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ABSTRACT. We generalize our recent results on the boundedness and com-

pactness of Toeplitz operators to the Bergman space A on the unit disc. While
the natural condition for the symbols leads to BMO,-type symbol classes, the
inevitable logarithmic correction for the nonreflexive case requires a separate
treatment of BA-and BO-type symbols.
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1. INTRODUCTION

In this note we generalize to the case p = 1 our recent results in [8], describ-
ing a large class of unbounded symbols that generate bounded Toeplitz opera-
tors T, : AP — AP, 1 < p < oo (see the end of the section for notation). Due to
the discontinuity of the Bergman projection for L'-norm, a logarithmic correction
will be needed, in a way or another. Recall that the sufficient condition for the
boundedness of T, : AP — AP in [8] is a generalized bounded average (BA-)
condition on hyperbolic discs. For the p = 1 case a rather obvious modification
is to add a weight (logarithm of the boundary distance, see (3.3)) to the condi-
tion. However, this direct approach would lead to an unsatisfactory situation,
since the constant functions do not have logarithmically vanishing averages over
hyperbolic discs which approach the boundary, so they do not satisfy the emerg-
ing sufficient condition. The solution to this unexpected problem is, in addition
to the BA-conditions, to consider separately also bounded oscillation (BO-) type
conditions, see Proposition 2.4.

Section 2 is a generalization of [11], containing the necessary decomposition
results of the weighted BMO; j¢-functions to the BAjqs- and BOjog-components.

While the boundedness of a Toeplitz-operator T, : A! — Al fora € BMO3,10g N
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L* is known, see e.g. [7], we give a new, very short proof in the special case
a € BOjpg N L*®. The main consideration of this work, the generalization of [8]
to the case p = 1, is contained in Section 3. The main result is presented in
Theorem 3.2.

As for the literature, the following works are related to Toeplitz and Hankel
operators on Al: 11,121, [51, [6], [7], [9], [10], [11]. In particular we mention that
[9] contains a sufficient condition for the boundedness of T, : A1 — Al in terms
of a new integral operator R,, which is however not so easy to compare with our
more geometric condition.

We follow the notation and terminology of [12]. The spaces are defined
over the open unit disc D = {|z| < 1} of the complex plane. The LF-spaces,
1 < p < oo, with norm || - ||, are defined with respect to the normalized two-
dimensional Lebesgue measure dA. The Bergman space A” is the closed sub-
space of L consisting of analytic functions. Bergman projection is the operator
P:fw [f(w)(1—zw) 2dA(w). Given a locally integrable function a : D — C,

D

the Toeplitz operator T, with symbol a is defined as PM,, where M, is the point-
wise multiplication with a. The Hankel operator H, is defined as M, — Tj,.

2. WEIGHTED BMO SPACES

The Bergman ball D(z, r) with center z and radius r is defined by D(z,r) =
{w e D: B(z,w) < r}, where B(z, w) is the Bergman, or hyperbolic, metric. For a
locally integrable function f : D — C, the averaging function f, is defined by

1
File) = papy | @A) (zeD)
D(z,r)
where |D(z,r)| is the (Euclidean) area of D(z,r). The space of bounded mean
oscillation BMOY} in the Bergman metric consists of all locally L integrable func-

tions for which its norm sup MO (f)(z) is finite, where
zeD

1 N
MO (NG = (i | @)~ Flalrdaw))

D(z,r)

1/p

As pointed out by K. Zhu [11], the definition of BMO? depends on p (unlike in
the case of the classical BMO for the unit circle) and BMO} C BMO{ properly
forg<p.

We also introduce the space of logarithmic mean oscillation BMOf,l og that con-

sists of all functions f in BMO} with finite norm

sup W(z)MOF (f)(z) < oo, where W(z) := 1+ log 1_12|

zeD
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For a continuous function f on D, define the oscillation w,(f) of f by

1) w(f)z) = sup |f(z) - f(w), zeD.

weD(z,r)

By BO, we denote the space of all continuous functions of bounded oscillation

with the semi-norm sup |w;,(f)(z)|. For the weight W, the weighted BO space,
zeD
denoted by BO; g, consists of all f € BO for which W(z)w;(f)(z) is bounded

on DD; the norm is defined by

22 /1180, 10 = SlelgW(Z)wr(f)(Z) :

Concerning functions with bounded averages, we say f € BA! if |f|} is

bounded. We say that f € BAf log’ if Wp m\f is bounded, and the corresponding

norm is defined by
£ llpar, = sup W(z)(|fI})"/?
rlog  zeD

which is comparable to the expression

swp (157 | OV@If@raaw) .

zeD )
All of the spaces defined above can be shown to be independent of the num-
ber r, so that we can use the notations

BMOY, BMO} BA¥, BA]

B,log’ logr BO/ Bolog/

instead of BMOy, BMOY,, ., BA7, BA, .,
norms, any r can be used, since the norms corresponding to different r are equiv-
alent.

BOy,, BO,rlog, respectively. As for the

PROPOSITION 2.1. If f € BMOE’;lOg, then there exist functions fi € BOjog

and f, € BAFOg such that f = fi + fo. These can be chosen such that ||f1([go,, +
12l g, < Clllgnion,

Proof. This is similar to the proof of Theorem 5 in [11]. Let us fix r > 0
and let f{ = f; and f, = f — f;. Since |D(z,r)|, |D(w,r)|, and |D(z,2r)| are all

comparable for w € D(z,7) (see Lemma 4 of [11]) and since D(z,7) and D(w,r)
are both contained in D(z,2r) for w € D(z,r), we have, for B(z, w) < r,

W(2)If(2) = fr(w)] S WE)Ifr(2) = far (2)| + W) fr(w) — far (2)]

W) .
G2, /2 - aac
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Thus, Holder’s inequality shows that
W) ~ Filw)| < CV(EMOG()(:),
and 50 f; € BO, jog. Concerning fy, let D := D(z,7), and estimate
W @)
Wz |D|/|f ~Fardae) "+ (g [V@IEO-FE@DRAR)

D
SW(2)MO] (f)(2) + W(2)wr (fr) (2),

which is bounded since f € BMO?, and ﬁ € BOyjog- B

rlog

We show that on the other hand BAp and BO)g are contained in BMOa log®
If f € BAY rlog , then, just by the triangle 1nequal1ty,

WMO(F)2) = WE) (1 / f@)-FEIda@)

1/p 1/p

W5 [1f@PaA©) W [ raae)
D D
=WE(SD)*+WEIH)P<2fl 5y, where Di=D(z,1).

So BA{’Og C BMo’g,log with ||f||BMOp < 2||f||BAp .

PROPOSITION 2.2. For 1 < p < oo, we have BMOa log = = BOyog + B Alog
o . p
Moreover, if f = f1 + f, with fi € BOyyg and fo € BAL., then HfHBMOl’Z)g <
CHfl”BOlog+C||f2||BA]POg.

Proof. By the above, we only need to consider f € BOjoq:

WERMOH)(2) = WE) (57 /(\f |1D| / F0)dA()|) daw) "

|D|/ |D|‘/W f(v))dA(y)DpdA(w))l/P
< ||fHBO10 , with D := D(z,7),

by (2.2), hence, BOjog C BMO(Z[;lOg and ||fHBMOglog < | fllBojg- 1

REMARK 2.3. One can define spaces with vanishing logarithmic mean oscil-
lation, average, or oscillation, analogously (which we denote by VMOa log’ VAf og’
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and VO, respectively). One can show that also for them the following decom-
position holds:

VMO?

_ p
dlog = VOlog + VA

log*

We end this section with a couple of lemmas. It is known that Toeplitz
operators with symbols in BMOj 1,5 N L* are bounded on Al (see [7]). We give a
very short proof in a special case, which complements our main proof in the next
section. Let B be the Bloch space on the unit disc; for details, see [12].

PROPOSITION 2.4. Ifa € BOyog N L%, then T, : A' — Al is bounded .

Proof. Let f € A! and h € B be arbitrary. Using the usual dual pairing
(f,h) = [ fh between Al and B, we write (T,f,h) = (PMzPf,h) = (f, PMzh).
D

By [10], Mz is bounded BMOy — BMO; for a € BOj,g N L*, and also the

projection P : BMO, — B is bounded. Hence, [(T,f, h)| = |(f,PMzh)| <
ClIMal[lfll arllPli5-

A similar proof gives the following, which we later apply for Hankel oper-
ators.

LEMMA 2.5. Ifa € BA! then M, : A' — L' is bounded.

Proof. Let ¢ € BAl, f € Al, and also h € L*®, ||| < 1, and write
(Maf,h) = (Pf,ah) = (f, P(ah)). But we have ah € BA! with ||ah|/zn <
llall gatllhlleo < ||al|g41- Moreover, P : BA' — B is bounded (since it is bounded
BMO,; — B). Hence, P(ah) € B with ||P(ah)||p < C|lal[ga1. As a conclusion,
using the duality of A and B,

IMaf |11 = sup [(Maf, h)|= sup|{f, P(ah))| <C||fl| a1 [|P(ah)[| s <CI|f[| a1 lla]| g a1-

(1]l <1 (1]l <1

Thus, M, is bounded. 1

3. ON THE BOUNDEDNESS OF TOEPLITZ OPERATORS

Let us introduce a collection Q of subsets Q := Q(r,6) of D which are rect-
angles in polar coordinates and have a hyperbolic radius bounded from above
and below:

G Q={petir<p<i-J-n,0<p<o+n0-n}
forall0 <r<1,0€0,2n].
Given Q = Q(r,0) € Qand { = pe'? € Q, we denote
1 p @
(32) ag(0) = 1] / / a(ge'?)edgdo.
roe
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PROPOSITION 3.1. Assume that a € L110C and that there exists a constant C > 0
such that

C C
(3.3) ao(0)] < -
401 < 37y = T3 TogT = 12D
forallQ € Qandall{ € Q. Then T, : A — Al is well defined and bounded, and there
is a constant C such that

(34) |Ta|| < CCp with Cq:= sup |dg(L)W(D).
QeQleQ
Since Q is essentially a hyperbolic disc, the { on the right hand side of (3.3)
can be replaced by an arbitrary point of Q.

Proof. The proof follows that of Theorem 2.3 of [8], so we shall be quite brief
with the calculations here.

We use an explicit decomposition of D into sets belonging to the family Q.
Let us denote by n := n(m, i) a bijection from the set {(m,u) : m € N,y =
1,...,27™} onto N which preserves the order in the sense that m < I = n(m, u) <
n(l,A) forall pand A, and u < A = n(m, u) < n(m,A) for all m.

We define the sets

(3.5) Qn = Qumyp) = 1{z= rel cr, <1 <1),0, <0<0,},

where m € Nand y = 1,...,2", and, for n = n(m,u), ry := 1 =277+ ¢ =
1—27",0,:=m(p—1)27"+1, 0, := gu2=m+1,

The assumption (3.3) and the definition of r, imply for all n and all { =
pe'? € Q,

p @
(3.6) lag, (¢ / / ?)odode| < &

m’
n 0y

where C; is as in (3.4).
Let f € Al and fix an n(m, u). We perform the same integration by parts as
in [8] as follows

a(Df(2)
/ q 7ZZ)QdA<§>

- / / rdrde
1—zre

™ 6,

0, (A

// e Qd(PdQ (1 fir/e i0) / // 0e? Qd(PdQ a a f(zre 13) dr

Tn 0y n  Tn Oy
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_/ 7/ Qe gd(pdg ( f(z,,/ele)le) de

Gn Tn 9n

1’9, r

+// // a(0el® ngodqaae( f( ))dedr

n 0y n 0y

(3.7) =:F (Z) +Fhn (Z) + F3 (Z) + Fa (Z) =: Fy (Z>
Let us consider F; ,,. The integral of a there has, by (3.6), the bound
; C
(3.8) ‘//u(ge‘P)ngon‘ < %

Repeating the estimations made in [8] we find that

CCa _If(D)]
m J |1fZZ|2dA(€)'

(3.9) [Fun(2)] <

By the same methods we get forj=12,3

Ol IF@I0-12P)
(10 |Fu(2) < /H_Zg|2 o)),
and moreover
@I, 1F1@1a-1gP)?
G40 (s /|1 A TR T (AN ALl

Notice that 1/m can be estimated by C/W({) on Qy, hence, we can write
) ) o 4
(312) ) Fu(z) < ) [Fa(2)| < ) ) [Fjau(2)
n=1 n=1 n=1j=1
<ce, [ YOIV @IO =R+ 1 @I~ R g )
W()[1 —zC

We show below that the maximal Bergman projection satisfies the following esti-
mate:

613) | [ i zaa0]], < claly
D

forall g € L' (see Corollary 3.13 of [12]). Moreover, by Theorem 4.28 of [12], the
functions | f/(2)|(1 — |Z|?) and |f”( )[(1 —|Z|?)? belong to L!. Using (3.12) and

(3.13) we thus find that the series Z |F(z)| can be pointwise bounded by an L!

function, and thus it converges for almost all z. Hence, the Toeplitz operator can
be defined as a bounded operator on A! (see Remark 2.4. of [8]), and its norm has
the bound (3.4).



138 J. TASKINEN, J.A. VIRTANEN

As for the inequality (3.13), using the duality of L! and L® > & and the
Forelli-Rudin estimate ([12], Lemma 3.10), we have the following which com-
pletes the proof:

|
H/W |1—Z€\2dA( \msffil//Wg |1—ZC|2 Al

9]
sD W(g)E{H_Zé'sz(z)dA(g)

< [ S8lw@aa =cigh.

By combining Propositions 2.4 and 3.1, and denoting by X the space of
symbols satisfying the condition (3.3), we obtain our most general result on the
boundedness of T,:

THEOREM 3.2. Ifa € BOjog N L™ + X, then T, : Al — Al s bounded.

Notice that the constants do not satisfy (3.3) though they correspond to the
multiples of the identity operator, hence, Theorem 3.2 is well motivated in com-
parison with Proposition 3.1. Since X contains the space BAl0 o We have the fol-
lowing strengthening of the result in [7]:

THEOREM 3.3. Ifa € BOyog N L*® + BAL , then T, : A* — Al is bounded.

log”
Next we give the following sufficient condition for T, to be compact on A®.

PROPOSITION 3.4. Assume that a € Llloc and that

(3.14) d(gggo 21615 lag(D)IW(g) =

where d(Q) := inf{|z —w| :z € Q, |w| = 1}. Then T, : A' — Al is compact.
Proof. By definitions, we actually have
315) tim sup [0, (Q)IW(E) =
C€Qn
We take an arbitrary sequence (f¢)$,; C A! with ||f¢|l1 < 1 for all k such that
fx — 0 uniformly on compact subsets of ID; we show that || T, fx|l1 — O.
Let ¢ > 0 be arbitary. Let the expressions F; ,(z) be as above, and let F; , x(z)

be equal to Fj,(z) with f is replaced by fi. Consider F; ,x(z). Applying (3.15) to
(3.8) and deducing as in (3.8)—(3.9), we obtain instead of (3.9) the estimate

en [ (@] 4 fi(C
616 W@l <€ | s / oA

where we may assume that ¢, — 0. Choose N € N such thate, < e forn > N.
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Since the closure of the set D(N) := U Qu is compact, there exists a con-
n<N
stant Cn > 0 such that

n<N/ |1 _Z€|2 )

for all z € . Since the sequence (fi) converges to 0 on compact subsets, we may
choose M € N such that | ()| < e/(1+ Cy) forallk > Mand { € DIN). We get
forallk > M,

Linuel< L [ e

n<N

| fk(C
/ "W(o)IL —zg|2dA(€)

|f1(Z
gng,l—i-CN / |1—ZZ|2 /W |1—z§|2dA(€)

\fk( |
Sete /Wdf‘@)

The other expressions Fj,n,k(z), j = 2,3,4, are treated similarly, keeping in mind
that also the derivatives of the functions f; converge to 0 uniformly on compact
subsets of . Arguing as in the proof of Proposition 3.1 we find that || T, fx||1 < Ce
for large enough k. 1

n>N

The previous lemma contains the result that if a € VAL o then T, : Al — Al
is compact.
We end our paper by a direct application to Hankel operators.

COROLLARY 3.5. Leta € BMOllOg be such that a = f + g with f € BOjog N L™
and g € BAllog. Then the Hankel operator Hy : A' — L1 is bounded.

Proof. Since H, depends on the symbol a linearly, it suffices to show that
both Hy and Hg are bounded. Trivially, My is bounded from Al into L! for
f € L*. Hence, by Proposition 2.4, Hy = My — Ty : Al — L! is bounded.
Similarly, the boundedness of Hy : A’ — L! follows from Lemma 2.5 and Propo-
sition3.1. 1

REMARK 3.6. The problem whether H, : A! — L! is bounded for every
ae BMOlog remains open.

Acknowledgements. The first author was partially supported by the Viisdla Founda-
tion of the Finnish Academy of Sciences and Letters. The second author was supported
in part by Academy of Finland Project 207048 and in part by a Marie Curie International
Outgoing Fellowship within the 7th European Community Framework Programme.



140 J. TASKINEN, J.A. VIRTANEN
REFERENCES

[1] K.R.M. ATTELE, Toeplitz and Hankel operators on Bergman one space, Hokkaido
Math. ]. 21(1992), 279-293.

[2] S. AXLER, The Bergman space, the Bloch space, and commutators of multiplication
operators, Duke Math. ]. 53(1986), 315-332.

[3] J. GODULA, Generalized Hankel operators on the Bergman space on the unit ball,
Complex Variables Theory Appl. 34(1997), 343-350.

[4] S.JANSON, J. PEETRE, S. SEMMES, On the action of Hankel and Toeplitz operators on
some function spaces, Duke Math. ]. 51(1984), 937-958.

[5] M. NowAK, Compact Hankel operators with conjugate analytic symbols, Rend. Circ.
Mat. Palermo (2) 47(1998), 363-374.

[6] M. PAPADIMITRAKIS, J.A. VIRTANEN, Hankel and Toeplitz transforms on H L. con-
tinuity, compactness and Fredholm properties, Integral Equations Operator Theory
61(2008), 573-591.

[7] J. TASKINEN, J.A. VIRTANEN, Spectral theory of Toeplitz and Hankel operators on
the Bergman space A!, New York J. Math. 14(2008), 305-323.

[8] J. TASKINEN, J.A. VIRTANEN, Toeplitz operators on Bergman spaces with locally in-
tegrable symbols, Rev. Mat. Iberoamericana 26(2010), 693-706.

[9] Z. WU, R. ZHAO, N. ZORBOSKA, Toeplitz operators on Bloch-type spaces, Proc. Amer.
Math. Soc. 134(2006), 3531-3542.

[10] K. ZHU, Multipliers of BMO in the Bergman metric with applications to Toeplitz
operators, J. Funct. Anal. 87(1989), 31-50.

[11] K. ZHU, BMO and Hankel operators on Bergman spaces, Pacific J. Math. 155(1992),
377-395.

[12] K. ZHU, Operator Theory in Function Spaces, 2nd edition, Math. Surveys Monographs,
vol. 138, Amer. Math. Soc., Providence, RI 2007.

J. TASKINEN, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF
HELSINKI, HELSINKI, 00014, FINLAND
E-mail address: taskinen@helsinki.fi

J.A. VIRTANEN, COURANT INSTITUTE OF MATHEMATICAL SCIENCES, NEW YORK
UNIVERSITY, NEW YORK, 10012, U.S.A.
E-mail address: virtanen@courant.nyu.edu

Received January 19, 2010.



