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ABSTRACT. We obtain Gaussian upper bounds for heat kernels of higher or-
der differential operators with Dirichlet boundary conditions on bounded do-
mains in RN. The bounds exhibit explicitly the nature of the spatial decay of
the heat kernel close to the boundary as well as the long-time exponential de-
cay implied by the spectral gap. We make no smoothness assumptions on our
operator coefficients which we assume only to be bounded and measurable.
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INTRODUCTION

Off-diagonal Gaussian upper bounds for higher order differential operators
with bounded measurable coefficients were first obtained by Davies [4]. The op-
erators considered in that exposition were of order 2m on L2(RN) with 2m > N.
The higher order operators, expressed as:

(0.1) Hf(x) = Y. (-1)"D*(ayp(x)DFf(x))

|a[<rm, [ Bl<m
were shown to have heat kernels with off-diagonal bounds demonstrated in the
inequality:
|X _ y|2m/(2m—1)

(0.2) [k(t, x,y)] < cit ™/ exp ( T

+03t).

Subsequently Barbatis and Davies [2] were able to obtain optimal values for the
constants ¢ and ¢3 in terms of the ellipticity ratio and dimension.
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In this paper we address the question of upper bounds on heat kernels gen-
erated by uniformly elliptic differential operators with Dirichlet boundary con-
ditions on bounded regions of RN. We make the same assumptions of the coeffi-
cients as in [4], namely that they are measurable and bounded, and consequently
find it more convenient to carry out the analysis with greater focus on the corre-
sponding quadratic forms. We do however assume that the quadratic forms, on
a bounded region 2 C RV, satisfy the ellipticity condition:

cHI(=8)"2F13 < Q) <ell(=2)"2f 13

for each f € CZ(Q) and c strictly positive.

Although estimate (0.2) holds for operators on bounded regions with Dirich-
let boundary conditions, the bounds do not reflect either the spatial decay near
the boundary or the long-time asymptotics. We extract the manner in which

k(t,x,y) -0 asx,y — 0Q
and show that the heat kernel has off-diagonal bounds demonstrated in the in-
equality:
~ N+2y
2m

-1
k(t,x,y)| < o1 (1 ) = (NF20)/2m (3 90)T d(y,90)7

x — y|2m/ (2m—1)
exp (- 62% ~st)
where 0 < v < m — N/2 and s is the spectral gap.

The techniques we employ are close to those employed in [4], but we give
more emphasis to the analysis of spatial derivatives of the heat kernel. Moreover
the exponential time decay is deduced by exploiting the spectral gap.

Sharp off diagonal heat kernel bounds were also obtained by Barbatis [1]
in terms of a non-euclidean metric based on the coefficients of the operator, re-
placing the term |x — y| in (0.2) by d(x, y). In the case of bounded regions, an off
diagonal bound was obtained for highly non-convex regions for the uniformly el-
liptic operator by Owen [6], in which he used the geodesic distance but boundary
behaviour was not the focus of that analysis.

Throughout this paper we will assume that c and ¢; represent strictly posi-
tive constants.

1. NOTATION

Given & € RN representing the multi-index (a1, a2, a3, . ..) where
|0L| =1 +ar+az+---+ay
we define the corresponding operator

DoF o ol f

T 0%1x10%2x90%3 x5 « - - XN XN
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and the set V, such that
Vo = {r:r; <a;foralli}.

Moreover given any multi-index r in V, we define the vector factorial as

()= GG G- ()

The directional derivative of order m of an appropriately smooth function along
a vector v in RN is expressed as

onf
o = - V(V(Vf-v) 0)- v

2. QUADRATIC FORM

It is helpful to give an indicative though a non-rigorous formulation of the
family of higher order operators that we focus on in this paper. The operator is
defined more completely through its quadratic form. Given a bounded domain
Q in RN we express the operator of order 2m > N as

2.1) Hf(x) = Y. (~1)"D*(ayp(x)DFf(x))

| < |Bl<m

where a, g are complex bounded measurable functions. The associated quadratic
form Q

(2.2) Qf) = Yy a,,5(x)DP f (x)D* f (x)

o] <, [Bl<m

defined with domain equal to the Sobolev space W('J"’Z(Q) will be assumed to
satisfy the ellipticity condition with a strictly positive constant c

(2.3) cHI(=A)"2f15 < Q(f) < el (=8)™2f|3.
We define the spectral gap
s= in Q(fz)
fec2() |If113
Since we have made the assumption that N/2m < 1, it will be informative to

track the dependency on this constraint by defining the quantity 0 < ¢ < 1 —
N/2m and

N
'y::m(l—s)—i.

For a given point x in (2 we define its distance from the boundary 02

dy :=d(x,00) = yle%f() lx —yl.
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We define the function g(#) such that

. t>1
(2.4) g(t) := {%e—st—l < g

3. BOUNDARY BEHAVIOUR

Having imposed Dirichlet boundary conditions on our operator we expect
the heat kernel k(t,x,y) to vanish at the boundary. The precise nature of this
decay can be deduced by application of the Sobolev embedding theorem:

Wy ?(Q) = G (Q).

We consider the norm on CJ (£2) to be defined as

flleg = 5 10"l + sup (2LW =D

la|<n xyen |(y_x)|K

where n and « are the integer and the fractional parts of 7 respectively.

LEMMA 3.1. There is a strictly positive constant ¢ such that for all f € Wg”'z(Q)
and any unit vector v in RN

If(x)| ¢ (1-¢) :
S| < T 4N s

(3.1)

forall x € (2.
Proof. By applying Fourier transform to 0" f /0v" we have for all x in 2
O flx) _ 9" f(y) ‘

Jdo’

sup ———m———
o (=0

<c [ I IF@)de
RN

and consequently

9" f(x)
do'

@ [ 1871f(¢)lde
RN
hence for a positive u

PO < e[ (ot [T+ PR @1

RN

It then follows from Cauchy—Schwartz that

LI < eae( [w+iePmi@rave)( [ Wﬂz)md%)
RN

RN

< gdzx (" £I3+ Q).
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Optimizing over yu to find the following that completes the proof:

w_ e QU

1-e|fl3

We proceed to find an upper bound for the heat kernel by applying Lem-

ma 3.1 to f; := e H!f but first we need a more comprehensive upper bound for

9" fr(x)/0v" | by applying the Spectral Theorem.
LEMMA 3.2. If f; is e 1t f for some f in L?(Q) then
(32 Qfr) <Z) 113

Proof. The inequality follows from

Q(fr) < [[He | fle™ | 11 £113

and an application of the Spectral Theorem. 1

We can now combine Lemmas 3.1 and 3.2 to yield our upper bound for the
heat kernel.

LEMMA 3.3. The heat kernel k(t,x,y) generated by the differential operator H
satisfies the inequalities:

(1_M

-1
2
t*(N+27)/2m 47 47 hent < =,
2m ) x Gy wnen s

k(t,x,y)| < ¢

-1
lk(t,x,y)] < c (1 - N2+m2'y) et dl d) whent>=

Proof. If f; := e Ht f then from Lemma 3.1 we have

o" e .
s \\*d" QU2 Il

do"

Choosing v appropriately and integrating yields

| [t f o a¥e] < 2t g9 1 1A
0

c (1 .
< A IO
This inequality gives us a bound for the L, norm of k(t,y, -)
c N (1— _
Ikt y,)ll2 < =2 di g(1)1=9)/ et
which can then be applied to obtain the required bounds:

k(% )] = | /k(%x,u)k(%,u,de (2 21k, v, ) 2

g d’Y d’Y g(t)l € 7st£ I
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4. GAUSSIAN BOUNDS

Gaussian bounds exhibiting boundary decay can be given by interpolation
between the bounds found in Lemma 3.3 and those obtained in Davies [4]. The
drawback of this method however, is that the presence of the term c3t does not
imply the long-time exponential decay that we expect and would like to show.
Dirichlet boundary conditions imply a positive spectral gap and hence exponen-
tial time decay. We give bounds that more concisely exhibit this behaviour.

One of the key features of hypothesis (2.3) is that many required operator
inequalities can be reduced to proving the corresponding inequalities for polyno-
mial symbols by applying Fourier transforms.

Barbatis and Davies [2] make a stronger assumption on the operator coeffi-
cients. They assume that for a strictly positive q

(4-1) q71 Z aO,aﬂguEﬁ < Z aup (x)gugﬁ <q 2 uO,zx,Bgocgﬁ
|ec|=m, |B|=m || =m, | B|=m |a|=m, | Bl=m
almost everywhere in (2 and the non-negative coefficient matrix Ag = ag ,g sat-
isfies
@2) (~2)"f,8) = [ agupD" FDPgd™x
0]

for all functions f,g € CP(Q2). They obtained the necessary estimates for the
polyharmonic operator by way of Fourier transforms and an application of the
polarization identity on the co-efficient matrix. We do not make this assumption
here.

5. TWISTED QUADRATIC FORM INEQUALITY

Given xp in (2 and a unit vector a in RY, we define the bounded function
Pyxy,a ON (2
(6.1) Pxp,a (x) := (x — xo, a).
Moreover given a real number A and dropping the subscripts on ¢y, we define
the multiplicative operator e'?

e 12(0) - LX),
(" f)(x) := MW f(x)
e’ is a homeomorphism on L?((2). The twisted operator H )y is then defined as
follows:
Hyyf == e MHeMf
with
Dom(H,y) = {eMf:fecDom(H)}.
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More importantly we define the twisted quadratic form, Q, as follows:
Qup(f) = Qe f,e )
=Y [ aup((DH M) (DF(e M) dNx

o,B O
=Y [auplo(e DM 1) (D (e M F))aVx.
o, B O
By Leibniz, for each f € C((2) we can expand
(5.2) e MDreMf =) (‘:) Ale=rlge=rpry,

reV,
It is then possible to show that the difference per(A) := Qay(f) — Q(f) is

Z/aa,ﬂ(x) Yy (‘:) (lj) M@tB)=(rts)l ga—r gp=s pr fps 7

mﬁg

where the summation Y’ runs over all r in V, and s in Vg but where either |r| <
|a| or |s| < |B|. The terms where both # = &« and s = B are incorporated in Q(f).
Since the coefficients of the operator are uniformly bounded we have for c > 0

[per(V)| < e LY A +F- o) [Drf|peflaN
o, B O

and applying Cauchy-Schwartz
per()I < 3 YA A A EIDE o,
1< a|=[Bl<m

From Lemma A.4 we see that fore < 1

per(M) < Y YA (=) 2 f ]| Ar= 1ol (=) #172f]

1<p<m

<c Yo el(=A)PRfIE+ e T2PAR £ 3.

1<p<m
It follows from Lemma A.5 with p = ! =2
[per(A)] < c1e(1+0)Q(f) + cre' 2" (1 + 0se?1)2"A"| 13
and simplifying
[per(A)] < cre(1+0)Q(f) + cxe' 2" ([1+ 6s]A)*" || £]I3.
Using
Re[Q(f) = Quy ()] = Q(f) = Re[Quy (£)] < [Q(f) = Quy(f)]

we have

(5.3)  [1—c1e(1+0)]Q(f) < ReQuy(f) + cre! " ([1 + 6s]A)*™[| 13-
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Moreover

(5.4) ImQuy (f)] < c18(1+0)Q(f) + c1e' " ([1 + 6s]A)>" || 3.

We note from Lemma A.5 that these inequalities are true for all positive 0.

6. SPECTRAL GAP

From the outset we know that H has a positive definite least eigenvalue s.
We define

H:=H-s
similarly
6.1) Hyyf == e " He'f
and crucially

Qup(f) = Quy(f) = slIf 13-
It is easy to see that the real and imaginary parts of the newly defined twisted
form, Q Ay satisfy

62)  [1—cie(1+0)]Q(f) < ReQuy(f) + cre' 2" ([1 +6s]A)>"||f113

and

(6.3) mQxy (f)] < cre(1+6)Q(f) + cae' 2" ([1+ 65]4) > | £ 3.

7. TWISTED SEMIGROUP INEQUALITIES

LEMMA 7.1. There is a constant k > 0 such that forall ¢ > kand all 0 < p < 1

Qh () = Quyp(f) +e(L+p)(1+5)>"A2"|| 13

is a sectorial form with vertex at 0 and a semi-angle smaller then 7t /2. Moreover
5 QU) < ReQuy(f) +e(l+p)(1+57"22" £

Proof. With = (2—(1+p))/(1+ p) and e = 1/2c; the second part of the
RHS of (6.3)

c1e' 2" ([1460s]A)>™[|f 3
is less than
2 (1 + 522" £ 3
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hence
pItmQ) 4 ()l < 775 Q(f) +pd" 22T (1) 2ARM| £3
[1 = c1e(1+0)JQf + ped" 22" (1 +5)2A%| 13
<ReQuy(f) + (1+p)(ef"22" 1 (1 +)*"A%) | 113
= ReQay (f) +ca(1+p) (1 +5)2"A2"|| f]3
= ReQ,A,lp(f)-
This then implies that

[ImQy ¢f| 1
ReQ) lpf

and consequently
Arg Q) ()] < tan"(1) <

We define the operator H) ,,

NN

Hj = Hyp+c(1+45)2A%™
where ¢ > 0 is such that
|Arg(H}, o f, )] < 2.
We recall the following corollary from Kato [5].

COROLLARY 7.2. Let B be angle such that /4 < B < 7t/2 and set

1
tan

p:

—H\ ,z - . . .
Then e A% is an analytic semigroup in the sector

Sp = {z: |Arg(2)| < B
moreoover ,
le™ )] < 1.

For the proof see p. 492 of [5].

From Theorem 2.38 of [3] it is evident that there is a positive constant ¢,
such that
(7.1) Iy e ) < o
forall z € Sg.

In the following estimates we let H Ay be defined by (6.1).

LEMMA 7.3. There is a positive constant c such that

(7.2) ||e*HWt|| < exple(1 +5)2MA2m).
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Proof. Let f € L?(Q2) and define f; := e_ﬁwtf, then solving

%Hft”% = (—Hayfo fi) + (fr, —Hpy fr) = —2ReQay(f1)
< 2¢(1 45" A*"||f:13

proves the claim.

LEMMA 7.4. Whenever B > 0, there is a positive constant cy such for any 0 <
« < 1 we have

(7.3) ||ﬁ/\¢efﬁ/\¢t” + ,3(1 + S)2mA2m Heflflth < %ec(1+“)(l+s)2m/\2mt‘

Proof. Applying the triangle inequality gives us
[ Eage™ ot e < L1 o™ e(1 s |
and it follows from (7.1) and Lemma 7.3

HH/\tpe_ﬁwt” < %ec(l-&-s)z’")@mt +o(1+ S)Zm/\Zmec(l-&-s)z"’Az’”t‘

Then the LHS of (7.3) is bounded above by

(7.4) CTleC(l+s)2mA2nlt +e(1+B)(1+ S)zmAZmeC(1+s)2mA2mt.

For positive real x we can re-write xe*’ as

1 _
7e(1+a)xt . yoe Xt
14

for some & > 0. We can then observe that

1+a)xt -1
i

xe
® t

and see that similarly

2m 5 2m c(1+4s)2MAZ"E e (14a)c(1+4s)2MA2m¢
C(l + S) A e < We .

Substitution into (7.4) attains the claimed inequality.

LEMMA 7.5. Let f € L2(Q) and define ﬁ = efﬁwtf then there are positive
constants ¢y and cp such that

o~ o~ C1 2m y2m
(7.5) Q(fr) < eI £,

Proof. From Lemma 7.1 we have that for some positive constants ¢; and c;

Qfr) < erRe Qay(fr) + ea(1+5)"A" | 3
< arllHapfillz |1 fll2 + (1 +s2"A%" £ 3.
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By using Lemma 7.4 we can see that for 0 < o < 1
-~ C1 2m y2m -~
Q) < e O £l | fi

1 2c(1+a)(l+s)2m/\2’"tHfHZ
wt

COROLLARY 7.6. There are positive constants c1 and ¢y such that

//\

Q(e—HM,tf) < %ecz(l-‘rs)zm)\z’”t—ZstHfH%_
Proof. By substitution from
Q(f) = Q(f) —slfill} and fr=e fu'f=e Mule=lf

it can be seen that

Qfy) = e®Q(e ™' f) —sllfell3,

hencefor0<a <1

Qe "' f) < e 2[QUf) + sl fillf] < e [ Srecal LI 2 g £ 2],

Applying the estimate from Lemma 7.3 completes the proof. 1

8. HEAT KERNEL BOUNDS

THEOREM 8.1. The integral kernel ky y(t, x,y) of et satisfies the inequality

(8.1) k‘k)x,tp(tr x,y)\ < ye[C2(1+s)2m/\2m—s}t

for some positive constants ¢ and c;.
Proof. For f € L2(Q2) we define f; := e ! f. From Lemma 3.1

9" fi(x x (1=6)/2 || £ |1¢
aw\\ﬁ@9w> £l

and from Corollary 7.6

a K _ m m __ _
(82) ‘ ft ‘\ drel(1-9)/2)[ea(145)722 290 £ (1 £ 15

(1- e)/z\ﬁ

Recalling that f; = e Fwlf = este Hav! f then with Lemma 7.3 we have
the estimate

I£e]l5 < exp(eca(l +35)2"A%"E)e™ || 5.
Substituting this estimate into (8.2)

9" fr(x
Jo" ‘\ (1- 8/2\f

dKe[c2(1+s)2"’)\2’”—s]t HfHZ




96 NARINDER S. CLAIRE

Integrating along the path to the boundary

C c s 2m mes
| [ a0 du| < g bl s T
0

Following a similar argument to that in the proof to Lemma 3.3
ke (&, ) < Ml (3%, )2 llka,p (5,9, 2
to yield the upper bound

C 2m \2m __
Etljdzd;e[cz(ws) AFM=s]t g

THEOREM 8.2. The integral kernel k(t, x,y) of e~ H! satisfies the inequality

[k (tx,y)] <

N+42y\-1 _ |x— |2m/(2m71)
(e y) < (1= =5 7 ) e R exp (= oo T st

for some positive constants ¢y and cy and where s is the least eigenvalue and 0 < ¢ <
m—N/2

Proof. We demonstrate the proof in two stages. Firstly optimising over ¢
and then optimising over A.
From Lemma B.4 we know that

k(t,x,y) = e*/“/’(x)k,\,(p(t, x,y)ew(y)
recalling the definition of i from (5.1), for some unit vector a
¥(y) —¢(x) =y —x,a).
If a is such that

¥(y) —p(x) = —ly — x|

then substitution into the estimate (8.1) yields

(83) |k(t, X,y)‘ < gtlcfg d;d;e[cz(l+s)2"l/\2m*S]t*)\\xfy|.

Optimising the exponent of the RHS over A we find

A2m=1 _ [x —yl
2mcy (1 +s)?mt’

Substituting back into (8.3) we find there is a positive constant c;

|x _y‘Zm/(mel)

Cc . t)
((1_|_s)2mt)l/(2m71) st)-

e tl—e

B4 [k(txy)| < i dld] exp (2

Recalling that e = 1 — (N + 2v) /2m we have the required estimate. 1
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Appendix A. POLYNOMIAL AND OPERATOR SYMBOL INEQUALITIES

When perturbing our quadratic form Q, the resulting twisted form Q, 4
generates cross terms of the form A”D¥*. We can use ellipticity and Fourier trans-
form to estimate these terms with the polyharmonic (—A)"/2 for m > p + |«|

IAPDSFIB < [ (erlgl? 1ol + cal P11 ) P
RN
<er(l|(=A)" 213 +1) + ea1 4+ A2 £]3)

However a more detailed decomposition of these polynomials is required to at-
tain tighter bounds on ||APD*f|3. So that we can show exponential decay of the
heat kernel in long time asymptotics.

LEMMA A.l. Ifa,b, p and q are all positive constants then
aPbT < eaP 1 + ¢y ge P/ TP
forall e > 0 where cpq == (p/(p+q))P’7— (p/(p +q)) #/4 is strictly positive and
strictly less than 1.
The proof follows from maximising x” — exPT and substituting x = a/b.

LEMMA A.2. Given p > q > 0 there is a strictly positive constant c,y such that
forall f € CX(Q)

1(=8)7fll2 < cqpll(=2)F fll2-
The proof follows from the Spectral Theorem.

LEMMA A3. If f € CX(Q), A € Rand p is a positive integer then whenever r
is a multi-index for which |r| < p

AP Fllp < el (~A)P/fll2 + e/ P=FD AP £

forany e > 0.

Proof. From the isometry of the Fourier transform we see that
=MD fIg = [ 220 DNy = [ A2 gy Fo) e
(0] RN
then using |(i&)")* < |& and Lemma A.1. it follows that
- - - 2011 7
|AP=Dr 113 < /[8 g% eI/ P AP (@) 2 aNe

<ell (=2 fll5 + e P AR £

Rescaling e recovers the required inequality. 1§
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LEMMA A4. Ifrand s are two multi-indicies such that |s| < p—land |r] < p
where p is a positive integer and A € R then
AP =) 2 £ AP (—2) 12 flp < ell(=8)P72 FI3 + 271 72 A% | £ 3
foralle < 2.

Proof. Case |r| = p.
We apply Lemma A.3:

AP (=) M2 fp APl (—a) 12 £
<N(=2)P2 fllaell (= A)P 212 + &V IV AP £1)
= e (AP F15 + (VDA £l [ (= 2)P2 ).
Using the estimate |ab| < (1/¢)a? + eb? we show that the above is
< el ()P f113 + % e 2D IARP| 13 + ell (= 4) 213
< 26| (—2)P2f|I3 + e WHSD PN AR £,

Imposing the condition & < 1 and maximizing e~ (P+1s)/(P=Is]) over s we have the
inequality

AP (=) 12 £ 2| AP (—8) B2 £lla < 26| (—)P72 115 + €1 AP £

The proof for this case is completed on rescaling e.
Case |r| < p follows from Lemma A.3. 1

Having completed this decomposition, we obtain an estimate for lower or-
der operators in terms of the higher order operator.

LEMMA A.5. There is a positive constant c1 such for all o > 0,8 > 0 and positive
integer p < m

Ps\ 2m
(=421 + A 1 < e (1+O)Q() +eap(1+ ) A 1B

forall f € CX(Q) and with s equal to the bottom eigenvalue.
Proof. We can show applying Lemma A.1 that for each y > 0 this is
(AL ([(=8)P2FI3+pAP | FIB< (=) 2 FI3+onullfI3+op PP A2 7|13,

Applying Lemma A.2 and ellipticity whilst recalling that we have positive-definite
spectral gap s

1(=8)"2F13 + oA £113
< el (=2)"2£113 + pmpl| £13 + pm(L+ )"~ A2 113

< cr(1+0)Q(f) — cxbs| fII3 + pmplI fII3 + pm(1+ )" 12> | £13
we can then set y = c10s/mp. 1
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Appendix B. DAVIES’ TWISTED OPERATORS AND THE CANONICAL
FUNCTIONAL CALCULUS

The two definitions are consistent

Quy(f) = (H'2eM 12" f) = (e WHEM f, f) = (Hpyf. f)-
LEMMA B.1. H and H)y, have the same spectrum.

Proof. Given a sequence of functions f, where (H —z)f, — 0 we have
(Hyyp — z)(e™Mfy) — 0.

LEMMA B.2. Foreach f € L2(Q) and z in the resolvent set of H we have
(z—Hyy) 'f =e M (z— H) M.
Proof. LetB = (z— Hyy) ! then
B(z—Hpy)f = f
which is just
Be M (z— H)eMf = f
and out statement follows. 1

COROLLARY B.3. For f € Cy(R) we have a canonical functional calculus for the
twisted operator given by

f(Hyy) s = e M f(H)eM.

LEMMA BA4. If f € Co(R) and k¢ (x, y) is the integral kernel of the operator f(H)
then f(Hyy) has integral kernel k¢ ry(x,y) where

kf,Mp(xfl/) - e‘A‘/’(")kf(x,y)e)"/’(y).
Proof. Letv € L?(Q) then

[ krap(ey) o)y = (F(Hag)o)(x) = (e f(H)e o) (x)
0

Q
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