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ABSTRACT. For 0 < s < 1, let ¢s(z) = sz + (1 —s). We investigate the unital
C*-algebra generated by the semigroup {Cy, : 0 < s < 1} of composition
operators acting on the Hardy space of the unit disk. We determine the joint
approximate point spectrum of a related collection of operators and show that
the quotient of the C*-algebra by its commutator ideal is isomorphic to the
direct sum of C and the algebra of almost periodic functions on the real line.
In addition, we show that the C*-algebra is irreducible.
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1. INTRODUCTION

For any analytic self-map ¢ of the unit disk I), one can define the composi-
tion operator Cy : f — f o ¢, which is a bounded linear operator on the Hardy
space H?(D). Individual composition operators on the Hardy space have been
extensively studied, and there has been great success in relating the properties
of a single composition operator C, to the function-theoretic properties of the
associated map ¢. Many of these results can be found in [15] and [34].

Recently, several authors have begun studying unital C*-algebras generated
by composition operators [20], [22], [23], [24], [25], [26], [27], [28]. Although a few
authors have considered composition operators induced by finite Blaschke prod-
ucts [20], [22], [23], most of the investigations have focused on composition oper-
ators induced by linear-fractional maps. One motivation for this restriction is that
the linear-fractional case has proven to be a useful model for guiding the study
of more general composition operators in the single operator setting. Moreover,
composition operators induced by linear-fractional non-automorphisms serve as
building blocks modulo the compact operators for certain more general compo-
sition operators [29].
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The study of C*-algebras generated by composition operators induced by
linear-fractional maps tends to split into two cases, automorphism-induced gen-
erators and non-automorphism-induced generators. The two cases have typically
required different methods. M. Jury has investigated the automorphism case [24],
[25], and Kriete, MacCluer, and Moorhouse have studied the non-automorphism
case [26], [27], [28]. The work of Kriete, MacCluer, and Moorhouse has focused
on composition operators induced by maps ¢ that either satisfy ¢(¢) = # for dis-
tinct points ¢ and # in the unit circle T or fix a point { € T and have ¢/({) = 1.
In this paper, we begin consideration of the remaining non-automorphism case:
¢(0) =Cand ¢'({) # 1.

For 0 < s < 1, let ¢s(z) = sz + (1 —s). Note that ¢ is a linear-fractional,
non-automorphism self-map of D, ¢s(1) = 1, and ¢,(1) = s. For 0 < s,t < 1,
Cp,Cy, = Cy, = Cp,Cy,, 50 {Cy, : 0 < s < 1} is a semigroup of commut-
ing composition operators. The elements of the semigroup have been studied as
individual operators by several authors, including Cowen and Ko [13], who de-
termined the polar decomposition and Aluthge transform of Cy,, and Cowen and
Kriete [14], who showed that Cj, is subnormal. In this paper, we determine the
structure of the unital C*-algebra generated by the semigroup modulo its com-
mutator ideal. Recall that the commutator ideal of a C*-algebra A is the closed
ideal of A generated by elements of the form [A, B = AB— BA for A,B € A.

To simplify our investigations, we will consider several sets of operators
that are unitarily equivalent to {Cy, : 0 < s < 1}. These alternate settings are
more conducive to the determination of spectral information and invariant sub-
spaces than the original setting in H?(ID). The operators that we will consider,
and the Hilbert spaces on which they act, are introduced in Section 2.

In Section 3, we recall the definition of the joint approximate point spectrum
of a collection of operators and a theorem of J. Bunce that relates the structure of
the unital C*-algebra generated by a collection of commuting hyponormal op-
erators to the joint approximate point spectrum of the collection. Motivated by
this relationship, we determine the joint approximate point spectra of finite sub-
sets of {Ts= : 0 < s < 1}, a collection of operators that is unitarily equivalent to
{C;;s : 0 < s < 1}. These spectra prove to be rather complicated, which makes a
direct application of Bunce’s theorem impractical. Instead we connect these spec-
tra to the joint approximate point spectra of almost periodic Toeplitz operators, a
better-understood class of operators. In Section 4, we use this connection to prove
our main result:

THEOREM 1.1. For 0 < s < 1, let ¢5(z) = sz+ (1 —s). Let C denote the
commutator ideal of C*({Cp, : 0 < s < 1}). Then there exists a x-homomorphism
P: C*({Cy, : 0 < s <1}) = AP(R) @ C such that

0—>C<—>C*({C(Ps:0<s<1})i>AP(R)eB(C—>0

is a short exact sequence.
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Here, and throughout this paper, C*({Cy, : 0 < s < 1}) denotes the unital C*-
algebra generated by {Cy, : 0 < s < 1}, and AP(R) is the algebra of almost
periodic functions on the real line.

The commutator ideal of C*({Cy, : 0 < s < 1}) is non-trivial and contains a
large collection of non-compact operators. For example, [Cy,, Cy,] is not compact
foralls,t € (0,1) [4], [7]. It is not known whether the ideal of compact operators
is contained in the commutator ideal or even in the full C*-algebra C*({Cy, : 0 <
s < 1}). As a step toward answering these questions, we prove, in Section 5, that
C*({Cyp, : 0 < s < 1}) is irreducible, which implies that the two questions are
equivalent.

2. SOME RELATED SPACES AND OPERATORS

During the course of our investigations, we will use a variety of spaces and
operators. We now describe these spaces and establish our notation.

2.1. HARDY SPACE OF THE DISK. The Hardy space of the disk, denoted H?(D),
(e}
is the set of all functions f(z) = }_ a,z" that are analytic in the open unit disk D
n=0

and satisfy

(9]

||f”%{2(]n>) = Z ‘an|2 < oo,
n=0

The Hardy space has reproducing kernels «(z) = (1 —wz) ! forall w € D that
satisfy (f, kw)p2(p) = f(w) forall f € H?(D). More information about H?(D) can
be found in [15] and [17].

2.2. A UNITARILY EQUIVALENT SPACE: H?(). We define a measure y on the
half-plane Q = {z € C:Rez > —1} by

_ & TG +iy+ 1)
@D =L o

n=-—1

dydd, 2(x),

where 6,,/, is the measure on R having a unit point mass at x = 5 and I’ is
the gamma function. The measure y is finite with total mass equal to 1 [30]. For
convenience, we denote L?((2, 1) and L®(Q, 1) by L?(u) and L*(u), respectively.
For 0 < a < 1, the function f(z) = a? is in L?(u). The Hilbert space H?(u) is
defined as the closed linear span of {a*: 0 < a < 1} in L2(u).

The orthogonal projection of L?(j) onto H? () will be denoted P,,. For f €
L*(u), we define the multiplication operator Mg : L?(p) — L?(u) by M 8 =18
forall ¢ € L?(u) and the Toeplitz-like operator Ty : H?(j) — H?(p) by Trh =
Pufhforall h € H?(y). Note that for 0 < s,t < 1, T=Tp = Tsty2 = TeTe, and
T = Mg |2y, since sa* € H?(p) forall a € (0,1]. Thus, {Ts= : 0 <s < 1} isa
semigroup of commuting subnormal operators.
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A unitary operator V : H?(D) — H?(p) can be defined in the following way
[14]: For0 < a,b <1,

(2.2) (K(1—a) K(1-b)) H2(D) = (3% b%) 2 -

Define the operator V on the functions «(;_,) by V(1_,) = a®. The set {x(;_,) :
0 < a < 1} has dense linear span in H?(ID), and the set {a? : 0 < a < 1} has dense
linear span in H?(u). Since V preserves inner products by (2.2), it has a unique
extension to a unitary operator, also denoted V, from H?(D) onto H? ().

Our interest in the space H? (1) comes from the following theorem of Cowen
and Kriete:

THEOREM 2.1 ([14], Theorem 18). Let 0 <'s < 1. Then Cy,_is unitarily equiva-
lent to Tsz via V.

We will find that for many of our investigations it is more convenient to
study C*({Tsz : 0 < s < 1}) instead of considering C*({Cy, : 0 < s < 1})
directly.

2.3. A SECOND EQUIVALENT SPACE: THE NEWTON SPACE. The Newton space,
denoted W, is a Hilbert space of analytic functions on {z € C : Rez > —1} that
has the Newton polynomials,

1 lfn :0/
Niu(z) = {(1)712(2—1)(2—(”—1)) ifn>1
o =z 1,

as an orthonormal basis. Recall that the Newton polynomials satisfy
@3 (1-w) = ¥ Na2)",

for jw| < 1and z € C. The reproducing kernels for A are

T(z+w+1)

(2.4) Ky (2) = Tz+ 1) (@+1)

forw € Cwith Rew > —%.

Every function f € N has a non-tangential boundary function f({) that is
defined a.e. on the line Re{ = — %, and . is contained isometrically in L?(u) by
taking the values of a function on the line Rez = —1 to be those of the boundary
function [32]. In fact, since the linear span of {a* : 0 < a < 1} is dense in N/
[30], we can view N as a subspace of H?(j). Moreover, the map Uj that restricts
a function ¢ € H?(u) to the representative function f(w) = (g, Ky) H2(y) on the
open half-plane {w : Rew > —1} is a unitary operator from H?(u) onto A\ that
satisfies f = g p-almost everywhere on the open half-plane. Note that U;a* = a*
forall0 < a < 1.
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2.4. A THIRD EQUIVALENT SPACE: H?(ji). The map ¥(z) = 1% takes D onto Q.
We define the measure fion Dby i = po ¥ and 7i({1}) = 0. Let L?(i) and L* (i)
denote L?(ID, 1) and L* (D, i), respectively. We define the Hilbert space H?(ji) to
be the closed linear span of {a*/ (12 : 0 < a < 1} in L2(fi). It is clear that the
map Uy, defined by
n n
(L) = L

j=1 j=1
forn € Nand 0 < aj < 1forj =1,...,n, extends to a unitary operator from
H?(u) onto H?(ji).

We denote the projection of L?(7i) onto H2(ji) by Py. For f € L*(j), we
define the multiplication operator My : L?(ji) — L*(ji) by Myg = fg for all
¢ € L2(ji) and the Toeplitz-like operator Tf : H2(i) — H?(ji) by Tf h = P;fh for
allh € Hz(ﬁ). Note that, for 0 < s < 1, TSZ/(1_2> = Msz/<1—z)|H2(ﬁ) and UpTy: =
T/ U

One advantage of studying operators in this space is that the support of ji
is the union of the circles Cy, with centers " and radii ;1 form = 0,1,2,.

a compact set in C. Also, H?(i) is the closure of the polynormals in L2 () [30]
These facts will be key ingredients in proving that C*({Cy, : 0 < s < 1}) is
irreducible.

2.5. HARDY SPACE OF A STRIP. For a set | C C, let Hol(J) denote the set of all

functions analytic on J. For a,b € R with a < b, we define a strip S(a,b) := {z €
C:a < Rez < b}. Then the Hardy class H?(a, b) for the strip S(a,b) is

{F € Hol(S(a,b)) : sup [ |F(x+iy)>dy < oo}.

a<x<bR

Functions F(z) in H?(a, b) have boundary functions

Fla+1iy) = xli)r?+ F(x+iy), F(b+iy) = xligl* F(x +1iy),

which exist almost everywhere and in the metric of L?(R)[33] and satisfy a Three
Lines-type Lemma:

THEOREM 2.2 ([1], Theorem 2.3). Let F € H?(a,b). Leta < a < B < v < b.
Then

IF(B+iy) |2y < (@ +in) 20 I F(y +iy) | B ).

The Newton space is related to the Hardy space of a strip by the following
theorem:

THEOREM 2.3 ([32], Theorem 1.6). If f(z) € N, then the function I’ (z+1) f (z)
is in H2(—3, &) for every & € (—3, ).
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2.6. HARDY SPACE OF THE LINE AND ALMOST PERIODIC FUNCTIONS. We set
L*(R) := L*(R,m), where m is Lebesgue measure, and we denote the Fourier
transform on L2(R) by F. The Hardy space H?(R) is the subspace of L2(R) of
all functions f for which Ff is supported on [0, ). The subspace is non-trivial
and is the subspace of L?(IR) consisting of the boundary values of functions in the
Hardy space of the upper half-plane.

We are also interested in a class of continuous functions on R. For & € R,
we define x4 : R — C by x4(y) = e for all y € R. Finite linear combinations
of the functions {x, : « € R} are called trigonometric polynomials. A continuous
function f : R — C is called almost periodic if, for all € > 0, there exists a trigono-
metric polynomial T¢(x) such that |f(x) — Te(x)| < € for all x € R. The space
of all almost periodic functions is denoted AP(R). The theory of almost periodic
functions was created by H. Bohr and has been thoroughly developed over the
course of the last century [2], [3], [12], [31].

The orthogonal projection of L2(R) onto H?(RR) will be denoted by P,,. For
f € L®(R) := L*(R,m), we define the multiplication operator My : L*(R) —
L*(R) by Msg = fg forall g € L*(R) and the Toeplitz operator Wy : H*(R) —
H?(R) by Wgh = Py, fh for all b € H?(R). We are particularly interested in the
collection {W,, : « € R*}, where R* denotes the set of positive real numbers. If
a € RT, then Wy, = My, |p2(w)- The C*-algebra C*({Wy, : « € R™}) has been
studied extensively [8], [9], [10], and its structure modulo its commutator ideal is
described by the following result:

THEOREM 2.4 ([9]). Let Cyy be the commutator ideal of C*({Wy, : & € RT}).
Then

C*({Wy, :a € RT})/Cy = AP(R).

3. JOINT APPROXIMATE POINT SPECTRA

The joint approximate point spectrum, denoted cap (A1, ..., Ay), of a finite set
{A1,..., An} of commuting bounded operators on a Hilbert space # is the set

{(A,.. 0 An) €C": B(H) (A1 —MI)+ -+ B(H)(An — Aul) # B(H)}.
By the work of J. Bunce [6], 0ap (A1, ..., Ay) is a non-empty compact set, and
(3.1) Oap (A1, ..., Ap) C Oap(A1) X Oap(A2) X -+ X Oap(An).

An equivalent characterization is that (A1,...,Ay) € Oap(Ay,..., Ay) if and only
if there exists a sequence {x,, } of unit vectors in H such that

Jim {[(Aj = AjDxm|3 =0

forallj € {1,...,n} [18]. Thus, for n = 1, 0ap (A1) is the usual approximate point
spectrum, i.e. the set of all A € C such that A; — Al is not bounded below.



A SEMIGROUP COMPOSITION C*-ALGEBRA 587

The connection between the joint approximate point spectrum of a collec-
tion of hyponormal operators and the C*-algebra generated by the operators is
identified in the following theorem of Bunce:

THEOREM 3.1 ([6], Corollary 4). If Ay, Ay,..., Ay are commuting hyponormal
operators, then 0ap (A1, ..., Ay) equals

{(p(A1),...,p(An)) : pis a character on C*({A1,..., An})},
and if
J={p (0) : pis a character on C*({A1,..., Au})},
then
C'({A1,..., Au})/] = Cloap (A1, ..., An)).

Note that the ideal | is the commutator ideal of C*({A1,..., A, }), and the
map from C*({Ay,...,An})/] onto C(oap(Ay,...,Ay)) is simply the Gelfand
transform.

Both the definition of the joint approximate point spectrum and Theorem 3.1

can be extended to infinite collections of operators. For a family S = {A, : a €
A} of commuting hyponormal operators, we define

Oap(S) = {{0o(Aa) }aca : p is a character on C*(S)}.

By Proposition 5 in [6], 0ap(S) is the inverse limit of the sets oap(Ay : & € F),
where F C A is finite, and thus 0,p(S) is a compact set. As suggested by the
notation, we call 7ap (S) the joint approximate point spectrum of S.

THEOREM 3.2 ([6]). Let S = {Ay : & € A} be a family of commuting hyponor-
mal operators. Let C be the commutator ideal of C*(S). Then

C*(8)/C = Cloap(S)).

3.1. CALCULATING 0ap(Tsz, ..., Tg;). Since {Te= : 0 < s < 1} is a collection of
commuting subnormal, and hence hyponormal, operators, Theorems 3.1 and 3.2
can be applied to the unital C*-algebras generated by these operators. Thus, we
wish to determine the joint approximate point spectra of finite subsets of {Ts: :
0 < s < 1}. We begin our investigations with an inner product calculation.

LEMMA 33. Let 0 < s,t < Land w € C with Rew > —3. Let ko = g4

be the normalized reproducing kernel function for N corresponding to evaluation at w.
Then

Swtw

(S +t— St)ZRew+1 :

<T;; Tsz kw/ kw>H2(y) =

Proof. Recall from (2.4) that

I'(z4+w+1)
Fz+1H)r(w+1)

[(2Rew +1)
and  [|Kol|Fz2,) = IKall3 = T@+ P

Kulz) = H2()
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Thus, we find that
<Tt>§ TSka, kw>H2(]/l) - <M52kw, Mtzkw>L2(]4)

Y F+to+ )P [F@+ 1P
N IF(z+1)]2|T(w+1)]2T(2Rew + 1)

0

[e0]

i / g/ 2+iygn/2—iy |F(% +iy+w+1)|2dy
I'2Rew +1)27t(n+1)!

n=—1_"
52) _ 00 (St)n/Z( )1Imw 7eiln(t/s)a|1—'(n+2+22Rew —0—i0()|2d06
' . 2m(n+ 1) [(2Rew + 1)

by applying the definition of i and using the change of variable « = y — Imw to
obtain the last line. Note that, forn € {-1,0,1,...},

I'(n+2+2Rew)
: = —2Rew — 1)I'(2R 1).
(3.3) CESI Nyi1(—2Rew —1)I'(2Rew + 1)
Since n + 2 + 2Rew > 0, we can use a table of integrals ([19], p. 30) to show
that
n+2+2Rew ;
/ |F ti )| e—iln(t/s)zxd“ _ Psech(ln(g) )} n+2+2Rew
2 (n+ 2 +2Rew) 2 )
\/E n+2+2Rew
(3.4) _ L . } '
s

By applying (3.3) and (3.4) to (3.2) and recalling property (2.3) of the Newton
polynomials, we obtain

00 5 /8 imw \/st 11 +2+2Rew
(TE Totkio, o) 2y = n;1<st>"/ (;) Nia(~2Rew —1) [ X ]
W st n+1
W st \ —2Rew—1 sWHP
_(t+s)2Rew+1( - t+s) _(SthfSt)ZRew'H. !

We can apply the previous lemma to determine a set of points that is con-
tained in the joint approximate point spectrum of {Tsi’ v T}

LEMMA 3.4. Letn € Nand 0 < sy,8p,...,5, < 1 withs; # s if j # k. Then

{72 s VP Ly e RYUL(D,..,0)) C 0ap(Tez, -, Tz)-

Proof. To show that (0,...,0) € aap(Tsﬁ,...,Tsﬁ), let wy, = % for ¢ € N, and
consider the sequence {k, }scr of normalized reproducing kernel functions for
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N. Then by Lemma 3.3,
l
S
ITskoongy = ey = moeer (55 ).
;T (25 = s7) (255 —s7) \2 -5

for 1 < j < n. Thus, ||Ts]2-sz||H2(y) — 0as ¢ — ocoforallj € {1,...,n}, and
(O,,O) ea—ap(Ts%/'-'/Tsﬁ)'

Now consider A = (Ay,...,A,) € {(sfl/ZHy,. ) .,s,}l/zﬁy) :y € R}. Fix a
sequence {y,}7° ; of real numbers such that

L —1/2+i —1/2+iy,
lim (s 2 s Ay 2 )
{—ro0

Notice that since lim s; /™" = Ajfor1 < j < n,itis required that |A;| = s;l/ 2

(—oo |
forallj e {1,...,n}.
Let w, = —3 +  +iy, for £ € N, and consider the sequence {ku, }sen of
normalized reproducing kernel functions for N'. For 1 <j < n,
we o
H(Ts]Z */\]I)kwéH%{z(M> = J ] fZRe)\]-sWJr |)L]|2

(25], _ S]Z)ZRe wp+1

1 1 2/0 _ s 1
- f( ) _DRedjs. VAW 2
2—5]' 17 J S]‘

. 1 2/¢ ] o )
lim ( _ ) =1=lims!" and lim Ajs; 124y, _ |A],|2 —s 1
f—00 \2 §j 1 Se0 ] e i j

we obtain that H(Ts]z — AiDkw, |2y — 0 as € — oo for 1 < j < n. Hence,
/\GO’ap(Tsﬁ,...,ng’). [ |

We want to show the the points specified in Lemma 3.4 are the only points
in the joint approximate point spectrum. We need an additional tool to help us ex-
clude some of the other points. Given a measure space (X, v), let 91, ¢2,..., ¢n €
L*®(X,v). The joint essential range of ¢1, ..., pn, denoted &, (@1, ..., ¢n), is the set
ofall (Aq,...,A,) € C" such that, forall e > 0,

v({z eX: ihoj(z) —Ajl < s}) > 0.
j=

Note that, for n =1, £, (¢7) is the usual essential range of ¢;. In our case, X = (2
and v = y, the measure defined by (2.1).

LEMMA 3.5. Letn € Nand 0 < s1,82,...,8, < 1 with S # sgif j # k. Then
Uap(Tsir---rTs,ﬁ) C &u(si,...,s0)
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Proof. The arguments in this proof follow closely those of the proof of The-
orem 5.2 in [16].
Let (Ay,...,An) € C*"\&y(s7,...,s;;). We want to show that there exist

Y1, ¢, ..., P € L°(p) such that 'il 1/1]»(5]? — A;) =1 p-almost everywhere. In that
]:

case, Z Tl/J ( z—)\ I) T):}izl l/J/-(SZ—/\/-):I’ and, thus, (Al, e ,/\n)éaap(TS%, .. '/Tsf,)'
j=

Suppose not, i.e. suppose that for all ¢5,...,9, € L®(n), i ¥i(si —A)
j=1

is not invertible in L (). This is equivalent to saying that, for all ¢ > 0 and

P1,...,Pu € L®(u),
s —/\] ’ })>0.

({zen

By setting ¢; = s s? — Aj, we obtain that

y(El() {ZEQ Z|s —A|2<e})>0
forall e > 0. Butsince A & £,(s5, ..., s5,), there exists ¢ > 0 such that
y(Ez() {ZGQ Z|s —/\\<e}):0.

However, forall z € C,

Fi-ni< (£ -0 (£1)" = (5 4)
=t =1 j=1 j=1

1/2

by the Schwarz inequality. Thus, if ¢ = (E,)Z, Ei(e) C Ex(¢’) and u(E1(e)) = 0,
which is a contradiction. 1

COROLLARY 3.6. Let 0 < s < 1. Then
Oap(Te2) C {sw :Rew = %m = -1,0,1,... } u{o}.

We now temporarily restrict to the case of one operator. To be able to deter-
mine when an operator Ty — Al is bounded below, we need to obtain a certain
upper bound on the norms of functions in H? ().

LEMMA 3.7. If f € H?(u) and m € N U {0}, then

i 7‘f 2|r( +1+iy)|2dy
_Thpm 2n(n+1)!

35  flFg < (m+3
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Proof. Let f € H?(u) and m € NU {0}. By the relationship between H?(u)
and N, there exists g € N with f = ¢ p-almost everywhere. Then F(z) :=
g(z)I(z+1) € H*(3, ™F1) by Theorem 2.3, and hence F € H?(";1, "r1) By
Lemma 2.2,

1 1/2 m41 L2
06 |r(5 +w)], < [r(F7= +w)l, - JF (= )l
where || - ||z indicates the norm in L?(R) and y is the variable. By manipulating
(3.6), we obtain
IF (% +iy)lI3 X{|F("12‘1 +iy)[13 (m+2)||F(m§rl+iy)||§}
2n(m+1)0 (m+1)27(m!)’ 27t(m +2)!
IEC" T +iy)ll3 | IIF(" +1y)13
: <
(3.7) (m+2>< 27t (m!) 27 (m + 2)! )

By filling in the definition of F, (3.7) becomes

ot

27t(m+1)!
T IT("5 +1+iy))?
m+2 /‘g —H)’ 27T(m!) dy
20 (" +1+1iy)?
(58) +/‘g 7+1 )‘ 271(m +2)! dy).

By replacing the expression in the parentheses on the right hand side of (3.8) by

o © ) 2
o B TRl

and then adding (3.9) to both sides, we obtain (3.5) with f replaced by g. Since
f = g p-almost everywhere, we have (3.5) as written in the statement of the
theorem. 1

We can use the preceding results to identify the approximate point spectrum
of a single operator of the form Tj.

PROPOSITION 3.8. If0 < s < 1, then the approximate point spectrum of Ts: is
ap(Tez) = {s7V/2 W .y e R} U {0} = s /2T U {0}.
Proof. By Lemma 3.4 and Corollary 3.6,

{571/2+iy cy e RYU{0} C Oap(Tsz) C {sw :Rew = %,m = —1,0/1/---}U {0}.
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Let zg = & +iyp for m € NU {0} and yp € R. We want to show that
§%0 ¢ 0ap(Tsz). Note that, for z = 5 +iy, wherey € Rand n € NU {0, -1} with
n #m,

|7 — 57| > |s"/% —s"™/2| > "/2 . min{|s"/? —1|,|s71/2 = 1|} := Ay .

By Lemma 3.7 and the definition of u,

(T =D R, = / 5 =592 £(2) Py

. /°°A )‘ IT(4 +1+iy)Pdy
:7l,n#m . 2rt(n+1)!
z m+3 )

forall f € Hz(y). Thus, Tsz — 51 is bounded below, s0 5% ¢ 0ap (Tsz).

We now return to the case of considering an arbitrary finite number of op-
erators. By Lemma 3.5, Proposition 3.8 and (3.1),

n
(3.10) Oap(Tz, -, Tz) € E(s5, .., 57) mg{sj*m?r U{0}}.

We study the space on the right hand side of (3.10) through the following lemmas:
LEMMA 3.9. Letn € Nand 0 < s1,83,...,8; < 1 with Sj # sy if j # k. Then

Eu(s5,...,52) N r{{sfl/zqr u{0}}
]:

is contained in

{5#(55,. L8N ﬁsjl/zw} u{(0,...,0)}.
i

Proof. The statement is trivially true if n = 1, so we assume n > 2. Suppose

n
(A, An) € Eulsi, ..., s) ﬂjgl{sj—l/qu U {0}} with Aj; = 0 for some jy €

{1,...,n} and Aj, # 0 forsome j; € {1,...,n}\ {jo}. Since A; # 0, there exists

~1/2+i
Yj, € Rsuchthat A, =s; Y,

Lete = mm{l = ~1/2 _1}. Suppose that z € C with Rez = % for some
me {-1,0,1,...}. If m > 0, then

2

71/2+iyf1| > 571/2
> s;

i |7, |>s*1/2 1>,

) i

(3.11) |s]Z-1 Ayl = |s]‘?1 -
and

(3.12) s, —0l>1>¢



A SEMIGROUP COMPOSITION C*-ALGEBRA 593

if m = —1. Therefore,

y<{260:i|5?_Aj| <e}) =0,
i=

which contradicts the fact that (Ay,...,Ay) € £,(s],...,s;) and thus proves the
lemma. 1

LEMMA 3.10. Letn € Nand 0 < s1,s2,...,5p < 1 withs; # s if j # k. Then

n n B
Eulst s N Ts; 2T € {(s) /2, sy 2T cy € RY.
i=1

Proof. For j = 1,2,...,n, consider the function l/Jsj : R — C defined by

¥, (y) = 5;1/ >t We can view Ps; as §%|Rez=—1/2- By restricting the measure y
to the line Rez = —1 in a similar way, we obtain a measure i on R given by
o _ TG +iy)P
dif = —=—"—dy.
H b Y

Notice that ¢, € L¥(R, i) for all1 < j < n. Using the idea behind equation
(3.11) in this setting, it is easy to show that

n
Eu(s3, ..., 5%) ﬁl—{s]._l/z’ﬂ‘ C &ty - s,)-
]:

Since ji is mutually absolutely continuous with respect to Lebesgue measure and
lpsj is a continuous function for 1 < j < n,

T2ty S;l/2+iy) .y € R}

5;7(‘/’51/'--1/’5;1) = {(51
which proves the lemma. 1
Combining the results of Lemmas 3.4, 3.5, 3.9, and 3.10, we obtain the fol-
lowing theorem that includes the results of Proposition 3.8 as a special case.

THEOREM 3.11. Let n € Nand 0 < sq1,sp,...,8, < 1 with S # seifj # k.
Then

—1/2+i —1/2-+i
Oap(Tts -, Ta) = {(0,...,0)}U{(s; /21, s, /21 Y) cy € RY.
The following corollary of Theorem 3.11 is immediate from Theorem 3.1.

COROLLARY 3.12. Letn € Nand 0 < s1,8,...,5, < 1 with S #spif j # k.
Let Cys,,.. s,y be the commutator ideal of C*(Tgz, ..., Ts; ). Then

* ~ —1/2+i —1/2+i
C (Tsﬁr-"/TS'Z)/C{sl,...,sn} = C({(Sl / +ly1--~15n / +1y) Yy e R}) o C.
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3.2. INVESTIGATING THE SHAPES OF THE SETS 0ap(T, ..., Tz ). We would like

to use Theorem 3.2 to determine the structure of C*({Tsz : 0 < s < 1}) modulo
its commutator ideal. Thus, we need to understand the shapes of the joint ap-
proximate point spectra of all finite subsets of {Tsz : 0 < s < 1} so that we can
compute the needed inverse limit. The structures of these spectra depend on the
relations between the numbers In(sq),...,In(s,) via Kronecker’s Theorem. The
following version of Kronecker’s Theorem is included in [31].

THEOREM 3.13 (Kronecker’s Theorem). Let aq,a9,...,0y,601,0o,...,0, be ar-
bitrary real numbers. For the system of inequalities

lagt — 6] <6 mod2r (k=1,2,...,n)

to have consistent real solutions for any arbitrarily small positive number J, it is nec-
essary and sufficient that every time the relation kyaq + koay + - - - + kpay = 0 holds,
where k1, ko, ..., ky are integers, we have the congruence

k167 + ko6 + -+ -+ kn0, =0 mod 271

The simplest case of Kronecker’s Theorem is when aq, a, . . ., &, are linearly
independent over Z. A finite collection {1, &y, ..., &, } of real numbers is linearly
independent over Z if kiay + koay + - - - + kya, = 0 with ky, ko, ..., ky € Z if and
onlyif ky = kp = --- = k; = 0. In this case, we can combine Theorem 3.11 with
a method used by Bottcher, Karlovich, and Spitkovsky in Corollary 1.13 of [5] to
straight-forwardly show the following result:

COROLLARY 3.14. Letn € Nand 0 < s1,8p,...,8,; < 1 with S #spifj £k If
the numbers In(s1),1In(sz),...,In(sy) are linearly independent over Z, then

Oap(Tz, -+, Tg) = {(0,..,0)} U (s /2T x5, /2T x -+ x5, 1/2T).
The other case in which the shape of 7,p (Tsﬁ, ..., Tz ) is easy to determine is
the case in which all of the In(s;) are rational multiples of each other.

LEMMA 3.15. Let n € Nand 0 < s1,82,...,8, < 1 with s; ;é sp if j #
k. Suppose there exist integers ay,...,ay, by, .. bn such that ln(s]) =4 ln(sl) and

1/2+1y 1/2+1y)

ged(aj, bj) = 1forj=2,...,n. Then the range of (s; is closed, so

-1/2 5112
Oap(Tsg -+ Tg) = {0, 0} U{(sy Y, ”‘y) y € R}
Proof. Let M = lem(by, ..., by]. Let p : R — C be defined by
-1/2 12
) = (5 s ),

51 se++s5n

Clearly, ¢ is a continuous function. We want to show that ¢ is periodic with
period _21?14(’;1). Lety € Rand k € Z. Then it is clear that

s/ 2Hi(y+k(@Mn/ (=In(s1))) _ —=1/2+y JIn(s))ik(2M7/ (~In(s1))) — g~ 1/2+iy
1 -1 -1 :
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If2 <j<n,then

§TV/2Hi(y+k(2Mn/ (= 1In(s1)))) _ ~1/241y (a;/b)) In(s1)ik(2M7/ (= In(s1))) — g~ 1/2+y
J J ]

since b; divides M. Thus, ¥ is a periodic function with period — 2M” , so P(R)

= ([0, = ZM” & ]), which is a closed set. &

Notice that in the case of Lemma 3.15, oyp (Tsﬁ, ..., Tz ) consists of the point
(0,...,0) and a closed curve that is homeomorphic to T. Thus, the two distinct
cases described in Corollary 3.14 and Lemma 3.15 lead to joint approximate point
spectra that are not homeomorphic to each other.

The preceding investigations fully determine the possible shapes of the joint
approximate point spectrum of two operators from {T;: : 0 < s < 1}. To con-
sider three or more operators, one must investigate a larger number of possible
relationships between In(s1),In(sy), ..., In(s,), and the determination of the joint
approximate spectrum requires the full version of Kronecker’s Theorem. Even
for three operators, the calculations quickly become quite complicated.

3.3. CALCULATING 0ap(Wy,, ;- .-, Wy,, ). Due to the complexity of the joint ap-
proximate point spectra, it appears impractical to determine directly the struc-
ture of the inverse limit of all joint approximate point spectra of finite subsets of
{Ts : 0 < s < 1}. Instead, we will build a similar framework for Toeplitz oper-
ators on H?(R) and determine the desired inverse limit by connecting the spec-
tral results for the two collections of operators and recalling that the structure of
C*({Wy, : @ € RT}), modulo its commutator ideal, is described by Theorem 2.4.

For these purposes, we want to understand the joint approximate point
spectra of finite subsets of {W,, : « € R"}. We begin with a result of Dash that
identifies the joint approximate point spectrum of any finite collection of multi-
plication operators on L?(R).

THEOREM 3.16 ([16], Theorems 5.2,5.3). Ifn € Nand ¢1, ¢2,..., ¢ € L°(R),
then

Oap(Mgy, ..., Mg,) = En(@1,---, Pn)-

To use Theorem 3.16 in our setting, we apply the methods used in the proof
of Theorem 1 in [9] to multiple operators to prove the following lemma. In the
statement of the lemma, we restrict to maps ¢1,..., ¢, € L*(R) N HZ(R) since
the joint approximate point spectrum is only defined for collections of commut-
ing operators. We could have alternately considered ¢4, ..., ¢, € L®(R) with
Py, 9, € HX(R).

LEMMA 3.17. Let n € Nand @1, ¢a,. .., pn € H*(R) N L®(R). Then

Oap(Mg,, ..., My,) € 0ap(Wy,, ..., Wy,).
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Proof. By replacing ¢; with ¢; — A, it suffices to show that if (0,...,0) €
Oap(Mg,, ..., My, ), then (0,...,0) € gap(Wp,,..., Wy, ). For 1 < j < n, consider
the net of operators {B; } e+ in B(L?*(R)) defined by

Bja = M}, Wy, PuMy, = M, PuMy, M5, My PyMy,
In [9], Coburn and Douglas showed that, for all j € {1,...,n}, thenet {B); }ycr+
converges to My, in the strong operator topology on B(L?(R)). They also showed

that { M PyMy, }cr+ converges strongly to I, the identity operator on L*(R).
Suppose (0,...,0) € oap(My,,..., My, ). Let e > 0 be given. Then there
exists a unit vector f € L?(R) such that

€
1My, fll2 < 5

forall 1 < j < n. Since {Bj,},er+ converges strongly to My, there exists, for
each 1 < j < n, anumber Xjo € R™ such that if & > X0, then

€

(3.13) [[Wep; P My fll2 = | My, W PuMy. fll2 = [|Bjafll2 < 5-

We set ag := ax {ajo}. Similarly, since the net {M} PyMy, }ycr+ converges
s/sn

strongly to I and f is a unit vector, there exists By € R*, such that if & > By, then
1
(3.14) 1PuMyo fll2 = | My, PnMy fll2 > 5
Combining (3.13) and (3.14), we find that if v > ag + B, then
€
[[We; PunMy, fll2 < 5 < el P My, f|2-

Thus, we can construct a sequence {f;}% ; of unit vectors in H*(R) that satis-
fies Wy, fell 2y — 0 as £ — oo foralll < j < n. Therefore, (0,...,0) €
Tap(Wey, - Wo,). 1

We now restrict our attention to the Toeplitz operators on H?(R) induced
by the maps in {), : « € R }.

THEOREM 3.18. Letn € Nand aq, a5, ...,a, € RY with wj # ay if j # k. Then

Tap(Wyay s+ -+ W) = {(Xe (), -+ Xau () 1y € R}
Proof. By Theorem 3.16 and Lemma 3.17,
Em(Xays -+ -1 Xan) S Oap(Wyyy s+ Wy, )-

The reverse inclusion can be proved by repeating the arguments of the proof of
Lemma 3.5. Since the functions x4, . .., Xa, are continuous on R,

Em(Xaysr- s Xaw) = {(Xey W)+ X (V) sy €ER}.
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4. THE STRUCTURE OF C*({Cy, : 0 < s < 1}) MODULO THE COMMUTATOR IDEAL

We will use the results from the previous section to show a connection be-
tween the set {T,..., Tz} in B(H?(u)) and a collection {Wxoys- - Wy, } 0
B(H?(R)). This relationship will be a key ingredient in identifying the structure
of C*({Cy, : 0 < s < 1}) modulo its commutator ideal.

THEOREM 4.1. Let n € Nand ay, a0, ..., 0y € R with aj # ay if j # k. Then
U'ap(e_al/zTefalz, ce ,e_lxn/zTe—zxnz) = {(O, e ,O)} U UaP(WXal Ry Wthn )
Proof. By Theorem 3.11, 0ap (T, w2, . - ., Te-wnz) equals

{(0,...,0)} U {(emma(-V/2Hy) e~an(-1/24iy)) . y € R}.

Then by simple arguments and Theorem 3.18,

ap (€7 2Ty apz, .o, e 2Ty az) = {(0,...,0)} U {(e ™11, ... e @) : y € R}

={00,..., 0 U{(Xa, (¥), - - -, Xan (¥)) : y R}
= (0,1, 0)} Udap(Wy, -, Wy, ) B

We will now construct two inverse limit systems. Consider the set P of
all non-empty finite subsets of R*, which is partially ordered by inclusion. For
clarity of notation, if F € Pf; has n elements, then we write F = {a1,a2,..., 45},
where a7 < ap < -+ < &y

For F = {ay,a,..., a5} € Pﬁt\/ we define two sets:

0fF = U'ap(wxwl, ceey WXIXn ) and 5]: = Uap (e_“l /zTe—aclz, e ,e_an/ZTe—zxnz).

Notice that, for all F € P, or = {(0,...,0)} Ucr. We consider these sets as

topological spaces in the relative topology from CIFl. We first investigate the
connections between the open sets in the spaces.

LEMMA 4.2. Let F € P . Then the collections of open sets in op and Tp are
related in the following way:

{W : Wisopenin o} ={E : Eis open in op}U{EU{(0,...,0)} : Eis open in of}.

Proof. Let W be an open set in or. Then W = V N 0f, where V is an open
subset of CIFl, so V N o is open in f. But VNer = (VNor) U(VN{(0,...,0)}).
Thus, W=V Nogif (0,...,0) 2 W,and W= (VNor)U{(0,...,0)}if (0,...,0) € W.

Let E be an open set in op. Then E = U N o for some open set U in CIFl. Let
A1/4(0) be the open polydisk in CIF| centered at 0 with radius 1. Then E = U N

(C\Aq1,4(0)) Nop =UN(C\ Ay,4(0)) N0 because all components of elements
in op have modulus 1. Hence E is open in op. Also, EU{(0,...,0)} = (UU
A1/4(0))Nop,s0o EU{(0,...,0)} is open in of as well. 1
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For F,G € P4 with F C G, we define the map 7trg : 0 — of as the
projection onto the coordinates coming from the elements of F. This map is well-
defined and surjective due to the properties of the joint approximate point spec-
trum. The map 7irg : 0g — 0 is defined equivalently. Note that if F C G and
z € Og, then 7pg(z) = mrg(z) for z € o and 7pg(z) = (0,...,0) € CIFl for
z=(0,...,0) e ClGl.

The maps 7 and 7ipg are clearly continuous. If F € Pﬁ+n’ then 7trr and
ricr are the identity transformations. Also if F, G, and H are in Pgn with F C
G C H, then mpgmigy = mry and Tpg7Tgy = 7. Thus, {{Jp},{ﬂp(;}} and
{{7r}, {7trc}} are both inverse limit systems of topological spaces over P .

We can construct the inverse limits of these systems as subspaces of ap-
propriate product spaces. Recall that if we have a collection of topological spaces

{Xa}nen, then the product space [T X, is the space of all functions f : A — | X,
A acA
that satisfy f(a) € X, for all &« € A. For ease of notation, we will write elements

of [T X, as nets {x,}, where x, = f(a) for all & € A, instead of writing them as
A

functions. A basis for the product topology on [T X, is
A

{HU,X : Uy isopenin X, forall @ € A,
A

all but finitely many of the U, are equal to X, }

We construct the spaces

H(W) = {{XF} S HO’F : NFG(XG) =xp VF C G} and

a(T) = {{fp} S Ha'p : ﬁpc(f@) =Xp VF C G}

+
pﬁn

Then, by standard facts about inverse limit systems of topological spaces, we
have thata(W) = lim o and a(T) = lim o, where lim indicates the inverse limit

taken over P; . The spaces a(7) and a(W) are non-empty, compact Hausdorff
spaces in the relative topologies from the product topologies on [] ¢r and [] o,
P P

respectively. For these and other facts about inverse limit systemf;nof topolofgical
spaces, see [21].

Notice that the net {¥¢}, where ¥ = (0,...,0) € CIFl forall F € Py, is
an element of (7). For clarity, we denote this element by {(0,...,0)r} to distin-
guish it from the singleton set {(0,...,0)} contained in an individual 7.

THEOREM 4.3. Let a(W) and a(T) be defined as above. Then
4.1) a(T)={(0,...,0)p} Ua(W).
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The open sets in a(T") are the sets of the form V and {(0,...,0)g} UV, where V is an
open set in a(W).

Proof. Let {xr} € a(W). Then xf € op C 0 forall F € P . If F C G, then
7irc(xg) = mpg(xg) = xp. So {xr} € a(T). Also, as noted above, {(0,...,0)r} €
a(T).

Let {Xr} € a(T). Suppose Xr # (0,...,0) for all F € P . Then X¢ € o
for all F € Pi::_n Also if F C G, then mtrg(Xg) = 7ipg(Xg) = Xp. Thus {Xr} €
a(W). Now suppose there exists a set F € Py such that Xy = (0,...,0). For all
Ge Pﬁ+n' all elements of 0 either have all components being zero or all non-zero
components. Since {Xp} € a(T), it follows that Xp = (0,...,0) forall F € P
by the definitions of the maps 7irg. Hence {xXr} = {(0,...,0)r}. Thus, we have
shown (4.1).

The relationship between the open sets of the two spaces is easy to show by
using the bases for the topologies on the spaces and Lemma 4.2. &

COROLLARY 4.4. Let a(T) and a(W) be defined as above. Then the map P
C(a(T)) — C(a(W)) @ C defined by y(f) = (f|a(W),f({(O,. ..,0)p})) is an iso-

metric x-isomorphism.

Proof. Since a(W) can be viewed as a subspace of a(7) with the relative
topology, it is clear that ) is well-defined. It is simple to show that ¥ is linear,
multiplicative, *-preserving, and isometric. We just need to check that ¢ maps
C(a(T)) onto C(a(W)) & C.If (f,c) e C(a(W))®C, then define g : a(T) — C by

~ X if {x 0,...,0)r},
g({xF}): f({ F}) ' {~F}7_é{( )F}
C 1f{xp}—{(0,...,0)p}.
If V is an open set in C, then ¢~!(V) is equal to either f~}(V) or f~1(V) U
{(0,...,0)g}, both of which are open sets in a(7") since f € C(a(W)). Hence
g € C(a(T)),and 9(g) = (f,c). Therefore, ¢ is surjective. &
We now combine our results to prove our main theorem:

THEOREM 4.5. For 0 < s < 1, let ¢s(z) = sz+ (1 —s). Let C denote the
commutator ideal of C*({Cgp, : 0 < s < 1}). Then there exists a x-homomorphism
P :C*({Cy, : 0 < s <1}) = AP(R) @ C such that

0—>C<—>C*({C(ps:O<s<1})i>AP(R)@<C—>0

is a short exact sequence.

Proof. Let a(W) and a(T) be defined as above. Since a(W) and a(7) are
inverse limits of {{or},{mr}} and {{0r}, {7tr}}, respectively, a(WW) and a(T)
are homeomorphic to oap({Wy, : @ € RT}) and 0ap({e /% Tow: : @ € RY}),
respectively. Thus, by Corollary 4.4,

Cap({e /2 Tyse s & € RY})) 2 Cloap({Wy, s € RF})) @ C.
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Let Cyy and C7 denote the commutator ideals of C*({W,, : « € RT}) and
C*({e /2T, w: : & € RT}), respectively. Then, by Theorem 3.2,
C*({e ™ ?Tew: :a €RY})/C7 = C0ap({e */?Tpez :a € RT}))
= (C*({Wy, :a € R"})/Cp) & C.

Applying Theorem 2.4, we obtain

C*({e™*?T,w: : e € R*})/Cr =2 AP(R) ® C.
Hence, by Theorem 2.1,

C'({Cy,: 0<s<1})/C= AP(R)® C. 1

We can explicitly describe how the *-homomorphism 1 acts on the gener-
ators of C*({Cg, : 0 <5 < 1}). For0 < s < 1, ¢(Cy,) = (s~1/2*¥,0), and
p(I) = (1,1). Using this description, we can obtain spectral information for a
dense set of operators in C*({Cp, : 0 < s < 1}). To simplify notation in the
following result, we extend the definition of Cy, to include Cy, = I. Then every
word in the generators of C*({Cy, : 0 < s < 1}) can be written in the form

(4.2) Cy., Cp Coy o s

where m is a positive, even integer, s1,s, € (0,1], and sp,s3,...,5,-1 € (0,1).
Note that a word of form (4.2) is the identity operator if and only if m = 2 and
51 =5, = 1.

COROLLARY 4.6. Let n € Nand co,cq,...,¢cn € C. Foreachj € {1,...,n}, let
m; be a positive, even integer, and let §j,2/8j3s -+ 1 Sjm; 4 € (0,1) and Sj,1,8j,m; € (0,1],
with either sj1 # 1 or Sjm; # 1if mj = 2. Consider the operator

n
A=cl+) ¢Cy C
=t

- Ch, €C({Cy, : 0<s < 1}).

C .
si2 Ps i3 Ps j,m]-

Then

n
—1/2+iy_—1/2—iy_—1/2+i ~1/2-i
{co} U {co + Zc]-s].,1 1ys].,2 lysj’:,’ Y.o.s Yiye R} Co(A).
=

jom;

5. 15 C*({Cy, : 0 < s < 1}) IRREDUCIBLE?

In this section, we consider the C*-algebra C*({Tsz/u,z) 10 <s <1})of
operators on H?(ji), which is unitarily equivalent to C*({Cy, : 0 < s < 1}). The
main reason for using this setting is that s is a compactly supported measure
on C, which allows us to take advantage of some known facts about subnormal
operators. We begin by recalling these facts.

Let v be a compactly supported measure on C. Let P?(v) denote the clo-
sure of the polynomials in L?(v). We define the operator S, : P>(v) — P?(v) by



A SEMIGROUP COMPOSITION C*-ALGEBRA 601

(Suf)(z) = zf(z) for all f € P?(v). Note that S, is a subnormal operator. Let
{Sy}’ denote the commutant of S,. Then a corollary to a theorem of T. Yoshino
[35] states:

THEOREM 5.1. Let v be a compactly supported measure on C. Then
{80} = {Mylp2(yy s ¥ € PP(v) N L= (v)},
where My denotes the multiplication operator My f = i f on L?(C,v).

This corollary and other facts about P?(v) and S, can be found in [11]. For
our investigations, we wﬂl take v = ji. Note that P?(ji) = H?(j) [30], and, for
any ¢ € P2(ji) N L= (i ), Mylp2() = = Ty. Moreover, S; = T..

Before we address the questlon of irreducibility, we establish a lemma about
functions in H?(ji) that will play a key role in our arguments.

LEMMA 5.2. If f € H2(ji), then P;f is a constant function.

Proof. First, let 0 < a,b < 1. Since U;Uj is a unitary operator from H2(ji)
onto N with U; Uj (ab)?/(172) = (ab)? and 1 = Ky € N, we have that

(0072, b/ (072)) 1o gy = {0/ 072, 0/ 09 oy = ((a0) 079, 1) 1o
(5.1) = ((ab)*, 1)x = (ab)° = 1.
Thus,

(@ (172), b/ 0-2) — 1) oy = (a%/(173), P/ (1-2) — P12/ (1-2)) o ) = 0,

Since 0 < a < 1 was arbitrary and the linear span of {aZ/(l_Z) :0<a<1}is
dense in H?(ji), P;b*/(172) = 1.

Let f € H?(ji). Then there is a sequence of the form { Z cn,jb, Z/ - Z)} )
n—=

that converges to f in L?(ji). Here, each ¢, j € C, and each b, E (0, 1].
Set v := (f, 1>H2(#)’ and let ¢ > 0 be given. Then there exists M > 0 such

that if n > M, then H Z cn,jb,, Z/ 1-2) fH 2 < 5. Thus, forn > M,

‘7 ZC”J ‘<f Z ity >Hz ‘\ Hf EC"J b L2 (1) <§
by (5.1) and the fact that ji(D) = 1. Also, for n > M,

HPﬁf_;—]ZZC”J H2<~):H i =P ZC’” b Hf Z iy Lz(ﬁ><§‘

Hence ||P;77 =Yl 2@y < e Since e was arbitrary, (Pﬁ f )(z) = 7 pji-almost every-
where. 1
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We now return to the question of whether C*({Cy, : 0 < s < 1}) is ir-
reducible. We will show that the C*-algebra is irreducible by showing that the
commutant of C*({T./a-z : 0 < s < 1}) consists of only scalar multiples of the
identity operator I on H?(ji).

THEOREM 5.3. The C*-algebra C*({Cy, : 0 < s < 1}) is irreducible.
Proof. Forany f,g € H?(ji), we calculate

] 09 £18) (s //”“Z S di(z)ds
0

62) [ [ et
0 D\{1}
(5.3) = / / e /173 f(2)g(z)dtdji(z)

_/ (1-2)f(2)8(x)di(z) = (T1—f, &) r(z)

where (5.2) is obtained via the change of variables s = e~ and an application of
the fact that ji({1}) = 0. The use of Fubini’s theorem in (5.3) can be justified by
the fact that [e=/(1-2)| < e "2 forallt > 0andz € D\ {1}.

Suppose that A is in the commutant of C* ({Tsz/(l_z) :0 < s < 1}). Since A
commutes with TSZ/(1,2> forall0 <s <1, then, forall f,g € Hz(ﬁ),

1
(ATiof )y = (Tiaf A"Shiegy = [(Teroa A" Sin g
0

1
= /(Tsz/<1—z>Af/8>H2(,7)dS = (Ti=Af, 8) (i)
0

Thus, A commutes with T;_, and hence T,. Since A must also commute with
T*Z 1 forall0 <'s <1, A* also commutes with T.

Then, by Theorem 5.1, there exists ¢, p € Hz(y) N L*(7) such that A = Ty,
and A* = Tp Since T* = Tp, we have that Tlp = Tpand

[ = Pibll 2y = (T = T) Ll gy = 0.

But, by Lemma 5.2, there exists 7 € C such that (P;p)(z) = 7 fi-almost every-
where. Therefore, (z) = 7 ji-almost everywhere, and A = Ty = yI. 1
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