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ABSTRACT. Asitis well-known, the concept “hypercyclicity” in operator the-
ory is the same as the concept “transitivity” in dynamical system. Now the
class of hypercyclic operators is well studied. Following the idea of research
in hypercyclic operators, we consider the classes of operators with other kinds
of chaotic properties in this article. First, the closures and the interiors of the
set of all Li-Yorke chaotic operators or all distributionally chaotic operators
are discussed. Then we will show the connectedness of these sets.
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1. INTRODUCTION

We are interested in the dynamical systems induced by continuous linear
operators on Banach spaces. From Rolewicz’s article [27], hypercyclicity is widely
studied. In fact, it coincides with a dynamical property "transitivity". Now there
have been so many improvements in this aspect, Grosse-Erdmann’s and Shapiro’s
articles [13], [29] are good surveys.

In his celebrated work [15], [16], [17], D.A. Herrero studied the chaotic prop-
erties (hypercyclicity and Devaney chaoticity) of linear operators. It is important
since it shows that we can study the chaotic properties of operators in an opera-
tor theoretic way. As it is well-known, it is hard to check whether a topological
system be chaotic or not for a general object. But following Herrero’s idea, we can
use the technique of approximation to study the properties of chaotic operators
on a Hilbert space under some compact or small perturbation. An interesting re-
sult, obtained by D.A. Herrero and Z.Y. Wang [17] or K. Chan and ]. Shapiro [7],
shows that the identity operator I can be perturbed by a small compact opera-
tor to be hypercyclic. This stronger result implies that a small perturbation of a
simple operator can be an operator with complex dynamic properties.

These papers suggest us to consider the following question:
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Question. Which kinds of operators can be approximated by chaotic opera-
tors?

From the point of approximation, we should consider the closure of the set
of all operators satisfying some chaotic property. In this paper, Li-Yorke chaotic
operators and distributionally chaotic operators will be studied by classical ap-
proximation tools developed in [14].

In order to explain the main results, we must introduce some definitions
and properties of chaos and Hilbert space operators.

In 1975, Li and Yorke [21] observed complicated dynamical behavior for
the class of interval maps with period 3. This phenomena is currently known
under the name of Li-Yorke chaos. Recall that a discrete dynamical system is
simply a continuous mapping f : X — X where X is a complete separable metric
space. For x € X, the orbit of x under f is Orb(f,x) = {x, f(x), f?(x),...} where
f" = fofo---ofisthe n iterate of f obtained by composing f with itself n
times.

DEFINITION 1.1. {x,y} C X is said to be a Li—Yorke chaotic pair, if
limsupd(f"(x), f"(y)) >0, liminfd(f"(x),f"(y)) =0.
n—oo n—oo
Furthermore, f is called Li—Yorke chaotic, if there exists an uncountable subset
I' C X such that each pair of two distinct points in I" is a Li-Yorke chaotic pair.

In 1994, Schweizer and Smital [28] gave the definition of distributional chaos
(where it was called strong chaos), which requires more complicated statistical
dependence between orbits than the existence of points which are proximal but
not asymptotic.

For any pair {x,y} C X and any n € N, define distributional function Fy, :
R — [0,1]:

Fly (1) = T#HO<i<n—1:d(f(x),f(y) <7},
where #{ A} is the cardinality of the set A. Furthermore, define
Fey(t) = liﬂgf}"}fy(f), Fo(t) = ligljoljp Fy (7).
Both Fy and Fy, are nondecreasing functions and may be viewed as cumulative
probability distributional functions satisfying F.y(7) = Fy, () = 0 for T <0.
DEFINITION 1.2. {x,y} C X is said to be a distributionally chaotic pair, if
Fy(t)=1, V1>0 and Fy(e)=0, Je>0.

Furthermore, f is called distributionally chaotic, if there exists an uncountable sub-
set A C X such that each pair of two distinct points in A is a distributionally
chaotic pair. Moreover, A is called a distributionally e-scrambled set.

From the definitions, we know distributional chaos implies Li-Yorke chaos.
But the converse implication is not true in general. In practice, even in the simple
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case of Li-Yorke chaos, it might be quite difficult to prove the chaotic behavior
from the very definition. Such attempts have been made in the context of linear
operators (see [10], [12]). Further results of [10] were extended in [25] to distribu-
tional chaos for the annihilation operator of a quantum harmonic oscillator. Ad-
ditionally, distributional chaos for shift operators were discussed by F. Martinez-
Giménez, et. al. in [24]. More about Li—Yorke chaos and distributional chaos, one
can see [3], [22], [23], [30], [32]. In a recent article [18], B. Hou et. al. introduced a
new dynamical property for linear operators called norm-unimodality (where it
was called "special operator"), which implies distributional chaos, and obtained a
sufficient condition for Cowen-Douglas operator being distributionally chaotic.
We introduce the definition of norm-unimodality here.

DEFINITION 1.3. Let X be a Banach space and let T € B(X). T is called
norm-unimodal, if we have a constant v > 1 such that for any m € N, there exists
Xy € X satisfying

lim HTkme =0, and ||Tixm|| > 7i||xm||, i=1,2,...,m.
k—yo00

Furthermore, such v is said to be a norm-unimodal constant for the norm-unimodal
operator T.

It is not obvious that norm-unimodality is invariant under similarity, one
can observe [31] for details.

Next, we introduce the notations and properties of Hilbert space operators.
Let H be complex separable Hilbert space and denote by B(H) the set of bounded
linear operators T : H — H. For T € B(H), denote the kernel of T and the range
of T by KerT and RanT respectively. Denote by o(T), 0e(T), 0ire(T) and ow (T)
the spectrum, the essential spectrum, the Wolf spectrum and the Weyl spectrum
of T respectively. For A € ps_p(T) := C\0ye(T), ind(A — T) = dimKer(A —T) —
dimKer(A — T)*, min ind(A — T) = min{dimKer(A — T), dimKer(A — T)*}. De-
note p!"(T) = {A € ps_p(T); ind(A — T) = n}, where —o0 < 1 < o0, p! T L(T) =
{A € ps_p(T); ind(A — T) > 0} and p{“L(T) = {A € p,_p(T); ind(A — T) < 0}.
According to Corollary 1.14 of [14], we know that the function A — min ind(A —
T) is constant on every component of ps_r(T) except for an at most denumerable
subset p$_(T) without limit points in ps_r(T). Furthermore, if 4 € p$_(T) and
A is a point of ps_p(T) in the same component as p but A is not in p3_(T), then
min ind(y —T) > minind(A — T). p5_(T) is the set of singular points of the semi-
Fredholm domain p;_¢(T) of T; pi_p(T) = ps—r(T)\pS_p(T) is the set of regular
points. Denote by 0y(T) the set of isolated points of o(T)\ce(T). Denote by E
and EY, the closure and the interior of a set E respectively. In addition, denote
by LY(H), DC(H), UN(H) the set of all Li-Yorke chaotic operators, the set of all
distributionally chaotic operators and the set of all norm-unimodal operators on
H respectively.
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Now we are in a position to state the main results of this article. In Section 2,
the closures and the interiors of the set of all distributionally chaotic operators
and the set of all Li-Yorke chaotic operators are considered. Though distribution-
ally chaotic operators require more complicated statistical dependence between
orbits than Li—Yorke chaotic operators, we have:

(I). DC(H) = LY(H) = {T € B(H); dDNo0y,(T) # @} U{T € B(H); oD C
0s—r(T) and dimKer(A — T) > 0, YA € 0D}  (Theorem 2.10).

(). DC(H)? = LY(H)® = {T € B(H), 3A € 9D such thatind(A — T) > 0}
(Theorem 2.16).

From the above two results, one can see distributionally chaotic operators
and Li-Yorke chaotic operators are very similar. The closure of DC(H)? (i.e. the
closure of LY (H)?) is also considered.

(1. DC(H)0 = LY(H)® = {T € B(H); aD ¢ p”.(T) U p'"1(T)}. Moreover,
DC(H)\DC(H)" = LY(H)\LY(H)? = {T € B(H);aD C p\”(T) Up{_}(T) and

dimKer(A — T) > 0, VA € aD} U {T € B(H);dD Noy,e(T) # @and p{"L(T) N
oD =@} (Theorem 2.18).

In Section 3, we get the relation between hypercyclic operators and distribu-
tionally chaotic operators. In detail (Proposition 3.2), the set of all hypercyclic op-
erators belongs to the closure of DC(H)". The relation between norm-unimodal
operators and distributionally chaotic operators is also obtained.

(IV). UN(H) = DC(H) = LY(H), DC(H)? = LY(H)? C UN(H), and
UN(H)\DC(H)? = DC(H)\DC(H)® = LY(H)\LY(H)? (Theorem 3.4).

It follows from this result that, the norm-unimodal operators are very large
in the class of distributionally chaotic operators. Moreover, it is useful for peo-
ple to prove that an operator is distributionally chaotic as the criterion of hyper-
cyclic operators given by Kitai [20] and refined by Grosse-Erdmann and Shapiro,
et.al. [13].

In Section 4, we consider the connectedness of the sets considered above.

(V). DC(H)?, DC(H)?, DC(H) and DC(H)\DC(H)? (i.e. LY(H)?, LY(H)Y,
LY(H) and LY(H)\LY(H)?) are all arcwise connected  (Theorem 4.1).

2. CLOSURES AND INTERIORS OF THE SET OF ALL DISTRIBUTIONALLY CHAOTIC
OPERATORS AND THE SET OF ALL LI-YORKE CHAOTIC OPERATORS

As it is well-known, the important result Theorem 2.2 of [1] obtained by
C. Apostol, C. Foiag and D. Voiculescu and improved by C. Foiag, C.M. Pearcy
and D. Voiculescu [11] is frequently used in the approximation problems. Since
it will be also used throughout this article, we introduce it but only the improved
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version. One can observe Theorem 3.49 and Proposition 4.29 of [14] for more in-
formation. Denote by =~ the relation of unitarily equivalence between operators.

THEOREM 2.1. Let T € B(H) and let I} and I} be closed subsets of 01o(T) and
0ve(T), respectively (I} or Iy may be absent). Then for any € > 0, there exists a compact
operator K such that ||K|| < e and

Nl * *
T+ K~ A x|,
Ny

where Ny and Ny are diagonal normal operators of uniform infinite multiplicity such that
0(N)) = 0e(N)) = I and 0(Ny) = 0e(N;y) = I respectively, moreover o(T) =
0(A), 0e(T) = 0e(A), Oie(T) = 0ire(A) and ind(A — T) = ind(A — A), min ind
(A=T) =minind(A — A) for A € ps_p(T).

REMARK 2.2. Since the properties (Li-Yorke chaoticity, distribitionally
chaoticity and norm-unimodality) are all invariant under similarity and the set
of all unitarily operators is arcwise connected, we can assume, without loss of
generality, that

Nl * *
T+K= A x|
Ny

Next, we introduce some auxiliary results for Theorem 2.10. The definition
given by Cowen and Douglas [8] is well known as follows.

DEFINITION 2.3. For (2 a connected open subset of C and # a positive inte-
ger, let B, ((2) denote the operators T in B(H) which satisfy:
(i) Q Co(T);
(ii) ran(T — w) = H for win (;
(iii) V ker(T —w) = H;and
weN
(iv) dimker(T — w) = n for w in Q.
One often calls the operator T in B, (2) Cowen—Douglas operator.
Denote by D and 0D the unit open disk and its boundary. Then we have the
following theorem ([18], Theorem 3.7).

THEOREM 2.4. Let T € B,(Q). If QNJD # ¢, then T is norm-unimodal.
Consequently, T is distributionally chaotic.

REMARK 2.5. In fact, an extended case of this result, for n = 400, can be
obtained with the same argument.

LEMMA 2.6. Let T € B(H). Then the following statements are equivalent:
(i) T is not Li—Yorke chaotic.
NG " P " _
(if) hrgg}fHT (x)|| = 0 implies nlgr.}o |IT"(x)|| = 0.
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The proof is easy and left to the reader. Denote by ~ the relation of similarity
between operators.

LEMMA 2.7. Let T € B(H), 0(T) NoD = @. Then ligginf [IT"(x)|| = 0 implies

1§r1 IIT"(x)|| = 0. Moreover, T is neither Li—Yorke chaotic nor distributionally chaotic.
n—oo

Proof. Since o(T) N oD = @, it readily follows from Riesz’s decomposition

theorem that
_|Th Hy
= { TJ Hy'

where 0(Ty) = o(T) NDand ¢(T,) = ¢(T) — o(T1). Thus,

- T1 * Hl
=" 7]
where T, ~ T, and then o(T») = 0(T») = o(T) — o(Th).
By spectral mapping theorem and spectral radius formula,
() = r(Ty") = lim [T,"'/",  (where ri() = inf{|A]; A € o()}).
Observe that 71(T>) > & > 1, so there exists ¢ > 0 such that r(T) ! +¢ < 1.
Hence there exists M € N such that for any n > M,

1 1 n
> ( —— ) :
IT, " Mri(Ta)t+e

Furthermore, for any y € H;+,

~ 1 1 n
I W = ==l = (—=—) lvll=lyll, whenn=>M.
175"l (71(T2)‘1 +£)
Let linlinf | T"(x)|| = 0and x = x; ® x2, x; € Hy, xo € Hy*, then one can
n—o00

easily obtain x, = 0 and then T"(x) = Tj'(x1). On the other hand r(T;) < 1, so
there exist 0 < p < 1and N € N such that forany n > N, || T} (x1)|| < p"||x1]|-
Therefore, nlgn |IT"(x)]| = nlgn 1Ty (x1)|| =0. n

LEMMA 2.8. Let 0 < n < oo be an integer and T € B(C"). Then linLinf

m—oo

IT™(x)|| = 0 implies lim |T™(x)|| = 0. Moreover, T is neither Li—Yorke chaotic nor
m—o0

distributionally chaotic.
Proof. Asitis well-known, each T in B(C") is similar to a Jordan model, i.e.

i

k
T~]= @{ ‘ 1],1;:(141')},
=

i=1
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k

I ki
where {p;}l_| = o(T), p; # pjfori #j, ¥ nj = nand
i=1j=1
u 1
Ju(u) =
1
H (nxn)

Since the property considered is invariant under similarity, it suffices to deal
with the case when T = J,,(u).

If || # 1, then the result follows similarly from Lemma 2.7.

Assume |u| = 1. Let {¢;}" ; be the orthonormal basis corresponding to the
matrix above and let limrrgigf IT"(x)|| = 0, then x = x1e1 + xpep + - - - + Xpey.

Claim. x; = 0 fori=1,2,...,n and hence lim IT™(x)|| = 0.

If not, let x, (1 < p < n) be the last nonzero coordinate. Since form > n —1,

1T (x) |17
COpm  Clym=1 ... Cn-lym-n+l] ry 2
Coup™ - G2 g
Cglym Xp

— |C31mel + C%ﬂim_lxz I Cﬁ_lﬂm_n+1xn|2
+ |Cop™ g + Co™ Mo - Co 2" T R P [ Ol x|

— n— _
> [CO " xp + Cot™ Latpir o+ Cop T Py 2 =[xy 2,

and lirrb inf |T™(x)|| = 0, it readily follows that x, = 0, a contradiction with
m—o0

xp 70, 1
The following result is taken from Theorem 9 of [19].

THEOREM 2.9. For any € > 0, there is a compact operator K. € B(H) such that
IKe|| < € and I + K, is distributionally chaotic.

Now we will give a description of the closures of the set of all distribution-
ally chaotic operators and the set of all Li-Yorke chaotic operators.

THEOREM 2.10. Let E; = {T € B(H); dDNoye(T) # @} and E; = {T
B(H); oD C ps_p(T) and dimKer(A — T) > 0, VA € 0D}. Then DC(H) =
LY(H) = E; UE,.

Proof. Clearly, DC(H) C LY(H). So it suffices to show that E; UE; C
DC(H) and LY(H) C E; UE;.

m
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First step, E; U Ep; € DC(H). It is enough to show that for any T € E; UE,
and ¢ > 0, there exists an operator C such that ||C|| < eand T+ C € DC(H). In
fact, we can obtain a compact operator K such that ||K|| < eand T+ K € DC(H).

If T € Ey, then choose any Ay € 0D N 0y(T). By Theorem 2.1 there exists a
compact operator K; such that ||K;|| < &¢/2 and

Aol H
T+K1:[O j HO(L

where dimHj, = oo.
Following Theorem 2.9, there exists a compact operator K, € B(Hp) such
that ||Ke|| < ¢/2 and AgI + K¢ is distributionally chaotic. Let

o Ks HO
Kz_[ 0} Ho"’

then

T+K +K, = € DC(H),

Aol + K %
*
where Kj + Kj is a compact operator and ||K; + Kp|| < e.
If T € E,, define

H, = \/ Ker(A —T),
Aepr p(T)NA

where A is the component of semi-Fredholm domain p;_r(T) which contains oD.
Then dimH, = oo and
T — T, x H;
= i )

H,*
Since:
() pr_(T)NAC o(Ty),
(ii) dimKer(y — Ty) = dimKer(x —T) = n, Vu € pi_p(T) N A, where n €
N* U {+co},
(iii) V Ker(y —T;y) = V Ker(y — T) = H,,
yepls'_F(T)ﬂA yepg_F(T)ﬂA
(iv)ran(u — Ty) = Hy, Y € pf_p(T) N A4,
it readily follows that T; € B, (p;_p(T) N A) or Ty € Byeo(pi_p(T) N A). Observe
that p!_.(T) NANAID # @, so it follows from Theorem 2.4 and Remark 2.5 that
T; is norm-unimodal and hence distributionally chaotic, and so is T.
The first step is complete.
Second step, LY (H) C E; UE,. Observe that {E; UE;}¢ = {T € B(H); oD C
ps—r(T) and 3A € 9D such that dimKer(A — T) = 0}, so it follows from the
stability properties of semi-Frodholm operators that {E; U E; } is open. Since

LY(H)} = {LY(H)}Y, it suffices to prove that {E; U E;}¢ C LY (H)°".
p
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Let T € {E1 UE;}€, define

H, = \/  Ker(A—-T)%
Acpl_p(T)N®

where @ is the component of semi-Fredholm domain ps_r(T) which contains oD.
Then N
T = [TO ;:1] I_Ilvlll ,  (H; maybe {0}!).

Claim 1. p}_p(T)N® C p(Tp).

Let u € pi_p(T)N . Since A — min ind(A — T) is constant on the semi-
Fredholm domain p),_(T) and there exists Ay € 9D such that dimKer(Ag — T) =
0, we have Ker(y — T) = {0}. Hence Ker(u — Ty) = {0}. Observe that Ker(y —
T)* =Ker(py—T))* and (u — T)*(H;) = H,, it readily follows that Ker(u — Ty)* =
{0}. Therefore, u — Tj is invertible.

Claim 2. 0p(To) N @ = 0 (To) NP = p5_p(T) N .

From Claim 1, 0p(Tp) NP C o(To) N @ C p5_p(T)NP. Let A € p5_p(T)NP.
If A — Ty is invertible, then A — Tj is a semi-Fredholm operator and min ind(A —
Ti) =minind(A — T). Since (A — T)*(H,) = H,, itis not difficult to conclude that
dimKer(A — T}) = 0 and min ind(A — T) = min ind(A — T}) = 0. It contradicts
with A € p¢_(T). Therefore, A — Tj is not invertible and p}_(T) N® C ¢(Tp) N
®. Observe that A — T is a left semi-Fredholm operator implies A — Tj is a left
semi-Fredholm operator, so it is easily seen from Claim 1 that ind(A — Tp) = 0
and hence p5_p(T)N® C 0y(Tp) N P.

Since the only limit points of p5_ . (T) belong to d[ps_r(T)], we can let oy (T)
N®NoD = {u;}1",, m < oo, and it follows from Riesz’s decomposition theorem
and Rosenblum-Davis—Rosenthal ([14], Corollary 3.22) that,

Ty — {Too } Hoo _ {Too * } Hoo [Too _ ] Hoo
Tnn] Hn To1] Hi*© Hoo To1] Hi*© Hoo'

where O'(TO[)) = {‘u,‘};nzl, m < oo, O’(Tm) NdD = @, Ty; ~ Tgl and dimHy, < oo.
Hence

TOO ~0 * Ho()

T~S:= TOl * I‘IlL © H()o.
T H
Moreover
H = \V  Ker(A-T)* = \V} Ker(A —T)*,
Aepr_ (T)NS A€aDNpt_(T)N®

then

)\1 e

*  Ap ey
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where {A;}, CoDNp._(T)N P and {¢;}{°, is an orthonormal basis of H;.
Now we come to end the proof. By Lemma 2.6, it suffices to show that
liminf ||S"(x)|| = 0 implies lim ||S"(x)|| = 0. Let liminf||S"(x)|| = 0, then
n—o0 n—o0 n—oo
there exists a sequence of positive integers {1 };- ; such that n}{i{)l’loo [|S™(x)|| = 0.

Observe that x = xy ® X ® x), xg € Hy, Xo € H* © Hyo, x; € Hj, we have

nlig1 | T{"(x1)|| = 0. Following the matrix representation of Tj, x; = 0. Hence,
k ()
5] R
S (x) = { ~ 1.
) Tor] [Xo
It readily follows from Lemma 2.8 and Lemma 2.7 that nh_r>rolo | 5o (x0)|| = 0 and
nh_r)r;o ||T(§’1 (%) || = 0, whence we conclude that nh_r}rolo IIS"(x)]| = 0.

The second step is complete. 1

Theorem 2.10 also includes the information of the interior of DC(H)® (i.e.
the interior of LY (H)¢). Obviously, the operator T satisfying, o(T) NdD = @, is
in {DC(H)}". But there exists an operator T in {DC(H)¢}°, whose spectrum
o(T) intersects the unit circle, i.e. o(T) N dD # @.

EXAMPLE 2.11. Let A € B(H) satisfy

Aei = %€i+1 i < =2,
Ae; =2ei1 1> -2,

where {¢;}2° __ is an orthonormal basis of H. Then A is in {DC(H)®}°.

Proof. First, let us consider the dynamical property of A. For any x in H,
x= Y «xe and
j=—o0
1 1 1
“t s AT Y= (2n42)7 5an—1 Y= (2n+1)7 an—3 ¥ -2

1
ceey Ex_(n+2),2x_(n+1),23x,n, PN ),

A2 (x) = (

o —

1 1 1
Azn(X) = ( ey Zﬁx—Zn—ll 22”72 X_2n, 22”74x—2n+1/

2 4
...,x_(n+1),2 x,n,Z x,n+1,...),

where the position under A is the zeroth position corresponding to the orthonor-
mal basis {¢;}{> . A straightforward computation shows that if x # 0, then
[|A™(x)|| — oo. Hence A is not distributionally chaotic. But the dynamical prop-
erty of the small perturbations of A is not obvious in this direct manner.
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Through easy computations, one can obtain 0(A) = {z € C; (1/2) < |z| <
2} and ind(A — A) = —1,dimKer(A — A) =0for A € {z € C; (1/2) < |z| < 2}.
It readily follows from Theorem 2.10 that A € {DC(H)}® = {DC(H)}", i.e.
there exists ¢ > 0 such that A + B is not distributionally chaotic for any B such
that |B|| <e. 1

Next, we consider the interiors of the set of all Li-Yorke chaotic operators
and the set of all distributionally chaotic operators. Before proving Theorem 2.16,
it is convenient to cite in full length a result of Apostol and Morrel ([2] or [14]).
Let I' = 902, where ( is an analytic Cauchy domain, and let L?(I") be the Hilbert
space of (equivalent classes of) complex functions on I" which are square inte-
grable with respect to (1/27)-times the arc-length measure on I'; M(I") will stand
for the operator defined as multiplication by A on L?(I'). The subspace H?(T")
spanned by the rational functions with poles outside (2 is invariant under M(I).
By M (I') and M_(T') we shall denote the restriction of M(I') to H?(I') and its
compression to L2(I') & H%(T'), respectively, i.e.

Mo =[] s

DEFINITION 2.12. S € B(H) is a simple model, if

H(

\_/)j
}_\/

H(T

S+ * *
A %
S_

S~

7

where
(i) 0(S4), 0(S—), o(A) are pairwise disjoint;
(ii) A is similar to a normal operator with finite spectrum;
m
(iii) Sy is (either absent or) unitarity equivalent to @ M. (002;)*), 1 < k;
i=1
oo, where {(2;}" , is a finite family of analytic Cauchy domains with pairwise
diajoint closures;

N

n
(iv) S— is (either absent or) unitarity equivalent to @ M_ (acbj)(h/'), 1<h<
j=1
o, where {®; } ', is a finite family of analytic Cauchy domains with pairwise
diajoint Closures

THEOREM 2.13. The simple models are dense in B(H). More precisely: Given
T € B(H) and € > 0 there exists a simple model S such that:
<nd&>céi«>chuada>géﬁw>gd&%mwam>g
o(T)e, where () = {z € C;distz, -] < e}.
(i) ind(A — S) = ind(A — T), foreach A € p' h(5)UpTh(5).
(i) |T - S|| <e.
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Additionally, we need a lemma which appeared in another article [19]. But
for convenience to read this article, we also give the details of the proof.
LEMMA 2.14. Let N € B(H) be a normal operator. Then ligginf [IN"(x)|| =0
implies 1511 [IN"(x)|| = 0. Moreover, N is neither Li—Yorke chaotic nor distributionally
n—oo

chaotic.

Proof. Since N is a normal operator, then there exist a locally compact space
X, a finite positive regular Borel measure y and a Borel function 7 € L®(X, u)
such that N and M, are unitarily equivalent. M;, is the operator defined as mul-
tiplication by 77 on L?(X, ). Let lim inf My ()]l = 0and

A ={zeX;|n(z)| >1ae [u]}, Ay ={z€X;|n(z)| <lae. [u]},
Az ={z e X;f(z) =0ae. [u]}, Ay={z€ X;f(z) #0a.e. [u]}.

Obviously, A; (i = 1,2,3,4) are measurable subsets. Then there exists a sequence
of positive integers {n; };>; such that lign | My*(f)]| = 0and
Ny o]

M3 () = / e pPdp= [l P [l fPdnz [1fPdu [l fidp
A10A4 AZQA4 A1QA4 A20A4

Consequently (A1 NAy) = 0. For any n € N, there exists a positive integer k
such that n; < n < ny1. Therefore,

IMz (A 2= [ = [ R < [l Pdu= M) P

ArxNAy ArNAy AryNAy

and hence nlgn |M}(f)|| = 0. We are done. &

COROLLARY 2.15. Let T € B(H) be a subnormal operator. Then lirginf | T (x)||
n—oo
= 0 implies ILm |T"(x)|| = 0. Moreover, T is neither Li-Yorke chaotic nor distribu-
n—oo

tionally chaotic.

THEOREM 2.16. Let F = {T € B(H), 3A € 0D such that ind(A — T) > 0}.
Then DC(H)? = LY(H)? = F.

Proof. Obviously, DC(H)? C LY(H)". So it suffices to show that F C DC(H)°
and LY(H)" C F.

First step, F € DC(H)". It readily follows from the stability properties of

semi-Frodholm operators that F is open. So it suffices to prove that F C DC(H).
Let T € F, define

Hy = \V  Ker(u—T),
peps_p(T)NA
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where Ais the component of p( (T #(T) which contains a point in o). Then dimH; =

oo and
T * H;
T— [ } o

Applying the argument of the proof of Theorem 2.10, we have T, € B, (p"_(T) N
A)or Ty € Byowo(0i_r(T)NA), and hence T is norm-unimodal and distributionally
chaotic.

The first step is complete.

Second step, LY (H)? C F. Since {LY(H)°}¢ = LY(H)e, it is enough to show
that for any T € F¢and € > 0, there exists C € B(H) such that ||C|| < eand T+ C
is not Li—Yorke chaotic.

Let T € F¢and & > 0. It readily follows from Theorem 2.13 that there exists
a simple model
Sy ok %
A x
S_

S~

7

such that o(S_) C pif)F(T) C 0(S-)e (it together with pg ft( T)NoD = @ in-
dicates 0(S—) NdD = @) and ||T — S|| < e. So it suffices to prove S cannot be
Li-Yorke chaotic.

Observe that 0(S), 0(S—), o(A) are pairwise disjoint and A is similar to a
normal operator N with finite spectrum, it readily follows that S ~ S, & NG S_.
So we directly let S =S, & N® S_.

Let ligiogf |S™(x)|] = 0. Since x = x4 & xp & x_ corresponding to the space

decomposition, it readily follows from Lemma 2.7 and Corollary 2.15 that

_ , S+ HEZNT
Jim [|S-"(x-)[ =0 and lim { N} LCOH—O'
whence we conclude that ligrl IIS™(x)|| = 0.
n—oo

The second step is complete. 1

0 C DC(H) and hence LY (H)°

The following example shows that DC(H)” &

LY(H).
EXAMPLE 2.17. Let A € B(H) satisfy
{Aei = 2€i_1 i 7& 0,

=

AEO = 0,

where {¢;}?° __ is an orthonormal basis of H. Then A is distributionally chaotic
but not in DC(H)°.

Proof. Since Hy = \/ {e;} is an invariant space of A and A|y, = 2B is distri-
i=0
butionally chaotic, where B is backward unilateral shift, it readily follows that A
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is distributionally chaotic. One can easily obtain ind(A — A) = 0 for |A| < 2, so
Aisnotin DC(H)®.

Let us consider it directly. For any ¢ > 0, let K € B(H) satisfying Key =
ee_1, Ke; = 0, i # 0, then K is compact and ||K|| = & Since 0(A + K) =
{z € C; |z| = 2}, then A + K is not distributionally chaotic. Hence A is not
in DC(H)".

Though DC(H)? & DC(H) (LY(H)" S LY(H)), one may ask DC(H)? =
DC(H) ? (LY(H)? = LY(H) ?). Unfortunately, it is not true. It means that there
exists a class of distributionally chaotic operators (Li-Yorke chaotic operators)
which are more complicated. We give the descriptions.

THEOREM 2.18. Let Gy = {T € B(H); aD ¢ p\”(T) Up!"W(T)}, G =
{T € B(H);oD C pé(i)F(T) Upg:) (T) and dimKer(A — T) > 0, YA € oD} and
Gy = {T € B(H);D N 01xe(T) # @ and p'")(T) N D = @}. Then DC(H)? =
LY (H)? = Go and DC(H)\DC(H)® = LY (H)\LY (H)? = G; U G,.

Proof. First, we will show that DC(H)? = LY(H)? = Gy. Clearly, DC(H)? =
LY(H )O = F C Gy, where F is denoted in Theorem 2.16. Since it follows from
the stability properties of semi-Frodholm operators that Gy is closed, we have
DC(H)? = LY(H)? C Gy. So it suffices to show that for any T € Gy and ¢ > 0,
there exists C € B(H) such that ||C|| < eand T+ C € DC(H)" (i.e. LY(H)?).

Let T € Gy, then

(i) there exists A € 9D such thatind(A — T) > 0; or

(ii) pgf)F(T) N oD = @, but there exists A € dD such thatind(A —T) = 0; or
(iii) [0 1(T) Up' Y (T)] NaD = @, but 0y, (T) N D # @.

Case (i) is obvious.

Case (ii). It readily follows from the hypothesis that oy.(T) NdD # @.

Choose a Ag € 01,.(T) N a[pg(l)F(T) N oD], then by Theorem 2.1 there exists a com-

pact operator Kj such that ||[K;|| < €/2 and

Aol *]  Hp
Al HyY

where dimHy = o0, 01e(A) = 01e(T) and ind(A — A) = ind(A — T) for A €

PsfF(T>' Let

T+K1 = |:

0 &/2 e1
B, = 0 &/2 e

where {e;}?°, is an orthonormal basis of Hy, then B, is a Cowen-Douglas opera-
tor with || Be|| = /2. Let
_ |Be Hy
=

Hot’
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then it follows from easy computations that there exists A € dID such that

A

and hence T + K1 + B, € DC(H)?, where ||K; + By|| < .
Case (iii). It readily follows from Theorem 2.13 that there exists C; such that
IC1]| < €/2 and

ind(T+ Ky + B, — A) :ind(FOI—'—BS *] —A) =1,

* *
A x
S_
where 5, is either absent or unitarity equivalent to a subnormal operator and
dD\o(S+) contains a small arc in dD, A is similar to a normal operator with finite
spectrum and oy,.(A) N 0D # @, S_ is either absent or unitarity equivalent to the
adjoint of a subnormal operator and ¢(S—) NdD = @; ¢(S+), 0(A), o(S-) are
pairwise disjoint. Observe that

p(T+C1) :p(5+)ﬂp(A) mp(s—) and ‘Tlre(T+Cl) :Ulre(S-i-)U Ulre(A)Ualre(S—)l

so that 0y (T + C1) N 0D # @ and p(T + C1) NdD # @. Then we can obtain C;
through the technique of Case (ii) such that ||C;|| < €/2 and ind(T + C; + C, —
A1) > 0 for some Ay € dD. Hence T + C; + C; € DC(H)?, where ||C; + G| < .
The proof of DC(H)? = LY(H)Y = Gy is complete.
Second, we will show that DC(H)\DC(H)? = LY(H)\LY(H)? = G; U G,.
Clearly, it follows from Theorem 2.10 and Theorem 2.16 that

G1 = DC(H)\DC(H)® C DC(H)\DC(H)? C LY(H)\LY(H)?
C LY(H)\LY(H)" = G; U Go,.

S+
T+C1 ~

7

In order to obtain the result, it suffices to show that G, C DC(H)\DC(H)",
ie. forany T € G, and ¢ > 0, there exists C such that ||C|| < eand T+ C €
DC(H)\DC(H)". In fact, we can obtain a compact operator K such that ||K|| < ¢
and T + K € DC(H)\DC(H)".

Let T € Gy and € > 0, it readily follows from Theorem 2.1 that there exists a
compact operator K; such that ||K;|| < &¢/2 and

o )L()I * H()
T+ K = [ *:| HOJ_,
where Ay € dD N0y (T) and dimHy = co. By Theorem 2.9, there exists a com-

pact operator K, € B(Hy) such that ||K¢|| < ¢/2 and Al + K; is distributionally

chaotic. Let
o Ks HO

Al +Ke  x
*

then

T+K1 +K2: GDC(H),
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where K; + K3 is a compact operator and ||K; + Kz || < e. Observe that pgf%( T+

Ky +Kp) naD = pltL(T) naD = @, it readily follows that T + Ky + K, €
DC(H)\DC(H)°.
The proof of DC(H)\DC(H)? = LY(H)\LY(H)? = G U G; is complete.

3. SOME OTHER RESULTS

In this section, we consider the relation between hypercyclic operators and
distributionally chaotic operators, and the closure of the set of all norm-unimodal
operators.

Recall the definition of chaos given by Devaney [9] as follows.

DEFINITION 3.1. Suppose that f : X — X is a continuous function on a
complete separable metric space X, then f is Devaney chaotic if:
(i) the periodic points for f are dense in X,
(if) f is transitive,
(iii) f has sensitive dependence on initial conditions.

It was shown by Banks et. al. [4] that if f satisfies (i) and (ii), then f must
have sensitive dependence on initial conditions. Hence only the first two condi-
tions of the definition need to be verified.

Denote by HC(H) and DE(H) the set of all hypercyclic operators and the set
of all Devaney chaotic operators on H respectively. Obviously, DE(H) C HC(H).

PROPOSITION 3.2. DE(H) = HC(H) € DC(H)? = LY(H)".

Proof. It follows from Proposition 4 of [16] and [15] that DE(H) = HC(H) =
{T € B(H); ow(T)UdD is connected, 0p(T) = @ and ind(A —T) > 0, VA €
ps—£(T)}. Observe Theorem 2.18, we obtain the result.

REMARK 3.3. DE(H) and HC(H) are dense in B(H) in the strong operator
topology [5], and hence Proposition 3.2 tells us that DC(H)? and LY (H)? are both
dense in B(H) in the strong operator topology. One can observe [5] for more in-
formation. In addition, Prajitura [26] showed that the closure of HC(H) contains
all the weakly hypercyclic operators, which are the bounded linear operators hav-
ing a point x in H such that {x, Tx, T?x,...} is dense in the weak topology of H.
He gave a complete spectral characterization of the closure of the set of weakly
hypercyclic operators, and also showed that the set has an empty interior. One
can observe [26] for more information.

Next, we can see the set of all norm-unimodal operators is large in the set of
all distributionally chaotic operators.
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THEOREM 3.4. UN(H) = DC(H) = LY(H), DC(H)? = LY(H)? C UN(H)
and UN(H)\DC(H)? = DC(H)\DC(H)® = LY(H)\LY(H)".

Proof. First it will be shown that UN(H) = DC(H) = LY(H). Observe that
UN(H) C DC(H) = LY(H) (where E;, E; are denoted in Theorem 2.10), it is
enough to show that for any T € E; UE; and & > 0, there exists C such that
IC|l < eand T+ C € UN(H). But different to the first step of Theorem 2.10,
there does not generally exist a compact operator satisfying the property.

If T € Eq, then choose any Ay € dD N 0y, (T). By Theorem 2.1, there exists a
compact operator K; such that ||K;|| < &¢/2 and

Aol H
T+K = [ 0 ﬂ Hol

where dimHj = . Let

0 €/2 ey
C. = 0 e&/2 e1

where {¢;}° is an orthonormal basis of Hy, then C; is a Cowen-Douglas opera-
tor with ||Ce|| = e/2. Let
o Ce HO
S

Hyt’
then it follows from Theorem 2.4 that

T+Ky+Cp = [)‘O”Cs j

€ UN(H),
where ||K; + G| < e

Observe that K + C; is not compact. In fact, the operator T in E; satisfying
Oire(T) € D™ can not be perturbed into UN(H) by a compact operator (it is easy
and left to the reader).

If T € Ep, by proceeding as the first step of the proof of Theorem 2.10, we
know T is norm-unimodal.

The proof of UN(H) = DC(H) = LY(H) is complete.

It is immediately obtained from the first step of the proof of Theorem 2.16
that DC(H)? = LY(H)? C UN(H).

Next we show that UN(H)\DC(H)? = DC(H)\DC(H)? = LY(H)\LY(H)?.

Clearly, UN(H)\DC(H)? € DC(H)\DC(H)? = LY(H)\LY(H). So it suf-
fices to show that Gy UG, € UN(H)\DC(H)Y,i.e.forany T € G UG, and ¢ > 0,
there exists C such that ||C|| < eand T+ C € UN(H)\DC(H)?, where G;, G, are
denoted in Theorem 2.18. But different to the second step of Theorem 2.18, there
does not generally exist a compact operator satisfying the property.

If T € Gy, then it follows from the first step of the proof of Theorem 2.10
that T € UN(H)\DC(H)"®.
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If T € Gy and € > 0, by Theorem 2.1, there exists a compact operator K;
such that ||K7|| < e/3 and

)\01 * * HO
Ml Hp

where dimHy = dimH, = 0, Ag € 3D N 01,(T) and p' "1 (A) NAD = p)(T) N
0D = @. Let N € B(Hy) be an uniform infinite multiplicity normal operator such

that o(N) = {z € C; |z| < ¢&/3} and let

0 ¢/3 €o
BEZ 0 8/3 61’

where {e;}?° ) is an orthonormal basis of Hy, then ||N|| = /3, ||B¢|| = ¢/3, B: €
B1(Dg/3) and o(Be) = Dg/3~, where D3 = {z € C; |z| < ¢/3} and D, /3~ is the
closure of D /3.

Moreover, let

N B. Hy _ 0 Hy
Be = 0 Hy and N = 0 Hy,
0| H» N| H,
then it follows from Theorem 2.4 that
L Aol + B * *
T+Ki+B:+N= A * € UN(H),
AMI+N
where ||K; + B + N|| < e.
Observe that
o Aol + Be  * *
o U(T + Ky + B+ N)nab = o) A« noD
AI+ N

— [P ANz € C; |z — Ao <e/3}]NaD =,

so that T + K + B, + N € UN(H)\DC(H)".

Notice that Ky + B¢ + N is not compact. In fact, the operator T in G, sat-
isfying 0y, (T) € D~ can not be perturbed into UN(H)\DC(H)® by a compact
operator.

The proof of UN(H)\DC(H)? = DC(H)\DC(H)? = LY(H)\LY(H)? is
complete. 1
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EXAMPLE 3.5. Let A € B(H) satisfy

Ae; = 2¢; 4 i1,

Aeo =é_1,

Aei = m'%ei,l, i< —1.
where {¢; 22 _ is an orthonormal basis of H. Then A is norm-unimodal, but not
in DC(H)°.

Proof. Forany m € N, ||Af(ew)|| = 2|lem||, 1 < i < mand nh_r)rolo |A" (em)|| =
0. So A is norm-unimodal. Since 0(A) = {z € C; 1 < |z| < 2} implies 9D C

Oire(A), then A is notin DC(H)?. u

4. CONNECTEDNESS

The main purpose in this section is to discuss the connectedness for the sets
considered in Section 2.

THEOREM 4.1. DC(H)?, DC(H)%, DC(H) and DC(H)\DC(H)O (i.e. LY (H)°,
LY(H)Y, LY(H) and LY (H)\LY (H)9) are all arcwise connected.

Proof. It will be only shown that DC(H)" is arcwise connected, since others
follow by the same arguments. This will be done in two steps.

First step, any T € DC(H)° can be connected to T € DC(H)°, where
Oire(T) NOD # @.

If 01, (T) N 0D # @, then the result is obvious.

If 01e(T) N OD = @, then D C p'"L(T). Choose Ag € 0jye(T), by Theo-
rem 2.1 there exists a compact operator K such that

)\01 * * H()
T+K= A x H;,
Al| Hp

where dimHy = dimHy = o0, 04,(T) = 01 (A) and ind(A — T) = ind(A — A) for
all A € ps_p(A). Choose pg € 9D, let

, 1<tg?,

where a(t) = (t —1)(pp — Ao) + Ao, 1 <t < 2and

Bt = T+tK 0<t<1
Sl 1<t<2

7
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Obviously, 5(0) =T,

_ ]101 * ES
B2)=T:= A x|,
pol

Oire(T) NOD = {yg} # @ and B(t) is continuous on [0,2].
Since p\ "} (6(1)) NaD = [pét ( D\e(v)]nap = P HT)\{a()}] N oD #

5— s P
@forl <t < 2and p( F(T—i— tK) = ( ) 2 0D for0 < t < 1, it readily follows
that {B(t); 0 <t <2} C DC(H )0

The first step is complete.

Second step, any two operators T and S in DC(H)? which satisfy i, (T) N
0D # @ and 0y, (S) N oD # @ respectively can be connected.

Let Ap € BPS%:(T) N 0D be the point such that there exists 6y > 0 such that
{Ae?; 0 < 8 < 6} C pgf%( T). Similarly, let Ay € ap(H( S)noD and 6; > 0
such that {Ael%; 0 < 0 < 6;} C ps_;( S). Observe that there exists 6 such that
Ay = eie,)\l, define S = el?S. Then A € apgf}@) NoD and {Age?; 0 < 6 <
01}  pl "} (S).

By Theorem 2.1, there exist compact operators K;, Kp; such that
Al Ci] Hp Ay G Hpt

Al HyY M| Hy’
where dimH; = o9, 0jre(A1) = 0jre(T) and ind(A — A1) = ind(A — T) for all
A € ps—p(T); dimHy = o9, 0jre(A2) = Oipe(S S), ind(A — A,) = ind(A — S) for all
A € ps_r(S). Moreover, one can obtain from Theorem 3.48 in [14] that there exists
a compact operator Ky € B(Hy"t) such that min 1nd(A2 + Ky —A) = 0forall
A€ PS—F(A2>- Let Ky = Ky1 + Kpp, Ay = Az + Kzz, where

K Hy*
Ky = { 2 0] 2

T+K1:[ S+ Ky =

H’
then N
g _ A2 G| H
S+ Ky, = [ Aol] H, .
Without loss of generality, we can assume that H; = H,*. Define
el's 0<t<¥,
(t) = S+ (t—0)K, 0 <t<6 +1,
(=0 +D)NT+K)+ (0 +2-1)(S+Ky) 0 +1<t<6+2
T+1[0 +3—1]K; 0 +2<t<6 +3.

T and 7(t) is continuous on [0, § + 3]. It

Obviously, 7(0) = S, (6 +3) =
t <0 +3} C DC(H).

suffices to show that {7 (¢); 0 <
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(a) pgfl):(e”S) = eitpgfl):(S), 0<t<#6 and pgt)P(S) NoD # @ imply {e’S; 0 <
t <6} C DC(H).
®) pHS + (= 0)K2) = pl11(S) = e pl'}(S), 6 <t < 6 +1and
plHL(S) NaD # @ imply {S+ (t— 6')Ky; 6 <t <6 +1} C DC(H).
(c) For any given 6 +1 < t < §' + 2, since
PRt — (6 + D))Ao+ 6" +2— t]Ay) = [t— (6" + 1)]Ag + [0 +2 — o} (A2)
= Ao+ (0 +2—1)(p! ) (A2) — Ag)
= do+ (6" +2-1)(o H(3) — Ag),

/

and

L ([~ (6 + 1)) Ay + 60 +2— HAg) = [~ (6 +1)]p§”p< Ar)+[6'+2 -t
= Ao+ [t— (0" +1))(p{"H(A1) — Ao)
= Ao+ [t = (6 +D)](pH(T) - Ao),

Ty

we know there exists 6; > 0 such that
{A0el%; 0 < 6 < 6}
C ol H (= (6 +1))A0+ (6 +2-11A2)Np L L ([t (0 + 1) Ar+[6 +2-1]0).
For each A € {Agel?; 0 < 6 < 6;}, since min ind(y — Ay) = 0 for u € p,_r(A;) =
ps_r(Az) implies min ind ([t — (8 +1)]Ag + [0’ +2 — ]A; — A) = 0, and ind ([t —
(0 +1)]Ao+ [0 +2—t]A2 — A) > 0, it readily follows that [t — (8’ +1)]Ag + [0 +
2 —t]Ap — A is surjective.
Consequently
ind([t — (6 + D](T+K) + [0 +2—1](S+Kp) — A)
—ind([t— (6 +1)]Ag+ [0 +2— Ay —A)
+ind([t— (6 +1)]A; + [0 +2—t]Ag— A) > 0.
Hence {(t— (0 + ))(T+K1)+ (0 +2—1)(S+Ky); 6 +1 <t < 8 +2} C
DC(H)°.
(+) '3 — 5, ' ' (+)
(d)p " p(TH+ [0 +3—t[Ky) =p, p(T), 0 +2<t <0 +3andp, (T)NID #
@imply {T+ [0 +3—t]Ky; 0 +2 <t <6 +3} C DC(H)°.
Therefore, {y(t); 0 < t < 0 +3} C DC(H)".

The second step is complete.
Thus, DC(H)" is arcwise connected. &

REMARK 4.2. From Chan and Sanders’s paper [6], HC(H) is a connected
subset of B(H) in the strong operator topology. Though we do not known the ar-
cwise connectedness of DC(H) and LY (H) in the norm topology, it follows from
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the strong operator topology is weaker than the norm topology and HC(H) C
DC(H) = LY(H) that, DC(H) and LY (H) are both connected in the strong oper-
ator topology.

EXAMPLE 4.3. Let B be the backward unilateral shift. Then there exists an
arc a(t) in DC(H)? which connects 5B and 5B2.

Proof. Clearly, c(5B) = ¢(5B%) = 5D~ and ind(A —5B) = 1, ind(A —
5B%) =2 for |A| < 5.

First there exist compact operators K, Kj such that

(-5 ] Hy —
5B+Kl_{ AJ pL and 5B’ 4Ky = { ]
where dimH; = o0, 0,.(A1) = 01e(5B) and ind()\ A1) = d( 5B) for all
A € ps_p(5B); dimHy = 0, 01e(A2) = 0ire(5B?) and ind (A — Az) nd (A —5B2)

forall A € ps_p(5B?).
Without loss of generality, we assume H; = Hp". Let

[—5(1 —t)+tAy (1—1)Cy +tCy

ot) = (1—t)A; +5¢

| o<,

and

5B+ (1+#t)K; —-1<t<0,
a(t) =< 6(t) 0<t<1,
5B2+(2—-1H)K, 1<t<2

Obviously, a(—1) = 5B, «(2) = 5B% and «(t) is continuous on [—1,2]. Tt
suffices to show a(t) € DC(H)? for any —1 < t < 2.
(1) oL (5B + (1+ 1)Ky) = plTL(5B), =1 < t < 0and aD C p'")(5B) imply
{5B+ (1+1)Ky; =1 <t<0} € DC(H)".
(2) Since for0 <t < 1,

608) = [l h(=5(1 = £) + tA)] U [ph((1 = £) Ay +58)]
={-5(1—1t)+5D}uU{5(1—t)D+5¢t},

we know {4(t); 0 < t <1} C DC(H)°.

One can read the spectrum information from the next page picture as fol-
lows. The number 1 or 2 in the picture means the Fredholm index of A — 4(t)
for any A belonging to the open disk which the number lies on respectively. We
choose five moments.

3) oL (5B2 + (2 — t)Kz) = p'")(5B%), 1 < t < 2and D C p')(5B2) imply
{5B2+ (2—t)Kp; 1 <t < }gD (H)O.
Hence {a(t), -1 <t <2} C DC(H)?.
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