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1. INTRODUCTION

On the Euclidean space R”, for 0 < a < n, the fractional integral or the
Riesz potential I, is defined by

_ 1 f(y)
W)= 50 | ey

Rﬂ

with y(a) = 7"/2I'(a/2)/T(n/2 — a/2). The celebrated result for I, is the
Hardy-Littlewood-Sobolev inequality (see [18]). The strong type (p,q), where
1 < p < ocand1l/qg = 1/p —a/n, was obtained by Hardy-Littlewood [14]
when n = 1 and by Sobolev [17] for general n. The weak type (1,n/(n —«))
first appeared in Zygmund [21]. In 1980, Taibleson and Weiss [20] extended
the Hardy-Littlewood—Sobolev inequality to the standard Hardy spaces. The
weighted (L?, L7) boundedness of I, was established by Muckenhoupt and Whee-
den [16] in 1974; the weighted (H”,L7) and weighted (H*, H7) boundedness of
I, was established by Stromberg and Wheeden [19] in 1985.

In 2003, Bownik [2] introduced the anisotropic Hardy spaces HZ associated
with a dilation A. Many of the classical results arising from the real variable study
of Hardy spaces of Fefferman-Stein [10] and also the parabolic Hardy spaces of
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Calderén—Torchinsky [6], [7] are generalized. Recently, Bownik et al. [4] intro-
duced weighted anisotropic Hardy spaces. In this article, we study the bounded-
ness of fractional integral operator associated to a quasi-norm acting on weighted
anisotropic Hardy spaces HS}’ A

We first recall the definition of fractional integral operator associated to
a quasi-norm introduced by Ding and Lan [8]. Let T : (R") — /(R")
be a continuous linear operator. By the Schwartz kernel theorem there exists
S € ' (R" x R") such that

(1.1) (Tf,g) = (S,g® f) forall f,ge .7(R"),

where g® f(x,y) = g(x)f(y). Let Q = {(x,y) € R" x R" : x # y}. We say that
S € & is reqular on (2 if there exists a locally integrable function K(x,y) on (2
such that

S(h) = /K(x,y)h(x,y)dxdy forall h € #(R" x R") supported on (2.
Q

We introduce the fractional operators associated to a quasi-norm p.

DEFINITION 1.1. Let 0 < « < 1,4 > 0,and T : ./ (R") — .¥/(R") be a
continuous linear operator. We say that T is a fractional integral operator associated
to a quasi-norm p of order a with regularity <y, denoted by T,fm if there is a constant
C > 0 such that a distribution S given by (1.1) is regular on 2 with kernel K(x, y)
satisfying:

(i) for all (x,y) € Q, [K(x,y)| < Cp(x —y) 1+
(i) if (x,y), (¥/,y) € Qand p(x —y) > b*p(x’ — x), then

/ p(x' —x)”
[K(x',y) = K(x, )| < CW’
(i) if (x,y), (x,y') € Qand p(x —y) > b*’p(y’ —y), then

! y)Y
n_ cc P¥ —y)
|K(xry ) K(x,y)| = Cp(x _ y)lle‘F’)//

where b > 1 is a constant and ¢ is a fixed positive integer that will be defined
later. TZO will denote a continuous linear operator T satisfying condition (i) only.
If T is a convolution fractional integral operator with kernel K(x), then the above
conditions (ii) and (iii) reduce to

|K(x —y) — K(x)| < Cp(;(ly—);r“r when p(x) > b¥p(y).

In particular, if K(x,y) = p(x —y) "%, we denote the corresponding fractional
operator simply by T¥.

Ding and Lan showed that T(f,o is bounded from L? to L.
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LEMMA 1.2 ([8]). Let0 < a <1,1<p <1/a,and1/q=1/p—a. Then T,
is of type (p, q), and is of weak type (1,1/(1 — a)).
In this article, we first extend this result to weighted case. Here the weight

belongs to A( p,q) or Ap, the Muckenhoupt weight classes associated to a matrix
A, which was introduced by Bownik and Ho [3] and will be defined later.

THEOREM 1.3. If0<a <1,1<p<1/a,1/g=1/p—a,andw € A(p,q),
then there is a constant C independent of f such that

([ 1m80fxp) rax) /|f (v)dx)’
o

Set w(E) = [w(x)dx for any subset E C R". If we consider the operator
E
T£, we have the converse of Theorem 1.3, including p = 1.

/p

THEOREM 14. For0 < a < 1,1 < p < 1l/a,and1/qg =1/p—a, ifwisa
nonnegative function on R" such that

(1.2) [wq({xeR”:\T,ff(x)|>)\})]1/ff<%(/|f(x)w(x)|pdx)1/p forall >0,

where C is independent of A and f, then w € A(p,q).
Finally, we show that Tfﬁ is bounded from weighted H Z to weighted L.

THEOREM 15. Let 0 <« < 1,1/(14+a) < p <1,1/9 =1/p— . If there
exists p > 1 such that « — 1 —y +7/p < 0and w’’'? € A(p,q), where 1/q =
1/7 — a, then T,fﬁ is bounded from HZ,,/A to LZﬂ

We immediately have the following corollary.

COROLLARY 1.6. Let0 < a < 1,1/(14+a) < p<land1l/qg=1/p—a. If
v—1—79+1/p < 0and wh/1=%) € Ay, then T,f,y is bounded from HZP 4 to LZ}q.

Throughout the article C denotes a positive constant not necessarily the
same at each occurrence. The conjugate exponent of p > 1 is denoted by p’ =

p/(p—1).

2. PRELIMIMINARIES

In this section, we review some facts about the weighted anisotropic Hardy
spaces. For more details, we refer the reader to [2], [4]. An n X n real matrix
A is called an expansive matrix, sometimes called a dilation, if |A| > 1 for all
eigenvalues A’s of A. Suppose Ay,..., A, are eigenvalues of A (taken accord-
ing to the multiplicity) so that 1 < |Aq] < -+ < |A,]. Aset A C R” is said
to be an ellipsoid if A = {x € R" : |Px| < 1}, for some nondegenerate n x n
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matrix P. For a dilation A, there exists an ellipsoid A and r > 1 such that
A C rA C AA, where |A|, the Lebesgue measure of A, equals to 1. Set By := AkA
for k € 7. We have By C rBy C By, and |Bi| = b*, where b = |detA| > 1.
Let B denote the collection of dilated balls associated with the dilation A, i.e.,
B = {x+ By : x € R" k € Z}. Let 0 be the smallest positive integer so that
2By C By := A”By. A homogeneous quasi-norm associated with an expansive ma-
trix A is a measurable mapping p, : R" — [0, o) satisfying

p,(x)>0 for x #0,
p,(Ax) = |det Alp, (x) for x € R",

pu(x+y) < Calo,(x) +p,(y)) for x,y e RY,

where C4 > 1is a constant. One can show that all homogeneous quasi-norms
associated with a fixed dilation A are equivalent (see Lemma 2.4 of [2]). Define
the step homogeneous quasi-norm p on R" induced by dilation A as

bl ifx € Bi1\B;
x) = j+1 jr
px) {0 ifx=0.

Then for any x,y € R”, p(x +y) < b7 (p(x) +p(y)). Let A_, A} be any numbers
satisfying 1 < A_ < |A1] < |Ay4| < A4. Then there exists a constant ¢ > 0 such

that, for all x € R”,
C—lp(x)ln/\f/lnb x

gcp(x)ln)ur/lnb for P(x) 1,
ln/\+/lnh <
X

=
cto(x) co(x)mA-/Inb for o(x) < 1.

We say that a C* complex valued function ¢ on R” belongs to the Schwartz
class .7 if

1

NN

X

Bm i= SUp p(x)™0Pp(x)| < oo for every multi-index B and integer m > 0.
xeRil
The dual of ., the space of tempered distributions on R", is denoted by .#’. For
N € NU {0}, denote
In=1pc 7 |plpm <1 for [B <N,m <N}
For ¢ € . and k € Z, define the dilation of ¢ to the scale k by
ge(x) = b~ p(A™F).
In particular, if we take A = 2I where [ is the identity matrix, then the dilations

associated with A are the usual isotropic dyadic dilations. Suppose f € .#’. The
nontangential maximal function of f with respect to ¢ is defined as

Mpf(x) := sup{|f * x(y)| : x —y € By, k € Z}.
For given N € NU {0} we define the nontangential grand maximal function of f as

Mf(x) i= sup Myf(x).
PESN
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We say that a nonnegative measurable function w belongs to the Mucken-
houpt weight class associated to A, denoted by w € Ay, p > 1, if there is a
constant C > 0 such that

sup (ﬁa / w(y)dy ) (|13| / w(y) V" Vdy) e

BeB 3 3

Here we define 0 - co to be 0. For p = 1, we say w € Aj if

2 (g7 o) (essgpow ) <<

Finally, A := U Ap. Itis known thatif w € A, for 1 < p < oo, thenw € A, for
p>1

ally > pand w € A; for some 1 < g < p. We denote g, = inf{g > 1:w € Ay}
the critical index of w € Aw. For1 < p,q < 00, a nonnegative measurable function
w is said to belong to A(p, q), if there exists constant C > 0 such that

1 Vq 1 A\
(2.1) sup (—/w(y)qdy) (—/w(y) ”dy) < C.
ok V1B J 5] /
In the case p = 1, (2.1) should be interpreted to mean
1 1/9 1
(2.2) su —/w 1d esssup —— | < C
oot (75 /e ) (esswp i)

A closely related notion to Ay, is the reverse Holder condition. If there exist
r > 1 and a fixed constant C > 0 such that

(|13|B/w(y)rdy) < C(‘;l B/w(y)dy) for every B € B,

then w is said to satisfy the reverse Holder condition of order r and written by w €
RH,. It follows from Holder’s inequality that w € RH, implies w € RH; for
s < r. It is well-known that w € A if and only if w € RH, for some r > 1.
Moreover, if w € RH, forr > 1, then w € RH,4, for some € > 0. Thus we write
rw = sup{r > 1:w € RH,} to denote the critical index of w for the reverse Holder
condition.

We summarize some properties about A, A(p,q) and RH, (cf. [3], [4], [9],
[11], [16]), which will be used in the sequel.

PROPOSITION 2.1. (i) If w € A; N'RH,; for some q > 1 and r > 1, then there
exist constants C1, Co > 0 such that

|[E|\NT _ w(E) |E[\ (r=1)/r
L N R i S 1=
C1(|B|> S w(B) <C2<|B|>
for any measurable subset E of B € B.
(i) w € Ay if and only ifwl =" e Ay
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(iii) If w € Ap with 1 < p < oo, then there exists a small enough ¢ > 0 such that
wlte e .A
(iv) w € A(p, q) implies that w? € Ap and wl € A,.
(v) Suppose that 0 < « < 1,1 < p < 1/a,and1/q=1/p —a. Thenw € A(p,q)
ifand only if w1 € Ajq_y).

We recall the definition of weighted anisotropic Hardy spaces introduced in
[4]. Let 0 < p < o0 and w € Aw with critical index g,,. Write

Np,w = .
2 if P > qu,

where [-] denotes the integer function. For each N > N, 4, the weighted anisotropic
Hardy space associated with a dilation A is defined by

HY ,i={f € 7" Mnf € LL},

with the quasi-norm || f|| o = |[MNfl[;z- The definition of HP does not de-
pend on the choice of N prov1ded N > Np,w (cf. [4]).

3. COMPARISON WITH THE FRACTIONAL MAXIMAL FUNCTION

Consider the fractional maximal function M, defined by

Mﬂéf('x> =Sup o, |B |1 ® / ‘f ‘d]/

kez LBy

In particular, for & = 0, M, is just the Hardy-Littlewood maximal function My,
(with respect to a dilation A with a quasi-norm p). The same techniques as in the
case @ = 0 (see [5], for example) show that M, is bounded from L (R") to L1(R")
forl<p<1/aand1/q=1/p—a, and is of weak type (1,1/(1 — a)).

We may use M, to majorize T‘f,o as follows.

THEOREM 3.1. Ifw € Aw, 0 < g < o0, and 0 < a < 1, then there is a constant
C, independent of f, such that

J ITEpf (o)) < € / Mf (o)} (x)dlx
o

and

sup ATw({x e R" : |Tlf,0f(x)| > A}) < CsupAMw({x € R" : [Myf(x)| > A}).
A>0 A>0

To prove Theorem 3.1, we need the following lemma.
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LEMMA 3.2. For 0 < a < 1, there exists a constant K depending only on a such
that if B € B satisfies {x € B: T{(|f|)(x) < r} # @ for some r > 0, then

BT ~ B\ (1-a) .
[{x€B : |TC f(x)|>rA and My f(x) <rB}| <K|B| (X) Y A>4b7 and B> 0.

Proof. Suppose B = xq + B;. Letg(x) = f(x))(xﬁg],w(x) and h(x) = f(x) —
g(x). Assume that there is an x; € B such that M,f(x1) < rpB; otherwise, the

conclusion is trivial. By Lemma 1.2, there is a constant C, depending only on &,
such that

0 1 1/(1_‘X)
\{xeR”:|Tag(x)|>r)»/2}|<C(a/|g(x)|dx) Vr>0.
RH
Let P = x1 + Bji2- Then xg + Bj.s C P, and hence

[ 13(x)1dx < [ 1F()ldx < Myf (x1)b1-90#2) < ppp(t-01G420),
R P

which implies
. 1/(1-a
(3.1) [{x € R": |T0g(x)| > rA/2}| < cwz‘f(%) =

Let z € B satisfy TS (|f])(z) < r. If x € Band y ¢ xo + B, then p(z —y) <
b (o(z — x) +p(x —y)) < 2b%p(x — ) since p(z — x) < b/ < p(x — y). Therefore

|T,fh(x)| = ‘ / p(f(y)dy < (Zba)lfrx / M

x—y)i=t plz—y)t="
x0+B;+t7

< (20 HTE(|f])(z) < 2b°r  for x € B.

For A > 4b%, {x € B : |T{f(x)| > rA and M, f(x) < rB} is a subset of {x € R" :
|TYg(x)| > rA/2}. Then the proof follows from (3.1) by choosing K = Cb?’. ¥

We also need a Whitney type covering lemma.

LEMMA 3.3 ([4]). Let 2 be an open proper subset of R". For each integer m = 0,
there exists a positive constant R depending only on m, a sequence {x;}; € Q and a
sequence {1;}; C Z such that:

(i) Q=U(x;+ By);
j

(ii) (x; + Bj,—20) N (xj + Bl].,zg) = @ foralli,jwithi # j;

(iii) (xj + Bym) N Q° = @ and (xj + By 1 yui1) N Q° # @ for all j;

(iv) (xi + Bl,-+m7217) n (xj + Blj+m720> # implies that ‘li - Z]'| <0

(v) for each j, the cardinality of {i : (x; + By, +m—20) N (Xj + By 4m—20) # D} is less
than R.

Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. Since |T£,o f(x)| < CTY(|f])(x), it suffices to show

62 [ITf) ) Fa(dr < C [Muf(x)]oo(x)dx
Rn RTI
(3.3) sup Mw({xeR": T{(|f])(x) >/\})<Csup/\’1w {xeR": Myf(x)>A}).
A>0
Without loss of generality, we may assume f > 0 for replacing f by |f|. We also
assume that f(x) and w(x) are locally integrable, otherwise the conclusions are
trivial.
Given r > 0, by Lemma 3.3 (by taking m = 20) we decompose the set
{x € R": T{ f(x) > r} into dilated balls {xj+ By, }; with the following properties:
@@ {x;+ Bl]._zg} are mutual disjoint,
(b) forevery j, {x; + B, }; have at most R overlaps,
(c) T{f(x) < r at some point of Xj+ By o011
Let K be as in Lemma 3.2 and A = 4b7. Since w € A, it follows from Proposi-
tion 2.1 that, by choosing € = (1/2R)A 7, there exists a § > 0 such that if B € B,
Eis a subset of Band |E| < |B|, then w(E) < ew(B). Set D = A§!~*(Kp2o+1)a-1,
For g € (0,D], let Qj = xj + By and E; = {x € Q; : TLf(x) > rA and M, f(x) <
rB}. By Lemma 3.2, |E;| < K(,B//\)l/(l”")|Xj + Bjj42011| = 6]Qj| which yields
w(Ej) < (1/2R)A™w(Q;). Summing on j shows that

w{TE f>rA and M, f<rB}) <w(U E ) <2w <21RA ”lw(Qj)g%A_qw({T,ff>r}).

This implies
64) w({TEf > rA}) < w({Muf > 7B}) + 34 Tw({TLf > 1)) VB e (0,D]

We assume that f has compact support and write supp(f) C B;,. Given
X € By .5, choose a point u € By, such that p(x —u) = min{p(x —y) : y € By, }.
(The existence of u is due to the discrete values of p.) Let I; be the smallest integer
satisfying B, C x + B;, := P. We may write x € By, 120 4m+1 \ By, +20+m for some
integer m > 0. Since B, ¢ x + By,_1, there exists a point y; € By, but y; ¢ x +
By, _1, which implies b1~ < p(x — y1) < b7 (p(x) + p(y1)) < bloF30+m 4 ploto—1,
We also note that p(x — u) > b~7p(x) — p(u) > blototm _ph=1  Thus, if we
take Ny = (b3 +m+2 4 po+1) /(po+m+1 — 1) > 1, then |P| = b < Njp(x — u).
Therefore,

1 —
Tpf( (x—u)l- ”‘/f l —u)l- aM“f( )<N11_IXMD¢f(x) for XEBICO+20~
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Choose f = min(D, N¥!). The above estimate yields
(3.5) {Tf >} N B 15, € {Maf > rB}.
Both (3.4) and (3.5) show that
1. _
(36)  w({Tef >rA}) <2w({Maf > rp}) + A Tw({TLf > r} N Biag).

Multiply both sides of (3.6) by #1~! and integrate from 0 to some positive N and
a change of variables, the left side becomes

NA
(3.7) A / P Yo({TEf > r})dr
0
With a change of variables for the first integral on the right, the right side becomes
NB 1 N
(38) 287 / P ({Maf > r})dr + A7 / P ({TEf > r} 0 By, a0 )dr.
0 0

The second term in (3.8) is bounded by half of (3.7) since A > 1, and is finite by
the local integrablity of w. Therefore

NA NA
1
5/\_‘7 /rq_lw({Tfo >r})dr <2717 / P lw({Myf > r})dr
0 0
By letting N — oo, the above inequality reduces to

- / (TEf(x) ) < 2= / Maf (3))Tox) .

(3.9) T

To prove (3.9) for f without compact support, let f;(x) = f(x)xp,(x). Then
(3.9) can be applied to f;. Taking the limit as i — co and using the monotone
convergence theorem, we show (3.9) for general f. This proves (3.2).

To prove (3.3), multiplying both sides of (3.6) by 77 and taking supremum
on 0 < r < N for a given N, we have

sup r1w({TE f >rA}) < sup 2rfw({ My f >rB})+ sup 2(/\) w({T{f>r}NByy120),
0<r<N 0<r<N 0<r<N

which is equivalent to

sup (%)qw({T,ff >r}) < sup 2(%)qw({M0¢f >r})

0<r<AN 0<r<NB
1/7r\4
+ sup =(— w({Tpf>r}ﬁBl 20)-
0<r<N 2 ()\> ¢ ots
Therefore

% sup (1) w{Tlf > ) <2 sup (L) w({Mof > 1)),

<r<AN 0<r<NB ﬁ



12 SEN-HUA LAN, MING-YI LEE, AND CHIN-CHENG LIN
Let N — oo and get
Gop({TP M o
(3.10) suprw({Tyf >r}) < 4(—) suprlw({Muf > r})
r>0 :B r>0

for f with compact support. For general f, let f;(x) = f(x)xp,(x). Then (3.10)
can be applied to f;. Taking the limit as i — co gives (3.10) for general f. This
shows (3.3) and the proof of Theorem 3.1 is completed. 1

4. PROOFS OF THEOREMS 1.3 AND 1.4

Bernardis and Salinas ([1], Theorem 1.6) established a weighted norm in-
equality for fractional maximal function M, on spaces of homogeneous type as
follows.

PROPOSITION 4.1. Suppose 0 < & < 1and1 < p < q < oo. Let (W, V) bea

pair of weights with V=1 P=1) € A, Then
|Mefllg, < ClIflly, forall £ € L (R")

if and only if

p/q[y—1/(p-1) p-1
) W(B)/1[v Y/ 0 1)(B)

|B\(1—a)P

Foro<a<1,1<p<1/a,1l/g=1/p—a, W =wl,and V = w?,
inequality (2.1) implies (4 1). Furthermore, by (ii) and (iv) of Proposition 2.1, if
w € A(p,q), then V-1 (p=1) = ¢p=p/(p=1) ¢ Ay C Ac. By Proposition 4.1, we
obtain

<C<oo forallBe B.

THEOREM 4.2. f0<a<1,1<p<1/a,1/g=1/p—wa,andw € A(p,q),
then there is a constant C, independent of f, such that

([ Mefoo(oar)’ / Felrar) .

Rn

Theorem 1.3 follows immediately from Theorems 3.1 and 4.2 since w7 €
Aj; € A by Proposition 2.1(iv).

Proof of Theorem 1.4. For p > 1, fix B € Band let D = [w(x) " dx. If

B
D = 0, there is nothing to prove. If D = oo, then w! is not in L' (B), and
hence there is a nonnegative function ¢ € LP(B) such that [ g(x)w(x) ldx =
B

co. Let f( ) ( Jw (x) on B and f(x) = 0 otherwise. Then T{f = co and

f[f(x) = [ g(x)Pdx. By the assumption (1.2), f x)1dx < CA™1 for all
B

A > 0. Thus, [‘w(x)7dx = 0and (2.1) follows. For the general case0 < D < oo, let

o5}
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f(x) = w(x)"P xp(x). Then T{ f(x) > D|B|*! for x € B. Plugging A = D|B|*"!
into (1.2), we get

/w(x)‘idx < Wi_l)q(/[w(x)l"w(x)]l’dx)q/ﬁ,
B B

which reduces to (2.1).

For p = 1, fix a dilated ball B € Band let D = esssup w(y)~!. If D = 0, then
yEB
(2.2) holds. Otherwise, given € > 0, there is a subset E of B with positive measure
such that w(x) < D™! +eforall x € E. Set f = xg. Then T} f(x) > |E||B|~1**
for x € B. Choose A = |E||B|* !and (1.2) shows that

(/w(x)qu)l/q < CIBI" (D! +e).
B

Since ¢ is arbitrary, this shows (2.2) and completes the proof of Theorem 1.4. 1

5. PROOFS OF THEOREM 1.5 AND COROLLARY 1.6

We recall the definition of weighted atoms. Let w € A with the crit-
ical index gq4. For 0 < p < 1, g4 < q < o0, and s € NU {0} with s >
[(qw/p —1)]Inb/InA_], a function a € L% (R") is said to be a (p, g, s)s-atom if
(i) supp(a) € xo + B; for some xo € R" and j € Z, (ii) [|al[ ;5 < w(xo+ Bj)1/a-1/p,
(iti) [ a(x)xPdx = 0 for |B| < s.

Rn

Proof of Theorem 1.5. Let a,y, p, P, 4,4, and w be given as in Theorem 1.5. By
Theorems 6.2 and 7.2 of [4], it suffice to show that

||T,f,7a||qu < C forall (p,P,s)yr-atom g,

where C is a constant independent of a. Let a be any (p,p,s),r-atom with
supp(a) C xo + By, [lal 7 < w(xo + B)YP=VP,and [ a(x)xPdx = 0 for |B| < s.

RV’
We write
1/q
ITals, = ([ 18000 (x)dx)
RH
1/q 1/q
<< / |T£,7a(x)\‘7w‘7(x)dx) +( / \T,,’Zﬁa(x)|‘7w‘7(x)dx)
x0+Bj120 xo+By

1420

= K7 4+ Ks.
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Holder’s inequality, Theorem 1.3, and the size condition of a yield

Ky < ( / |T£,A,a(x)Wwﬁp/?(x)dx)l/ﬁ( / wp(x)dx)l/qil/ﬁ

X0 +Bi120 Xo+Bi420
, 1/p _
<c( [ latorPor ) o o + Ba 1 <
Rﬂ

For K,, we need an estimate of Tlfﬁa(x) for x € xo+ Bj,,- If x € xo+

Bf,,, and y € xo + By, then p(x — xg) > b*7o(y — x¢). By the condition (iii) of
Definition 1.1 and the vanishing moment condition of g,

Tepa(x) = | [ al)(K(xy) - K(x,x0)dy|

xo+B;
<Cplx=x0) 7 [ Ja(y)lp(y —x0)"dy
xo+B;
< Chp(x — xp)* 17 / la(y)|dy for x € xo+ B, ,,-
xo+B;
Thus,
1 (a—1—7) /4
K, <Cb™7 / \a(y)|dy( / p(x —xp) quq(x)dx)
xo+B; XO+BIC+20_
co 1/
61 <cr [ la)ldy (¥ [ et (x)dx)
xo+B ]:Ox0+(81+2¢7+j+1 \Bl420+)
[ . 1/
<Cvr / \a(y)|dy(Zb(”z‘fﬂ)(“*l”)q / uﬂ(x)dx) !
xo+B; j=0 x0+Bi1204j+1
. oo - 1/
—Cple-1) / |a(y)|dy( pia=1-7)q / wq(x)dx> !
x0+B; j=0 X0+ B 201 j41

Holder’s inequality and the size condition of a give us

_ 1-1/7
_ —p/(p=1)
62 [ laldy<lalp ([ wi) T Vay)
x9+B; x0+B;
_ _ 1-1/p
<[ (xo+ BTV [ oty Nay)

xo+B;
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Proposition 2.1(iv) shows w? € Ay and wP/? € Ajz. Using Hélder’s inequality,
Proposition 2.1(i), and applying (2.1) to wf? /P

/ wl(x)dx
X0+ B0 4j+1
<( / wﬁiﬂ/?(x)dx)q/q( / wP(x)dx>1_q/q
XO+BZ'+20+]'+1 x0+Bz.+er+j+1
(5.3) = C[w™/7(xo + B))]"[wP (xo + By)]1/P=1/P)

{ wP/P (x0 + Bliogsjs1) }q/ﬁ{ w(x0 + Bry2otj+1) }fi(l/P—l/?)
wiP/P(xo + By) wP (xo + By)
< CHIP/P[wP/P (xo + B)]79[w? (xo + B)]1/P=1/P)
iap 7 __2  \a(=1+1/P)
< o1 A=) piaP/ P[P (xo + Bl)]q(l/pfl/rf)< /w(y) 71 dy) .
xo+B;

Combining (5.1)-(5.3) gives us

K, < C( i b]”i(a—lf’wr?/r’))l/q < C.
j=0

This completes the proof of Theorem 1.5. 1

Proof of Corollary 1.6. Since w?/(1=%) ¢ Ay, it follows from Proposi-
tion 2.1(iii) that there exists an ¢ > 0 such that w?(178)/(1-0) ¢ A; which still
holds for any smaller ¢ < e. Letp = (a +¢)/(a +ae) > 1land 1/5=1/p — a.
Then (1+¢)/(1 —a) = §/p. Since wPT/P € A; C Ag(1-4), Proposition 2.1(v)
yields w”/? € A(p,7). On the other hand, noting that &« — 1 — +1/p < 0 and
Pp=(a+e)/(a+ae) - 1ase — 0, we can choose a small enough € > 0 such
thate —1 — v+ p/p < 0. Then Corollary 1.6 follows from Theorem 1.5.

REMARK 5.1. In the proof of Theorem 1.5, we use only zero vanishing mo-
ment of an atom. Readers might expect to get a wider range of p by using the
higher moments of an atom. In reality, the higher moments cannot be applied
since the kernel of Taﬂ7 does not have much regularity. As a consequence, Theo-
rem 1.5 holds only for some subrange of 0 < p < 1. In order to strengthen the
regularity of the fractional integral operators (without weights), Ding and Lan
used differentiation to define such operators in Definition 1.1 of [8]; however,
their approach does not work for our situation.

REMARK 5.2. Gatto et al. [12], [13], [15] studied fractional integral opera-
tors on the more general setting of spaces of homogeneous type. They showed
that many classical results about fractional integral operators are valid, and many
of classical proofs can be adapted, if some mild conditions are imposed on the
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spaces. The weighted norm inequalities for fractional integral operators on spaces
of homogeneous type were obtained by Bernardis and Salinas [1]. However, there
is no suitable definition of anisotropic structure for spaces of homogeneous type
as far as the authors know.
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