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ABSTRACT. This paper gives a completely similarity classification of strongly
irreducible operators on hereditarily indecomposable spaces by using K-theory.
And we also prove that every operator with connected spectrum on complex
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INTRODUCTION

Let X be a complex Banach space and B(X) be the Banach algebra of all
bounded linear operators on X. When we consider the operator structure of Ba-
nach spaces, an important and fundamental problem is: how to determine the
complete similarity invariants of operators. Two operators A, B € B(X) are said
to be similar in B(X) if there exists an invertible operator S € B(X) such that
SA = BS. When X is finite dimensional, the Jordan Standard Theorem indicates
that the eigenvalues and the generalized eigenspaces of an operator form a com-
plete set of similarity invariants. In 1978, M.J. Cowen and R.G. Douglas pointed
out that the problem has no general solution when X is a complex infinite dimen-
sional Banach space (see [3]]). Thus people can only restrict attention to special
classes of operators.

In the paper, our main purpose is to characterize similarity invariants of
strongly irreducible operators on hereditarily indecomposable space by using K-
theory and Banach algebras. It is strongly inspired by the following two aspects:
Firstly, G. Elliott, G. Gong and many other mathematicians gave successful classi-
fication of a large class of C*-algebras by applying K-theory and tracial state space
as an isomorphism invariant, which is called Elliott invariant (see [4], [5], [6], [7],
[9]). Secondly, the hereditarily indecomposable space constructed by W. Gowers
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and B. Maurey provided very nice structure of operators, i.e., each operator T on
hereditarily indecomposable space is of the form T = A + S, where A is a scalar
operator, S is a strictly singular operator.

An infinite dimensional Banach space X is called a hereditarily indecomposable
(H.I.) space if no infinite dimensional closed subspace of X is the complemented
sum of two further infinite dimensional closed subspaces. The first known exam-
ple of H.I. spaces was constructed by W.T. Gowers and B. Maurey [10]. Since then
the class of Gowers-Maurey spaces has been extensively studied.

An operator T € B(X) is said to be strongly irreducible if there do not ex-
ist two non-trivial closed invariant subspaces M and N of T such that X is the
complemented sum of M and N.

The concept of strongly irreducible operators was raised as an approximate
replacement of Jordan blocks on infinite dimensional spaces. In the matrix the-
ory of finite dimensional spaces, the Jordan Standard Theorem sufficiently reveals
the internal structure of operators. Every operator on a finite dimensional space
is similar to a unique Jordan standard form. A Jordan standard form is the di-
rect sum of some fundamental elements — Jordan blocks. It is easy to prove that
every strongly irreducible operator on finite dimensional spaces admits a Jordan
block representation with respect to some basis. As far as we know, E Gilfeather
[8] and Z.]. Jiang gave the concept of strongly irreducible operators, respectively.
Z.]. Jiang further pointed out that the strongly irreducible operators can be con-
sidered as the approximate replacement of Jordan blocks on infinite dimensional
spaces and hoped that a theorem similar to the Jordan Standard Theorem can be
set up with this replacement. The work of D.A. Herrero, S. Power and C.L. Jiang
have answered a number of questions about operator structure of Hilbert spaces
raised by D.A. Herrero and Z.J. Jiang (see [2], [11M, [12], [13], [14], [15]).

The main result of this paper is that: let T; and T, be strongly irreducible
operators on a H.I. space. Then T; and T; are similar if and only if the Ko-group
of the commutant algebra of the direct sum of T7 and T is isomorphic to integer
group Z. This result will appear in Section 1 as Theorem

In order to support our main result, we show that every operator on sepa-
rable H.I. spaces with connected spectrum is strongly irreducible by a small com-
pact perturbation in Section 2.

On a H.I. space, an operator with connected spectrum is just a scalar op-
erator plus a quasi-nilpotent operator. In fact, we only need to show that each
quasi-nilpotent operator T is strongly irreducible by a small compact perturba-
tion. If the kernel of T is trivial, then T is naturally strongly irreducible. If the
kernel of T is of finite dimension, we could easily perturb T to kill kernel of T
while keeping the operator quasi-nilpotent. The key difficulty is the following
case: T is quasi-nilpotent and the dimension of kernel of T and the co-dimension
of the closure of the range of T are both infinite. The following example shows
that such an operator actually exists.
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EXAMPLE 0.1. Let X be a Banach space with a Schauder basis {e;} and let
{fi} € X* be the sequence of coefficient functionals associated to the basis {¢;},
where X* is the dual space of X. Let

o0
T =) aifri®exio,
i—1

where a; = 1/2!||fy]||le2is2||- It is easy to prove that T € B(X) is a quasi-
nilpotent operator, the kernel of T is span{ep;_1} and the range of T is contained
in span{ey; }.

Generally, when a Banach space X is separable, there still exists an operator
T € B(X) such that T is quasi-nilpotent and the dimension of kernel of T and the
co-dimension of the closure of the range of T are both infinite. It can be referred
to Lemma[2.5|in this paper.

The difficulty to resolve the problem in the above case is that not all closed
subspaces are complemented in H.I. spaces. Thus the skills in Hilbert spaces can
not be used in H.I. spaces. So we consider the concept of quasi-complementary
subspaces and use a lot of lemmas to overcome the difficulty. Up to now, we have
not found a much easier way to prove it.

Now we give some definitions and notations.

In the paper, C denotes the complex number field, Z denotes the group of
integers, N = {1,2,...} and N} = {0,1,2,...}. Throughout, we assume that all
Banach spaces are complex. For an operator T € B(X) denote by ker T and ranT
itskernelker T = {x € X : Tx = 0} and rangeranT = {Tx : x € X}, respectively.
We denote by ranT the norm-closure of ranT. Denote the spectrum of T, the point
spectrum of T and the compressed spectrum of Tby o(T) = {A € C: T— A is
not invertible}, 0, (T) = {A € C : ker(T —A) # {0}} and 04(T) = {A € C:
ran(T — A) # X}, respectively.

For an operator T € B(X) denote the commutant algebra of T by A'(T) =
{S € B(X) : ST = TS}. Itis obvious that A’(T) is a Banach algebra with unit I.
Denote the Jacobson radical of A’(T) by radA'(T) = {S € A'(T) : 0.4(1)(8S') =
{0} for every §" € A(T)}, where 0 4/(1)(S) = {A € C: S — Ais not invertible in
A'(T)} is the spectrum of S in A'(T). It is clear that rad A’(T) is a closed ideal of
A(T).

Let T € B(X). A closed subspace M of X is said to be an invariant subspace
of T if T(M) C M. Denote by T|y the restriction of T to M. Denote by Red(T)
the set {(M, N) : X is a direct sum of two closed subspaces M and N, namely
X =M@ N, and M, N are invariant subspaces of T}. (M, N) € Red(T) is said to
be non-trivial if M # {0} and N # {0}.

REMARK 0.2. Recall the definition of strongly irreducible operators: T <
B(X) is said to be strongly irreducible if there exists no non-trivial (M, N) €
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Red(T). Denote the set of strongly irreducible operators on X by (SI)(X) which
is abbreviated to (SI). We can obtain the following:

(i) T € (SI) if and only if A'(T) has no non-trivial idempotent, namely if
P € A'(T) with P2 = P, then P=0or P = I.

() If T € (SI), then AT 4+ € (SI) forevery A,y € C,A # 0.

Let X be an infinite dimensional Banach space and let T € B(X). T is said
to be strictly singular if there exists no infinite dimensional closed subspace M of
X such that the restriction of T to M is an isomorphism.

REMARK 0.3. Suppose that T is a strictly singular operator.
(i) o(T) = {0} Uop(T).
(ii) o(T) is an at most countable set with 0 as the only possible point of accu-
mulation.
(iii) For every A # 0, T — A is a Fredholm operator with index 0, namely
dim(ker(T — 1)) = dim(X/ran(T — A)) < oo.

In the paper, the sequences {x;}?°, C Xand {f;}{°; C X* are abbreviated to
{x;} and {f;}, respectively. We denote by span{x;} and span{f;} the linear span
of {x;} and {f;}, respectively. The norm-closure of span{x;} and the w*-closure

of span{f;} are denoted by span{x;} and span{f;} , respectively.

Let X; and X, be Banach spaces. Two operators A1 € B(Xj) and A; €
B(X3) are said to be similar if there exists an invertible operator T from X; onto
X, such that T-1A,T = A, denoted by A; ~ A,. Let A; & Ay = < g‘l 2‘ )

2
denote the direct sum of A1 and A on X1 @ X». In the case where A1 = Aj, we
write Agz) instead of A1 @ Aj.

Let A; and A; be Banach algebras and let G; and G, be groups or semi-
groups. We write A; ~ Aj; if A; and A; are algebraic isomorphic and G; ~ G; if
Gj and G are group isomorphic.

1. SIMILARITY INVARIANTS

In this section we use K-theory to study the similarity invariants of opera-
tors on H.I. spaces. We show that two (SI) operators T; and T, on a H.I. space
are similar if and only if the Ky-group of the commutant algebra of the direct sum
T1 @ T, is isomorphic to the integer group Z.

Now we give the definition of the Ky-group of a unital Banach algebra.

Let A be a unital Banach algebra and let n € N. We denote by M,,(\A) the
set of (n x n)-matrices over A. The set of idempotents in A is denoted by P; (A),
namely P;(A) = {P € A : P> = P}. Accordingly the set of idempotents in
M, (A) is denoted by P,(A), namely P,(A) = P;(My(A)). Two idempotents
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P,Q € Py(A) are said to be similar in P, (.A) if there exists an invertible element
U € M, (A) such that U"'PU = Q, denoted by P ~ Q.
Define Poo(A) = |J Pu(A). We say that P € P,(A) and Q € Py(A)

neN
are equivalent, written P ~, Q, if there exists k > max {m,n} such that (P @

00)  (Q& 0~ in Py(A).

Clearly, ~¢ is an equivalence relation on P (A). Therefore we may form the
quotient \/(A) = P (A)/ ~e. Let [P] denote the equivalence class of P € P (.A)
in \/(A). One easily checks that the operation

V(A) xV(A) — V(A),
((PLIQD) +— [P®Ql
is well-defined and turns \/(.A) into a commutative semigroup.

We define Ky (.A) to be the Grothendieck group of \/(A) ([1]).
The following is the main theorem in this section.

THEOREM 1.1. Let X be a H.L space, let A1, Ay € (SI)(X) and let
A=Al Ay
Then Ay ~ Ay if and only if Ko(A'(A)) ~ Z.
In order to prove the theorem, we need the following lemmas.

LEMMA 1.2. Let X; and X, be Banach spaces. Let A; € B(X;) such that
A'(A;)/rad A'(A;) ~ C

fori=1,2and Ay is not similar to Ay. If there exist T € B(Xy, Xp) and S € B(Xp, X1)
such that AyT = TAy and A4S = SAj, then ST € rad A’ (A1) and TS € rad A’ (Ay).

Proof. Since AT = TAjand A1S = SAj, then A1ST = SA;T = STA;. Thus
ST € A'(A1). In the same way, TS € A'(A).
Suppose that ST ¢ rad A’(A1) and TS ¢ rad. A’ (A,). Since

.A’(Al-)/radA'(Al-) ~C

fori =1,2,then ST = Ay + Ry and TS = Ay + Ry, where 0 # Ay, Ay, € C, R; €
radA’(A;), Ry € rad A’(Ay). By the definition of Jacobson radical, ¢ 4/(4,)(R1) =
Oa(ay)(R2) = {0}. Then o(R;) = 0(Rz) = {0}, s0 ¢(ST) = {A1} and o(TS) =
{Az}. Since A1 # 0 and A, # 0, then ST and TS are both invertible. So S and T
are both invertible and thus A; ~ Aj, which is a contradiction.

From the above, ST € radA’(A71) or TS € radA’'(A;). Without loss of
generality, we may assume that ST € rad A’(A;). Then 0(ST) = 04(4,)(ST) =
{0},s00(TS) = {0} by o(ST)\{0} = ¢(TS)\{0}. Since A’ (A;)/rad A’ (Ay) ~ C,
then TS = A + R, where A € C, R € rad A’(A). Since 0(R) = {0}, thus A = 0,
so TS =R €radA'(Az). 1
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LEMMA 1.3. Let X be a Banach space and let A € B(X). Then

A'(A®) /rad A'(A®) = My(A'(A)/rad A’ (A)).
Proof. It is obvious that
T T ..
A (AR = {( Ti TZ ) :Tije A'(A)i,j= 1,2}.
Let
_ Tin T \ .4 ' C
J= {( Ty To ) : Tjj € rad A (A),i,j= 1,2}.
Claim 1. rad A’ (A®) C J.
For every T = ( %i %i ) € rad A’ (A®), to show T € ], we only need
to show T;; € rad A'(A) fori,j = 1,2.
Since rad A’(A?)) is an ideal of A'(A®) and <

have

I 0
0 0

Tw 0\ (10 T T2 I o 1 A2)
(0 o)_(o 0><T21 T22>(0 o)eradA(A )-
Therefore Ty; € rad A’(A). In the similar way, we can conclude that T, T1o, T2 €

rad A’(A).
Claim 2. | C rad A'(A®).

_( Tnh T 3 ' C
LetT = < Ty Ty > € J, then Tj; € rad A'(A) fori,j = 1,2.

For every § = ( zi gg > € A'(A®Q), then S;; € A'(A). Since rad A’ (A)

isanideal of A’(A) and Ty; € rad A’(A), then T;1S11 € rad A’(A). So 0 (T11511) =
{0}. Therefore

Tn O S11 S _ TiuSu TS _
(% 5) (s s2))=e(( 5 75 )) -

namely ( Tél 8 ) € rad A’ (A?). Similarly, we obtain

0 Tip 0 0 0 0 104 (2)
(0 0 >’<T21 0)’(0 T22>€radA(A ).

Since rad A’(A?)) is a linear space, then T € rad A’(A®?).
By Claim 1 and Claim 2, we conclude that rad A’(A?)) = J.
Forevery T = ( ?1 gi ) e A'(A®), then T;j € A'(A). Denote by?the
21
equivalence class of T'in A’ (A(?))/rad A’(A(?)) and denote by Tjj the equivalence

) e A'(AQ), we
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class of Tj; in A’(A)/rad A'(A). Define a map
fi A(A®)/radA'(A®) — My(A'(A)/rad A’ (A)),
- Ty Tn
T < To Tx >

It is clear that f is well-defined and f is an algebraic isomorphism from A’(A(?))
/rad A'(A®)) onto My(A'(A)/rad A'(A)). So
A (A?) /rad A'(AP) ~ My(A'(A)/rad A'(A)). ¥
LEMMA 1.4. Let X; and X, be Banach spaces. Let A; € B(X;) such that
A'(A;)/rad A’ (A;) = C
fori=1,2and Ay is not similar to Ay. Put A = A1 ® Ay ® Ay. Then
A'(A)/rad A’ (A) = C® M;(C).
Proof. It is obvious that

T T2 Tiz Ty € A'(Ay)
A,(A) = Tyy T T : Tij € .A/(Az), l,] =23 .
T31 T2 Ts3 TijAr = A1Thi, Tn Ay = ATy, i = 2,3
Let
Tin T2 T3 Ty € radA'(Aq)
] = Tyy Ty T : Tl] € rad A’ (Az),i,j =23 .
T31 Tz Tz3 TijAr = A1Thy, Tn Ay = AxT,i = 2,3

Claim 1. | is an ideal of A’(A).
It is easy to prove that J is a linear subspace of A’(A). Let

Ti1 T2 Tis S11 S12 Si3
T = T21 Tzz T23 S ] and S = 521 522 523 S A/(A)
T31 Tz Ts3 S31 S32 Ss3

We prove TS € | in the following. ST € ] can be obtained in the same way.
Since

T1n Tz Ti3 S11 Sz Si3
Ty Tn T Sy S S
T31 Tz Tss S31 S32 Ss3

T11511 + T12521 + T13S31 T11S12 + T12522 + T13S32 T11513 + T12523 + T13533
= | TxS11+T22501 + 123531 121512 + T22520 + 123532 121513 + T22523 + 123533 |,
T31511 + T52521 + 133531 131512 + T52522 + 133532 131513 + 132523 + T33533
(T11S1i + Th2S2i + T13S31) A2 = T11 A1S1; + T12A2S0; + Th3 A2 S
= A1(T11S1; + T12S2 + T13S3:)



366 CHUNLAN JIANG, YUNNAN ZHANG AND HUAIJIE ZHONG

and
(TinS11 + TiaS: + TiaS31) A1 = Tin A1S11 + TinA2Sa1 + Tiz AaS3
= A2(TnS11 + TSz + Ti3S3:)
fori = 2,3, it suffices to prove
T11S11 + T12S21 + T13S31 € rad A (A1)

and
TﬂSlj + TiZSQj + Ti353j S I‘adA,(Az), i,j=2,3.

Since rad A’(A7) is an ideal of A'(A1), T11 € rad A’ (A7) and S1; € A'(Ay),
we have T11S1; € rad A’(Aq). Similarly, since rad A’(A;) is an ideal of A’(A5),
Ty € radA’(Az) and S € A'(Ay), we have Ty Sy; € rad A’ (Ay), ik, j = 2,3.

Since T1;A» = A1Ty;and S;1 A1 = AyS;q, then Ty;S;1 € radA’(Al) fori =2,3
by Lemma In the same way, we can conclude that T;;S1; € radA’(Ay) for
i,j = 2,3 from Ti1A1 = AZTil and S]jAz = Alslj.

From the above, since rad.A’(A;) and rad.A’(A;) are linear spaces, then
T11S11 + T12S21 + T13S31 € rad A’(Aq) and Tj Sy + TipSyj + TizS3; € rad A'(Az),
i,j=253.

Claim 2. rad A'(A) C J.

Tin T2 Tis
For every T = Tyi Ty T3 € radA’'(A), similarly to the proof of
Ts1 Tz Tss

Claim 1 in Lemmal(1.3} we can conclude that
Ty € radA'(Ay) and Tj; € radA'(A)

fori,j=2,3.50T¢€ ].
Claim 3. ] C rad A’(A).
Since ] is an ideal of A’(A), it suffices to prove ¢(T) = {0} forevery T € J.

Tn Tip T3

LetT = | Ty T T | €]. Forevery A # 0, since Ty; € radA’(Ay),
Ts1 Ty Ts3

then 0(T11) = {0}. So T11 — A is invertible and

(Tn—A) A1 = Ay(Tu—A) L
Leti,j = 2,3. Since Ty;A> = A1T1;, we conclude that
(Tiy —A) " TyiAz = (T —A) A Ty = Ay(Ti — A) ™' T
Notice that Tj Ay = Ay Tj1, by Lemrna
Ta(Tin — A) " 'Ty; € rad A'(A).
Since Tj; € rad.A'(A;), then

Tji — Tn(Tin — A) " 'Ty; € rad A'(Ay).
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By Claim 2 in Lemma|1.3

Too — To1(T1n —A) 1Tia Tog — Toy(Trn — A) T3 10 4(2)
_ _ e radA'(A)”).
< Tsp— T3 (T —A) 'Tip Ts3 — Ta1(Tin — A) T (437)

Hence

Ty —Ton(Ti1 —A)'Tip Tz — T (Tu —A)'Taz | A
Tsp — Ta1(Tiy1 —A) ' Tz Ts3 — Ta1(Ta1 — A) ' T

_ [ (T2=A) = T (Tn1 - AT, Tz — To1(T11 — A) T3
Tsp — T51(T11 — A) 1 Tha (Tss — A) = Ts1(Tin — A) T

is invertible.
Now notice that

T — A Ti» T3
0 (Tp = A) = Ty (Thn — A) " Tip Tz — To1(T11 — A) 1T
0 Tsp — T51(T11 — A) " 1Thp (Ts3 = A) = Ts1(Tin — A) "1 Tis
and
I 0 0
~Tu(Tu—A)"" T 0
~T3(Tiy—A)~' 0 I
are both invertible and
I 0 0 Th—A Tp Tis
—Tn(Tiy—A)"' I 0 Tn Tn—A T3
—T (T —A)"' 0 I T3 T2 Ts3 — A
Tn —A T12 T13
= 0 (Tp = A) = T (T1n — A) " 1Tip Tz — To1(T11 — A) T3 ,
0 Tsp — T51(Tin — A) 1Tin (Ts3 = A) = T3y (Tin — A) 1 Tyg
then
Tn—A T2 T3
T—A= Ty Tp—A T3
T3 T3 Tz3 — A

is invertible and thus o(T) = {0}.
By Claim 2 and Claim 3, we conclude that rad A’(A) = J.

T1n Tz Tis
Forevery T = | Ty Tn Ty | € A'(A), where Ty € A'(Ay) and Tj; €
Ts1 Tz T3

A'(Ap) for i,j = 2,3, since A'(Ay)/radA’(Ay) = C for k = 1,2, then T; =
M1+ Rqp with Aq; € C, Ryp € radA’(Al) and T,'j = A,’j + Ri]' with )\ij e C,
R;; € rad A'(A;) fori,j = 2,3.So

Ty T2 T A 00 Rin Ty Tis

T=| Ty Tn Ty | = 0 Axp Ay |+ | To1 Rxn Ry |,
T31 Tz Tas 0 Az As Ts1 Rz Rss
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Rin T T3
where [ T,y Ry Ry | € J=radA'(A). Define a map
T31 Rz Rss

f: A(A)/radA'(A) — Ca& M;y(C),
An 00
T — ( 0 Ay Aoz ),
0 Azx Az

where T denotes the equivalence class of T in A’(A)/rad A'(A). 1t is clear that
f is well-defined and f is an algebraic isomorphism from A’(A)/rad.A’(A) onto
A'(A)/rad A'(A). So
A'(A)/rad A'(A) ~ Cd M(C). 1
Similarly to the proof of Lemmal(l.4] we can obtain the following
LEMMA 1.5. Let {X; : 1 < i < k} be Banach spaces. Let A; € B(X;) such that
A'(A;j)/rad A'(A;) = Cfori = 1,2,...,k and A; is not similar to A; for i # j. Set

k k
A= Z EBAE"J on Z D XZ.(ni). Then

i=1 i=1

A'(A)/rad A’ (A Z @ M,,(C

Proof. In fact, we can prove the followmg results:

A(A) = {(T)joy = Ta € AP, Tya" = A" Ty 01 =1,2,..,k)
and
rad A'(A) = {(Ty)§jy : T € rad A (A™), Ty A" = AMTy 0,5 =1,2,...,k),
where
A A" = () 1y b € A(AD),m 1= 1,2, ;)
and

rad A'(A{")) = { () _y * by € rad A'(A),m, 1 =1,2,...,m;}. ¥
LEMMA 1.6. Let {X; : 1 < i < k} be Banach spaces. Let A; € B(X;) such that
A'(A;)/rad A'(A;) = Cfori = 1,2,...,k and A; is not similar to A; for i # j. Set

k k
A=Y @A on Y. ®X"). Then
i=1 i=1
V(A'(A) =N, Ko(A'(4)) ~ Z®.
Proof. From the proof of Lemmal(l.3} we can obtain that
A'(AM) /rad A (AM) ~ M, (A'(A)/rad A'(A))

for every n.
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Define amap g: /(A (A)) — V(A (A)/rad A'(A)) by
g([P]) = [P],
where P € M, (A'(A)) = A'(A™) is an idempotent and
Pe A(AM)/rad A (AM) ~ M, (A'(A)/rad A'(A))

denotes the equivalence class of P in A’(A()/rad A'(A™M).

In the following, we show that g is well-defined and it is an isomorphism
from \/(A’(A)) onto \V/(A'(A)/rad A’ (A)).

If [P] = [Q], where P € A'(A() and Q € A’(A(™) are idempotents, then
there exist k > max{m, n} and an invertible element U € A’(A®)) such that

uP@ok—"u-1=gegok-m,
So U is invertible and
T-Pook—.T ' =U(Peokn)u-T1=Qaokm,

Thus [P] = [Q], namely g([P]) = ¢([Q]). Hence g is well-defined.
Now we show that g is injective. If P € A/(A()and Q € A'(AM) are
idempotents such that

g([P]) = [P] = [Q] = &([Q]),
then there exist k > max{m, n} and an invertible element
Uec A (AK)/radA'(AR)
with U € A’(A®) such that
U-Peokn .U ' =Qaolkm,

Since U is invertible, there exists S € A’'(A®))/rad A’(A®) with S € A'(AK)
such that

us=u-S=1=S-U=SU.
Then US = I — Ry and SU = I — R, for some Ry, R, € radA'(AK)). Since
0(R1) = 0(Ry) = {0}, then SU and US are invertible. Therefore U is invertible
and thus

UPs0kU-1=T-Peokn.T " =Qaokm,
So
UP@o*"u=!=(Qao*m)4+R

for some R € rad A’ (A®). Let W; = 2(Q @ 0k=™)) — I. Since ¢(Q @ 0k—)) C
{0,1}, then W, is invertible. From the fact that R € radA'(A®) and W, ! €
A'(AR), then RW, ! € rad A’ (A)), so I + RW; ! is also invertible. Let

W =2(Q@0* ™) — 14+ R=W; +R = (I+RW; HW;.
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Then W is invertible. Since P & 0%—") is an idempotent, then U(P @ 0—"))u~1
is an idempotent, namely (Q @ 0(*=)) 4 R is an idempotent, so
Q@ 0%k 4 (Q@0* ™R+ R(Q®0* ™) + R? = (Q@®0*k~™) +R.
Since Q ® 0~ is an idempotent, then
(Q@0o*")R+ R(Q@0o*k—™) 4 R =R.
So
W((Q®0* )+ R) = (Q@0*~™)+R(Q@0*~™)+2(Qw0*~™)R—R+R?
Qe 0% ™)+ (Qa0* ™R = (Qa o)W

Thus
u(P ook = (Q@o*) + R = W Q@ 0k)w.

Therefore P ~. Q, namely [P] = [Q]. Hence g is injective.
Next we show that g is surjective. For every

7] € V/(A'(4)/rad A'(4))
withP € A'(AM)/rad A'(AM), P € A’( Al )) and P> = P, wehave P2 — P = R
for some Ry € rad A’(A(™). Since A" Z &) A i) , by Lemma (1.5} P is of the

=

form P = B + R, where R € rad A’(A™") and B e .A’(A(”)) is a block- dlagonal

(Zi‘zl nn; x 21:1 nn;)-matrix over C, namely B € Z @ Myun,(C). Then B = P
i=1
and

Ry=P>—P=(B+R)>?~(B+R)=B*>—-B+ (BR+RB+R?>—-R).

Since rad A’(A(™) is an ideal of A'(A(), B € A/(A") and R, Ry € rad A'(A(™)),
we can conclude that B> — B € rad.A’(A()). By the fact that B2 — B is a block-
diagonal matrix over C, B> = B. Then we have ¢([B]) = [P]. So g is surjective.
Finally, we show that g is a homomorphism. In fact, for [P], [Q] € V(A'(A)),
where P € A'/(A) and Q € A’(A™) are idempotents, we have
g([PI+1[Q]) =g([P@Ql) = [PaQ)]

= [Po Q] = [P] +[Q] = g([P]) +8(IQ))

From the above, we have proved that g is an isomorphism, so

\/(A/(A)) ~ \/(A'(A)/rad.A/(A)).

By Lemma

V/(A'(4)/rad A (4 \/(Z@Mn, ) = B V(M (C)).

i=1

.
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Since \/ (M, (C)) ~ V(C) ~ Ny for every n (see [I])), then

V(A () ~ N
and thus Ko(A'(A)) ~ 2K,y

LEMMA 1.7. Let X be a H.L space and let T € B(X). Then A'(T)/rad A'(T) ~
Cifand only if T € (SI).

Proof. “="1If T ¢ (SI), there exists a non-trivial idempotent P € A'(T),
obviously ¢(P) = {0,1}. Since A'(T)/radA'(T) ~ C, there exist A € C and
S € radA'(T) such that P = A + S. Since ¢(S) = {0}, then ¢(P) = {A}isa
singleton, a contradiction.

“<«=" Firstly we show that o(S) is a singleton for every S € A’(T). Since X
is a H.I. space, o(S) is an at most countable set. If ¢(S) is not a singleton, then
there exists an open-and-closed proper subset T of ¢(S). Let E(7) be the spectral
projection of S corresponding to . Then E(7) is a non-trivial idempotent. Since
S e A(T), E(t) € A(T), which contradicts to T € (SI). So ¢(S) is a singleton.

In the following, we prove that A’(T)/rad A'(T) ~ C. We only need to
show that there exists A € C such that S — A € rad A'(T) for every S € A'(T).
From the above, we can assume ¢(S) = {A}. For every S’ € A'(T), we have
(S=1)S,8'(S—A)e A(T).Soc((S—A)S")and (S’ (S — A)) are all singletons
from the above. Since ¢((S — A)S")\{0} = ¢(S'(S — A))\{0}, we can conclude
that 0((S —A)S") = (S'(S—A)) = {t} forsome t € C. If t # 0, then both (S —
A)S"and S'(S — M) are invertible. Hence S — A is invertible, which contradicts to
o(S) = {A}. It follows that o((S — A)S’) = {0}. Since S’ € A'(T) is arbitrary,
S — A eradA'(T). Then A(T)/rad A’ (T) = C. 1

We are now in a position to prove Theorem 1.1]
Proof of Theorem “=" Since X is a H.I. space and A; € (SI), then
A'(A;)/rad A'(A;) =~ C,
fori =1,2by Lemma Since A1 ~ Aj, then A ~ Agz)‘ So
Ko(A'(4)) ~ Ko(A'(A()) ~ 2

by Lemma
“<" If Aj is not similar to A,, then Ko(A'(A)) ~ Z®? by Lemma a
contradiction. 1

2. SMALL COMPACT PERTURBATION OF STRONGLY IRREDUCIBLE OPERATORS

In this section we discuss the small compact perturbation of strongly irre-
ducible operators on separable H.I. spaces.
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THEOREM 2.1. Let X be a separable H.1. space and let T € B(X) with connected
spectrum o (T). Then, for given e > 0, there exists a compact operator K € B(X) with
IIK|| < €such that T + K € (SI).

Before we begin the proof of Theorem we need some lemmas. The fol-
lowing lemma is useful, but its proof is a routing work. Thus, we are not going
to prove it.

LEMMA 2.2. Let X be a H.I. space and let T € B(X) with o(T) = {0}. If T
satisfies one of the following conditions
(i) dimker T < oo,
(ii) dim(X /ranT) < oo,
then for given € > 0, there exists a compact operator K € B(X) with ||K|| < € such that
T+K e (SI).

In order to overcome the essential difficulty (i.e. dimker T = oo and dim(X/
ranT) = o), we need a series of lemmas. Firstly, we need the concept of quasi-
complementary subspaces. Two closed subspaces X;, X, of a Banach space X
are said to be quasi-complementary if X1 N X, = {0} and X = X;+Xp. In
this case, each of X; and X is called a quasi-complement of the other of them.
Corollary 8.2 of [17] shows that every closed subspace of separable Banach spaces
admits a quasi-complement.

LEMMA 2.3. Let X be an infinite dimensional separable Banach space, let X; be
a closed subspace of X with dim(X/X;) = oo and let X, be a quasi-complement of
Xy. Then there exist {f;} C Xi- C X* and {x;} C Xy such that fi(xj) = dij and

* 1 —
span{fi} = Xi, where Sij = {0 l ]" and X = {f € X* : f(x) = 0 for all

i 7],
X € Xl}

Proof. Since dim(X/X;) = oo, then dim X, = oo. Since X is separable, X / X;
is separable. Then (X/X;)* is w*-separable, so Xi- is also w*-separable. Hence

there exists {g;} C Xj, ¢&; # 0 such that span{gl-}w = Xji.

Let fi = g1. Then f1 € XlL. Therefore there exists y; € Xj such that
fi(y1) = 1. Otherwise fi]x, = 0. By the fact that fi|x, = 0 and X = X; + X,
f1 = g1 = 0, which is a contradiction.

Set x; = yy. Then x; € X, and f1(X1) =1

Let hy = min{n : g, ¢ span{fi}}.

Let f = gu, — gn,(x1)f1. Then fo(x1) = 0. Since f, € X, there exists
y2 € Xp such that f>(y2) = 1. Otherwise f2|x, = 0. By the fact that f, € X;" and
X = X1 + Xy, f» = 0, which contradicts to the choice of hj.

Set x = y2 — f1(y2)x1. Then x5 € X, f1(x2) = 0and fo(x2) = 1.

Let h3 = min{n : g, ¢ span{fi, fo}}. Itis obvious that h3 > hj.
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Let f3 = gu, — 8ns(X1)f1 — 8ny(x2) f2. Then f3(x1) = f3(x2) = 0. Since
fa € Xli, there exists y3 € X; such that f3(y3) = 1.

Set x3 = y3 — f1(y3)x1 — f2(y3)x2. Then x3 € Xy, f1(x3) = f2(x3) = 0 and
f3(x3) = 1.

Continuing in the same way, we can obtain {f;} C Xi* C X* and {x;} C X»
such that f;(x;) = ¢;;. From the choice of /;, we can see that g; € span{f; : 1 <

j <k} for hy <i < hyyq, wherek > 1and hy = 1. Then span{fi}w = Xj by the
fact that span{g;} = X{.oon

LEMMA 2.4. Let X be an infinite dimensional separable Banach space, let Xq be a
closed subspace of X with dim(X/X;) = oo and let X, be a quasi-complement of X.
Then there exists a compact operator K € B(X) such that o(K) = {0}, ker K = Xj and
rankK C X».

Proof. By Lemma there exist {f;} C X C X* and {x;} C Xy such that
7‘/\,*
fi(xj) = é;jand span{f;} = Xi. Let

K=Y aifi®xi,
i=1

where a;=1/2| fi||||xi11]|- Then K € B(X) is a compact operator and ranK C X,.
Now we show that X; = ker K. On the one hand, X; C ker K by the fact

that {f;} C Xi". On the other hand, if Kx = 0, namely ) a;fj(x)xj;1 = 0, then
j=1

filx) = ;ﬁ+1(iﬂjﬁ(x)xj+1) =0
i i=

for each i. Hence x € (span{fi}w ). = (X{)L = Xy, where A} = {x € X:
f(x) =0forall f € A} forasubset A of X*. Soker K C Xj. Therefore ker K = Xj.
Finally, we show that ¢(K) = {0}. Since K is compact, it is enough to prove
that K — A is injective for every A # 0.
If Kx = Ax for some x € X, then K"x = A"x. Therefore
1., 12 :
X = oK = LS 0yt 1) fi(x) i1 € Spani 15 0T 1T,

A" =]

Hence f,,(x) = 0 for every n. Then x € (span{ﬁ}w )1 = (X{)1L = Xj. By the
fact that x € ranK and ranK N X; C X, N X; = {0}, we have x = 0. Therefore
K — Ais injective. It follows that c(K) = {0}.

LEMMA 2.5. Let X be a separable H.1. space and let T € B(X) with o(T) = {0}.
If dim(X/ranT) = oo, then for given € > 0, there exists a compact operator K € B(X)
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with ||K|| < e such that o(T + K) = {0} and

| ker(T + K) +ran(T + K) # X.
i=1
Proof. Since X is separable, ranT is a quasi-complementary subspace in X.
Then there exists a closed subspace Xy of X such that ranT N Xy = {0} and X =
ranT + Xp. Since dim(X/ranT) = oo, then dim Xy = 0. By Lemma there
exists a compact operator K € B(X) with ||K|| < € such that c(K) = {0}, kerK =
ranT and ranK C Xj.
In the following, we show that the operator T + K satisfies this lemma.
Firstly we show that o(T + K) = {0}. Since X is a H.I. space and ¢(T) =
{0}, then T is a strictly singular operator. And since K is a compact operator,
then T + K is also a strictly singular operator. By Remark for every A #
0, T + K — A is a Fredholm operator with index 0. Therefore in order to prove
o(T + K) = {0}, it suffices to show that T + K — A is injective for every A # 0.
If (T + K)x = Ax for some x € X, by the fact that Tx € ranT = kerK,

K(Kx) = K(T + K)x = A(Kx).
Therefore Kx = 0 by ¢(K) = {0}, thus Tx = Ax. Since ¢(T) = {0}, then x = 0.

Thus T + K — A is injective.
Next we show that

| ker(T + K)! C ranT.
i=1
It only needs to show that ker(T + K)? C ranT for every i.

We proceed by induction.
For every x € ker(T + K), since Tx + Kx = 0, then

Tx = —Kx € ranT NranK C ranT N Xy = {0}.

Therefore Kx = 0, namely x € ker K = ranT. Thus ker(T + K) C ranT.
Suppose that ker(T + K)/ C ranT. We show that ker(T + K)/*! C ranT. For
every x € ker(T + K)/*1,

Tx + Kx € ker(T 4 K)/ C ranT,

so Kx € ranT NranK = {0}, thus x € ker K = ranT. This shows that ker(T +
K)/*1 C ranT.

o
Now we have proved ker(T + K)' C ranT for every i, so | J ker(T + K)' C
i=1
ranT.
Since ran(T + K) C ranT + rank, then

o
| ker(T + K)! +ran(T + K) C ranT + ranK.
i=1
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Therefore in order to show that | ] ker(T + K)! +ran(T + K) # X, it is enough to
i=1
show that ranT + ranK # X.

Since K is a compact operator, it follows that Xy ¢ ranK. We choose y €
Xo\rankK, then y ¢ ranT + ranK. In fact, if y = y; + y» € ranT + ranK for y; €
ranT and y; € ranK, theny —y, = y; € ranT N Xy = {0}. Hence y = y» € rank,
which is a contradiction. 1

LEMMA 2.6. Let X be a Banach space, let T € B(X) with o(T) = {0} and let

(M, N) € Red(T) with dim M < co. If | ] ker T? + ranT # X, then | | ker(T|n)’ +
i=1 i=1
ranT|y # N.

Proof. Since o(T) = {0}, then o(T|y) = {0}. Therefore, by dimM < oo,
T|m is a nilpotent operator, thus | ker(T|y)" = M. If | ] ker(T|y)’ + ranT|y =

i=1 i=1
N, then

U ker(T)|p) + ranT |y + U ker(T|y)! +ranT|y = M+ N = X.
i=1 i=1

It is obvious that
© . o . o .
|J ker T' + ranT = | J ker(T|m)" + | ker(T|n)" + ranT|p + ranT|y = X,

which is a contradiction, so

|Jker(T|n)' +ranT|y # N. &
i=1

LEMMA 2.7. Let X be a HI. space and let T € B(X) with o(T) = {0}. If
there exists a (M,N) € Red(T) such that dimM = n < oo, T|y € (SI) and

o
U ker(T|y)! +ranT|y # N, then for given ¢ > 0, there exists a compact operator

11216 B(X) with ||K|| < €such that T + K € (SI).

Proof. Step1.1fn =0, then T € (SI). We can take K = 0.
Step 2. If n > 0, we have T = < 7(;1 7(,)2 ),Where T =T|yand T, = T|yN.
Without loss of generality, we can assume that T} admits a (lower triangular)
Jordan block representation with respect to some basis {¢;}"_; of M, namely

Tiej=¢e41 i=1,...,n—1,
Tlen:O.
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It is obvious that there exists f € X* satisfying

f(e,-)zO 1'21,...,1’171,
flen) =1,
fln=0.
Put
Xo = U ker Té—l—ranTz.
i=1

Then Xy # N. We choose y € N\ Xy with ||y|| = €/2|f||. Let K = f ® y. Then
K € B(X) is a compact operator with ||K|| < &. Denote fi; = f|u. Then

0 0 T, 0
K= d T+K= .
(ﬁ@y 0) and T (h@y Tz>

In the following, we show that T 4+ K € (SI).

Otherwise there exists a non-trivial (M"”, N”) € Red(T+K) with 0 < dim M"
< oo. Then (T + K)|p admits a Jordan standard form representation. We can
select a subspace M’ of M" such that M = M’ & M"’, M’ and M"" are invari-
ant subspaces of T + K and (T + K)|jy admits a (lower triangular) Jordan block
representation with respect to some basis {e/}"" | of M’, namely

(T+K)|pme;=ey i=1,...,m—1,
(T +K)|pre,, =0.
Let N' = M" @ N”. Then (M’,N’) € Red(T + K).
Put
e) = ajer +ager + -+ aney + %,

where x € N,q; € C,i =1,2,...,n.
We proceed the proof by considering the following three cases.
Case 1. m > n. Then

eh = (T+K)ey = ajer +ages + - - - + a,_1en + any + Tox,

/

= (T+K)e,_y = aren +agy + -+ +a, T 2y + T 'x,
ehi1 = (T+K)e, =my+aToy+ - +an Ty ly+ Thx,
e = (T+K)ep =Ty "y + a3 "y + - +a, TP 2y + T 1y,
0= (T+K)e) =a1 Ty "y +a TV "y + - +a, T3y + Tx.
Hence
my+aToy + -+ ay Ty ly+ Tix € ker )",
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so a1y € kerT)' " +ranT, C Xj. By the fact that y ¢ X,, we have a; = 0.
Therefore
Ty "y 44 a, Ty + TP x = 0.

In the similar way, we can obtainay; = a3 = --- =a, =0, s0 eg = Téflx € N,1<
i<mand T)'x = 0.
Case 2. m = n. Then

eh = (T+K)e| =ajes+ - +ay,_1eq + any + Tox,

eh = (T+K)el_1 = aren+apy+ - +a, Ty 2y + Ty 'x,

0= (T+K)ej, =ay+aTy+-+a, Ty 'y + Tix.
Since y ¢ ranT,, then a; = 0. Therefore

ay+azToy +-- -+ anTz”_zy + Tf‘lx € ker T,
so apy € ker Tp +ranT, C Xj. By the fact that y ¢ Xy, we have a; = 0. In the
similar way, we can conclude a3 = --- = a, = 0, so elf = Téflx eN,1<i<n
and T3 x = 0.
Case 3. m < n. Then
eh=(T+K)e} =ajea+ - +a,_1en + any + Trx,
e =(T+K)eh_1 = a1em+ -+ ay_mi16n + Gy_mioy + - +an Ty 2y + Ty x,
0: (T+K)€1/,n111€m+]+' . '+an—men+un7m+]y+an—m+2T2y+' . '+anT;171]/+T£”x-

Hence

_(alem-i-l +- 4+ anfmen) =ay—m1y +ap-m2T2y+---+ llnsz_ly + szx
€ MNN = {0}.
Then aye, 41+ -+ -+ an—men = 0and
Ap—m+1Y + ap—m2 T2y + -+ anTén_ly + Té"x =0.
Since {¢;}} ; is a basis of M, then a; = a, = -+ = ay— = 0. And similar to the
proof of Case 2, we can obtain a,_,;,4+1 = -+ = a, =0, so el’- = Té_lx € N,1 <
i<mand T)'x = 0.
From the above proof, we have ef = Téflx € N1 <i<mand T)'x = 0.
Then
Tyei=ej  i=1,...,m—1,
T2€7,n =0.
SoM' C Nand oM’ C M'.
LetY = NNN'. Then N = M’ @Y. In fact, for every x € N, since X =
M' @& N', assume that x = m +n withm € M',n € N’. Since M’ C N, then
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n=x—-meNNN =Y. ThusN=M +Y.FromM' NY C M' NN’ = {0}, we
can conclude that N = M’ @Y.
Since (T + K)|n = T», then

T,Y = (T+K)Y C (T+K)N' C N'.

It is obvious that
T,Y C T,N C N.
Thus
TLYCNNON =Y.
Therefore (M',Y) € Red(Ty). It is clear that (M’,Y) is non-trivial, which contra-
dictsto T, € (SI),so T+ K € (SI). 1

LEMMA 2.8. Let X be an infinite dimensional separable Banach space and let Xy be
an infinite dimensional closed subspace of X. Then there exist { f;} € X* and {x;} C X
such that span{f;} = = X*, span{x;} = Xy and filx;) = di.

Proof. Since X is separable, then X is also separable. By Proposition 1.f£.3 of
[16], there exist {1/} C X with ||k}|| = 1and {x;} C Xj such that span{h;}w =
X3, span{x;} = Xy and hi(x;) = &;j. Let h; € X* with I;|x, = hand k]| = 1.

Since X/ X3 is separable, then (X/X7)* is w*-separable. So Xf- is also w*-

separable. Thus there exist {g;} C Xi-, g; # 0, such that span{g;} R Xi.
We divide the set of natural number into countable mutually disjoint infinite

subsets, thatis, N = GNi/ where N; is an infinite subset of N and N;N N; = @
fori # j. Write N; = 415111,1112,. ..} and let fu, = jgi + hn,.

0, then 81(0) = 0 or every 1. Diterwise 9000} 10 for oo . Tt ollos
that ||x|| > |hni0/.(x)| = j|gi,(x)| for every j, which is a contradiction. So x €
Y = Xt and I (%) = hay () =

—F 3 W

(span{g;} )1 = (Xi). = Xj. Since span{h’}
—jgi(x) = 0 for every i, j, then x = 0. Therefore span{f;} = = X*.
Since g; € Xi and hi(xj) = d;j, it is obvious that f;(x;) = d;;. 1

LEMMA 2.9. Let X be an infinite dimensional separable Banach space and let Xq
be an infinite dimensional closed subspace of X. Then there exists a compact operator
K € B(X) satisfying 0p(K) = @ and ranK C X;.

Proof. By Lemmaf2.8] thereexist {f;} C X*and {x;} C Xj such that f;(x;) =
d;jand span{f;} = X*. Let

K= aifi ®xi11,
i1



SIMILARITY INVARIANTS AND COMPACT PERTURBATIONS 379

where a;=1/2| fi||||xi11]|- Then K € B(X) is a compact operator and ranK C Xj.
In the following we show that 0, (K) = @. For every A € C, if there exists

x € X such that ) a;f;(x)x;11 = Kx = Ax, then
i=1

Ozfl(iaifi(x)xiﬂ):)\fl(x) and aj_lfj_l(x):ﬁ(iaiﬁ(x)xiH):Af]-(x)

forj > 2.
Step 1. If A = 0, then f; 1(x) = (A/aj_1)fj(x) = 0 for j > 2. Since

span{fi}W' = X*, then x = 0.
Step 2. If A # 0, then f1(x) = 0and fo(x) = (1/A)a1f1(x) = 0, inductively,

w

fi(x) = 0 for every i. Since span{ f;} = X*, then x = 0.
From the above, 0,(K) = @. &

LEMMA 2.10. Let X be a H.I. space and let T € B(X) with o(T) = {0}. If
there exists no (M, N) € Red(T) such that dim M = n < co and T|y € (SI), then

for given € > 0, there exists a compact operator K € B(X) with ||K|| < & such that
o(T+K) = {0} and

dim(ker(T + K)/(ker(T + K) Nran(T + K))) = co.

Proof. By hypothesis, T ¢ (SI). By the definition of strongly irreducible
operators and the definition of H.I. spaces, there exists a non-trivial (X, X},) €
Red(T) with 0 < dim X}; < co. Then T| x;, admits a Jordan standard form rep-

resentation. We can select a subspace Xy of X/, such that X{; = X1 & X{}, X11
and Xi’l are invariant subspaces of T and T'|x,, admits a (lower triangular) Jordan
block representation. Let X1, = X{} @ X{,. Then (X117, X12) € Red(T). Let

Tin O ) X1
T = .
< 0 Tp X12
By hypothesis, T1p ¢ (SI). In the similar way, we can assume that
Ty = ( T O ) X21
0 Tx X2
with 0 < dim Xj; < co satisfies that Ty, |x,, admits a (lower triangular) Jordan
block representation. By hypothesis again, Ty ¢ (SI). Otherwise (X171 @ Xp1,

X27) € Red(T) satisfies dim(Xy3; @ Xp1) < o0 and Tx,, = Txy € (SI), which is a
contradiction. Continuing in the same way, we can assume that

T— (Tn 0 ) X11 Ty = (T21 0 ) X21
0 T X1 0 Tx Xpn '
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where Xil = [61]]7':1 and

T(e:) = e: i=1,2,...,n;—1, .
{ (‘31]) ij+1 ] i i=1,2,....

T(eini ) = O,

For every i,

{if n; =1, let Kl’ = 0, the operator from Xj; into X1 1, satisfies

if n; > 1, let K be the operator from X;; into X; 11,

Ki(einm—1) = eiz1,1,
Kf(eij):O, j#ni_lllgjgni'

Let K € B(X) be the natural extension of K} to X, that is,
Kllx, =0 j=12,...i-1,
Ki|x, = Kj,
Ki'|x, = 0.

0 Kl =0,
Leta; = ‘ ! Denote K; = a;K]. Put
/2K K] A0

K=Y uK/.
i=1

Then K € B(X) is a compact operator with || K|| < e.
Foreachm > 1,

T11
Ky

Tox—21
Kop—o  To-1a
(21) T+K= Kor1 Taka

Ko Tokg1
Kok 1

Tml
K TmZ + Qm

where Q,,;, = ( ) ain’) 1%,
i=m+1
In the following, we show that T + K satisfies this lemma.
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Since

Ky

Tok—21

m Koo To-1p

2.2) T+)_aK{ = Kox-1 Toxa ,
i=1 Ko Tokt11

Kopq1

Tml
Km Tmz

then

U(T+ iain’) c (Ga(Til)) Uo(Ty2) = o(T) = {0}.
i= i=1

m
Hence O'(T + Zaﬂ(;’) = {0} is connected.
Since -
m
T+) aK/ - T+K
i=1
as m — oo and the set {T € B(X) : ¢(T) is connected} is a closed subset of B(X),
then (T + K) is connected. Since X is a H.I. space and ¢(T) = {0}, then T
is a strictly singular operator. Since K is a compact operator, then T + K is also a
strictly singular operator. By Remark[0.3} o(T + K) is an at most countable set and
0 € o(T + K). Since o (T + K) is not only connected but also at most countable,
then (T + K) is a singleton. So (T + K) = {0}.
It is obvious that ey, € ker(T + K). In order to show that

dim(ker(T + K)/(ker(T + K) Nran(T + K))) = oo,

it suffices to show that {ey ,,, + (ker(T + K) Nran(T + K)) }32, is linearly inde-

pendent in ker(T + K) / (ker(T + K) Nran(T + K) ).

If
!

Zbk(e%nzk + (ker(T+K)Nran(T+K))) =0
k=1

for some {bk}izl C C, then

! -
Y beoin,, € ran(T +K),
k=1
so there exist

2 = )l a1y e N
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such that
1
(T + K)x(") — Zbk(?z](,n%
k=1
" e X, i=1,2,...,21+1,
y" € Xop i1
For each 1 < k < [, according to the matrix (2.2) and the construction of K;,

we can obtain the following assertions:

X
as n — oo, where

(2.3) sz_zxé’;’,z + Tzk—1,1xéz),1 =0 (n— ),

)

(2.4) K2k71x§’]z)_1 + Tzk,1x§Z = bregkp,, (1 — 00),

(2.5) Kkaéz) + T2k+1/1xéz)+1 —+0 (Tl — OO),
where Ky = 0 and x(()”) =0.
We prove by = 0 by two cases.
Case 1. Ky, # 0. By the construction of Ky, 11y, > 1. We may assume that
xéZ) € txgz)ezk,nqu +span{ey; 1 j # ny — 1,1 < j < nyl,
where ‘Xg;) e C. By (2.4), aé’;) — by as n — oo. And by (2.5), aéz) —0asn — oo,
so b, =0.
Case 2. Ky, = 0. By the construction of Ky, To 1 = 0.
If szfl = 0, by (' bk =0.
If Kok 1 # 0, by the construction of Ky, 1, 1p_1 > 1. We may assume that

(n)

n (n) . .
Xl g € Byl €ok—1my —1 T pan{eg_1:j #F o1 — 1,1 < j<my_q}),

where ocgz)_l e C. By (2.3), ch(l)_l — 0asn — co. And by (2.4), “52)_1 — by as
n — 00,0 b = 0.
Inaword, by =0foreach1 <k <, so

{62k,n2k + (ker(T + K) Nran(T + K)) }p2 4
is linearly independent in ker(T + K) / (ker(T + K) Nran(T +K) ). &

LEMMA 2.11. Let X be a separable H.1. space and let T € B(X) witho(T) = {0}.
If dim(ker T/ (ker T NranT)) = oo, then for given ¢ > 0, there exists a compact
operator K € B(X) with ||K|| < e such that T + K € (SI).

Proof. Since X is separable, then ker T is separable. Thus ker T NranT is a
quasi-complementary subspace in ker T, so there exists a closed subspace X; of
ker T such that

X;N(kerTNranT) = {0} and kerT = X; + (ker T NranT).
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Since dim(ker T/ (ker T NranT)) = oo, then dim X; = co. By Lemma [2.9| there
exists a compact operator K € B(X) with ||K|| < & such that 0,(K) = @ and
ranK C Xj.

In the following, we show that 0, (T + K) = @.

For every A # 0, if (T + K)x = Ax for some x € X, by the fact that Kx €
ranK C X; C kerT,

T(Tx) =T(T+K)x = ATx.

Since ¢(T) = {0} and thus Tx = 0, then Kx = Ax. And since 0p(K) = @, then
x = 0. We conclude that A ¢ o, (T + K).

If (T4 K)x =0, then

Tx = —Kx € Xy N (ker TNranT) = {0}.

Thus Kx = 0. Since 03, (K) = @, then x = 0. Hence 0 ¢ 0p(T + K).
From the above, 0, (T + K) = @. By the definition of strongly irreducible
operators and the definition of H.I. spaces, it is easy to see that T + K € (SI). 1

We are now in a position to prove Theorem 2.3

Proof of Theorem Since X is a H.I. space, the operator T can be written as
a sum of a scalar and a strictly singular operator. By Remark o(T) is an at
most countable set. Since o(T) is connected, we conclude that o(T) is a singleton.
Suppose that 0(T) = {A}. Theno(T — A) = {0}. We consider the following two
cases:

Case 1. dim(X/ran(T —A)) < oco. By Lemma there exists a compact
operator K € B(X) with ||K|| < esuch that T — A + K € (SI). Then T+ K € (SI).

Case 2. dim(X/ran(T —A)) = co. By Lemma there exists a compact
operator Kj € B(X) with ||Ky|| < /3 such that 0(T — A 4+ K;) = {0} and

Jker(T —A+Kq) +ran(T — A+ Kyp) # X.
i=1
To finish the proof, we consider the following two cases again:
Case 2.1. There exists a (M, N) € Red(T — A + K;) with dimM < oo and
e}

(T—A+Kp)|n € (SI). By Lemmaand by the fact that | J ker(T — A + Kq)' +
i=1
ran(T — A+ Kp) # X,

U ker((T — A+ Kqp)|n)' +ran(T — A+ Ky)|y # N.

i=1
Then T — A + Kj satisfies the condition of Lemma Therefore there exists a
compact operator K, € B(X) with ||K;|| < ¢/3 such that T — A + Ky + K; € (SI),
so T+ Ky + K € (SI). We take K = Kj + Kj.

Case 2.2. There exists no (M, N) € Red(T — A + K;7) with dim M < oo and

(T—A+Ky)|n € (SI). From Lemma there exists a compact operator K3 €
B(X) with |K3]| < €/3 such that 0(T — A + K; + K3) = {0} and dim(ker(T —
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A+ Ky +Ksz)/(ker(T — A+ Ky +Ksz) Nran(T — A + Ky + K3) )) = co. And from
Lemma there exists a compact operator K4 € B(X) with ||K4|| < €/3 such
that T — A+ Ky + Kz + Ky € (SI), so T+ Ky + Kz + Ky € (SI). We take K =
Ki+K3+Ky. 1
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