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ABSTRACT. In this paper we compute the entire cyclic cohomology of non-
commutative 3-spheres. First of all, we verify the Mayer—Vietoris exact se-
quence of entire cyclic cohomology in the framework of Fréchet *-algebras.
Applying it to their noncommutative Heegaard decomposition, we deduce
that their entire cyclic cohomology is isomorphic to the d’Rham homology of
the ordinary 3-sphere with the complex coefficients.
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INTRODUCTION

Since Connes [5] constructed a generalization of periodic cyclic cohomol-
ogy which is called entire cyclic cohomology, its explicit computation is executed
only for few examples (cf. [3], [5], [12]). As a matter of fact, their entire cyclic
cohomologies are nothing but their periodic ones. Recently, the first named au-
thor [16] computed that of smooth noncommutative 2-tori, which have the same
property cited above.

In this paper, we firstly formulate the Mayer—Vietoris exact sequence for en-
tire cyclic cohomology, then we apply it to compute for smooth noncommutative
3-spheres. The key idea is based on Meyer’s excision [14], [15] concerning the
short exact sequences of Fréchet x-algebras to obtain a noncommutative Mayer—
Vietoris exact sequence for entire cyclic cohomology. To use his excision, we need
to construct a bounded linear section for a short exact sequence of Fréchet *-
algebras. To ensure it, we reformulate the notion of metric approximation prop-
erty in the framework of Fréchet x-algebras to solve the lifting problem (see [4]).
We then use Baum, Hajac, Matthes and Szymariskis” method [1] for a Heegaard
decomposition of smooth noncommutative 3-spheres since they pointed out an
insufficient part of Matsumoto’s construction [13] in the case of C*-algebras.
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Under this circumstance, we conclude that the entire cyclic cohomology of
noncommutative 3-spheres is the same as their periodic one.

Throughout this paper, € is an irrational number in the open unit interval
(0,1) and we use the notation Zx for the set of all nonnegative integers.

1. PRELIMINARIES

We prepare some notations and basic properties used throughout the paper.
Let 2 be a Fréchet x-algebra or F*-algebra and denote by C*([0,1],2) the set of
all 2-valued smooth functions on the closed unit interval [0,1] with respect to
Fréchet topology. Given an element f € C%([0,1],2) and an integer n > 1, we

write by f(") its n-th derivative of f att (0 < t < 1) and denote by fi") (0),f£”) (1)
the n-th derivatives at 0 or 1 as follows:

F0) = tim FM(1), FM1) = lim ).

t—0+ t—1-0

For n = 0, we write fJ(rO) (0) = f(O),fSO)(l) = f(1).

DEFINITION 1.1. For a F*-algebra 2, we define the suspension S*2 of 2 by

s ={fec™(o1,2): £7(0) = (1) =0 (n>0)}
and we also define the cone C*°2 of A by
CoA = {f € Cc®([0,1,2): (1) =0 (n >0)}.
Then we have the following short exact sequence:
i

0 3 i

where g is defined by g(f) = f(0),
J={feC™A:f(0) =0}
and i is the canonical inclusion. The map s : A — C*2 defined by
s(a)(t)=1—t)a (acAtel01])

is a bounded linear section of g with respect to Fréchet topology. We need to know
the entire cyclic cohomologies of C*2( and J. We say that given two F*-algebras
2 and B, the map

co

A 0,

@A — C([0,1],B)

is called a smooth homotopy if it is a bounded homomorphism with respect to
Fréchet topology and two bounded homomorphisms f, g : % — B are smoothly
homotopic if there exists a smooth homotopy @ from 2 to B with @y = f, P = g.
A Fréchet algebra 2 is smoothly homotopic to another one B if there are two
homomorphisms f : A — B and g : B — A such that g o f (respectively f o
g) is smoothly homotopic to the identity on 2 (respectively ‘B). According to
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Meyer [14], we know the homotopy invariance of entire cyclic cohomology in the
framework of F*-algebras:

PROPOSITION 1.2 ([14]). If two bounded homomorphisms are smoothly homo-
topic, then they induce the same map on the entire cyclic cohomology.

We also mention the following lemma:
LEMMA 1.3. Let S®U, C*A and T be defined above, we then have that
HE*(C®2) =0, HE"(J)~ HE"(S™).

Proof. By Proposition 1.2, it suffices to show that C*2 is smoothly homo-

topic to 0 to obtain the former isomorphism. The map
F:C%A — C%([0,1],C™%A)
defined by
E()() = fs+(1=s)t) (feC? stc[01])
gives a smooth homotopy on C*2l. Since F is the identity on C*% and for any
fec=y,
R (f)(t) = f(1) =0.

We know that C*2 is smoothly homotopic to 0. For the latter one, we in-

troduce the map t + f(e!=1/#) (f € C*2, t € [0,1]), which belongs to S*2L.

Indeed, we note that for any n > 1, % f(e'~1/!) is a linear combination of some
functions such as

11-1/1)
RPN
f(k)(el Ut)T (k,l,m > 1)'
In fact, for n = 1, we have that
ey = g e
t t
Suppose that the function % f(e!~1/*) is a linear combination of functions
1(1-1/1)
£®) (elfl/t)etim (k1 m>1),
then we deduce that
d el(1=1/1)
S ek) -1/ 7
dt (f (e ) tmn )
(1+1)(1-1/1) 1(1-1/t) 11-1/t)
_ k1) (,1-1/1\ € k)€ k) (o1-1/8) €
= fE ) i Y e =

so the same is true for 3;’:1 f(e!~1/t). Because of the following equalities:

11178 1(1-1/8)
lim (0 (/M= (M ().0=0, lim fE (/)

—fMy=0
t—0+ tm t—1-0 tm = (=0,
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forany f € 3, k,1,m > 1, the function f(e'~/*) belongs to S®2. Let
r:J— 8%
be the map defined by
r(f)(H) = fe ) (fedte(o])

and i the natural inclusion from S*2( into J. For the proof that r o i is smoothly
homotopic to the identity on S*, we use the bounded homomorphism

G : S°A — C®([0,1],57°)
defined by
Gs(f)(t) = f(se" V4 (1—s)t) (f € S®Y, s,t € [0,1])

which gives a smooth homotopy connecting r o i and the identity on 5*%. We
firstly show that Gs(f) € S*% for any fixed f € S®2,s € [0, 1]. Since

d s
a — () 1=1/t . S 1-1/¢ _
G = D s+ (1 =s)p) (e T +1-5),
we know that
. d G . d _ Dy
sim SG(N0) =10 (1-5) =0, tim TG(A0) =) =0
For general n > 2, we also see that
Jm g Gs()() = lim 3w Gs(f)(H) = 0.

The case for n = 1 has already been shown. It suffices to show that for n > 2, the
function C% Gs(f)(t) is a linear combination of functions like
(l(1-1/1)

tm

FR (sel =1t 1 (1 —s)t) (k,I,m>1).

We now calculate that

d

af(k) (selfl/t + (1 —s)t)

11-1/4)
= AV (1) S (541 5)

tm

+ FB) (st (1 —

le!(1=1/t) me!(1-1/t)
t ( m+2 o pm+1 )’

which completes the induction process. Moreover we see that %Gs is uniformly
bounded on [0, 1] for each n > 1. We note that the function
Pl(1-1/1)
tm
is bounded on [0, 1] and that ) is also bounded since f € C*([0,1],2!). Hence
G is a smooth homotopy connecting r o i and the identity on 52 since Gy =roi

t—
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and Gy is the identity on S®%. Similarly, i o r and the identity on J are smoothly
homotopic via the smooth homotopy defined by the same way as G, which im-
plies the following, as desired:

HE*(3) ~ HE*(S®1). ¥

2. TOEPLITZ F*-ALGEBRAS

In this section, we construct smooth Toeplitz algebras based on 1-torus and
to analyze them. They could be viewd as a quantization of 2-disc (cf. [1], [11]).
Let {z""},cz be the orthonomal basis of the Hilbert space L?(T) of all square
integrable functions on the 1-torus T, where z""(t) = t"(t € T,n € Z), and
H? = H?(T) the Hardy space on T which is a closed subspace of L?(T) spanned
by {z" },>0. For f € C*(T) the algebra of all infinitely differentiable functions on
T, in which we mean that the derivation is defined by

27tir
2 7y = iy FETD =S,

r—0 r

we define the operator Ty for f € C*(T) by
T¢e =P (§ € H),

where P is the projection onto H2. We consider the *-algebra P generated by
T, (j € Z), namely,

P = U { Z Ciy,...,in szl s Tzin *Ciy,in S (C,Tl S Z}o}.
N€Z>g i]'EZ, ‘Z]lgN

Since T¢Tg— Ty, is a compact operator for any f, g € C*(T) and Ty is compact if
and only if f =0 (cf. [8]), it is easily seen by induction that for any T € P, there is
a unique f € C*(T) and a unique compact operator S with T=T¢+S. Actually, if

T = 2 Ciy,...yin Tzil s Tzin € P,
then T = Tf + S, where
f = Z Cilrn-/inzil o Zin
and the compact operator S is a linear combination of the operators of the form
Tzll e Tzlk (Tz”Tz’” — TZ”H”)TZZi ce Tzl},d (ll, Ce lk, . li, ce l,/(/,n,m (S Z)
We show that there exists a function Ks(t,s) € C*®(T?) which is a polynomial of
t,s and satisfies

(88)(1) = [ Ks(t,)2(s)ds (& € H2).
T



572 KATSUTOSHI KAWASHIMA AND HIROSHI TAKAI

This function Kg is called the kernel function of S. Given n,m € Z, it is easily
verified that

(Tzn Tom — zn+m

)= ( D GESERD)

k>max{ m,—n} k=-—m—n

/ - Y )tks*kcj(s)ds

k>max{ m,—n} k=-m-—n

where

(Fig)= [ F5)36)ds (fig € LA(T))
T

of
since there exists a finite sub-

is the usual inner product on L?(T). Then the kernel function KTuTm-T

Zn+m
TnTym — Tynem is a finite sum of the functions ths—k

set I, m C Z such that

Kyt ramts)=( X = L )=z y s

kzmax{—m,—n} k=—-m-n kel m

(when I, , is empty, we regard the function K7, 1., T

Ln+m (t’ S) = 0) MOI'eOVeI',
given | € Z, we compute that

Kt Ton ~T i), (68) = /KTZnTmeTZHm(t/r)KTZl(VIS)dr
T

:j:/ Y thp—k ) K s=F dr

T k€Lum K>=-1
/ /
=+ Z Z thgk /rk —kdr = + Z tks_k,
K'>—1k€lnm T k€lnm, k=—1

which implies that the kernel function K11, 1,1,
zZ z
By the similar computation, it follows that for [,m,n € Z, the kernel function

KT (Ton T —T pyw) 18 @ls0 a polynomial. Then, by the inductive argument, we have

is a polynomial of ¢,s.

that the kernel functions

K. .. - .
Tzll Tzlk (Tzn sz Z+m )Tzli Tzl;(/

are also polynomials, which in particular belong to C*(T?).
Let K* be the set of all compact operators S such that there exists a function
Ks € C®(T?) with the property that

£ = /Ks(t,s)g(s)ds (e H teT).

By the above argument, it follows that for each operator T € P, there exist a
function f € C*(T) and an operator S € K* with T = Ty + S. Since Ty is
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compact if and only if ¢ = 0, the function f and the operator S are uniquely
determined. We define the seminorms {|| - [|x; } on P by

1T+ Slkim = 1F oo + 1K™ oo (k,1,m € Z0),

where f(¥) is the k-th derivative of f,
(Lm) _ al+m
otlos™

and || - ||« mean the supremum norms on the corresponding function spaces.

K(t,s) (K e C®(T?)),

DEFINITION 2.1. The smooth Toeplitz algebra T is defined by the completion
of P with respect to the topology induced by the seminorms {|| - |/ 1 }-

Similarly as in the case of P, we have that for any T € T, there exist
a function f € C%(T) and an operator S € K* with T = Ty + S. In fact, if
{Tu}n=1 C P converges to T with respect to the seminorms {|| - |, } with T, =
Ty, + Sn, we compute that

1A = £l = 11T, — T,

for any k € Z, which ensures that there exists the function f € C*°(T) such that
fn — f with respect to the seminorms. Alternatively, since {S,} is also Cauchy,
we have that forany k,[,m € Z,

k00 < | Tw — Ty

k,0,0 —0 (Vl, 11/ — OO),

ISy — S,

klm = I\Kéln’”) - Kéln:")Iloo =0 (n,n — o).

Hence, we find a function K € C*(T?) with K5, — K as n — oo with respect to
Fréchet topology on C®(T?). Then the operator S defined by

SE(t) = /K(t,s)g(s)ds (FeHYLtET)
T

belongs to K* and S, — S — 0 as n — oo with respect to the seminorms, which
implies the conclusion. It is clear by the above argument that K* is a *-ideal of
T and Fréchet closed.

We define a homomorphism q : 7% — C%(T) by q(Tf +S) = f, which is
continuous with respect to the seminorms cited before. The following lemma is
already clear:

LEMMA 2.2. We obtain the following short exact sequence as F*-algebras:

0 Ko —L s 7o 1, co(T) —— 0,

where i is the canonical inclusion.

We next deduce the following lemma, which is a smooth version of C*-
algebra case:
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LEMMA 2.3. We have the following isomorphism:

K = lim(My (©), ),
where the homomorphisms ¢, : My (C) — My 41(C) are given by

Pu(A) = (‘3 8) (A€ My(C), n > 1).

Proof. Let P, (n > 1) be the orthogonal projections on H? defined by
n—1
PE(t) = Z (¢ : / 2(s)s Fas) = [ Y s He(s)ds (¢ € HP),
7 k=0
which implies that

Kp,(t,s) Ztk -k,

Then P, K*®P, is isomorphic to M, (C). Indeed, the kernel function Kp, gp, for
S € K®* is calculated as follows: since

n
Ksp, (t,s) = /Ks(t,l")Kpn (r,s)dr = / Zrks*kKS(t,r)dr,
k=0
T T

we have that

KPnSPn tS /Kpn t u KSP" u, S /Z / Z 7k _k/KS M r)dr)d

// tk *krk/s*k,Ks(u, r)drdu

T T kK=0

—_

n—

=Y tks_k//r u*Kg(u,r)drdu = Z crutts™ K

k,k'=0 kK=

where

Ckp = //rk/u’kKS(u,r)drdu
TT

are the Fourier coefficients of Kg € C®(T?).
On the other hand, we define the matrix units Ejj in what follows: when
i = j, we define
Eii =TT, — T,T}.

For i # j, we define
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It is not hard to see that {E;;} forms a family of matrix units. By taking m = —n
in the computation of the kernel function of T;» T;m — T n+m, we have

n—1
Ki-1,u1s, (t5) = Y sk,
k=0
Hence we have
Kg,(t,s) = fimlg=(i=1),
More generally, we obtain that
KEij(t,s) = 101,

Then P,K*P, is generated by the matrix units {Eij}?jzl so that it is isomorphic
to M,,(C) with the seminorms given by

n—1
1) lpg = sup | T AulPKTEs ™| (k) € Ma(©)).
tseT ' k1=0

For any S € K%, ||S — P,SPy|;,» — 0asn — co forany I,m > 0 since {cp}
belongs to the Schwartz space on Z2. Therefore,

||S *PnSPn

tm—0 (n—c0)
for any I, m € Zx(. Hence, the conclusion follows. 1

By the above lemma, we deduce the following corollary:

COROLLARY 2.4. K% is a simple F*-algebra, which is equal to the commutator
F*-ideal [T, T] of T*.
In what follows, we study briefly the F*-crossed products 7 X, Z of T*
by the gauge action ay of Z. Let ag be the action of Z on 7 defined by
ag(Tf> = Tfe (f € COO(T),Tl S Z),

where fy(z) = f(e?™%z), which gives a F*-dynamical system (7, Z, ag). We also
consider the unitary operator Uy on H? defined by

UpG(t) = 5(e¥™) (¢ € H t e T).

It is easily seen that U;¢(t) = U;lé’(t) = (e~ ?™M9t). Then we form the F*-
crossed products 7 x,, Z of the F*-dynamical system (7, Z, ag), which could
be viewed as the deformation quantization (D? x S!)g of the solid torus D? x S!.
In fact, let 7*°[Z] be the x-algebra of all finite sums

f= Y AU (AveT® NeZx),
nez, |n|<N

where its multiplication is determined by Up AU, ' = a4(A) and its *-operation
is given by (AlUy)* = a;l(A*)Ugl. For f = Y, A U} € T*[Z], we induce the
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seminorms defined by
I fllp.qrs =sup(l+ |”|2)p“An||q,r,s (p.q,1,8 € Zx).
nez

We define the F*-crossed product (D? x S!)g = T %, Z by the completion of
T *°[Z] with respect to the seminorms cited above. For S € K%, we calculate that

wg(S)E(t) = UpSULE(t) = U / Ks(t, 5)&(e2Ms)ds = / Ks(e¥™0F, 2% (5)ds
T T
to obtain that

Kyy(s)(ts) = Kg(e?™t, 205),

Therefore, we have ag(K*®) = K so that we construct a F*-dynamical system
(K, Z, ag). Since

. . n—1 . . n—1
KIXQ(PH)(t’S) — KPH (e27'(19t, eZmGS) _ Z (e27'[19t)k(e27r195)—k _ Z ka_k _ KPn (t,S),
k=0 k=0

we have wg(P,K*P,) = P,K®P,. Therefore, we also construct F*-dynamical

systems (P,K*P,,Z, aén)), where aén) are the restrictions of ay on P,K*P,. Let

in be the isomorphism from P,K*P, onto M, (C) defined before and i = hg in
the isomorphism from hﬂ P,K*P,, onto K* induced by the isomorphisms 7,,. We
write by Eén) the action i, o ag o iy L.
PROPOSITION 2.5. We have the following isomorphism:
K% Xy, Z ~ ligq(Mn((C) NE(S") Z, pn),

where @y, are the inclusions induced naturally by @;,.

(n)

Proof. Sinceioay ' = wgoiforanyn > 1, we have

K* Xy 7, ~ liﬂ(PnKooPn N“(gn) Z, Q)n),

where ¢, : P,K*P, X ) Z — Py 1K®P, 41 X () Z, are the canonical inclusions.
0 0
(n) (n)

Moreover, since iy oay ' =&, o iy, we find isomorphisms

Py : P, K®P, Naén) Z =5 My(C) X ) Z.

0

Then since ¢, o ¢, = ¢, © P, we conclude, as desired,
lim (P, K™ Py X Z, ¢n) ~ lim(M,(C) X Z,pn). N
Then we construct a *-homomorphism

On : My (C) X Z — Mu(C)®,8(Z),
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where S(Z) is the set of all rapidly decreasing sequences {c,} C C and ®,
means the tensor product of F*-algebras completed by the topology induced by
the seminorms defined by

N N
| Sx@mll,, =mt X el
= 4 j=

N
where the infinimum is taken over the all representations of }_ x; ® y;. Equiva-

lently, M,,(C)®,S(Z) is regarded as S(Z, M,,(C)) with the ordinary convolution
as its product. For x € M,,(C) X ) Z, we define

0

pn(x) = xUy.
It is easily seen that it is an isomorphism. Moreover, since

||Pn(x)|‘p,q,r,s = sufz(l + mz)p”xmuguq,r,s = ||x||p,q,r,s (p,q,7/s € Z>0),
me

forany x =) x,Uy" € T*Z, it is Fréchet isometry. Therefore, we have
M,(C) Xt Z ~ My(C)®,8(Z)
by pn. Now it is immediately known that the following fact follows:
COROLLARY 2.6. The follwing isomorphism holds:
K® X, Z ~ K®&,C®(T).
Proof. By Proposition 2.5 and Lemma 2.3, we have that
K™ 10y Z 2 im(M (€) % ) Z, ) 2 i (M (C)ByS (2), i © 5 (2))

~ (Hm(Ma (C), @) ) 89S (Z) =~ K¥6,S(Z).

Since S(Z) is isomorphic to C*°(T) sending by the Fourier transform, the conclu-
sion follows. 1

We end this section by stating the following fact:
COROLLARY 2.7. We have the following short exact sequence:

0 —— K®®,8(Z) —— (D2xSY)y —"— C°(T) xg,Z — 0,

where &g : C®(T) x Z — C*®(T) is the Fréchet continuous action defined by
T (f)(z) = f(ez) (feC¥(T),z€T),
with a bounded linear section s of g.

Proof. Sinceiowy = ajyoiand gowy = &y oqforalln € Z, itis clear that the
desired short exact sequence holds and 5(fUy ) = T(Uj (f € C*(T), n € Z). 1
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3. METRIC APPROXIMATION PROPERTY

We introduce an analogue of the notion of metric approximation property
for Banach spaces [4]. Let 2, B be two Banach spaces and J C B an M-ideal.
In [4], the authors prove that if 2 is separable and has the metric approximation
property, then each contractive map ¢ : 2 — B/7J has a lift ¢ : 2 — B which is
contractive and satisfies g 0 ¢ = ¢, where q : B — B /7 is the quotient map. Our
purpose in this section is to define this property for F*-algebras to prove lifting
problem cited above. The topology on 2 induced by its seminorms {|| - || }x>0 is
same as that induced by the metric dg defined by

v~ 1 lla—Dl

dﬂ%b)zgjunmnk

(a,b ).

We say that a linear map ¢ : A — B is bounded if and only if there exists a
constant C > 0 with

do3 (9(a),0) < Cdy(a,0) (a € ).

DEFINITION 3.1. Let 2 be an F*-algebra and {|| - ||x }x>0 its seminorms. We
say that it has the metric approximation property if there is a family of bounded
linear maps {6, },>1 on 2 with the following properties:

(i) each 0, has a finite rank,
(ii) foranya € 2, dy (0, (a),a) — 0asn — .

We give some examples of F*-algebras with the metric approximation prop-
erty. Here we note that dy((6,,(a),a) — 0 is satisfied if and only if ||0,(a) — a||x —
0 for any k > 0.

EXAMPLE 3.2. For n > 2, let F;, be the free group with n-generators. Given
g € F,, we denote by |g| its word length, and for f € C[F,] and an integer
k € Z>o, we define seminorms by

1fllx = sup (1+Ig))*If ()]

g€,

The Schwartz space S(F,,) is defined by the completion of C[F,| with respect to
the above seminorms. For f € S(IF,,), we define a bounded operator A(f) on the
Hilbert space [?(FF,,) by the convolution with £, that is,

ANDQ) = (f+0)(9) = ) f(ME(h™'g) (g € Fu, g € P(Fu)),

heF,

on which the seminorms are defined by

AN e = Nfl (k€ Z=0).
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This operator is well-defined. Indeed, if A(f) = 0, then A(f)é, = 0, wheree € F,,
is the unit and the element 6, € I*(FF,,) is defined by

Hence, for any g € F,,, we have that

0= (A(f)o)(g) = (f*2)(g) = }_ f(h) = f(8)-

helF,

Therefore, A(f) = 0 leads f = 0, which implies that the seminorms are well-
defined. We define the F*-algebra C;(IF,)® by the completion of the x-algebra
generated by the bounded operators A(f) (f € S(Fy)). Here we claim that

Cr(Fn)® ={A(f) : f € S(Fn)}-
In fact, it is clear that A(f)* = A(f*) for any f € S(F,), where

f1(8) = f(g71) € S(Fn).

For any T € C;(IF,)®, there exists a family {A(f,) }n>1 (fn € S(Fy)) which con-
verges to T with respcet to the seminorms cited above. Then, for any k € Z>(, we
have that

1fn = fulle = IA(fn) = A(fm) e = O (n,m — o0),

which implies that there exists a function f € S(F,) which is the limit of {f,}.
Thus, for any k € Z(, we have that

IT = ANk < IT = Ak + [1AFn) = Ak =0 (1 = o0).

We construct a family of finite dimensional bounded linear maps {6y} on C; (IF,,)*
in what follows. Given an integer k > 1, let Ex = {g € F,, : |g| < k} and xj the
function on §(F,,) defined by

x(g) = {1 (& € B

0 (g ¢ Ek):

Since the number of elements of Ej is finite for each k > 1, the linear maps ¢, :
F, — F, defined by

Pe(A(f)) = Alxf)

have finite ranks. We define the finite linear bounded maps 6y : F, »F,, (k>1) by

Oc(A(f)) = Ale™ 1 xef).
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Then for any ! > 0 and f € C;(F,)*®, we compute that

IACF) = (A
<AF) = Ale VER) I+ 1A 7R ) = Ale™ o x )l
= lIf = "VEfll + lle™MVRf — e Al

= sup | (1+[g]) f(g) (1—e 8175 [+-sup | (1+[g]) f(g)e #/*(1-xx(2))]
g€F, g€lF,

<|Ifllrsup [(1—e 88+ sup (14 [g])'f(g)e 81K =0 (k- o).
g€F, lg|=k+1

Therefore, C; (IF,,) has the metric approximation property.

EXAMPLE 3.3. According to [16], the smooth noncommutative 2-torus Te2 is
isomorphic to the Fréchet inductive limit

lim C(T) B (My, (C) & My, (C)).

We show that it also has the metric approximation property. As a preparation,
we verify that the Fréchet algebra C*(T)®, M, (C) has the metric approximation
property. It suffices to show that C®(T) has this property since if it had this
property with a family {9}(;7) } of bounded linear maps there, the family {9,(1'1) ® 1.}
would be the desired one for C*(T) @ M;(C), where I, is the identity map on

M,;(C). For f € C*(T), we define the maps 9,(ﬁ) :C®(T) — C*®(T) by
V)= X FwE =),

[1<n

where f(1) are the Fourier coefficients and z € C®(T) is the canonical generator
defined by z(t) = t(t € T). Then it is clear that they are of finite rank. For
feC®(T)and k € Z>,,

150 )= 1) @001l = sup [P~ 5 o2t
me I<n
—sup‘ Y F(1)(2mil)ks;(m ‘— sup|f(m)(2am)k| =0 (n—o0),
meZ’|l|=n+1 MEZL,|m|=n+1

where 6;(m) = 0(m # 1),= 1(m = 1), since {f(I)}cz is a rapidly decreasing
sequence by the hypothesis f € C®(T). Hence C®(T) has the metric approxima-
tion property.

We turn to show briefly that T3 also has this property. For any x € T3, we
define the sequence {x, } by

Xy = egn)xegn) + egn)xeén) (n>1),
where e( ") (j = 1,2) are the projections such that

eg )xe§") € C*(T) ® My, (C), eg )xeén) € C*(T) ® My, (C)
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forany x € Tg ([16]). We define the linear maps ¢, on Tg by
Dy(x) = o) (e%n)xegn)) + G,Qq’i)(eén)xegn)).

It is easily seen that ®,(x) — x with respect to the seminorms on Tj (see [16]),
hence to the metric d as well. Therefore, T7 has the metric approximation prop-
erty.

By the similar argument for C*°(T), the operation of taking suspension pre-
serves the metric approximation property.

COROLLARY 3.4. If an F*-algebra A has the metric approximation property, so
does its suspension S®.

Proof. It suffices to show that the F*-algebra

CEO.1) = {f € C¥0,1): f7(0) = £7(1) = 0 (n € Z0)}
has the metric approximation property. For any integer j > 1, we put
fi(t) = e V117D € c(0,1).

Let {{;}?2, be the orthogonal family of C5°(0,1) obtained by Schmidt orthogo-
nalization of {f;}. Then we define the linear maps 6, : Ci°(0,1) — C*(0,1) by

n
Z (FIE(1) (E€CF(0,1), € (0,1), n>1).
It is easily seen that the images of 6, are included in C§°(0,1). By the similar

argument for C®(T), we obtain the conclusion.

For an F*-algebra 2, by 2* we denote the set of all bounded linear function-
als on 2, where we say a linear functional ¢ on 2 is bounded if and only if

[p(a)]
lol = sup
aeA\{0} dg((a,0)

Before we proceed to show the lifting problem, we need the following lemma:

LEMMA 3.5. Let ,*B be two F*-algebras. Suppose that J is an F*-ideal of B and
that L, N are finite dimensional subspaces of A with L C N. We consider the following
diagram of bounded linear maps:

L s N -T2, o
| K
L ——+ N B/7,
c ¢

where q and 1 are the quotient map and the natural inclusion respectively, and suppose
that

dss(q 0 ¥(a) — 9(a),0) < eda(a,0) (a € L).
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for a positive constant € > 0. Then there is a bounded linear map ¢’ : N — B /73 with
the property that

p=q0¢,
ds (¢'(a),0) <do(a,0)  (a€N),
dy(¢'(a) —¥(a),0) <6e (ael).
Proof. This lemma is an analogy of Lemma 2.5 in [4]. Let D’ and K be the
closed unit ball of L®,B and N&, B respectively, that is,

D = {(p B — L: H(PHL@)W%* < 1} C L®"/%*,
K={¢:% = N:|¢llya o <1} C N&,B",

where
da(9(a),0)
S.opr = SUp —————=
Iolliz,= ae‘B\P{O} dos (a,0)
and || - HN@%* is defined by the similar way for || - || 15,3+, and Affr(D') the set
of all affine functions i on D’ such that ¢(a¢) = ap(¢) foralla € T, ¢ € D'. Itis
clear that J is an M-ideal of 95 and the equality

B =307

holds as a linear space, where J* is the annihilator of 3. Lete : B* — 3+ be
the natural projection and W the image of N®,%8* via 1 ® e, which is equal to
N®,J+. Then D’ is mapped weak* homeomorphically to D C K through the
natural embedding t ® 1 : L®,B* — N®,B*. We may identify the closed unit
ball of N®,%8* with F = KN W. We also identify the closed unit ball of L&, %B*
with D’ UW’, where W' = (1® e)(L®,B*) = L®,J". It is verified by the same
argument as in the proof of Lemma 2.5 in [4] that
(3.1) (tel)(1lwe)=(1®e)t®1),
(3.2) te)(D'NW)=DN(t®1)(W)=DNW=DnNF.
Thus we have the following diagram of restrictions

AffT(DﬂF) — AffT(F)

(3.3) T T

Since1®e : L®,B* — L®,J+ maps D’ onto D' N W, D is mapped onto D N F by
(3.1) and (3.2) and D satisfies the condition of Lemma 2.1 in [4]. Therefore, with
the diagram (3.3), we obtain the conclusion by the same argument of Lemma 2.5
in[4]. 1

PROPOSITION 3.6. Let A, B be two F*-algebras and I C B an F*-ideal. If A is
separable and has the metric approximation property, then for any bounded linear map
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@ A — B/7, there exists a bounded linear map & : A — B with the property that
go ® = ¢, where q : B — B /7T is the quotient map.

Proof. This proof is inspired by that of Theorem 2.6 in [4]. We fix a sequence
{an}tnen C 2 dense in A. We construct recursively the pairs {(Ln, 0u)}nez.,
which consist of increasing finite dimensional subspaces L, C 2 with a,, € L, for
any n € Zzo and bounded linear maps 6, : % — L, with the property that for
any a € L,_1, the inequalities

da(0,64(0)) < o
are satisfied. We put Ly = {0} and 6y = 0. We suppose that for some n €
Z=q the pairs (Lo, 6p),..., (Ly,0,) with the above properties are given. By the
approximation property of 2, there exists a bounded linear map 6,41 : % — 2
such that for each a € L;, the inequality

1
dg[(ﬂ, 61’1+1 (a)) < n+l
holds. We define the subspace L, ;1 of A by
Ln+1 =Ly+ 9n+1 (Q[) + Can+1~

Then we have the desired pairs {(Ly,0,)}ncz.,- We note that |J L, is dense
~ HEZ>0

in A with respect to Fréchet topology.
Next we inductively define a family of bounded linear maps

Y:Lyp =B (n€Zx)
such that
(3.4) go¥u(a) = ¢(a) (acLy).

Putting ¥p = 0, suppose that for some n € Z3, bounded linear maps ¥y, ..., ¥y
satisfying (3.4) are constructed. Then we have that foranya € L,,_1,

ds/3(q0 ¥ obn(a), ¢(a)) = dp3(9obn(a), ¢(a)) < Cdy(6x(a),a) < 2%

By Lemma 3.5, we find a bounded map ¥,,11 : L,,y1 — B suchthat 9 = g0 ¥, 4
on L,1 and that for any a € L,_1 with

6C
des (Fry1(a), ¥uobu(a)) < o
Therefore, we compute that
6C 6C
dos (Fpi1(a), ¥ul(a)) < >u +dy (Fy(a), ¥y o06,(a)) < > +dg(a,0,(a))
1
<l e, ).

X zn
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Hence for a fixed integer ng € Z>(, we have for all n > ny,
6C +1
dsg (YnJrl (a)/ P (11)) < o
Thus, for a fixed integer 1y € Zo, the family of bounded linear maps {¥,} con-
verges to some ¥("0) : Ly,—1 — B. Therefore, we have the bounded linear map

¥: |J L=

n€Z>0

such that ¥|;, = ¥ (n € Z>p), and we can extend it to that on the closure of

U L, which is equal to 2. This completes the proof. 1
HGZ>0

4. MEYER-VIEOTRIS EXACT SEQUENCE

This section is devoted to proving Mayer-Vietoris exact sequence for the
entire cyclic cohomology. We firstly give a short proof of Bott periodicity for the
entire cyclic cohomology by using the following Meyer’s excision for the entire
cyclic theory [14]:

PROPOSITION 4.1. Let

i

0 K Pp—150 0

be a short exact sequence of F*-algebras with a bounded linear section s of q. Then the
following 6-terms exact sequence holds:

*

HE®(Q) —1— HE®(P) ——— HE®(K)

| |

HE®Y(K) <—— HE®Y(P) +—— HE®(Q).
o o

This yields the following fact, which has been already shown by Brodzki
and Plymen [3] using bivariant entire homology and cohomology theory:

LEMMA 4.2 (Bott periodicity for entire cyclic conomology). Foran F*-algebra
A we have the following:
HE® (S°2) ~ HE°Y(A), HEY(S®A) ~ HE® ().

Proof. By the exact sequence cited above, we have the following exact dia-
gram:
HE®(A) —— HE®(C®A) —— HE™(J)

I |

HE4(3) «+—— HEY(C®A) +—— HEd ().
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By Lemma 1.3, we deduce the conclusion. 1

In what follows, we show an entire cyclic cohomology version of Mayer—
Vietoris exact sequence. Before stating it, we review briefly the fibered product
of F*-algebras, which is an noncommutative analogue of the connected sum of
two manifolds. Let 2l;,%, and B be F*-algebras and f; : A; — B (j = 1,2)
epimorphisms.

DEFINITION 4.3. {(a1,a2) € 21 © Ay : f1(a1) = f2(az)} is called the fibered
product of (2q,2,) along (f1, f2) over B, which we denote by 2, g?lz. Let g; be
the projections of Qlnglz onto 2A; (j = 1,2).

THEOREM 4.4 (Mayer—Vietoris exact sequence for entire cyclic cohomology).

In the situation of Definition 4.3, suppose that B has the metric approximation property
and separable. Then we have that the following exact diagram holds:

HE® (2 #2%2) —— HE%(B) fith, HE®4(20;) ® HE4(2Ay)
gi‘+gﬂ lgi‘+g5
HESY(21) © HE®¥ () o HE®(B) +—— HEod(mlgmz).
—fithh

Proof. We write

C = {(ln,h2) € C¥A ®C¥Us : fr0 (1) (0) = (=1)"fao (h2)[(0) (1 € Z0)}
and defineamap g: C — Qllgﬂz by

q(h1,h2) = (h1(0), h2(0)).
It is easily verified that the following sequence:

i

0 J

c 1 WHA, —— 0
is exact, where
J= {(l’ll,hz) eC: hJ(O) =0 (] = 1,2)}

and i is the canonical inclusion. Then there exists a bounded linear section s of g
defined by

s(ar,a2) = (1= t)ar, (1 = t)az),  ((a1,02) € A #A, t € [0,1]).

Then by Proposition 4.1, we have the following exact diagram:

HE® (M #2%) —— HEV(C) ——  HE(J)

I !

HE®Y(3) «+—— HEY(C) «—— HEOd(Qlnglz).
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Moreover, repeating the argument cited above, J is smoothly homotopic to
5%U; @ S*°Ay. More precisely, we define the map

r:J — 5% @ STAp
by
r(hh2)(8) = (e "), (e "11)) - ((hn, h2) € C)
and let i : S @ S®™Ay — T be the natural inclusion. It follows by the same

argument discussed above that since the functions t — h; (el V) arein S (j =
1,2) and using the maps

Gy : 73— C*([0,1],7),

Gy : ST @ 57A, — C([0,1], 57U & S¥Ap),
defined by

(Gj)s(hy, ha)(t) = (hy (se "V 4 (1= s)t), ha(se' V4 (1 —s)t) (j=1,2),
J is smoothly homotopic to S*2; @ S*2,. Hence we conclude that
HE*(3) ~ HE*(5%%;) & HE*(5®2,).

Now we define the map ¥ : C — S¥B by

(o o) (£) = {fl om(1—-2t) (te[0,1/2]),

faohy(2t—1) (te[1/2,1]).

We have to verify that it is well-defined. Since f; 0 h1(0) = f; 0 hp(0) by the
definition of C, it is continuous at t = 1/2. For n = 1, we compute that

¥ (h1, ho)(t) =¥ (1, h2)(1/2) faoha (2t —1) — fr0h(0)

i t—1/2 = F—1/2
_ - hp(2t —1) — hy(0)
_fz(mlll?zlw t—1/2 )
_ - ha(e)—ha(0) _ (1)
—2f2<€1$1(l)fl+ f) —ZfZO(h2)+ (0)

and similarly, we compute that
. Y’(hl,hz)(t) —‘F(hl,hz)(l/Z) o . f1 Ol’ll(l —Zt) - h Ohl(O)
lim = lim
t—1/2-0 t—1/2 t—=1/2-0 t—1/2

_ *2f1( L T(8) — hl(O))

e—0+ 3
= ~2f10 (n){(0) =220 (1)} (0).
Thus ¥ (hy, hy) is differentiable once at t = 1/2. Suppose that it is differentiable
n-times at t = 1/2. Here we note that
—2)nfiohM(1—2t) te(0,1/2),
q;(n) (hlth)(t) — ( ) fl(n) 1 ( ) ( )
2"frohy (2t —1) te(1/2,1),
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and that
¥ (g, 1) (1/2) = (=2)"f1 0 (1) (0) = 2" f3 0 (1) ™ (0)

by our hypothesis of induction. Then we compute that

¥ (hy, ho) ™ (t) — ¥ (hy, hp) ™M (1/2)

i F—1/2
o g oM@~ fo ()0
t—1/24+0 t—1/2
ny" (2t 1) — ()" (0)
__nn : 2 +
_zfz(tﬁlll?‘zlJrO —1/2 )

(n) (n)
__~n . hz (8) - (h2>+ (0)
=2 2f2 ( 51—1>I(1):- 3

) =2"1f0 (1) (0).
Alternatively, we compute that

¥ (hy, o)™ () — ¥ (hy, h2) ™ (1/2)

—(-2)" lim fronl™@—2t) — fo (1) (0)
t—1/2-0 t— 1/2

1" (e) — () (0)
= (2" (2f( lim S )

= (=2)" fr o (1) TV (0) = 2 fy 0 (1) 1V (0).

Therefore, ¥ (h1, hy) is differentiable (n + 1)-times for each (h1,hy) € C, which
ends the process of induction so that ¥ is well-defined. Since f; and f; are surjec-
tive, it is easily verified that ¥ is surjective. In fact, we canonically can lift them
on 5%2;, and denote them also by f; (j = 1,2). Now given an i € §*%, we find

h; € $°%U; with
filhi(£)) =h(t) (j=1,2).
Putting /1y (1) =hy (1—1)/2), ha(t) =hy((14t)/2) (0<t<1), we then check that

{fl(hl(l 2t)) (0<t<1/2),

(hlth

fo(ha(2t 1)) (1/2<t<1),
film(1—=2(1—1)/2)) (0<t<1/2),
frlh(21+1)/2-1)) (1/2<t<1),
A1) (0<t<1/2),
folha(t)) (1/2<t<1),

= h(t),
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which implies that ¥ is surjective. As it is clear that its kernel is C*J; & C*7J,,
where

J;=Kerf; (j=1,2),
we obtain the following short exact sequence:

b4

(41) 0 —— C®3 3 C®T, C S®B — 0.

Since ‘B has the metric approximation property, so does 5B by Corollary 3.4.
Writing J = C®J; & C*Jy, the inverse map

CARER-LD I ey

of the isomorphism ¥ induced by ¥ has a bounded lift

1
¥ :S¥B-C

~-1 — —
satisfying¥ ogq=Y% ! by Proposition 3.6 since ¥ preserves each seminorms,

~-1
where g is the quotient map from C onto C/J. Hence it is verified that ¥ isa
bounded linear section of ¥ since we compute that

~-1 — ~-1 —
Yo¥ =Fogo¥ =Fo¥F ' =idges.

Therefore, we apply the above exact sequence (4.1) to Proposition 4.1 to obtain
the following exact diagram:

HE®Y(5%B) ——— HE®(C) —— HE®(C®J; & C®Ty)
HEY(C®3; @ C*J,) +—— HE%Y(C) +—— HE®d(5%3).
Since HE*(C®J; @& C*7J;) = 0, we have that
HE®(C) ~ HE®(§°B) ~ HE®Y (%), HEY(C) ~ HE*Y(S®B) ~ HE® (B),

by the Bott periodicity (Lemma 4.2).
Summing up, we get the desired exact diagram in what follows:

HES" (2 #2%2) ——— HE®Y(B) —— HEY(2;) ® HE*4(2,)

42) | |

HE® () © HE®V () <—— HE®(B) +—— HEOd(Qllg%).

We consider the restriction @ : S®2; @ S®A; — S®B of ¥. We see that it is
C*-homotopic to IT : 5%%; & 5™y — B defined by

II(hy, h2)(t) = —X(01/2) (1) (f1 0 B1) (£) + X[1/2,1 (1) (f2 0 h2) ()
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for (hy,hy) € S®A; @ S®Ay,t € [0,1]. To see this, we note that for a Fréchet
continuous homomorphism f : 23 %le — 5B, we have

7= —f": HE*(8°%B) — HE" (2 #2%)
by [14], where f : 23 g Ay — 5%%B is the homomorphism defined by

fla)(t) = f(a)(1—t) (acAte0]1]).
Indeed, we prepare the map © : S & S®A; — C([0,1], S*B) defined by
froh(1—=2t/(1+5)) 0<t<1/2),
faohy(2t/(1+45s)—(1—s)/(1+s)) (1/2<t<1),
so that it is a smooth homotopy between ¥ and the homomorphism given by

(h1,h2) = (t = Xj01/2) (1) (froh1) (1 — 1) + X[1/2,1) (£) (f2 0 h2) (1))

Therefore, we have the homotopy equivalence of ¥ and II. Considering the fol-
lowing commutative diagram:

HE*(C) —— HE*(5®% @ S°A,)

“Jr H

Os(h1, h2)(t) = {

we conclude that the right upper horizonal map and the left lower horizonal map
in the diagram (4.2) are both IT* = — f;" + f'. Finally, since the following diagram

HE*(S2%) @ HE*(S¥%) —— HE (2 #2%)

| H

HE*(21) ® HE*(2) —— HE*(A1#2p)
81182 B
is commutative, the vertical maps in the diagram (4.2) are both g7 + ¢5. This
completes the proof. 1

5. THE ENTIRE CYCLIC COHOMOLOGY OF NONCOMMUTATIVE 3-SPHERES

In [1], Heegaard-type quantum 3-spheres with 3-parameters are constructed
as C*-algebras. With their construction in mind, we define noncommutative 3-
spheres in the framework of F*-algebras as follows; given an irrational number
0 with 0 < 6 < 1, let T be the smooth noncommutative 2-torus with unitary
generators 1y, vy subject to uyvy = e2mM09,119. There exists an isomorphism 7y :
TEQ — Tg satisfying

Yo(u_g) =vg, Yvo(v_g) = Up,
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by their universality. We consider the following two F*-crossed products:
(D*>x SY)g = TP xpy Z, (D*xSY) =T %, ,7,
defined before. We define two epimorphisms f; (j = 1,2) such as
fi:(D*xSYYy = T2, fo:(D*xSY_g— Tg,

by fi = 4+, f = vg 04—, where g are the epimorphisms from 7% x,,, Z onto
C®(T) xg,, Z = T2, respectively.

DEFINITION 5.1. For an irrational number 6, the noncommutative 3-sphere Sg
is defined by the fibered product (D? x 51)9#2(D2 x S1)_g of ((D? x S')g (D? x

TG

S1)_g) along (f1, f2) over T3.

First of all, we compute the entire cyclic cohomology of (D? x S!)g. We note
that the isomorphism C*®(T) xg, Z ~ T3 holds and that by Lemma 4.3 in [16], we
have

HE*(C®(T) xg, Z) ~ HE*(T3) = HP*(T3),
where HP* is the functor of periodic cyclic cohomology. According to Connes
[5], we know the generators of HP*(T7) as follows:

HP*(TZ) = Clg] ®Clw), HP*Y(T?) = C[r"] @ C[7”),
where Ty is the unique normalized trace on T and
% (a0, a1, 02) = To(ao (8" (a1)84” (a2) — 7 (a1)85" (2))),
TG(])(LI(), a) = Tg(ao(sé,])(ﬂl)) (j=12),
where (5{§j ) are the derivations on TG2 such that
(56()1)(u9) = 27Tiuyg, 5§1)(09) =0, ééz)(ug) =0, (5(§2)(vg) = 27Tivg.
PROPOSITION 5.2. We have:
HE®((D? x §')g) = Cltj0q], HE®((D?x ")) = C[1" 0 7).
Proof. We remember the following short exact sequence:
0 —— K®xyZ —— (D2x 8y —1— C(T) x5, Z —— 0

appeared in Corollary 2.7. Hence we apply the above exact sequence to Proposi-
tion 4.1 to obtain the following exact diagram:

P

HE® (C™(T) Xz, Z) —— HE®((D? x S1)y) —y HE®(K® x4, Z)

I l

HEY (K™ x4, Z)  —— HE®I((D? x S')g) «—— HE(C®(T) xg, Z).
i q

i*
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Alternatively, we have by Corollary 2.6 and [12] that
HE*(K® x,, Z) ~ HE*(K*®,C®(T)) = HPRX(T;C),
which implies that
HE® (K® x4, Z) =~ C, HE* (K™ x4, Z) ~ C.

Therefore, we have the following exact diagram:

2 T HEvY(D?xSl)y) —— C

(5.1) | |

C +—— HEY((D? x Sl)g) +—— C2
l'* q*

We note that there exists an element [(§5;1)] € HE®Y((D? x S)g) with the prop-
erty that

(Pox11) = (¢,0,0,...), and By =T904, by =0,
where b, B=AB are the operations defined by Connes [5]. Indeed, we define lﬁ by
o ~ =~(2)
P(xy) =wod(xd ~(y)) (x,y€ (D*xSh)y),

where 5;;(2) is the derivation on (D? x S')g induced by

5% (L Ag) = X 2mionA,Ug
nez nez

forany Y A,Uj € T*[Z]. We note that 59(2) is Fréchet continuous since

new
~ (2 .
H59( ) ( Z Anug) H =sup(l+ nz)P||27119nAn||q,r,5
nez pAaTS  nez
<27r9sup(1+n2)P+1||An||q,rls:2719“ ZAnUS ,
nez nel p+14,1,s

for any p,q,7,s € Zxg. In this case, let 1 € T* X, Z be the unit. It is clear that
3;;(2) (1) = 0. Then by the definition of b and B, we have that
~ ~ ~ . ~(2 .~ (2
BH(x) = §(Lx) + §(x,1) = T 04(x55 7 (1)) + 1 03(165 7 ()
=2
= 1o (5" (x)) (xe(D*x5),).
We note that for any f € C*(T) xg, Z,
w(f) = [ £t

T
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Thus, we obtain that
70 4(6(x) = [ )@ = [gx(0)(dt = 507(x)
T T
for any x € (D? x S')g, which implies that §*[75] = 0. Hence, ker §* # 0 so that
the left vertical map of (5.1) is not 0, therefore, injective.

Similarly, we show that the right vertical map is also injective. Since 8 is
an irrational number, the set {e?™%" ¢ C : n € Z} is dense in T. Hence, for all
r € [0,1], there exists a sequence {N;}; C Z with [{ON;} —7[ — O asj — oo,
where

=x— k R).
=x- mag,k GeR)

We consider the family {UQN].} of unltary operators on H2. Since we see that for
any ¢ € H?,

I (Uan, — Uon )12 = (U — U2 = / £ ) — (20N g
:/EEMWMJMQ—ﬁQHﬂ%O (j,k — o)

by the Lebesgue dominated convergence theorem, we obtain that {Uy N].} has the

strong limit U,. Itis easily seen that U, (t) = &(e*™t) (¢ € H?, t € T). Moreover,
we define the operator g on H? by

he&(t) =21 Z{]G}c (&(t) = icjtj € H?).
i=0

]

Since 0 < {jO} < 1,itis eas11y verified that /iy is a bounded self-adjoint positive
operator on H? and Uy, = e for r € [0,1] by Stone’s theorem. Taking again a
family {N;}jcz., C Z with |e?MON; _ 27| _, () as j — oo, we have that

[l (x)E—aon (%) 2= Uon,xU—on; G — Upni XU —on E |l 12

< Upn;x (U—on—U—gn, )& | 2| (Uon,~Upn, ) xU—on, 6 || 112

=0 (xe€T™ &cH)
since the operation of product is strongly continuous. Therefore, it follows that
ar(x) = UpxU-_, for x € B(H?). We write

5" (x) = hox — xhg = ad(hg)(x) (x € T 10 Z)
so that
e giradln) — g0 (r € [0,1]).

We now extend the homomorphism g : 7* X, Z — C®(T) Xz, Z to that from the

strong closure of 7* X, Z onto that of C*(T) Xz, Z faithfully acting on L*(T)
because of the simplicity of Tg = C*(T) Xz, Z, that is, that from B(H?) onto
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L®(T) xg, Z. We also extend the trace 7y on T7 to that on L®(T) xg, Z. We
use the same letters for their extensions. Then, we have that 4 o Sé(l) = 551) of
on B(H?). Under the above preparation, we define the linear functional ¢y on
T X4, Z by

po(a) = —tgoq(ahg) (a €T Xy, Z).
Then we compute that

(bgo)(a,b) = fPo( b) — go(ba) = —75 o §(abhy) + 1y © (bahy)
—7(7(a)q(b)q(he)) + 1 (q(b)§(a)q(hg))

= 7(q(a)q(he)q(b) — q(a)q()q(he))

= 79(4(a)q(heb — bhg))  (a,b € T™ Xy Z).
1)

Q

By the definition of 57;( ) and ooy = 5é1) o 4, we have that

(bgo)(a,b) = T(F(@)F0 o' (b)) = T(@(@)8S) 03(b)) = (xV 0 ) (a, b)

forany a,b € T x,, Z. Therefore, we obtain that
y 9

(b+B)[(90,0,...)] = [(xy” 05,0,...)],

which means that [19(1) 04] = 0 € HEY(T™ x4, Z). Hence, we have ker §* # 0
so that the right vertical map of (5.1) is also injective.
Summing up, we obtain the following exact diagram:

2 — . HEV((D? x §1)y) —2 C

(5.2) T l

C —— HEY((D? x S§1)g) +—— C?,
q*
to conclude that
HE*((D? x S')y) ~C?/C ~C
as required. Moreover, we easily see that §*#0. Hence §*[14]=[7j04] and §* [79(2)]:
[TéZ) og] are the generators of the corresponding entire cyclic cohomology. &

We need the following lemma to end up the main result:

LEMMA 5.3. We have the following equalities:
() ore =T gand Tyoye = —T g,
(ii)TG() 0 Yy ()andr()o%:rﬁle).
Proof. Since Ty o yp is a normalized trace on T?, it follows by uniqueness
that 7y o yp = T_p. We firstly verify that

50 5

@, 5 o =51

°%Y =
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In fact, it is sufficient to verify these equalities for generators. We compute that

: : 0 i =1),
(Sé]) ettt = 5§])(09) B {ZHive 8 = 2;'
- 27iu =1),

o5 0 0(0-0) = 8} (ug) = {O ’ 8 _ 2;

We then deduce that
T(v6(bo), Yo (b1), v0(D2))
= 79(70(b0) (35" 0 70(b1)) (85 0 79 (b2)) — (62 0 79(b1)) (8 70(82))))
= 19(v0(bo(8% (b1)6") (b2 )
= — 750 7(bo(6") (b 5,29)
— —1_g(bo(89) (81)6) (b2) — 6% (81)6) (B2))) (b0, by, by € TZp).

Moreover, for by, b; € T2 o, We calculate that

o o yg(bo, b1) = TV (Y0(0)35 (ve(01))) = T (70062 (81))) = T (bo, 1)

Similarly we have that 79(2) oYp = T£19) .1

Under the above preparation, we determine the entire cyclic cohomology
of noncommutative 3-spheres S3. By Theorem 4.4, we have the following exact
diagram:

HE®(S}) —— HEY(T?) EiREEN Gy G,

gT+gET lgﬁgi

Gl® Gy «+—— HE®(T2) +—— HE®(S}),
—fith

where GY, = HE®((D? x S')4g),GL, = HE®d((D? x S!) 49) respectively. By
Proposition 5.2 and the description in its proof, the above diagram becomes the
following one:

—fith

HE®(S3) C? C?
81183 T lgi“ +83
Cc? Cc? HE®4(S3).
—fit+fs

We describe precisely the maps —f; + f; to compute HE*(S}). For the even case,
we check the map

—fi + f3 : HP(T2) = o) @ Clj] > Clp 0] @ Clt’ g 0] = G @ G2
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We have f}'[1y] = [19 0 §] = 0 by the calculation in Proposition 5.2 and f'[1j] =
[Ty 0 q]. Alternatively, it follows from Lemma 5.3 that f;[1] = [T_g o 4] = 0 by
the same reason for the case of f; and that fj[1)] = [ty0q] = —[t',04] by

Lemma 5.3. On the other hand, for the odd case, we consider the map
* " 1 2 2 2
—fr+ £ HPY(12) = iV @ C[r?] - Clrl? o fl o C[r) 0 ] = GL & G,

Similarly, we compute, by Lemma 5.3, that:
film =5 0dl, filmV1=ln" oq)=0, fln")=[r" crodl=[r7 o,
Fln 1= or0q) =7 o = 0.

Therefore, we have the following exact diagram:

0 (Ap)—=(=pA)

HE®(S3) ——  C? c?

| Jo

© (A ) (—pt,—) © HE(Sg),

by which we conclude that
HE®(S3) ~ coker{C @ C > (A, p) > (—p,—pu) e C®C} ~C,
HE*(S3) ~ ker{C&C > (A, u) = (—p,—p) €CEC} ~C.

This completes our computation of the entire cyclic cohomology of noncommu-
tative 3-spheres.

THEOREM 5.4. The entire cyclic cohomology of noncommutative 3-spheres is iso-
morphic to the d’Rham homology of the ordinary 3-spheres with complex coefficients.
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