear span of Z V"7t(xn), xn € C, where (H, 1) is any

faithful x-representation of C. Respectwely, the right semicrossed product C X4 Z is
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completely isometrically isomorphic to the norm-closed linear span of Z 7T (xy ) (V)
n=0
Xy € C, where (H, 1) is any faithful x-representation of C.
Proof. It suffices to prove that the natural x-epimorphism @ is faithful, hence
a (completely) *-isometric isomorphism. Let X € ker @, then X*X ¢ ker ®.
Hence,

27 27 27
0 0 0

Now E(X*X) is in C*(7ry, V)7 and @ is faithful there; hence E(X*X) = 0 and so
X*X = 0. For the right semicrossed product, note that C*(7r, V*) = C*(7r, V). 1

If, in particular, « is a *-isomorphism, then there is a natural way to iden-
tify the left semicrossed product as a closed subalgebra of the (reduced) crossed
product, i.e. C;(C). In this case, we refer to this closed subalgebra as the left re-
duced semicrossed product. In a dual way, we can define the right reduced semicrossed
product. The following is proved in [13], when C is abelian.

THEOREM 1.5. If a is a x-isomorphism, then the C*-envelope of the semicrossed
product is the (reduced) crossed product.

Proof. Since a is a *-isomorphism, we can view ¢!(Z,,C,a);asa | - |1-closed
subalgebra of ¢1(Z,C,«),. First we prove that the inclusion map ¢'(Z,C, &) —
¢Y(Z,C, w) is completely isometric. The key is to prove that

F|ly = sup{||(U x m)(F)|| : (7, U) l-cov.un. pair of ¢}(Z,C,a),},
P P

for every F € ((Z4,C,a),, since the right hand side is exactly the norm of
the (left) crossed product. For simplicity, we denote this norm by || - ||. It is
obvious that ||F|| < ||F||;, since every l-cov.un. pair of ¢!(Z,C,a); restricts to
a l-cov.un. pair of the subalgebra ¢'(Z,C,a);. Also, if (Hp, ) is a faithful -
representation of C, then It,; is the compression of the left regular representation
of (1(Z,C, )| induced by 7, denoted simply by 1t. So, ||1t,(F)|| < |[1t(F)|, thus
[Flli < [[F|| by Theorem 1.4. Arguing in the same way, we get that ||[F; ;][ <
ITF; ]Il and [I[1t=(F)]IF < [1It(Fi )], for every [F;] € My (€1(Zy,C,a)p). But
It is a *-morphism of the crossed product, hence completely contractive. Thus,
I[Fi;]lli < |I[Fi;]|l and equality holds. Hence, if 7(x) = diag{m(a™(x)),m € Z}
and U = 1y, ® u, where u is the bilateral shift, then the map ¢, ® x — U"7(x)
extends to a complete isometry ¢ : Z; x,C — C(C), whose image gener-
ates C;'(C) as a C*-algebra. Let B be the C*-envelope of Z; x, C. Then, by
the universal property of C*-envelopes, there is a surjective C*-homomorphism
¥ : Cf(C) — B, which restricts to a completely isometry on ((Z x, C). Let

k
G € ker @ be of unit norm, and choose F = Y, U"7(x,) with |G — F| < 1/2.
n=—k
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Thus U*G € ker ¥, "} (UFF) € Z; x4 C, |~ Y(U*F)|| = |[UFE|| = ||F|| > 1/2
and | UG — UFF|| = ||G — F|| < 1/2. Then 1/2 < |i"Y(U*F)|| = ||¥(U*F)|| =
|¥(UFF — U*G)|| < ||UF — U*G|| < 1/2, which is a contradiction. &

2. w*-SEMICROSSED PRODUCTS

Let A C B(H,) be a unital subalgebra, closed in the w*-operator topol-
ogy, and f : A — A, a contractive w*-continuous endomorphism of A. From
now on we fix H = H, ® (3(Z,) and 7 := id 4, as in Example 1.1. Then 7 is
a faithful representation of A on H, and we can write 7(b) = Y. f"(b) ® pa,

n=0

where p, € B(¢*(Z+)) is the projection onto [e,]. Note that the sum converges
in the w*-topology as well. Hence, 7t(b) belongs to the w*-tensor product algebra
A®B((?(Z4)). This is, by definition, the w*-closed linear span in B(H) of the
operators b ® a, with b € A and a € B({>(Z.)). We also represent Z; on H by
the isometries V" = 1y, ® 0", where v is the unilateral shift on ¢*(Z. ). Thus,
Ve ABB((*(Z+)).

DEFINITION 2.1. The w*-semicrossed product Z X g.A is the w*-closure of

k
the linear space of the “analytic polynomials” Y V"m(by), b, € A, k > 0.
n=0

It is easy to check that the left covariance relation 77(b)V = Vr(B(b)) holds.
Hence, (71, V) is a left covariant isometric pair. Thus, the w*-semicrossed product
is a unital (non-selfadjoint) subalgebra of B(H) and by definition, Z4xgA C
ARB(2(Z4)).

PROPOSITION 2.2. An operator T € B(H) is in the w*-semicrossed product if
and only if T,y € Aand Gy (T) = V"1 (Ty), when m € Z, while G,y (T) = 0
for m < 0. Equivalently, when Ty, € A and B(Ty+an) = Tutas1,a+1 for every
m,A € Zy, while T, , = 0 when x < A.

Proof. f T = i V*r(bc) with b € A, then G, (T) = V"rt(by) when
m € {0,1,...,n} anii:OGm(T) = 0 otherwise. Let T € Z; xp.A and a net A; =
g V*r(b;,) of analytic polynomials converging to T in the w*-topology. Since
E:,: is w*-continuous, we have that G, (T) = w*- lign Gm(A;) for every m €

Z. Thus Gu(T) = 0 whenm < 0. If m > 0, then T,y = (V*)"Gu(T) =
wH-Im(V*)"Gy(A;) = w*-limm(b;,,). Let ¢ € B(Hp)+ and k € Z,4, then
1 1

PRwWe, o, € B(H)4; hence we get
¢(Tntre) = (9BWece) (Tim)) = UM (PBwWey e ) (72(bin)) = lim ¢ (B (bin))-
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Thus Tyyxx = w*-lim g*(b; ), for every k € Zy, s0 Tpyxx € A. Also, since
1
B is w*-continuous, we get that f*(Ty0) = w*-lim *(b; ) = Tipsxx, for every
1

k € Z4. Hence, we get that G, (T) = V"m(Tp,), for every m > 0. For the
opposite direction, if T € B(H) satisfies the conditions, we can see that G, (T) €
Z+xgA, and so by the Féjer Lemma, T € Z X g.A as well. The last equivalence
is trivial. 1

REMARK 2.3. Note that each ady;, leaves ZJFYﬁA invariant, and hence, be-
ing unitarily implemented, also leaves its reflexive cover invariant. Thus, so does

Gm(+).

Suppose now that the endomorphism g is implemented by a unitary w acting
on Hy, so that B(b) = wbw”, forallb € A. Let p(b) = b®1pz,) forb € A
and W = w* ® v. Then (p, W) is a left covariant isometric pair and we denote by

k
L+ Xy A the w*-closure of the linear space of the “analytic polynomials” 'y, W"p(by),
n=0

b,e A k>0.
It is easy to check that Z, Xy A is unitarily equivalent to Z+Yﬁ¢4, via

Q = Y w " ® pu. Thus we refer to Z x4 A as the w*-semicrossed product,
n=0

as well. Using the unitary operator Q and Proposition 2.2 we get the following
characterization.

PROPOSITION 2.4. Anoperator T € B(H) is in Z4 X Aifand only if G (T) =
W™ o(by,), for some by, € A, when m € Z4 and G, (T) = 0 for m < 0. Equivalently,
when Typp = (W*)"by, for every m, A € Z and T, , = 0, when k < A.

The relation between the w*-tensor product A®7 and Z x.A depends on
some properties of w. Specifically,

ART = Z4 X Aif and only if w, w* € A.

ART G Zi xypAifand only if w* ¢ A, w € A.

Ly xpwA G AQT ifand only if w ¢ A, w* € A.

(Z4+ X A) N (ART) = p(A), if and only if (w" A)NA={0},Vn € Z..

It is easy to verify that, when (w" A) N A = {0} forevery n € Z, thenw, w* ¢ A,
but the converse is not always true.

EXAMPLE 2.5. Take A = L®(T) acting on L?(T) and B(f)(z) = f(Az),

where A is a g-th root of unity. Then B is unitarily implemented by w € B(L?(T)),

with (w(g))(z) = ¢(Az). Then w™ = Iy, for every m € Z,, hence w1 AN A =

A. In this case, (Z4+XuA) N (ART) contains the w*-closed algebra generated by
k

Y. W™p(by,), by € A, which properly contains p(.A).
n=0

The following lemma will be superseded below (Theorem 2.9).
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LEMMA 2.6. The w*-semicrossed product Z x,13(Hy) is reflexive, for every uni-
tary w € B(Hy).

Proof. Let T € Ref(Z1xwB(Hp)). Then, by Remark 2.3, each G;,(T) be-
longs to the reflexive cover of the w*-semicrossed product. Thus, for x < A
and ¢, € Hy, there is a sequence A, € Z x,B(Hp) such that (T(¢ ®ey), 7 ®
) = Hm(Au(¢ ® e2), 1 @ ex). Hence, (Tond,n) = m((An)gad, ) = 0, since
each (Ap)yr = 0, for k. < A. So Gy (T) = 0 for every m < 0. Now, fix
m € Z4 and consider ¢ € Hy, gr = Y. "ey, 0 < r < 1. We can check that

n

the subspace F = [(bd) ® gy : b € B(Hp)] is (Z4+xwB(Hp))*-invariant, and as

a consequence, Gy (T)*-invariant. Since { ® g» € F, there is a sequence (by)

in B(Hp) such that G, (T)*(¢ ® gr) = lirrln(bné) ® gr. Thus, Y r" Ty, & ®
K

ex = lizn(bncj) ® gr. Taking scalar product with 17 ® ex, where y € Hy and

x > 0, we have that " *(Ty , &, 1) = lirrln (b€, 17). Hence, r"(Ty 8, 11) =

li’£n<bn§,17> = r"™(T,, oG, 1), for every 5. Thus, Ty, .. = T, o, for arbitrary

¢ € Ho, 50 Tyxx = T for every x € Z. Hence, G, (T) € B(Hp)®T, which
coincides with Z %, 5(Hp) since w € B(Hp). 1

Let S be a w*-closed subspace of B(H). We say that S is G-invariant if
Gm(S) C S for every m € Z. If, in particular, S is a w*-closed subspace of
Z+ xwB(Hp), then G, (S) = 0, for every m < 0. In the next proposition we prove
that we can associate a sequence (Sy)>0 of w*-closed subspaces of B(Hy) to
such an S, and vice versa.

PROPOSITION 2.7. A w*-closed subspace S of B(H) is a G-invariant subspace
of Zy xwB(Hy) if and only if it is the w*-closure of the linear space of the analytic

k
polynomials 'y, W"p(xy), Xn € Sy, k € Z, where S, are w*-closed subspaces of B(Hy).
n=0

Proof. Let S be a G-invariant w*-closed subspace of Z. x,8(Hp) and let
S = {w" Ty : T € S}, for every m > 0. Then Sy, is a w*-closed subspace
of B(Hp). Indeed, let x = w*limw™(T;)y,0, for T; € S. Then p((w*)"x) =
1
w*-1m p((T;)m0), so W"p(x) = w*-lim V"o((T;)mo) = w*Um G, (T;), since
1 1 1
T; € Z+ XwB(Hyp). But S is G-invariant, hence W"p(x) € S, which gives that x =
w™(V™0(x))mo € Sm. A use of the Féjer Lemma and Proposition 2.4, completes
the forward implication. For the converse, let S be a w*-closed subspace as in the
nj
statement and A € S; so A = w*-lim A;, where A; = Y. W¥p(x;,), with x;, €
1

K=

Sk. Then A € Z; X wB(Hp) and Gy, (A)=w*-1im G, (A;)=w*-lim W"p(x; ). So,
1 1
w™ Ay o=w*-lim x; ,,€S,,. Hence, we have that G, (A)=W"p(w™ Ap0)€S. 1
1
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THEOREM 2.8. Let (Sy)m>0 be the sequence associated to a G-invariant w*-
closed subspace S of Z4 xwB(Hy). If every Sy, is reflexive then S is reflexive.

Proof. By Lemma 2.6, Ref(S) C Ref(Z4 xB(Hyp)) = Z4+ xwB(Hp). So, for
every T in the reflexive cover of S and every m, A € Z,, we have that T}, ;. y =
(w*)™by,, where by, € B(Hp). Thus, it suffices to prove that b, € S;. Since
T € Ref(S), then, for every {,n € Hy, there is a sequence (A;) in S such that
(T(E@en), ()" @ emir) = Hm(An(§ @ en), (W)™ @ emya). So, (bnl, 1) =
(T nG, (w*)"y) = li}gn((An)er,\,)\{j, (w*)™y). Since each A, € S, we get that
(An)miar = (W*)"byy for some by, € Sy Thus (b, 1) = lirrln(bn,mg’.,iy),
which means that by, € Ref(S,) = Sp- 1

THEOREM 2.9. If A is a reflexive algebra, then Z 1 X, A is reflexive. In addition,
if A is hereditarily reflexive, then every G-invariant w*-closed subspace of Z XA is
reflexive.

Proof. The algebra Z. x,.A is associated to the sequence (\A),>0; hence it is
reflexive by the previous theorem. 1

APPLICATIONS 2.10. A. (Sarason’s result, Theorem 3 in [15]). Consider the
case of a reflexive subalgebra A of M,(C) and a unitary w € M, (C) such that
wAw* C A. Then Z, XA is reflexive. Note that Z, X, A = 7 whenn = 1 and
w = IHO'

B. (Ptak’s result, Theorem 2 in [14]). More generally, AQ7T coincides with
Z+?1HO A. So ART is reflexive, when A is reflexive.

C. If M is a maximal abelian selfadjoint algebra and f is a *-automorphism,
then Z+§ﬁ./\/l is reflexive, since every *-automorphism of a m.a.s.a. is unitarily
implemented. For example let M = L®(T) acting on L?(T) and f the rotation by
0 € R. Also Z xgA is reflexive whenever A is a f-invariant w*-closed subalge-
bra of M, since M is hereditarily reflexive (see [8]).

D. Consider 7 acting on H?(T) and f as in the previous example. Then, T
is reflexive and so Z X g7 is a reflexive subalgebra of B(H?(T))®B((*(Z+)).

E. If A is a nest algebra and B is an isometric automorphism, then it is
unitarily implemented (see [3]). Thus, Z4 X g.A is reflexive.

F. Consider a C*-algebra C and a s-morphism « : C — C. Let (Hp,0) be a

faithful *-representation of C such that the induced *-morphism

p:0(C) = 0(C):0(x) = Blo(x)) = o(a(x))

is implemented by a unitary w € B(Hp). Then the induced representation 1t,
W*

is faithful on Zy X, C. Thus, lty(Zy x4, C) is the w*-closed linear span of the
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k
analytic polynomials ) V"m(o(x)), and it is unitarily equivalent to the alge-
n=0

bra ¢ := span{p(c(x)),W':x€C,n€Z.} ,viaQ = ¥ w " ® p,. ButCis
n=0

exactly the w*-semicrossed product Z+?wﬁw . Thus, lt;(Z4 x4 C )W is reflex-

ive. In particular, let K be a compact, Hausdorff space, u a positive, regular Borel

measure on K and ¢ : C(K) — B(L*(K,p)) : f M. Consider a homeomor-

phism ¢ of K, such that ¢ and ¢! preserve the y-null sets and let a(f) = f o ¢.

Then the map My — My, extends to a x-automorphism of L (K, ), hence it is

unitarily implemented. Thus, 1t,(Z4 x, C(K ))* is reflexive.

G. Let (M, 1) be a von Neumann algebra with a faithful, normal, tracial
state T and let L2(M, T) be the Hilbert space associated to (M, 7). Let f : M —
M be a trace-preserving x-automorphism and consider M acting on L?(M, 7)
by left multiplication. Then f is unitarily implemented and it can be verified that
the w*-semicrossed product Z x4 M coincides with the adjoint of the analytic
semicrossed product defined in [9] and [11]. Hence, we obtain Proposition 4.5 of
[11] for p = 2.

REMARK 2.11. An analogous result to Theorem 2.8 is proved in [1]. They
also obtain Ptak’s result (see 2.10 B).

We conclude the analysis of the w*-semicrossed product Z4 x.A by find-
ing its commutant. We know that Us(Z4 X A)UF = Z4 XA, for all s € [0,27],
hence, Us(Z4 X A)'U = (Z4xpA). Thus, T € (Z4%wA) if and only if
Gm(T) € (ZyxwA), for every m € Z. Now, recall that wAw* C A, hence
w*A'w C A’. So, we can define the w*-semicrossed product Z x,.A’, where
7y =ady: A — A'.

THEOREM 2.12. If v = ady», then (Z4 Xy A) = L X, A'.

Proof. Obviously T € (Z4xyA) ifandonly if TE{b @1, w* Qv :be A};
note also that V € (Z4+ X A)'. Let T € (Z4+ Xy A), thenform>0and be A, n>0,
Gu(T)(b®1) = (b®1)Gy(T) and Gu(T)(w* ®@v) = (w* @0)Gu(T),

n __ *\ 1
= (w ) Tm+n,nr

0, Tyann € A and  Tyinn = 7" (Timp)-

hence, Tyiynnb = bTpann and  Typpi1 i1 (W)

Thus, if we set 7'(Tio) = ¥ Y (Tino) @ pn, we get that Gy (T) = V"7t (Tpp0),
n=0

for m > 0. Now, let m < 0, hence G (T) = T(,,)(V*)™™. Since, V € (Z+xwA)’,
we have that T(,,) = Gu(T)V™" € (ZyXwA)'. Thus, Go(T(,)) = Ty €
(Z4 % A) and so, by what we have proved, Ty, —m+n =7"(To,—m ). Since G, (T) (&
®ep) = 0, then

Gn(T)(w* ®@0v) ™(ERey) = (w* @0) "G (T)(ERey) =0,
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50 (To,—m(w*) ™) ® eg = 0; hence Ty _,, = 0. Therefore Ty —yyn = ¥ (To,—m) =
0, for every n > 0; hence G,,(T) = 0, for every m < 0. Hence, by Proposition 2.2,
we get that T € Z; X, A’. For the converse, let T € Z, x, A, then G,(T) €
Z, %A for every m € Z, and we can see that G,,(T) € {b®@ 1L, w*®@v:b e A}.
Hence, Gy (T) € (Z4+XwA) foreverym € Z,so T € (Zy X, A). 1

THEOREM 2.13. The double commutant of Z4 XA is Z4 X A”. Thus, the w*-
semicrossed product is its own bicommutant if and only if A = A"

Proof. We recall that Q(Z4+xpA)Q* = Zi XpA, where Q = Y w ™" @ py;
n
hence Q*(Z+§7A/)Q = Z.«.;w* A/. Thus, (Z+YIUA)/I = (Z_i'_;r)/A/)/ = (Q(Z-I-;w*
AVQ) = Q2K AYQ* = Q(Zy X pA)Q" = Zy A",
We end this section with a note on the reduced w*-semicrossed products (see the
definition below). Let M be a von Neumann algebra acting on a Hilbert space
Hy, B a x-automorphism of M and consider Zx g M to be the usual w*-crossed

product, a von Neumann subalgebra of M®B(¢?(Z)). This is by definition the
von Neuman algebra {7(b),U : b € M}”, where #(b) = Y. B"(b) ® pu and
nez

U = 1y, ® u, the ampliation of the bilateral shift u € B(¢*(Z)).

DEFINITION 2.14. The reduced w*-semicrossed product Z X g M is the w*-

k
closure of the linear space of “analytic polynomials” Y. U"7t(b,), by, € M,k > 0.
n=0
Since (77, U) is a l-cov.un. pair, the reduced w*-semicrossed productis a (w*-
closed) subalgebra of the w*-crossed product. In fact, note that Z xg M is the
intersection of Z%rg./\/l with the “lower triangular” matrices. Hence, we have the
following proposition.

PROPOSITION 2.15. The reduced w*-semicrossed product of a von Neumann al-
gebra is reflexive.

Now, take A to be a w*-closed subalgebra of M which is invariant under
B. We define Z > gA to be the w*-closure of the linear space of “analytic polynomials”

k

Y. U"7(by), by € A, k > 0. Using the technique of Theorem 2.9 one can show
n=0
the following.

COROLLARY 2.16. If A is reflexive subalgebra of M which is invariant under B,
then 7.1 x g A is reflexive.
3. THE COMMUTATIVE CASE

Now, we examine the case where C is a commutative, unital C*-algebra,
C = C(K), and the *-endomorphism « is induced by a continuous map ¢ : K —
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K. Let ev; be the evaluation at t € K, i.e. ev;(f) = f(t); then ({*(K), ®;ev;)

is a faithful *-representation of C(K). If some t € K has dense orbit, we obtain

a faithful representation of C(K) on ?(Z,). As observed in Theorem 1.4, such

representations play a fundamental role for the semicrossed product Z x, C(K),

since they are “enough” to obtain the norm. Let 71; := evy, as in Example 1.1. So,

mir: C(K) — B(€2(Z4)) is given by 71 (f) := ¥ f(¢"(t))pn, where p,, is the one-
n=0

dimensional projection on [e,]. Then (714, v) is a left covariant isometric pair. We

define the one point w*-semicrossed product to be Cy = ltx, (Z4 X4 C(K))W*, i.e. the
k
w*-closed linear span in B(¢?(Z.)) of the “analytic polynomials” Y v"7t;(f,),

n=0
fn € C(K).
Let t = ¢"(t) be the first periodic element of the orbit of t with period p
(as in the diagram that follows). Then orb(t) = {t,...,¢"0~1(¢),t,...,¢P~1(t')}
induces a family of projections {P,,, Py, ..., Pp,l} suchthat | = P,y ® Py @ --- @
P,_1. Indeed, let P, be the projection on [ey,...,e,,—1] and P; be the projec-
tion on [, 1i1pj 1 j € Z4] fori = 0,...,p— 1. Note that if f € C(K), then

7 (f) (3n0+i+pj> = f(@"TPI(E))engitpj = f(O(t))engsitpjs for j € Zy. Hence,
e (f)P; = f(¢'(t'))P;, forevery i =0,...,p— 1.

PROPOSITION 3.1. The algebra Cy is the linear sum (TPy,) & (TD) & --- &
(TPy_1), where T is the algebra of lower triangular operators in B((*(Zy)), T is the
algebra of analytic Toeplitz operators and Py, Py, ..., P,_1 are the projections induced
by the orbit of t.

Proof. For any n € Z and f € C(K), we have

"1 (f) = V"7 () Puy ® f(E)0" Po @ f (91 ())0" Py,

Thus, Ct C (TPyy) ® (TPy) @ -+ @ (TPy_1). For the converse, first let TP, €

TPy, and note that (TPyy)xr = 0 whenx < Aormng—1 < A. Then we get
1’1071
that G, (TPy,) = 0, when m < 0, and G, (TP,,) = vm( Y (TPnO)m+n,npn),
n=0
when m > 0. Note that (TPy)x € C for every x, A € Z,. Fixm > 0 and
letn € {0,...,n9p —1}. Then by Urysohn’s Lemma there is a sequence (f,, ;); of
s

iJ)j
continuous functions on K, such that lim f,, ;(¢" (t)) = (TPu;)m+nn and f,, ;(s) =
]
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0 for s € orb(t) \ {¢"(t)}. Hence, (TPuy)m+nnpn = w*lim7(f,;) € Cr and so
)

" (TPuy)minnpn € Ci. Thus Gy, (TPy,) € C, and, by the Féjer Lemma, TP, € C;.
So, TPy, C C;. Also, for fixedi € {0,...,p—1} and m € Z, consider v"P; € T P;.
Again by Urysohn’s Lemma, there is a sequence (f;); of continuous functions
on K, such that li]rnfi,j(cpi(t’)) = land fj(s) = 0 fors € orb(t) \ {¢/(#')}. Then

w*-lim nt(fi,j) = P;, s0 v"P; € C;. Hence, TP; C Cy, foreveryi € {0,...,p—1}.
]
Thus, (‘Ipno) © (TP()) b D (Tpp_l) g Ct. [ |

Note that if orb(¢) has no periodic points, then C; = ¥, since P, = 1pz,)-
Also, if orb(t) has exactly one periodic point ¢/, then ¢" (t) = ' for every n > ng
(i.e. t' is a fixed point); thus C; = TP, & 'TPj('). If ¢ is itself a fixed point, then
C=T.

REMARK 3.2. Let D be the algebra of diagonal operators in B(¢?(Z.)) and
Dy = {T € D : Tyx = Ty,n when ¢*(t) = ¢"(t)} which is a w*-closed subalgebra
of D. Hence, T € Dy if and only if T is of the form

T = diag{yo,-- -, Yng—1, Yo, - - S Yp—1Yngs o Yp—1se - }.

It is immediate from the previous proposition that C; is generated by the uni-

lateral shift in B(¢*(Z4)) and the diagonal matrices id Dy. Thus, an operator

T € B({?(Z+)) is in C; if and only if for every m < 0, G,y (T) = 0, and for every

m 20, Gu(T) = ™Y, Tingnnpn where Tyiix = Tingnn, Whenever ¢*(t) = ¢"(t).
n

THEOREM 3.3. The algebra C; is reflexive.

Proof. If T € Ref(C;), then G, (T) € Ref(Cy); thus G, (T) = 0, for m < 0.
Letgr = Y ey, with0 < 7 < 1, and F = [m(f)gr: f € C(K)]. Then F is
n=0
(Ct)*-invariant; thus G,,(T)*-invariant, for m € Z,. So, there is a sequence of
fi € C(K) such that G, (T)*g, = lim 7;(f;)gr. Hence r" Ty n,n = im(fj(¢"(t))),
] J

for every n € Zy. Thus, Tyinn = Tmtrx, if ¢°(t) = ¢"(t). So, by Remark 3.2,
TeC. 1

REMARK 3.4. In order to construct Cy, it is sufficient to take coefficients from any
uniform algebra 2 on K. Indeed, let 2 be a norm closed subalgebra of C(K) con-
taining the constant functions which separates the points of K and form the poly-

k
nomials Y v"7t:(fn), fu € 2. By Remark 3.2, it suffices to prove that 7 (ball(2))
n=0

is w*-dense in ball(Dy). Fix z € T and ny € Zy, and take T € Dy, such
that Ty, = z and Ty, = 1, if ¢"(f) # ¢"0(t). Using the argument of the
claim of Theorem 2.9 of [6] we can find a sequence of (f;); in ball(2l) such that
w¥- li]rrl mte(f;) = T. To complete the proof, observe that products of elements of
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this form approximate the unitaries in Dy in the w*-topology and that the strong
closure of 7t;(ball(2()) is closed under multiplication.

Acknowledgements. 1 wish to give my sincere thanks to A. Katavolos for his kind
help and advice during the preparation of this paper. I also wish to thank E. Katsoulis
for bringing Remark 3.4 to my attention. Finally, I wish to thank I.Sis. and T.0.Ol. for the
support and inspiration.

The author was supported by an SSF scholarship.

REFERENCES

[1] M. ANoussis, A. KATAVOLOS, I. TODOROV, Operator algebras from the discrete
Heisenberg semigroup, Proc. Edinburgh Math. Soc. (2) 55(2012), 1-22.

[2] D.P. BLECHER, C. LE MERDY, Operator Algebras and their Modules — An Operator Space
Approach, London Math. Soc. Monographs (N. S.), vol. 30, The Clarendon Press, Ox-
ford Univ. Press, Oxford 2004.

[3] K.R. DAVIDSON, Nest Algebras. Triangular Forms for Operator Algebras on Hilbert Space,
Pitman Res. Notes Math. Ser., vol. 191, Longman Sci. Tech., Harlow; John Wiley and
Sons, Inc., New York 1988.

[4] K.R. DAVIDSON, E.G. KATSOULIS, Operator algebras for multivariable dynamics,
2007, arXiv.org:math/0701514.

[5] R.V. KADISON, J.R. RINGROSE, Fundamentals of the Theory of Operator Algebras. Vol.1Il,
Grad. Stud. Math., vol. 16, Amer. Math. Soc., Providence, RI 1997.

[6] E.G. KATSOULIS, Geometry of the unit ball and representation theory for operator
algebras, Pacific ]. Math. 216(2004), 267-292.

[7] T. KATSURA, On C*-algebras associated with C*-correspondences, J. Funct. Anal.
217(2004), 366-401.

[8] A.N. LoGINOV, V.S. SUL'MAN, Hereditary and intermediate reflexivity of W*-
algebras, Izv. Akad. Nauk SSSR Ser. Mat. 39(1975), 1260-1273.

[9] M. MCASEY, P.S5. MUHLY, K.-S. SAITO, Nonselfadjoint crossed products (invariant
subspaces and maximality), Trans. Amer. Math. Soc. 248(1979), 381-409.

[10] P.S. MUHLY, B. SOLEL, Extensions and dilations for C*-dynamical systems, Contemp.
Math. 414(2006), 375-381.

[11] C. PELIGRAD, Reflexive operator algebras on noncommutative Hardy spaces, Math.
Ann. 253(1980), 165-175.

[12] J.R. PETERS, Semicrossed products of C*-algebras, J. Funct. Anal. 59(1984), 498-534.

[13] J.R. PETERS, The C*-envelope of a semicrossed product and nest representations,
2008, arXiv.org:0810.5364.

[14] M. PTAK, On the reflexivity of pairs of isometries and of tensor products of some
operator algebras, Studia Math. 83(1986), 47-55.



SEMICROSSED PRODUCTS AND REFLEXIVITY 395

[15] D. SARASON, Invariant subspaces and unstarred operator algebras, Pacific ]. Math.
17(1966), 511-517.

EVGENIOS T.A. KAKARIADIS, DEPARTMENT OF MATHEMATICS, UNIVERSITY
OF ATHENS, PANEPISTIMIOUPOLIS, GR-157 84, ATHENS, GREECE
E-mail address: mavro@math.uoa.gr

Received July 8, 2009.



