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1. INTRODUCTION

This material presents some results in monotone probability, a non-unital
and non-symmetric type of non-commutative probability. More precisely, if (A, ¢)
is a non-commutative probability space and I a totally ordered set, then a family
of subalgebras {A;};c; of A is said to be monotone independent with respect to
 if for any ay, ..., a, with a € A; such thatis # is,1, the following properties
are satisfied (for a more functorial treatment of monotone independence, see [19]
[12]):

D) ¢(ar---an) = (ar)p(az---an) if it > ip;
@) y(ar---an) =9(ar- - ap_1)p(an) if in > in_1;
G)p(ar---an) =p(ay - axay(ag)agir - -~ an), i ix 1 <ig > gy

Many results from the free probabilities theory have non-trivial monotone
independence analogues - the monotone Fock space, respectively bimodule of
[18] and [21] are counterparts to the full Fock space ([23], [22]), the H- and K-
transforms from [18] and [13] are analogue to the Voiculescu’s R- and S-transforms
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etc. In [14], T. Hasebe introduced the notion of conditionally monotone indepen-
dence, in analogy to the notion of conditionally freeness from [5], [6]. More pre-
cisely, if A is a unital algebra endowed with two normalized linear functionals
¢ and ¢, a family of subalgebras {A; };c; of A is said to be conditionally mono-
tone independent if they are monotone independent with respect to 1 and for
any ay, ..., a, witha, € Aik such that is; # i1, we have that:

(1) @(ar---an) = g(a1)p(az---an) if i1 > i;

@) p(ar---an) = @(ar - ap_1)@(an) if in > iy_1;

@) ¢ar---an) = @(ar---ax1)[@(ar) = Y(a0)]@(ari1---an) + @(ar---ax
Y(ag) gy - an), if iy <ig > g

A Fock space model for the theory of conditional freeness is presented in [5].
Also, there is an important connection between conditional freeness and com-
plete positive maps: in [1], [2] and [8], it is shown how the relations from the
definition of the conditional freeness appear in the construction of the free prod-
uct of completely positive maps, which turns to also be complete positive. The
present material addresses all these topics for the case of conditionally monotone
independence.

The paper is organized in 4 sections, including the Introduction. In Sec-
tion 2 we will present a operator algebraic model for the conditionally monotone
independence using the “monotone Fock space” introduced in [18] and the ideas
from the Fock model for conditionally freeness from [5], thus completing the con-
struction from [14]. In Section 3 we construct the monotone product of maps, and
using the results and some techniques from [1] and [14] we prove that a mono-
tone product of completely positive maps is completely positive. In Section 4 we
define the montone product of C*-algebras with conditional expectations, refin-
ing the construction from [18], and prove some embedding results similar to the
ones presented in Sections 1 and 2 of [8] for the free products.

2. REALIZATION OF CONDITIONALLY MONOTONE INDEPENDENCE

Let {(A;, @i, i) }ic be a family of x-algebras, each endowed with two states
(throughout the paper I will always be a totally ordered set). If I has a minimal
element, 0j, since in the definition of the conditional monotone independence the
functional ¢y, does not appear, we will also suppose that o, = 1y, .

As in [5], for each j € T we consider *-representations 7t;,0; : A; — B(H;)
given by the GNS-constructions with states ?i, ¥, respectively, i. e.

¢j(a;) = (mj(a;)¢;,¢;) and  y;(a;) = (oj(a;)¢;, i)

with a; € A; and [|¢;]| = 1. As remarked in [5], we can always choose the same
vector ¢; for both states, but by doing so we may lose the cyclicity of ¢;.
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Let (#,¢) be the monotone product of the family {(#;,¢;)}>0 (see [18],
[21]):

H = CC@®<11>@>1”H -®H;;)

where 7-[;’ = H; © Cg;. We also define

cg@@( D Hyo-oH)

n=1 i;>--->i,, 1<k

and consider the adjointable partlal isometries Vk H — Hpy® H(k—1) given
by Vi¢ =¢®¢and, for i@ @ fu € Hf @ - @7,

0 ifi >k
Vih @ @fn=4fi® - fa ifiy =k,
AR ®fy ifip <k

For T € B(Hy), we define wy(T) = Vi (T ® Idy x)) V; a trivial computation

gives that wi(T1Tz) = wi(T1)wy(T2). We will consider the *-representation ji :
-Ak — B (H)

jk(a) = wi(m(a)) Pe ® wie(ox(a)) P

where Py is the orthogonal projection on C¢ @ H.
Finally, let @ be the state on B(#) given by ®(T) = (T¢,¢).

REMARK 2.1. From the definition of w; and 7;, we have that @ o j; = ¢; for
alli € I.

LEMMA 2.2. Suppose that iy # ixq for 1 < k < n, that ay € A;, and
Ak = jik (ﬂk). Then
A ApC = P(Ay---Ap)E+1 forsomen € H(k)° = H(k) o Cg.

Proof. Induction on n. For n = 1, we have

A8 = wj, (113, (a1)) P & @ wj, (03, (a1)) Py & = wyy (113, (a1))E, sinceP; & = 0
= V [7'[1] (al)gll] ® 6 [<7Tl1 (al)glwgl] >§l1 + sz 7-(11 (ul)gﬁ] ® g
= Vijlgi i, + Py, iy (a1)8;,] @ & = 94,8 + Py, i, (a1) 8,

where P, is the orthogonal projection on C¢;, . The conclusion follows now from
Remark 2.1.

For the induction step, we first write Ay - -- Ay¢ = 11 + 12 + af with i1 €
Hy 2 € Hi2)° ©H; and o € C.

The argument above gives Aq(ag) = ({1 + apl) with {1 € H and ag € C.
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On the other hand,
A = Péi_l Aim + a1 withey € Cand Pa,‘] A € ,ngl’ and
Ay = Vi (03, (a1) @ 1d) Vi g2 = Vi (03, (a1)Giy @ 1m2) € H(in)°.

Summing, we obtain A - - - A,¢ = 7 + B¢, with p € C and 57 € H(i1)°, and since
@(T) = (T¢, &), the result is proved. 1

THEOREM 2.3. With the notations from above, if iy # iy, (k=1,...,n—1),
and ay € A;,, then:
(i) for iy > ip, we have that

@(ji, (a1) - -« fi, (an)) = @i, (a1) @ (i, (a2) - - - i, (an));
(ii) for iy > i,—1, we have that
D(ji, (a1) - -+ ji, (an)) = Pk, (a1) -+ i,y (@n-1)) @i, (an);
(iif) for iy_1 < iy > ip4q (for some 1 < | < n), we have that
D (jik, (a1) -+ ik, (an))
= D (i, (a1) - i, (@) an)jie1(@s1) - i, (an))) + @i, (@) - - < ik, (a1-1))

[@x, (a1) — Pr, (a)] P (i1 (ar1) - - i, (an)))-

Proof. First, to simplify the notations, we will write A; for j; (a;), 1 <1 < n.
From Lemma 2.2 and Remark 2.1, we have that A,§ = 1+ ¢; (a,)¢ with
1 € H; . Since iy > iy_1, the definition of V; | gives

(A~ Ap) = (A1 Ap_19i,(an)8, 8) = (A1~ A8, 8) @i, (an)

so part (ii) is done.
For part (i), Lemma 2.2 gives

Ap- - Apg =1 +ag,
witha = ®(Ay---A,) € Cand 57 € H(ip)°. Since
Ay = V(03 (a1) ®1d)&; @ = Vi (03, (a1)8iy @ 1) € H(i1)°,
we have that
B(Ar -+ A) = (Arad, 8) = (Mg, B = @i (A)D(Az -+ Ay).

For part (iii), write Ajq--- Ayl = 4+, withy € H(I+1)° and a =
(A1 An) € C. Also write

i, (a1)Gi, = C1 + B1Giy, o, (a1)8i, = Go + Bady,
with 1 = ¢; (a1), B2 = i (a;) and {1, 2 € H.
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We have that

AlAp1 - AnG = A(n +al) = Vi (03, (a)) 8, @ 1) + Vi, (7, (ar)ad;, @ G)
=V, ([Q24B2G; ] @n+[L1a+B1ag;, | @8) = Lo@n+Ban+1a + Brad
=0 @1+ G+ Ban + Boad + (81 — G2)a + (B1 — B2)ad

Since i; > ij_q and {3, 0> € H;, it follows that Al 1(Qo@n+ O+ (01— )a) =
0, therefore

DAy~ Ap) = (A1 A1 A (A - And), ©)
= (A1 A (B2 + ag] + (B1 — B2)ag), &)
= (A1 AlL1BaAry1 - AnG, &) + (A1 A8, ) (Br — Ba)a.

3. MONOTONE PRODUCTS OF COMPLETELY POSITIVE MAPS

Let {2; },c; be a family of *-algebras containing a C*-algebra B as a common
x-subalgebra and suppose that each 2; is endowed with a projection ¢; : A; —
8. Let now © be another *-algebra containing B as a *-subalgebra and suppose
0; : A; — © are a family of B-B bimodule maps such that Gi‘% = Idy.

We will write ? for the set ker(¢;) C 2(; and denote be l?eleli the free prod-
uct of x-algebras {2, } ;>0 with amalgamation over B.

We fist need to briefly review a result from [1].

DEFINITION 3.1. The free product of the maps {6; }ic; is the map

9* = *Gi:'*IQli — D

iel i€

given by

Ox (a1---an) = 0; (a1)---6;,(an) wheneveray € A7 ,i; # ij1; 9*‘% = Idss.

THEOREM 3.2 ([1], Theorem 3.2). If, with the notations above, {;};c1, B, and
D are unital C*-algebras, ; are projections of norm 1 and 6; are completely positive
unital maps, then 0y extends to a unital completely positive map from the universal free
product of the C*-algebras 2;(i € I) to D.

As in [14], for each i € I consider now A; = B1 @Y (direct sum of B-
bimodules). If B is unital, then 2; is a unitalization of 2;, but 15 # 1g,. let

A = '*Iﬁi be the free product of *-algebras with amalgamation over 8. Note
1€

that we have the natural decomposition A =Bl A, where 2l = iﬁli, the free
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product of *-algebras without amalgamation over B. The algebra 2 is still a B-
ring, and we have the vector spaces identification

ng@ @ A Qs A, Qe -+ - Ay,
n=1 i iy i
DEFINITION 3.3. The monotone product of the maps {0; },~ is the map
0 = .Dlei : 2 — D given by:
ie

G1)  O(ar---an) =0;(a1)0(az - - -an) if iy > i,
32)  O(ar---an) =0(ar---ay—1)6;, (an) if in > iy_1,
(33)  O(ay---an) =0(ar - a1 () a1 - - an)
+0(ay - - ax_1)[6; (a) — i, (a)]0(agr1 - - - an).
PROPOSITION 3.4. The monotone product of maps, defined above, is associative.

The proof is just a trivial (though tedious) re-writing of the argument from
the scalar case in Theorem 3.6 of [14].

PROPOSITION 3.5. Let 21,25, ® be *-algebras that contain B as a common x*-
subalgebra. Suppose that ¢, : Ay — B is a conditional expectation and that 6y :
Ay — D,k = 1,2 are B-bimodule maps.

Consider Ay = B1 ® W, k = 1,2 and ¥r, O : A — B given by (b € B,a; €
Aq, and a; € 9[2).‘

Pr(b1+a1) =b, (bl +a2) = b+ ¢o(az), Ox(bl+ay) = b+ O (ay).

Then, with the above notations, we have that 52 *51 = =00
|21, K21,

Proof. For simplicity, denote 8 = 6, > 0;. We just need to show that
0(ar---an) = 6;, (a1) - - - 6, (an)

whenever a; € ker(l/Ji],) N, i € {1,2} with iy # ixyq.

We will prove the assertion by induction on n. The case n = 1 is trivial. For
the induction step, note that if a; or a, are from 2, then the conclusion follows
from Definition 3.3, relations (3.1), (3.2).

If ay,a, € 24, then there exists k € {2,...,n — 1} such that a; € 2,. Then
(3.3) implies

0(ar- - -an)=0(ar- - -ax_19oapar1- - -an)+0(ar- - -ar_1)[02a2) — 2 (@ax) |0 (ary1- - -an)
=0(ay -~ ax_1)602@2)0 (a1 - - an),

since P, (ax) = 0, and the conclusion follows from the induction hypothesis. 1

THEOREM 3.6. Suppose now that {U;}ic;, D are unital C*-algebras, and B is
a common C*-subalgebra of theirs containing the unit. Suppose that ¢; : A; — B
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are positive conditional expectations and 0; : A; — © are unital, completely positive
$B-bimodule maps. Then the map ‘>09i is also a completely positive B-bimodule map.
(>
Proof. The proof relies heavily on Theorem 3.2 and the associativity of the

monotone product of maps. To simplify the writing, denote 6 = 'DI()I- the mono-
1€

tone product map and 2 = %Ql,« the free product *-algebra.
1€

We need to show that, for any positive integer n, if A = [ai,j]zr‘fj:

itive element from M,,(2) then the matrix 6(A) = [9(111',]‘)]?]-:1 is also positive in

1 is a pos-

M, (D). Each entry a; ; of A is a finite sum

N(i,j)
aij =Y w(i,j)
I=1
where each (i, j) is a reduced product from 2, i. e. is written as a product of the
form ajay - - - ay with ag € ;15 # is41.
Let N(A) = card{i € I : there is a word in one of the entries of A that
contains elements from 21;}.
We will prove the assertion by induction on N(A). For N(A) = 1, the
conclusion is equivalent to the completely positivity of ;.
If N(A) = 2, for k = 1,2, let A = B1 @ A; and, as in Proposition 3.5,
consider the maps 1;[Jvk, gk (A — B given by (b € B,a; € % and ay € Ay):

l;bvl(bl-f—ﬂl) =b, l;bvz(bl—f—az) :b-f—lpz(az), 5k(b1+ak) :b+9k([lk).

Remark that 6 are unital completely positive B-bimodule maps from the
x-algebras 2 to ©. First note that 1g, are projections in 2y, respectively, and so
are e = 1y 3, — 1g,. Moreover, A = Ay @ Bey (direct sum of C*-algebras). If
ap € A, b € B, then bl + a; = bep + (a, + blg{k) and a; + blg{k = € Ap. Tt
follows that

O (i + beg) = O (b1 + a) = b+ O (ar) = O (ay).

Theorem 3.2 implies now that 6,%6; is a completely positive map from
QfE *lel to D, particularly from 20, *2(; to D, and the assertion follows now from
Proposition 3.5.

The induction step follows from the above argument and the associativity
of the monotone product of maps. To see that, we will again need an argument
from [1].

A x-algebra A is said to satisfy the Combes axiom if for each x € A there is an
A(x) > 0 such that x*x < A(x). As mentioned in [1], [2], the Stinespring Dilation
Theorem can be easily reformulated as follows:

Let A be a unital x-algebra satisfying the Combes axiom and let & : A — L(H)
be a unital completely positive linear map. Then there exist a Hilbert space K, a *-
representation 1t : A — L(K) and an isometry V- € L(H, K) such that:
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(i) @(x) = V*r(x)V forall x € A;
(ii) /C is the closed linear span of 7w(A)VH.
Suppose now that 6(A) is positive whenever N(A) < n and let A’ be a
matrix from some M,, () such that N(A’) = n + 1, that is the words summing in

the entries of A’ are contain only elements from the subalgebras i, iy Ui

withip < -+ < ipyq. Let A(n) = li ;. From the induction hypothesis, we
S

—~

have that § = . > 0;, is a completely positive map from 2’ to . Take now 2(n)
<j<n

the unitalization of 2’ and extend 6 to a completely positive map on 2!’ as above.

Since i(\n/) is spanned by 1 and the unitaries of the C*-algebras {Q[ij}7:1 (in

2((n) they are only partial isometries), we have that it satisfies the Combes axiom.
The existence of the Stinespring dilation yields the extension of 8 to the greatest
C*-algebra norm

—

||la|| = sup{||7t(a)|| : 7T * -representation of 2A(n) }

—_—

completion of 2(n). Let 2(n) be this C*-algebra.

Therefore the entries of A’ are words only in elements from 2; ., and 2/(1),
which are unital C*-algebras endowed with the completely positive maps 6;,
and 6. The conclusion follows now from the argument in the case N(A) = 2 and
the associativity of the monotone products. 1

Remark that ;IQLZ- satisfies the Combes axiom, since it is generated by the
1€

C*-algebras {2;};c;. The argument from above gives then the following
COROLLARY 3.7. With the notations from Theorem 3.6, the map 6 = 5091- ex-
1z

tends to a completely positive map on the universal free product (without amalgamation
over B) C*-algebra '*1211-.
ic

4. EMBEDDINGS OF MONOTONE PRODUCTS OF C*-ALGEBRAS
AND COMPLETELY POSITIVE MAPS

This section is in all regards very similar to the Sections 1 and 2 of [6]. Most
of the techniques are similar and the results are almost a verbatim translation
from the free case to the monotone case. This was to be expected, since the
monotone product of Hilbert bimodules is a subspace of the free product and
the partial isometries in the definition of the monotone product of C*-algebras
are restrictions of the unitaries from the definition of the free product. The main
difference is that we will utilize the construction from Section 2, while [6] is using
the construction of the conditionally monotone product from [3].
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4.1. MONOTONE PRODUCTS OF C*-ALGEBRAS. We will use the following version
of N. Muraki’s construction of the monotone product of C*-algebras.

Let { (20, ¢;) }ic1 be a family of unital C*-algebras containing a common C*-
algebra B with 1y € B and each 2; endowed with a positive conditional expec-
tation ¢; : 2A; — B and having faithful GNS representations.

We let E; = L2(A;, ¢;), ¢ = Tgli € E,E; = B @ E;. Similarly to the
previous section, consider the Hilbert B-bimodules

E= (;%@@( D E on--@xE)) and

n=1 i;>-->iy

g%@@( D E om-0nE).

n=1 11> >iy
11 gk
Remark that we can define V; : E — E; ® E(k — 1) similarly to the oper-
ators Vj from the previous sections; they are adjointable partial isometries (con-
sidering the norm induced by the C*-norm of B). For a € A, define

je(a) = Vi (a@1d) Vi € L(E).

Finally, let 2 be the C*-algebra generated by {j;(2;) }ic; in L(E) and let ¢,
¢ : L(E) — B, be the functional given by ¢(T) = (T¢, ¢).

We will call the pair (2, ¢) = Dl(Qli, ;) the monotone product of the family

1€

of C*-algebras {(2;, ¥;) }ier-

The following property was shown in [18] for the case 6 = C and in [21]
for the general setting:

PROPOSITION 4.1. The functional 1 from above is a conditional expectation with
respect to which the subalgebras {j;(2;) }ic; are monotone independent, i.e. for any a; €
Jip (i), 1 < i < nsuch that is # is,1, we have:

() p(ar---an) = i (a)g(az---an) if iy > i
(ii) 1/)(111 e 'an) = 1/7(‘11 s an—l)lpin (an) Z.fin > iy_1;
(iii) Y(ar - an) = Play - a1 i (ag)agyr - an) if igy <ig > gy

REMARK 4.2. Actually the subalgebras {j;(2;) };ic; are satisfying a stronger
condition than (ii) and (iii) from the above Proposition. If k < land a € ji (), b €
j1(2;), then

abjpspror-1) = Y (b)|EoEoE(-1)-
Particularly, ajazaz = ayip(az)as whenever a; € ji, (U, ) with ki < ko > k3.

Proof. 1t suffices to show that aby = ap(b)y for all y = f1 g - Qgp fu,
with f; € E;?j suchthat! # kg > --- > ky.

If k1 > I, then both sides are zero. If k1 < [, then

aby =aV;" (b@1d)& @ 1) = aVy (p(b)E& + P2 b&) @ 1 = ap(b)y.
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The last part follows from the fact that j;((;)(E) C E(i). 1

REMARK 4.3. The above construction can easily be modified to obtain a rep-
resentation of the free product x-algebra of the family {2;};c; that satisfies the
relations (i)—(iii) from Proposition 4.1 without the more restrictive condition from
Remark 4.2. With the above notations, let (£, &) be the free product bimodule of
the family {E;, §;}icj, that is

e=sto@( @ Eo-oF)
n=1 —ijF#Fin

where E; = E;-’ ® BE;.
We also define

SMj::%CGBQ;( ) Ei®"49E&)

n=1 117&;&1",11<k

and consider the partial isometries Wy : £ — E; ® E(k — 1) given by Wi ¢ =
{r®C¢and, for 1®---® fu eE;’l®---®Egl,

0 ifi >k
Wifi®  ®@fn=0fi® - ® fu ifip =k,
GRf1®---®fy ifip <k
For T € ; C L(E;), define u;(T) = W (T @ Idg(_1)) Wy and 9 () = (-5, &).
Since EIE,' = E is a sub-bimodule of £ and u;(a) g = ji(a), it follows that Propo-
sition 4.1 holds true also for the family {u;(2;) }icr.

To see that {u;(2;) };c do not satisfy the relations from Remark 4.2, consider
iy < ip > i3 from I and for j = 1,2,3 take a; € QLi]. such that Zi;-‘ € Efj (that is
1/)(141-]. (a;)) = 0). Consider also f, = a5 and f3 = <f2,f2>aA§.

Denoting A; = uij(a]'), we have that ¢(A;) = 0, hence A1yp(Az)Az = 0. On
the other hand, since (a3f3,&) = (f3, f3) # 0, we have that asfs = { + (f3, f3)
with ¢ € E7. Therefore

A2A3f3 @ fo = a2( ® f2) +(f3, f3) f2 = B2 @ L ® f3 + Aa(f3, f3) fa-

Since @, € Efz and i1 < ip, we have that

A ArAsfs® fr=A1A2(fs, f3) fo=1 (A2 {fs, f3) fo, &) =1 ({fo, f2)5, (fa, f2)a5)#0.

LEMMA 4.4 ([8], Lemma 1.1). Let {2;};c be a family of unital C*-algebras con-
taining a common unital C*-subalgebra B and having conditional expectations ; :
A; — B whose GNS representations are faithful. Let

(A, 9) = > (Ai ¢i)
i€l
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be their monotone product of C*-algebras as defined in Section 2. Then for every ig > 0
there exists a conditional expectation ¥;, : 2 — R such that Y,-O‘gl_ = y; for every
1

i #igand, if a € Ay, is # isy1, then

¥, (a1) ¥, (az - - - apn) ifiy > iy,
@1 Wlar---an) = Flayr- - (ag) - -an)  ifio <k > kg,
Vi (ar---ap_1)¥,(an)  ifin > ip_1.
Proof. Let E; = L2(2;,4;),& = Tg[l. € E;, E; = ;B @ E?. By construc-
tion, the algebra 2 acts on the Hilbert bimodule (E,§) = ‘DI(Ei' ¢;). Identify the
1€

submodule &8 @ El% with E; and let Q;, : E — E;, be the projection. Then
¥, (x) = Q;,xQ;, has the desired properties. &

REMARK 4.5. With the notations from Section 2, consider

F=2, 0 @ E @ - E On s
n=1 i1>"'>in #Z‘O

Then ¥;, = (-19(1,0,191,.0).

Let p : o, — L(K) be a unital *-homomorphism for some Hilbert space
K. Then p induces a *-homomorphism p[* : 2% — L(F ®, K) determined by its

restrictions p; = pjo, — L(F ®p K) given as follows.
Writing K = F ®, K, we have

K=Keo@ B E op- - E 05K

1
n=21iy > >i,#iy

Consider the Hilbert spaces

K(i) = (1B @p 4 K) & P P E @ - Ef, @0 ®pK.if i # i,
n2liy>->iy, i>i,ip #i
K(io) = P D Ej ®mp - E; @x @K,

n=1iy > >iy,ig>i1,in £l

where 77;%8 is just the Hilbert B-bimodule B8 with identity element denoted by #;.
If i # iy, consider the partial isometry W; : E; @ K (i) — K given by
Gi®mi®v) —
(i®(m®v) — (®v
G019 @Gy = & -0
(@((1® - ®Hey) — ((®  ®{Qv

forallv € K, { € E7, {; € El‘; Then for every a € 2; with i # iy we have

[

pi(a) = Wi(ll & IdlC(i))Wi*'
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Similarly, for iy, we define the partial isometry W;, : K® (E;, ®x3 K(ip)) — K
given by
vd0 — v
080G, ®(N1® - ®LRY) = R
06 ((R((1® ®L®Y) — (X Q0.

Then p;,(a) = Wj,(p(a) @ (a ® 1x(;,)))W;;. Note that the above description is
related to the construction from Section 2.

4.2. EMBEDDINGS OF MONOTONE PRODUCTS OF C*-ALGEBRAS
AND COMPLETELY POSITIVE MAPS.

PROPOSITION 4.6 ([8], Theorem 1.3). Let B C B be a (not necessarily unital)
inclusion of unital C*-algebras. For eachi € I, suppose

ly € B C 2
U U
19[1‘ e B C 2
are inclusions of C*-algebras. Suppose that §; : A; — B are conditional expectations

such that ;(2;) C B and assume that {; and the restrictions lﬁi\% have faithful GNS
representations. Let

@) = & F) (@) = B ()

be the monotone products of C*-algebras. Then there is a unique *-homomorphism
K : A — A such that for every i € I the diagram

A <—> ﬁl
U T x
A «—> A

commutes, where the horizontal arrows are the inclusions arising from the monotone
product construction. Moreover, « is necessarily injective.

Proof. Note that, since 2 is generated by J2;, it is clear that x will be unique
if it exists. Also, we can suppose that the inclusions B C B and A C 2 are
unital: if 13 # 15, then we may replace B by B + C(1g — 1) and each 2; by
A + C(lﬁi - 1911,).

_Let (7, E; ) = GNS(;,9;), (m;,Ei,¢;) = GNS(;,¢;) and (E,¢) =
DI(EZ-, ¢i), respectively (E,¢) = D (El-, &).
€
The inclusion 2; — 2A; glves an inner-product-preserving isometry of Ba-

nach spaces Ei<— E; sending ¢; to & and E; to a subspace of E ¢ and allowing, for
eachi; > --- > iy, a cannonical 1dent1f1cat10n of

E; ®n - ®nE | OsE ®f - 0z



CONDITIONALLY MONOTONE INDEPENDENCE, MONOTONE PRODUCTS OF COMPLETELY POSITIVE MAPS 269

with the a closed subspace of Efl Qg " Of Efn We will identify E with a sub-
space of E as follows:

Eefmed ( a5 E;‘1®B~~®BE;)cE

n=1 " iy>->iy

Let now &4 = *2; be the universal algebraic free product without amalgama-
tion. Let o : 4 — L(E), respectively ¢ : { — L(E) be the homomorphism ex-
tending the homomorphisms 7; : %; — L(E), respectively 7T;q, : ; — L(E)

(particularly, o(4) = 21).

In order to show that x exists, it suffices to show that ||c(x)| < ||o(x)]|, for
all x € 5L

Note that ||7(x)|| > ||o(x)]| for all x € 41, since the subspace E of E is invari-
ant under o'(4() and o)z = . Henceforth, if x exists, then it is injective.

Let T be a faithful representation of B on a Hilbert space W, then con-
sider the Hilbert space E ®; W and let A : L(E) — L(E ®; W) be the -
homomorphism given by A(x) = x ® 1yy. A is faithful, hence it will suffice to
show that ||A o &(x)|| < || (x)|| forall x € 4.

We will show that A o & decomposes as a direct sum of subrepresentations,
each of which is of the form (v|*) o o, where v|® is the x-representation of A
induced from a representation v of some 2;.

Forn > 0andi; > --- > iyand 1 < p < n, consider the Hilbert space

(ir,rin) _ 1o . - ~ .
Hy' =E Q@3- ©Op Eipq B Ki, O Eiw Qg - O E; @7 WV defined as

1

E,®p - ®sE OsE®g - 9zE @Wo

1

Eio@% ®%E

1

®p E ©g - Og E;, @ W.

i1
Then
E®@:W = (E®q, W) ® (@ ) Hr(Jll,...,ln))‘
n=1i;>--->iy, 1<p<n
As previously mentioned, 7({)E C E and (7‘ r=0,50E R W is invariant
under A o &(4), and ||A o 0(x) g wll = [lo(x)]| for all x € Ll
Define VNV(il, o ip) =Ao 5(11)Hl(il""’i”). Since 7T;(2(;)E; C E; we have that

Wi, - ,in) = Hl(il,---,in) @ (EB @ E’(jl @ - Ex, Om Hl(ilf---/in))‘
121 ky>-->kp, kj>iq

Thus,
E@:W=(E W) od @ Wiy... i)

n>1iy> e >iy
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Hence to prove the theorem it will suffice to show that for all i > --- > i, and
allx € U,
(42) 13 05() gy, | < 0@l

But letting v : ;, — E(Hl(il""’i”)) be the *-homomorphism
v(a) = (71, (a) ® 1%@%...@%)’5& ®Tw)|Hl(i1,...,z‘n)

and considering v|® be the representation of 2 induced from v with respect to the
conditional expectation ¥; : % — ®l; found in Lemma 4.4, it is straightforward
to check that

3 = _ A
AO‘T‘W(I‘]I...,M) = (v|¥) oo,

which, in turn implies (4.2). 1

THEOREM 4.7 ([8], Theorem 2.2). Let B be a unital C*-algebra, and for every
i > 0let A; and D; be unital C*-algebras containing copies of BB as unital C*-subalgebras
and having conditional expectations ¢; : A; — B, respectively ; : D; — B, whose
GNS representations are faithful. Suppose that for each i > 0 there is a unital completely
positive map 6; : A; — D; that is also a B bimodule map and satisfies 1; 0 0; = ¢;.
Denote

(A9) =B (A), (D) = B(Diyi),

the monotone products of C*-algebras. Then there is a unital completely positive map
0 : A — D such that for all i > 0O the diagram

0;
2A;

D;

commutes, where the vertical arrows are the (non-unital) inclusions arising from the
monotone product construction. Moreover, the mapping 0 satisfies:
(@) 0(ay - -~ an) = 0(a1)0(az - - - an), if iy > ip;
(i) O(ay---an) =0(ay---a,—1)0(an), ifin > iy_1;
(iii) 9({11 cee an) = 9(111 s dp_q -4)i,(al) /I Iln) Zfil—l <y > g
Proof. Let (71, E;, &;) = GNS(D;, ¢;), and (E, &) = >(E;, ;), as in the previ-
ous section.
Consider the Hilbert B-bimodule F; = A; ®,.¢, E; with the distinguished
element 77; = 1 ®¢; € F. The mapping 6; restricts to the identity map on 5,
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so in F; we have that b® { = 1® (b{) for every b € B. Consider the unital
s-homomorphism o; : A; — L(F)

oi(a1)(a, ®{) = (ma) ® g, forallaj,a € Ay, €E;

and the map p; : L(F;) — B given by p;(x) = (;, x1;). As in [8] we have that,
identifying B with ¢;(B) C L(F;), the map p; : L(F;) — B is a conditional
expectation, that L?(L(F;), p;) = F;, that the GNS representation of p; is faithful
on L(F;) and that p; o 0; = ¢;.

Take now (M, p) = >(L(F;), p;) and note that (see [21]) M C L(F), where
(F,n) = >(F;,n;). By Proposition 4.6 there is a *-homomorphism ¢ : 4 — M
such that 0) 4, = 0;.

Consider the operator v; : E; — F; given by { — 1 ® {. As shown in
4.4, proof of Theorem 2.2, we have that v; is an adjointable (its adjoint being the
operator F; — E; sending a ® { to 6;(a){), that v;(E}) C F and vjv; = 1. Since
6; is a left B-bimodule map, v;(bf) = 1® (b{) = b® { = b(v({)), forall b € B,
{ € E;.

Taking direct sum of operators v;, ® --- ® v;,, we get that v € L(E) such
that (v, {) = (¢, ¢) for every { € E, that v = 17 and

(1 ® - ®Cn) = (04,01) ® - @ (vj,0n), whenever (j € Ej, iy > -+ > i

Let 6 : 24 — L(E) be the unital completely positive map

0(x) = v*o(x)v.

We will show that 6 satisfies the Theorem. In order to show that the dia-
gram commutes, let w; : E — E;®p E(i—1)and y; : F — F; Qg F(i — 1)
be the partial isometries that we used in the monotone product construction for
the inclusions 2l;< — 2, respectively L£(F;)c — M. Exactly as in [8], note that
v;(E(i —1)) C F(i — 1) and that y;0 = (v; ® v, )w;.

Hence, for a € ;, we have that

0(a) = v'o(a)o = v ci(a)o = v7y;[0i(a) @ 1p(iq)lyiv
= w; [0,01(a)v; ® (v|g(i-1)) Oy wi = w][0;(a) ® 1 — E(i)]w; = 0;(a).

It suffices to show (i)—(iii), since they also imply that 2l C ©, finishing the

proof.

For (i) we need to show that

(4.3) 0(ay - an)l =0(ay - - ay_1)6(an)C

forall{ € Eand all ay € ;,, is # isq and iy > iy_1.
To simplify the notations, for a € 2A;, we will write a° = a — ¢;(a) € 3.
If { = ¢, (4.3) becomes

vio(ay - ay)ol =v'o(ay - a,_q0v*o(a,)ol.
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But
o(ay - -an)vg =o(ar---ay)(1®¢) =o(ar) - o(an)(1®¢)

=o(a) - -0(ay1)(an®@¢) =0(ar) - o(ag_1)[a +¢n(an)) @¢]
0'(611) NAGE]

since a;, ® ¢ € E;, and ¢p(a,) @ ¢ = 1® ¢ (a,)E. Note also that

—

o(ay---ay_1)voto(an)vg =o(ar - a,-1)ov" (a, ®¢) =o(ar---a,-1)(1®0(an))
=0(a-a,1)(1® 9( 2) 1@ ¢n(an)c)
=o(ay---ay-1)(1® ¢pn(an)é), since GT\) € E;.

Suppose now that 5 =01® @&, with §; € El"]_, I > > Iy, we will

use the notation ¢’ for {o ® - - - @ (.
If I; > iy, then both sides of (4.3) are zero. If [; < i,;, then

U(”n)vz: o(an)(1®Gn) ®Ug

and the argument reduces to the case =2
If [y = i,, then we have

o(ay - ay_1)vv*o(a)(1® 1) ® (07)

o(ay -+ ay_1)vo*o(a,)vé

)
= o(ar - ay-1)0(8(an) 1 © )
:U(LIl'-'an 1)(1®9(an)§1) (vgl)
=o(ay---a,_ 1)(9(ﬂn)€1/ ‘:zn>(vgl)-

On the other hand,
o(ay---an)0* g = o(ar -+ -a,1)0(an) (1®81) @ (7))
= o(ar - ay-1)((an ® 61) @ (00)).
1, ® g decomposes as (4, ® (1,1 ® §;, )¢, + 1, with 7 € F7, therefore the
equality above becomes
o(ay--an)0*l = o(ay - ay 1) (@ ® 1,19 &, ) (7).

Since we defined F; as 2l; ®,0¢, E;, we have that

(a0 ®01,1®8;,) = <9/(ﬂ\n)€1/§in>,

hence the proof of property (i) is complete.

For (ii), it suffices to prove the property for the biggestk € {1,2,...,n} such
that iy_q < iy > i1, also, since (i) was proved, we can suppose that iy 3 > -+ >
i,. In this framework, we need to show that

v'o(ay---an)v =v"c(ay - ax_1¢; (k) g1 - an)o,
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that is
vto(ay - agqax)o (g - an)o =00 (ay - ag_q) i (ag)o (agy1 - - an)o.

Since iy > i —k+1 > --- > iy, it follows that ¢(ax 1 - - -ay)ol € F(iy), for all
¢ € E, hence the assertion is equivalent to the first three cases from the proof of

property (i).
For part (iii), we need to show that

v'o(ay---ay)v =v"c(a))vv*o(ay - - - ay)v

whenever iy > 7. Since (i) and (ii) are proved, we can suppose that iy > ip >
- > iy. In this framework we have that o(ay - --a,)v{ € F(i) forall { € E,
therefore it suffices to show that

*

(4.4) v*o(a)n = v*o(ay)vo'y forally € F(iy).
But v*c(ay)n = v*(a1 ® ;) ® 7 = 0(a1)&;, @ v*n. Also, since v*n € E(i1), we
have that vo*y € F(i1), hence

v'o(a1)[(1®&;,) ®vo™y)

=" [(a1 ® ;) @ vo'y] = 6(a1)8;, @ v vv'y

6(a1)¢;, ®v*y, since v*v =1d. 1

v o(ar)vo*y
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