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ABSTRACT. We exhibit large classes of contractions on noncommutative L-
spaces which satisfy the noncommutative analogue of Matsaev’s conjecture,
introduced by Peller. In particular, we prove that every Schur multiplier on

a Schatten space S? induced by a contractive Schur multiplier on B(¢?) as-
sociated with a real matrix satisfy this conjecture. Moreover, we deal with
analogue questions for Cy-semigroups. Finally, we disprove a conjecture of
Peller concerning norms on the space of complex polynomials arising from
Matsaev’s conjecture and Peller’s problem. Indeed, if S denotes the shift on ¢F
and o the shift on the Schatten space S?, the norms || P(S)||»—s¢» and ||P(0) ®
Idsp[[sr(sr)—sr(sv) can be different for a complex polynomial P.

KEYWORDS: Matsaev’s conjecture, noncommutative LP-spaces, shift operator, dila-
tions, Schur multipliers, Fourier multipliers, semigroups.
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1. INTRODUCTION

To estimate the norms of functions of operators is an essential task in oper-
ator theory. In this subject, V.V. Matsaev stated the following conjecture in 1971,
see [36]. Forany 1 < p < oo, let S : ¢ — (7 denote the right shift operator
defined by S(ag,a1,az,...) = (0,a9,a1,az, . ..).

CONJECTURE 1.1. Suppose1 < p < oo, p # 2. Let (2 be a measure space and let
T : LP(Q) — LP(Q) be a contraction. For any complex polynomial P, we have

(L.1) I1P(T) [ Lr()—srr () < IP(S)llep—sev-

It is easy to see that holds true for p = 1 and p = oo. Moreover, by
using the Fourier transform, it is clear that for p = 2, is a consequence of von
Neumann’s inequality. Finally, very recently and after the writing of this paper,
S.W. Drury [21] found a counterexample in the case p = 4 by using informatics.
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For all other values of p, the validity of for any contraction is open. It
is well-known that holds true for any positive contraction, more generally
for all operators T : LP(Q) — LP(Q) which admit a contractive majorant (i.e.
there exists a positive contraction T satisfying |T(f)| < T(|f|)). This follows
from the fact that these operators admit an isometric dilation. We refer the reader
to [2], [4], [16], [31], [37] and [41] for information and historical background on
this question.

In 1985, V.V. Peller [42] introduced a noncommutative version of Matsaev’s
conjecture for Schatten spaces S”? = SP(¢?). Recall that elements of SP can be
regarded as infinite matrices indexed by N x N. Thus we define the linear map
o : SP — SP as the shift “from NW to SE” which maps any matrix

apo ao1 ap2 te 0 0 0
a a a e 0 a a
(1'2) 10 11 12 to 00 01

ayy Ay Ay - 0 ap an

Let SP(SP) be the space of all matrices [a;;]; ;>0 with entries a;; in SF, which rep-
resent an element of the bigger Schatten space S? (£ ®, £?). The algebraic tensor
product S” @ SP can be regarded as a dense subspace of S7(S”) in a natural way.
Then the mapping on S?(S7) given by is an isometry, which is the unique
extension of o ® Igp to the space SP(S?) (see Section 2 below for more details on
these matricial representations). Peller’s question is as follows.

QUESTION 1.2. Supposel < p < oo, p # 2. Let T : SP — SP be a contraction
on the Schatten space SP. Do we have

(1.3) [P(T)|sp—sr < ||P(0) @ Idsp[|sp(spy—ssr(sp)
for any complex polynomial P?

Peller observed that holds true when T is an isometry or when T :
SP — SP is defined by T(x) = axb, where a : (> — (>and b : (> — (? are
contractions.

The Schatten spaces S” are basic examples of noncommutative LP-spaces. It
is then natural to extend Peller’s problem to this wider context. This leads to the
following question.

QUESTION 1.3. Supposel < p < oo, p # 2. Let M be a semifinite von Neumann
algebra and let LP (M) be the associated noncommutative LP-space. Let T : LP(M) —
LP (M) be a contraction. Do we have
(1.4) IP(T) e vy —s vy < 1P(0) @ Idsp || sp(sp)—sp(sr)
for any complex polynomial P?

As in the commutative case, it is easy to see that (1.4) holds true when p =1,
p = 2 or p = oo. The main purpose of this article is to exhibit large classes of



ON MATSAEV’S CONJECTURE FOR CONTRACTIONS ON NONCOMMUTATIVE LP-SPACES 389

contractions on noncommutative LP-spaces which satisfy inequality (1.4) for any
complex polynomial P. The next theorem gathers some of our main results.

THEOREM 1.4. Suppose 1 < p < oo. The following maps satisfy ([1.4) for any
complex polynomial P.

(i) A Schur multiplier M4 : SP — SP induced by a contractive Schur multiplier
My : B(£?) — B({?) associated with a real-valued matrix A.

(ii) A Fourier multiplier My : LF (VN(G)) — LP(VN(G)) induced by a contractive
Fourier multiplier My : VN(G) — VN(G) associated with a real valued function t :
G — R, in the case where G is an amenable discrete group G.

(iii) A Fourier multiplier My : LF(VN(F,)) — LP(VN(Fy,)) induced by a unital
completely positive Fourier multiplier My : VN(F,,) — VN(F,,) associated with a real
valued function t : F,, — R, where I, is the free group with n generators (1 < n < o).

The proof of these results will use dilation theorems that we now state.
Moreover, these theorems rely on constructions due to E. Ricard [48].

THEOREM 1.5. Let My : B(¢?) — B({?) be a unital completely positive Schur
multiplier with a real-valued matrix A. Then there exists a hyperfinite von Neumann
algebra M equipped with a semifinite normal faithful trace, a unital trace preserving *-
automorphism U of M, a unital trace preserving one-to-one normal x-homomorphism
J : B(£?) — M such that

(Ma)k =EU*J

for any integer k > 0, where E : M — B({?) is the canonical faithful normal trace
preserving conditional expectation associated with |.

THEOREM 1.6. Let G be a discrete group. Let My : VN(G) — VN(G) be a unital
completely positive Fourier multiplier associated with a real valued functiont : G — R.
Then there exists a von Neumann algebra M equipped with a faithful finite normal trace,
a unital trace preserving x-automorphism U of M, a unital normal trace preserving one-
to-one x-homomorphism | : VN(G) — M such that,

(My)* = EUF]

for any integer k > 0, where E : M — VN(G) is the canonical faithful normal trace
preserving conditional expectation associated with J. Moreover, if G is amenable or if
G =F;, (1 < n < o), the von Neumann algebra M has the quotient weak expectation
property.

Various norms on the space of complex polynomials arise from Matsaev’s
conjecture and Peller’s problem, and it is interesting to try to compare them. If
1 < p < oo, note that the space of all diagonal matrices in 5”7 can be identified
with £7. In this regard, the shift operator S : /¥ — (¥ coincides with the restriction
of o : S — SP to diagonal matrices. This readily implies that

[P(S)ler— v < [[P(0)|lsp—sp < [|P(0) @ Idsp|lsp(spy—ssp(sr)
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for any complex polynomial P. We will show the following result, which dis-
proves a conjecture due to Peller ([42], Conjecture 2).

THEOREM 1.7. Suppose 1 < p < oo, p # 2. Then there exists a complex polyno-
mial P such that

[P(S)llep—ser < [|P(0) ® Idsp || 5p(sr)—> 57 (5P)-

To complete this investigation, we will also show that
(1.5) [[P(0)[lsr—sr = [IP(0) @Idsp || sp(sp)—ssp(sp) = [IP(S) @Idsr || (sp)—ser (s)

for any P (the first of these equalities being due to E. Ricard).

The paper is organized as follows. In Section 2, we fix some notations, we
give some background on the key notion of completely bounded maps on non-
commutative LP-spaces, we prove the second equality of and we give some
preliminary results. In Section 3, we show that some Fourier multipliers on L” (R)
and KZ are bounded but not completely bounded and we prove Theorem 1.7|and
the first equality of (1.5). Section 4 is devoted to classes of contractions which sat-
isfy noncommutative Matsaev’s inequality for any complex polynomial P.
In particular we prove Theorems|1.5/and In Section 5, we consider a natural
analog of Question [.3|for Co-semigroups of contractions. Finally in Section 6, we
exhibit some polynomials P which always satisfy for any contraction T.

2. PRELIMINARIES

Let us recall some basic notations. Let T = {z € C : |z| = 1} and §; the
symbol of Kronecker.

If I is an index set and if E is a vector space, we write M for the space of the
I x I matrices with entries in C and M (E) for the space of the I x I matrices with
entries in E. If K is another index set, we have an isomorphism M (Mg ) = M.

Let M be a von Neumann algebra equipped with a semifinite normal faith-
ful trace . For 1 < p < oo the noncommutative LP-space LF(M) is defined
as follows. If ST is the set of all positive x € M such that T(x) < oo and S
is its linear span, then LP(M) is the completion of S with respect to the norm
Nl ey = 7(|x|P)1/P. One sets L°(M) = M. We refer to [47], and the refer-
ences therein, for more information on these spaces.

Let 1 < p < oo. If I is an index set and if we equip the space B(¢?) with the
operator norm and the canonical trace Tr, the space LP(B(¢?)) identifies to the
Schatten—von Neumann class Sf . The space Sf is the space of those compact op-
erators x from ¢2 into ¢2 such that ||X||S§7 = (Tr (x*x)P/2)1/P < oo. The space ST of
compact operators from ¢ into ¢2 is equipped with the operator norm. For [ = N,
we simplify the notations, we let S7 for Sﬁ]. Elements of S f are regarded as matri-
ces A = [a;j]; je; of M. The space S7(Sk) is the space of those compact operators
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x from 2 ®, (% into (2 ®, £% such that HxHSf(SZ) = ((Tr @ Tr ) (x*x)P/2)1/P < oo

Elements of S} (Sk) are regarded as matrices of M (Mg).

Let M be a von Neumann algebra equipped with a semifinite normal faith-
ful trace 7. If the von Neumann algebra B(¢3)®M is equipped with the semifi-
nite normal faithful trace Tr ®7, the space L?(B({2)®M) identifies to a space
SP(LP(M)) of matrices of M;(LP(M)). Moreover, under this identification, the
algebraic tensor product Sf ® LP(M) is dense in S (LP (M)).

Let N be another von Neumann algebra equipped with a semifinite normal
faithful trace. If 1 < p < oo, we say that a linear map T : LP(M) — LP(N) is
completely bounded if Idsy ® T extends to a bounded operator

Idsp ® T : SP(LP(M)) — SP(LP(N)).
In this case, the completely bounded norm || T||, 17 (a1)—1r () is defined by

(2.1) TNl e, r (m)—rr vy = ITdse @ Tllsp(rr (m))—s e (L2 (N))-

If 2 is a measure space, the Banach space SP(L?((2)) is isometric to the LP-space
LP(Q, SP) of SP-valued functions in Bochner’s sense. Thus, if T : L (Q) — LF(Q)
is a linear map, we have

(2.2) I Tlleb,r(2)—1r() = IT ® Wdsplrr(a,5p)—1r(0,57)-

The notion of completely bounded map and the completely bounded norm de-
fined in are the same as those defined in operator space theory, see [22], [44]
and [46].

Now, we let:

DEFINITION 2.1. Let M be a von Neumann algebra equipped with a faithful
semifinite normal traceand 1 < p < co. Let T : LP (M) — LP(M) be a contraction.
We say that T satisfies the noncommutative Matsaev’s property if holds for
any complex polynomial P.

We denote by S : /7 — [P the right shift on /. We use the same nota-
tion for the right shift on E;. We denote by S_ the left shift on ¢F defined by
S_(ap,a1,az,...) = (a1,az,as,...). Suppose 1 < p < oo. Let X be a Banach space.
For any complex polynomial P, we define ||P||,,x by

[Pllp,x = [IP(S) @ Idx|[ pr(x)—ser(x)-

We let || P[], = [|[P[|,,c(= [[P(S)[ler—ser). f 1 < p < o0, it is easy to see that, for
any complex polynomial P, we have

(2.3) [Pllp,x = IP(S )®IdX||gP )= x) = 1P(S=) @Tdx |l x)—er(x)-
Moreover, for all 1 < p < oo, by (2.2), we have

(2.4) ||P||p,5p = [IP(S)llcp,e2 — -
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Note that, if 1 < p < oo, we have ||P||,sp = ||P||p*,5p*. Moreover, if 1 < p <
q < 2, we have [|P|;s, < [|P|sr by interpolation. We define the linear map
O: S% — S% as the shift "from NW to SE" which maps any matrix

ap0 41 402 - e A-1,-1 4-10 4-11
a0 411 412 v to s dp-1  4p0 Ao

20 az1 422 - o M1 4 Mmp
If 1 < p < oo, it is not difficult to see that for any complex polynomial P we have

25) [IPO)llsp—sp =P(@)llsr—sr and  [[PO)], 50 50 =[IP(7)len, 57 —s-

Moreover, it is easy to see that, for all A € S/, we have the equality ©(A) =
SAS~! where we consider A and @(A) as operators on EZZ.

We will use the following theorem inspired by a well-known technique of
Kitover.

THEOREM 2.2. Suppose1 < p < oo. Let X be a Banach spaceand T : X — X an
isometry (not necessarily onto). For any complex polynomial P, we have the inequality

IP(T) I x—x < [IPllpx-

Proof. It suffices to consider the case 1 < p < co. Let 0 < r < 1. Since T is
an isometry we have

+oo

+o0 o +oo ) ]
Z;,) 7T/ () = Z}JVJPIIT’(x)I\i = ||x||§<< Z(rp)]) < oo,
= =

j=0
—+o00
. N\N1/p )
WeletC, = ( Z e ) . Now we define the operator
j=0

Wr: X — 0P (X)
X — C%(x,rT(x),rsz(x),_,,,rJ'TJ‘(x),._.)

which is an isometry. If  is a positive integer and if x € X we have

W, ((rT)"x) = é(r”Tnx, P ) = (S_ @ Idx)" (W(x)).

We deduce that for any complex polynomial P we have W,P(rT) = P(S_ ®
Idx)W;. Now, if x € X, we have

[P(rT)x|lx = [Wr(P(rT)x)llr(x) = IP(S— @ Idx) Wy ()l or(x)
<[IP(S-) @ Idx|ler(x)—er(x) [1xllx
= [IPllpxlxlx by @23).

Consequently, letting r to 1, we obtain finally that | P(T)|[x—x < [[P[[,,x- 8

p.X
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COROLLARY 2.3. Suppose 1 < p < oo. Let P be a complex polynomial. We have

|[P(0) @ Idse || (sry—ssp(sry = [IPllp,sp-
Proof. With the diagonal embedding of /¥ in S¥, we see that for any complex
polynomial P we have

[Pllp,sp < IP(c) @ Idsplsp(sp)—ssp(s)-

Now the map ¢ ® Idgy : SP(SP) — SP(SP) is an isometry. Hence, by the above
theorem, we deduce that for every complex polynomial P we have

|1P(0) ®@1Idsp [|sp(s5r)—sp(sr)=IIP(e@Idsp) |5 (sr)—sp(sp) <I Pl p 50 (5 = Pll p,sp- B

Let M be a von Neumann algebra. Let us recall that M has QWEP means
that M is the quotient of a C*-algebra having the weak expectation property
(WEP) of C. Lance (see [39] for more information on these notions). It is un-
known whether every von Neumann algebra has this property. We will need the
following theorem which is a particular case of a result of [26].

THEOREM 2.4. Let M be a von Neumann algebra with QWEP equipped with a
faithful semifinite normal trace. Suppose 1 < p < oo. Let (2 be a measure space. Suppose
that T : LF(Q2) — LP(Q) is a completely bounded map. Then T ® Idp (1) extends toa
bounded operator and we have

I T @Xdry o llr (e (my)— e ,eemy) < 1T llw e ) —s e (0)-

In the case where M is a hyperfinite von Neumann algebra, the statement of
this theorem is easy to prove (use (3.1) of [44] and (3.6) of [44]). With this theorem,
we deduce the following proposition.

PROPOSITION 2.5. Suppose 1 < p < oo. Let M be a von Neumann algebra with
QWEP equipped with a faithful semifinite normal trace. For all complex polynomial P
we have

[Pl ey < IIP

With this proposition, we can prove the following corollary.

p,SP-

COROLLARY 2.6. Let M be a von Neumann algebra equipped with a faithful
semifinite normal trace and 1 < p < co. Let T : LP(M) — LP(M) be a contrac-
tion. Suppose that there exists a von Neumann algebra M with QWEP equipped with
a faithful semifinite normal trace, an isometric embedding | : LP (M) — LP(N), an
isometry U : LP(N) — LP(N) and a contractive projection Q : LP (N) — LF (M) such
that,

TF = Qu*T

for any integer k > 0. Then the contraction T has the noncommutative Matsaev’s prop-
erty.
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Proof. For any complex polynomial P, we have

IPCT) N e vy —s 2oy = 1QPU) N e (v —s 1o any < NP o (ny—s Lo (-
By using Theorem 2.2} we obtain the inequality
IP(T) e (ay—s 2 vy < I1Pllp,r(vy-

Now, the von Neumann algebra N is QWEP. Then, by Proposition[2.5, we obtain
finally that

IP(T) ey —zr vy < [[Pllpse- 1
Theorem 2.4} Proposition[2.5/and Corollary [2.6|hold true more generally for
noncommutative LP-spaces of a von Neumann algebra equipped with a distin-
guished normal faithful state ¢ : M — C, constructed by Haagerup. See [47] and
the references therein for more informations on these spaces.
We refer to [2], [4], [27] and [41] for information on dilations on LP-spaces
(commutative and noncommutative).

3. COMPARISON BETWEEN THE COMMUTATIVE AND NONCOMMUTATIVE CASES

Suppose 1 < p < 0. Let G be a locally compact abelian group with dual
group G. An operator T : LF (G) — LP(G) is a Fourier multiplier if there exists
a function ¢ € L®(G) such that for any f € L (G) N L%(G) we have F(T(f)) =
¢YF(f) where F denotes the Fourier transform. In this case, we let T = My.
G. Pisier showed that, if G is an infinite compact group and 1 < p < oo, p #
2, there exists a bounded Fourier multiplier T : L?(G) — LP(G) which is not
completely bounded (see Proposition 8.1.3 of [44]. We will show this result is also
true for the groups R and Z and we will prove Theorem[1.7]

If b € L!(G), we define the convolution operator Cj, by

Cy: LP(G) — LP(G)
f > bxf.
This operator is a completely bounded Fourier multiplier. We observe that, if

n
P = Y. a;zFis a complex polynomial, the operator P(S) : Kp — Ep is the operator

k=0
ZP — €p where 7 is the sequence defined by a4y = a;if 0 < k < nand a; =0
otherw1se

We will use the following approximation result ([33], Theorem 5.6.1).

THEOREM 3.1. Suppose 1 < p < oo. Let G be a locally compact abelian group.
Let T : LP(G) — LP(G) bea bounded Fourier multiplier. Then there exists a net of
continuous functions (by);cp with compact support such that

1Co, Ir(cy—rr(c) S N Tlerg)—rr(c) and Cbl—>T

(convergence for the strong operator topology).
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Moreover, we need the following vectorial extension of Proposition 3.3 of
[19]. One can prove this theorem as Theorem 3.4 of [16].

THEOREM 3.2. Suppose 1 < p < co. Let ¢ be a continuous function on R which
defines a completely bounded Fourier multiplier My on LV (R). Then the restriction |7
of the function y to Z defines a completely bounded Fourier multiplier M,z on LP(T).

We will use the next result of Jodeit ([25], Theorem 3.5). We introduce the
function A : R — R defined by

1- if -1,1
a2 [Tl e 1)
0 if [x| > 1.

THEOREM 3.3. Suppose 1 < p < oo. Let ¢ be a complex function defined on
Z such that M, is a bounded Fourier multiplier on LF(T). Then the complex function

RS C defined on R by
(3.1) p(x) =) ek)A(x—k), x€eR,

keZ
defines a bounded Fourier multiplier My : LP(R) — LF(R).

Now, we are ready to prove the following theorem.

THEOREM 3.4. Suppose 1 < p < oo, p # 2. Then there exists a bounded Fourier
multiplier My : LP(R) — LP(IR) which is not completely bounded.

Proof. By Proposition 8.1.3 of [44], there exists a bounded Fourier multiplier
My : LP(T) — LP(T) which is not completely bounded. Now, we define the
function ¥ on R by (8.I). By Theorem the function ¢ : R — C defines a
bounded Fourier multiplier My : LP(R) — LP(R). Now, suppose that My is
completely bounded. Since the function ¢ : R — C is continuous, by Theorem
we deduce that the restriction ¢|Z defines a completely bounded Fourier
multiplier M,z on L?(T). Moreover, we observe that, for all k € Z, we have

p(k) = (k).
Then we deduce that the Fourier multiplier My, : LP(T) — LP(T) is completely

bounded. We obtain a contradiction. Consequently, the bounded Fourier multi-
plier My : LP(R) — LP(R) is not completely bounded. 1

The proof of the next theorem is inspired by [16], page 25.

THEOREM 3.5. Suppose 1 < p < oo, p # 2. Then:

(i) There exists a bounded Fourier multiplier T : E% — E% which is not completely
bounded.
(ii) There exists a complex polynomial P such that ||P||, < [|P||,sp.

Proof. By Theorem there exists a bounded Fourier multiplier My on
LP(R) which is not completely bounded. We can suppose that the norm of My
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satisfies || My||1»(r)—1r(r) = 1. By Theorem 3.1} there exists a net of continuous
functions (b;);c; with compact support such that

1CyIr ) —1rr) <1 and  Cyp, 30_> M.

Let ¢ > 1. There exists an element y = Z fr ® xp € LP(R) ® SP such that

lllrr,sry < 1 such that ||(My ® Idsy)(y )”Lp (r,s7) = 3c. Then, it is not difficult

to see that there exists | € L such that |[(Cp, ® Idsr)(y)||Lr(r,sr) = 2c. We de-
duce that there exists a continuous function b : R — C with compact support

such that [|Cy | r(r)—1r(r) < 1 and [|Cpll,1r(r)—1r(R) = 2¢. Thus there exists a
continuous functlon b : R — C with compact support such that

ICollrmy—rrr) <1 and |Gyl o (m)— 17 () = 2¢-

Now, we define the sequence (a,),>1 of complex sequences indexed by Z by, if

n>landk € Z
11
://1 Hk)dsdt.
5 n

Note that each sequence a, has only a finite number of non-zero term. Letn > 1.

We introduce the conditional expectation E,, : LP(R) — LP(R) with respect to

the o-algebra generated by the [%, k1 [, k € Z. For every integer n > 1 and all

f € LP(R), we have

(k+1)/
Eyf =n 2 / f dt k k+1 [
KeZ © 1, L35

(see page 227 of [1]). Now, we define the linear map J, : £, — E,(L?(R)) by, if
ue EQ
In) =P Yl g g
keZ neen
It is easy to check that the map J, is an isometry of £, onto the range E, (L?(R))
of E,. Forany u € ?? we have

(k+1)/n
E,.CpJn(u) =n Cpln(u))(t)dt 1
b (1) kgzz(k//n (Coln()) )y
(k4+1) /1 400

=L ([ [t nw)e)dsdt)1,

keZ k/n —oo
(k4+1)/n 400

(3.2) :n2< / /b(t—s)nl/p(Zujl[%‘,ﬂ[(s))dsdt)l[%/u[

k/n —oo JEZ
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(k+1)/n (j41)/n

(3.3) = p1+(1/p) Z (Zu] / / b(t—s)dsdt) [%71[

n

A A
1/n /
keZ ]eZ 0 0 o
11 o

:nl/pz //b —st ])det>1[k k+1[

keZ ]eZ 00 nens
_nl/pZ(Zuank ]> kﬁ][:Iann(u)

keZ " jeZ " "

(where the equality (3.3) follows from the fact that the summation over j € Z of
is finite). Thus we have the following commutative diagram

LP(R) < LP(R)
o -
n(LF(R En(LP(R))
]nT ZTIM
/4 = &

Then, for any integer n > 1, since ||Ey[|1pr)—1r®r) < 1, we have the following
estimate
1.

N

1Canllep —er < NCollLrm)y—rLr ()

Moreover, we have E,, ® Idgy %) Id;p(g,sr) (see Theorem 1 of [15]). It is easy
n fele] 7

to see that
(ExCpEy) @ Idgp —= Cp ® Idgp.
n——+oo

By the strong semicontinuity of the norm, we obtain that
1Co llcb,r (m)—s Lr () < HmUNf [[En CpBan| b, r (R) — 1 ()
Then, there exists an integer n > 1 such that
1Ca,, ||z§—>g§ <1 and |G, ”cb,Z;—M; 2 c.

Thus, we prove the second assertion by shifting the obtained multiplier. Finally,
we show the first assertion by the closed graph theorem, for X = C and

2.4). 1

REMARK 3.6. The paper [3] is a continuation of these investigations. The
author proves that if G is an arbitrary infinite locally compact abelian group, 1 <
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p < oo and p # 2 then there exists a bounded Fourier multiplier on LP(G) which
is not completely bounded.

In the light of Corollary [2.3|and Theorem it is natural to compare the
norms ||P(c)||ep,sr—ssp and ||P(0)||sp—sr. We finish the section by proving that
these quantities are identical. It is a result due to E. Ricard. In order to prove it,
we need the following notion of Schur multiplier. We equip T with its normalized
Haar measure. We denote by SP(L?(T)) the Schatten—von Neumann class associ-
ated with B(L?(T)). If f € Ly(T x T), we denote the associated Hilbert-Schmidt
operator by

Kp: LX(T) — L2(T)
u o [u(z)f(z,-)dz.
T

A Schur multiplier on S?(L?(T)) is a linear map T : SP(L?(T)) — SP(L?(T)) such
that there exists a measurable function ¢ : T x T — C which satisfies, for any
finite rank operator of the form Ky : L%(T) — L?(T), the equality T(K £) = Kyr.
We denote T by M, and we say that the function ¢ is the symbol of the Schur
multiplier M, : SP(L?(T)) — SP(L?(T)) (see [8] and [32] for more details).

We denote by F : L2(T) — E% the Fourier transform. We define the isome-
try ¥ by

Y. SP(LA(T)) — st
T — FTF L

Now, we can show the following proposition.

PROPOSITION 3.7. Suppose 1 < p < oo. For any complex polynomial P, we have

[1P(0)|lsp—sr = [|P(0) lleb,sp—ssr (= [[P(0) @ Idsp || sp(sr)— 5P (57))-

Proof. It suffices to consider the case 1 < p < oco. For any n € Z and any
finite rank operator of the form K £, we have

(OF (Kp))(en) = SFKF 157 (en) = SFK; (") = SF( / 271 f(z,)dz)
T

:S(Z(/z”?kf(z,z’)dzdz’)ek) :Z(/z”_lgkf(z,z’)dzdz’)ek+1.

k€Z "o k€Z "1

Now we define the function ¢ : T x T — C by ¢(z,2') = 271z’ where z,z’ € T.
Then, for any n € Z and any finite rank operator of the form K, we have

(¥Mg(Kp) en) = FRysF Yen) = F( [ 20(z, ) f(z,)dz)
T

=) (/z”?k(p(z,z’)f(z,z’)dzdz’)ek

keZ T2
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=) (/ ”_1?k_1f(z,z’)dzdz’>ek

keZ s

=) (/ 2" 1z’fzz)dzdz)ek+1

keZ T

Then, for any complex polynomial P, we have the following commutative
diagram
P(©)

p . gP
SZ SZ

4 T

SP(LZ(T))‘;@Q;§'SP(L2(T))

Furthermore, for any complex polynomial P, we have P(My) = Mp(,). More-
over, the Schur multiplier Mp(, : S” (L?(T)) — SP(L*(T)) has a continuous
symbol whose the support has no isolated point. By Theorem 1.19 of [32], we de-

duce that the norm and the completely bounded norm of P(M,) coincide. Since
¥ is a complete isometry, we obtain the result by (2.5). &

4. POSITIVE RESULTS

Let M and N be von Neumann algebras equipped with faithful semifinite
normal traces Tps and Ty. Let T : M — N a positive linear map. We say that T is
trace preserving if for all x € L'(M) N M we have ty(T(x)) = tp(x). We will
use the following straightforward extension of Lemma 1.1 of [29].

LEMMA 4.1. Let M and N be von Neumann algebras equipped with faithful semifi-
nite normal traces. Let T : M — N be a trace preserving unital normal positive map.
Suppose 1 < p < oo. Then T induces a contraction T : LP(M) — LP(N). Moreover,
if T : M — N is an one-to-one normal unital *-homomorphism, T induces an isometry
T:LP(M)— LP(N).

Let M be a von Neumann algebra equipped with faithful semifinite normal
trace T and N a von Neumann subalgebra such that the restriction of T is still
semifinite. Then, it is well-known that the extension E : L? (M) — LP(N) of the
canonical faithful normal trace preserving conditional E : M — N is a contractive
projection.

Consider the situation where T : M — M is a linear map such there exists
a von Neumann algebra N equipped with a faithful semifinite normal trace, a
unital trace preserving *-automorphism U : N — N, a unital normal trace pre-
serving one-to-one x-homomorphism | : M — N such that

(4.1) T = EuXj
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for any integer k > 0, where E : N — M is the canonical faithful normal trace
preserving conditional expectation associated with J. Then, forall 1 < p < oo,
themaps U : N — Nand | : M — N extend to isometries U : L¥(N) — LP(N)
and | : LP(M) — LP(N) and the map E : N — M extends to a contractive
projection E : LP(N) — LP(M) such that is also true for the induced map
T:LP(M)— LP(M).

In order to prove Theorems [1.5 and we need to use fermion algebras.
Since we will study maps between g-deformed algebras, we recall directly several
facts about these more general algebras in the context of [12]. We denote by S,
the symmetric group. If o is a permutation of S, we denote by || the number
card{(i,j) : 1 <i,j < n,0(i) > o(j)} of inversions of . Let H be a real Hilbert
space with complexification Hg. If —1 < g < 1 the g-Fock space over H is

Fy(H)=CQea @ HE"

n=1

where (2 is a unit vector, called the vacuum and where the scalar product on Hg "
is given by

<h1 R X ]’ln,kl & - ®kn>q = Z qlv‘ <h1, ko’(l)>HC s <hn,kg(n)>HC-

oESy
If g = —1, we must first divide out by the null space, and we obtain the usual
antisymmetric Fock space. The creation operator [(e) for e € H is given by
I(e) : Fy(H) — Fy(H)

M- Qhy — @M ®: - Qhy.
They satisfy the g-relation

1(f)1(e) —ql(e)l(f)" = (f,e)uldF,(m)-

We denote by w(e) : F;(H) — F,;(H) the selfadjoint operator I(e) + I(e)*. The
g-von Neumann algebra I;;(H) is the von Neumann algebra generated by the
operators w(e) where e € H. It is a finite von Neumann algebra with the trace T
defined by 7(x) = (2, x.Q);q(H) where x € I;(H).

Let H and K be real Hilbert spaces and T : H — K be a contraction with
complexification T¢ : He — K¢. We define the following linear map

Fy(T) - Fy(H) — F4(K)
hme---h, — Techh®- - ®Tchy.
Then there exists a unique map I;(T) : I;(H) — I;(H) such that for every x €
I';(H) we have
(I5(T)(x)) 2 = F4(T) (x€2).
This map is normal, unital, completely positive and trace preserving. If T : H —

K is an isometry, I;;(T) is an injective *-homomorphism. If 1 < p < o, it extends
to a contraction I (T) : LP(I;(H)) — LP(I(K)).
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We are mainly concerned with the fermion algebra I'_; (H). In this case, re-
call that if e € H has norm 1, then the operator w(e) satisfies w(e)? = Id L (H)-
Moreover, we need the following Wick formula, (see page 2 of [11] and Corol-
lary 2.1 of [23])). In order to state this, we denote, if k > 1 is an integer, by P (2k)
the set of 2-partitions of the set {1,2,...,2k}. If V € P,(2k) we let ¢(V) the num-
ber of crossings of V, which is given, by the number of pairs of blocks of V which
cross (see page 8630 of [23] for a precise definition). Then, if f1,..., for € H we
have

(4.2) twifwlf) o) = Y, DT (fifidn

VeP,(2k) (ij)eV

In particular, for all ¢, f € H, we have

(4.3) t(w(e)w(f)) = (e fiu-

Let A = [a;]; je1 be a matrix of M. By definition, the Schur multiplier on
B(£2) associated with this matrix is the unbounded linear operator M, whose
domain is the space of all B = [b;j]; jcs of B(£3) such that [aibij]ije1 belongs to
B(¢3), and whose action on B = [bjj]; e is given by Ma(B) = [ajjbjj]; je;. For
alli,j € I, the matrix e;; belongs to D(M_y), hence My is densely defined for the
weak* topology. Suppose 1 < p < co. If for any B € S¥, we have B € D(My,)
and the matrix M4 (B) represents an element of S¥, by the closed graph theorem,
the matrix A of M defines a bounded Schur multiplier M4 : S ? — S? . We have
a similar statement for bounded Schur multipliers on B (6%)

Recall that a matrix A of M defines a contractive Schur multiplier M4 on
B(£2) if and only if there exists an index set K and norm 1 vectors h; € % and

ki € E% such that for all i,j € [ we have a;; = <hi,kj>z%< (see [40]). If all entries

of A are real numbers, we can take the real vector space ¢%(R) instead of the
complex vector space (. Finally, recall that every contractive Schur multiplier
My : B(£2) — B(£2) is completely contractive (see [40]).

We say that a matrix A of M induces a completely positive Schur multiplier
My : B({3) — B({3) if and only if for any finite set F C I the matrix [ai]ijeF
is positive (see [40]). An other well-known characterization is that there exists
vectors h; € (%(C) of norm 1 such that for all i,j € I we have a;j = (hi, hf)éi' If

A is a real matrix, we can use the real vector space ¢%(R) instead of the complex
vector space (2.

Let M be a von Neumann algebra equipped with a semifinite normal faith-
ful trace T. Suppose that T : M — M is a normal contraction. We say that T is
selfadjoint if for all x,yy € M N L'(M) we have

(T(x)y") = (x(Ty)").

In this case, it is easy to see that the restriction T|M N L'(M) extends to a con-
traction T : L'(M) — L'(M). By complex interpolation, for any 1 < p < oo,
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we obtain a contractive map T : LF(M) — LF(M). Moreover, the operator
T : L2(M) — L?(M) is selfadjoint. If T : M — M is a normal selfadjoint com-
plete contraction, it is easy to see that the map T : LF(M) — L¥ (M) is completely
contractive for all 1 < p < oco. It is easy to see that a contractive Schur multiplier
My : B({3) — B(¢?) associated with a matrix A of M} is selfadjoint if and only if
all entries of A are real.

In order to prove the next theorem, we need the following notion of infinite
tensor product of von Neumann algebras, see [53]. Given a sequence (M, Tn ) ez
of von Neumann algebras M, equipped with faithful normal finite traces T,
then on the infinite minimal C*-tensor product of the algebras (M), cz there is a
well-defined infinite product state - - - ® 71 ® T ® 7§ ® - - -. The weak operator
closure of the GNS-representation of the infinite C*-tensor product of (M, ),z
with respect to the state - - - ® 71 ® I ® 71 ® - - - yields a von Neumann alge-
bra, called the infinite tensor product of von Neumann algebras M, with re-
spect to the traces 7,. We will denote this algebra by ®,,c7(My, ;). The state
S ®RT 1®TH®T @ - - extends to a faithful normal finite trace on @ ,,c7 (M, T)
which we still denoteby - - - T 1@ 71 ® - - -.

The following theorem states that we can dilate some Schur multipliers. The
construction (and the one of Theorem is inspired by the work of E. Ricard [48].

THEOREM 4.2. Let My : B(2) — B({?) be a unital completely positive Schur
multiplier associated with a real-valued matrix A. Then there exists a hyperfinite von
Neumann algebra M equipped with a semifinite normal faithful trace, a unital trace pre-
serving x-automorphism U : M — M, a unital trace preserving one-to-one normal
«-homomorphism | : B({3) — M such that

(My)* = EUY]
for any integer k > 0, where E : M — B({2) is the canonical faithful normal trace
preserving conditional expectation associated with |.

Proof. Since the map M, : B(¢2) — B({?) is completely positive we can
define a positive symmetric bilinear form (-, -) 2.4 on the real span of the e;, where
i €I, by:

(4.4) (eisej) pa = ajj.
We denote by ¢>% the completion of the real pre-Hilbert obtained by quotient by

the corresponding kernel. For all i of I we still denote by e; the class of e; in £4.
Now we define the von Neumann algebra M by

M = B()3 (), ., (T 1), 7).
Since the von Neumann algebra I'_1 (¢>%) is hyperfinite, the von Neumann alge-
bra M is also hyperfinite. We define the element d of M by

A=) 6@ - @I0w(e)@IQ--
iel
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where w(e;) is in position 0. Recall that M4 is unital. Then it is not difficult to
see that d is a symmetry, i.e. a selfadjoint unitary element. We equip the von
Neumann algebra M with the faithful semifinite normal trace 7y = Tr ® --- ®
T®T®---. We denote by E : M — B({?) the canonical faithful normal trace
preserving conditional expectation of M onto B(¢%). We have

E:IdB(Z%)®®T®T®
We define the canonical injective normal unital *-homomorphism

J: B(A) — M

Clearly, | preserves the traces. We define the right shift

It @uen(la(P4), 1) — @uez(I-1(4),7)
®xo®x1® — ...®x_1®x0®...

Now, we define the linear map

u: mMm — M
y > d((Idgpe) ® ) (y))d.

The map U : M — M is a unital *-automorphism of M. Moreover, it is easy to
see that U : M — M preserves the trace ). Now, we will show that, for any
positive integer k, we have, for all x € B (E%)

4.5) UroJ(x)

=) xijej® - @IRw(e)w(e)) @w(e)w(e) @ - - @w(er)w (e RI®- - -
ijel

k factors

by induction on k, where the first w(e;)w(e;) is in position 0. The statement clearly
holds for k = 0. Now, assume . For all x € B(#?), we have
U o] (x) =d((dy ) © ) (U o ](x))d

d((Id @ @) (le,]el]@@ @@ w(e)w(e)®
ije

@ w(e)w(e) ®I®...)>d
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:(Zew@) RIQw(e) IR - >(le]el]® - RIRIRw(e;)
rel ijel

w(ej)®. . -®w(ei)w(e]~)®l®- . ')(Zess®' - RIRw(es)RI®- - )
sel

Y. xijeneijess @ - @I @ w(ey)w(es) ® wle)w(ej)®
i,j,r,s€l

@ w(e)wle) @IS
=) xjej®- - @IQw(e)w(e) @ - @we)w(e) @I® -
ijel

We obtained the statement for k + 1. Then, we deduce that for any positive
integer k and any x € B(¢?) we have

EoUXoJ(x) = (Idsp ® - ( Z xjjej @ - @ I @ w(e)w(e))®
ijel

R w(e)w(e)) ®I®~-)
= Z T(w(ei)w(ej)>kxijeij
ijel
= Z ((ei, €j>42,A)kxi]‘€i]' by
ijel
= Y (a;)fxije;; by
ijel
= (Ma)*(x).
Thus, for any positive integer k, we have
(Ma)f =EoU¥o].
The proof is complete. 1

COROLLARY 4.3. Let My : B(¢3) — B({3) be a contractive Schur multiplier
associated with a real-valued matrix A. Suppose 1 < p < oo. Then, the induced Schur
multiplier My : S? — Sf satisfies the noncommutative Matsaev's property. More
precisely, for any complex polynomial P, we have

||P(MA)ch,sf—>sf < ”P

Proof. Suppose that M4 : B(¢2) — B({?) is a contractive Schur multiplier
associated with a real matrix A of M;. There exists a set K and norm 1 vectors

hj € (%(R) and k; € (2(R) such that for all i,j € I we have aij = (hi ki) p 2(R)-

p,SP-

Now we define the following matrices of M

= (i hj) . wlijer,  C = [(kikj)p )lijer and D = [(ki, hj) 2 () lijer-
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Foralli € I and all n € {1,2}, we define the norm 1 vector [, ;, of {%(R) by

L h; ifn=1andicl,
) =\ & ifn=2andie€ I

(@IS

] of M (M)

O w

Now, by the identification M (M) ~ My 5, , the matrix {

identifies to the matrix
F = [(bnis ) 2 () (niye 1,2y <1 (m ) e (1,2} x1

of M1 5} - The Schur multiplier MF : B(ﬁ%m} XI)B(E%Lz}xl) associated with this
matrix is unital and completely positive. Moreover, since the matrix F is real,
Mr : B(K%m}”) — B(ﬁ%llz}“) is selfadjoint. Let 1 < p < co. For any complex
polynomial P, we have

P(Ms) P(My)
1P(M) o <H[
7o T IL P(Mp) - P(Me) llsg(sp)—ssjs))
= [|P(M .
I1P( F)HS?LZ}XI_)S?LZ}XI

Now, according to Theorem 4.2} remarks following Lemma [4.T)and Corollary [2.6}
the Schur multiplier M satisfies the noncommutative Matsaev’s property. We
deduce that M, also satisfies this property. Moreover, in applying this result to
the Schur multiplier Mjg4(= I ® My ), we obtain the inequality for the com-
pletely bounded norm. 1

We pass to Fourier multipliers on discrete groups. Suppose that G is a dis-
crete group. We denote by eg the neutral element of G. We denote by A, : 2 —
(% the unitary operator of left translation by ¢ and VN(G) the von Neumann
algebra of G spanned by the A¢ where ¢ € G. It is an finite algebra with trace
given by

T6(x) = (€eq, X(EEG»EZG

where (gg),cc is the canonical basis of £% and x € VN(G). A Fourier multiplier
is a normal linear map T : VN(G) — VN(G) such that there exists a function
t : G — Csuch that for all § € G we have T(Ag) = tgA,. In this case, we denote
T by
M;: VN(G) — VN(G)
Ag > oA,

It is easy to see that a contractive Fourier multiplier M; : VN(G) — VN(G) is
selfadjoint if and only if ¢+ : G — C is a real function. It is well-known that a
Fourier multiplier M; : VN(G) — VN(G) is completely positive if and only if
the function t is positive definite. If the discrete group G is amenable, by Corol-
lary 1.8 of [18], every contractive Fourier multiplier M; : VN(G) — VN(G) is
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completely contractive. Recall the following particular case of the transfer result
([35], Theorem 2.7).

THEOREM 4.4. Let G be an amenable discrete group. Suppose 1 < p < oo. Let
t: G — Ra function. Let A be the matrix of Mg defined by ag ), = to;,-1 where g, h € G.
The Fourier multiplier My is completely bounded on LP (VN(G)) if and only if the Schur
multiplier M 4 is completely bounded on Sé. In this case, we have

(4.6) 1Ml rovnie) —Lrvnie)) = IMallg, sz —sp-
Now, we can prove the next result.

COROLLARY 4.5. Let G be an amenable discrete group. Let My : VN(G) —
VN(G) be a contractive Fourier multiplier associated with a real function t : G — R.
Suppose 1 < p < oo. Then, the induced Fourier multiplier My : LP(VN(G)) —
LP(VN(G)) satisfies the noncommutative Matsaev’s property. More precisely, for any
complex polynomial P, we have

IP(M#)||ev,Lr(vN(G)) = Lr(vN(G)) < [P
Proof. We define the matrix A of Mg by ag), = t,,-1 where g,h € G. By
([@.6), for any complex polynomial P and all 1 < p < oo, we have

p,SP-

IP(M) b, o (viv(6))— 1o (vi(6)) = IIP(Ma)llgo, 57— 5p
= [1P(dsr © Ma)llsp(sp)—ssr (st
= [1P(Mrea)llsp(st)—sp(st)-

Since G is amenable, the Fourier multiplier M; : VN(G) — VN(G) is completely
contractive. Moreover, the map M; : VN(G) — VN(G) is selfadjoint. Thus,
forany 1 < p < oo, the map M; : LP(VN(G)) — LP(VN(G)) is completely
contractive. Then, by (.6), for any 1 < p < oo, we have

1Micallsp(st)—srsp) = 1Mallew,sp—s?
= [ Mtl[a,r(vN(G)) =L (VN(G)) < 1.

By Corollary 4.3, we deduce finally that, for any complex polynomial P and all
1 < p < oo, we have

[P(Me) | Lr (vN(G)) = LP (VN(G)) < ||P||p,sp(sg) = [|P|[pse- N

In order to prove the next theorem we need the notion of crossproduct. We
refer to [50] and [51] for more information on this concept.

THEOREM 4.6. Let G be a discrete group. Let My : VN(G) — VN(G) be a unital
completely positive Fourier multiplier associated with a real valued functiont : G — R.
Then there exists a von Neumann algebra M equipped with a faithful finite normal trace,
a unital trace preserving *-automorphism U : M — M, a unital normal trace preserving



ON MATSAEV’S CONJECTURE FOR CONTRACTIONS ON NONCOMMUTATIVE L”-SPACES 407

one-to-one x-homomorphism | : VN(G) — M such that,
(Mp)F = EUFT
for any integer k > 0, where E : M — VN(G) is the canonical faithful normal trace

preserving conditional expectation associated with |.

Proof. Since the map M; : VN(G) — VN(G) is completely positive, we can
define a positive symmetric bilinear form (-, -) 2+ on the real span of the e¢, where
g € G, by:

<€g, ep)pr = tgflh'
We denote by ¢! the completion of the real pre-Hilbert space obtained by quo-
tient by the corresponding kernel. For all ¢ € G, we denote by ¢ the class of ¢ in
(%!, Then, for all g, h € G, we have

(& 1) =ty

Forall g € G, it easy to see that there exists a unique isometry 6, : 0t — (%! such
that for all i € G we have 6 (h) = gh.

For all ¢ € G, we define the unital trace preserving x-automorphism «(g) =

a(g): Tq(PP'@nly) — T (' @203)
wh®ov) —  w(gh®vo).

The homomorphism a : G — Aut(I'_1(¢>! ®, (2)) allows us to define the von
Neumann algebra
(4.7) M =T_1({* @, %) x, G.

We can identify I'_1(¢>! ®, ) as a subalgebra of M. We let | be the canonical
normal unital injective *-homomorphism | : VN(G) — M. We denote by 7 the
faithful finite normal trace on I'_(¢>! @, £2). Recall that, for all g € G, the map
«(g) is trace preserving. Thus, the trace T is a-invariant. We equip M with the
induced canonical trace Ty;. For all x € I'_1 (¢*! ®, 6%) and all ¢ € G, we have

(4.8) TM(x]()tg)) = g T(X)

(see [50], pages 359 and 352). If g,h € Gand v € /2, we can write the relations of
commutation of the crossed product as

(4.9) J(Ag)w(h®v) = w(gh®@v)](Ag).

We denote by E : M — VN(G) the canonical faithful normal trace preserving
conditional expectation. For all x € I'_1 (¢*! ®, (2) and all g € G we have

E(x]J(Ag)) = T(x)Aq.
We define the unital trace preserving s-automorphism . = I'_1(Idj2: ® S):

B F,1(€2’t®2£%) — Ill(éz't®2£%)
w(h®ey) — wh®eyi1).
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Since M; is unital, w(ec ® ¢g) is a symmetry, i.e. a selfadjoint unitary element.
Moreover, for all ¢ € G, we have a(g).” = .“a(g). Then, by Proposition 4.4.4 of
[51], we can define a unital *-automorphism

u: M — M
xJ(Ag) —— wlec®ep)s (x)](Ag)w(ec @ ep).

Now, we will show that U preserves the trace. For all x € I'_1 ({>! @, £%) and all
g € G,wehave

wm(U(x](Ag))) = (7 (¥)] (Ag))

(x)) by

x) = (¥ (Ag))-

We conclude by linearity and normality. It is not hard to see that | preserves the

traces.
Now, we will prove that, for any integer k > 1 and any g € G, we have

== 5g,gG T(
= 0gecT(

410) U o](Ag) = wlec @ep)w(ec @er) -+ wleg © e_1)w(g @ eg_1)
rw(g@e)w(g®en)](Ag)
by induction on k. The statement holds clearly for k = 1: if g € G, we have
Uo J(Ag) = w(ec ®ep)](Ag)w(ec @ eo)
= w(eg®@eg)w(g®e)](Ag) by @I
Now, assume . For all g € G, we have
U o J(Ag) =U(w(eg ® eg)w(ec @ e1)
- w(eg®ex)w(gRer—1)w(§er—2) - - w(g®en)] (Ag))
=w(ec®ep)w(eg@er)w(eg®er) -+ w(eg®er)w(§®ep)w(gRe—1)
rw(g@e)](Ag)wlec @eo)
=w(ec®ep)w(eg@er)w(eg®er) -+ w(eg®er)w(§®ep)w(gRex—1)
- w(g@er)w(g @ey)](Ag).
We obtained the statement for k+1. Now letk > 1 and g € G. We define
the elements fy, . .., fo of the Hilbert space (> ®, (2 by
ec®eq if1<i<k
fi= {g@eZk_i ifk+1<i<2k

If 1 <i <2k, wehave

<fi/f2k—i+1>£2,t®zg% =(ec®ei_1,8® epl)gz,t@zeé = (eG,8) 1 (617116171@ = tg.
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By a similar computation, if 1 < i < j < 2k with j # 2k — i+ 1, we obtain
<f,',f]->£2,f®z£% = 0. Then, for all ¢ € G, we have

EUM(Ag) = E(w(ec @) -+~ wleg ® ep-1)w(g ®ex1) -+~ w(g @ o) ] (Ag))

= T(w(eg ®ep) - - wleg @ep_1)w(g@er_1) - w(gVep))Ag
= t(w(fi)w(f2) - w(fax))Ag
(4.11) =( ¥ U™ TT (fufidpise)As by
Ve, (2K) (ij)ev

= (1S pigye - S frat) g, As = () Ag = T ().

(The only non-zero term in the sum of (4.11) is the term with V = {(1,2k), (2, 2k —
1),...,(k,k+1)}, which satisfies ¢(V) = 0). Thus, for any positive integer k (the
case k = 0 is trivial), we conclude that

TF = EUF).

COROLLARY 4.7. Let G be a discrete group. Let My : VN(G) — VN(G) be
a unital completely positive Fourier multiplier which is associated with a real function
t: G = R. Suppose that the von Neumann algebra has QWEP. Let 1 < p < oo.
Then, the induced Fourier multiplier My : LF(VN(G)) — LP(VN(G)) satisfies the
noncommutative Matsaev’s property.

Proof. This corollary follows from Theorem remarks following Lem-
maf4.1]and Corollary2.6] &

At the light of above corollary, it is important to know when the von Neu-
mann algebra has QWERP. If the group G is amenable, this algebra has QWEP
by Proposition 4.1 of [39] (or Proposition 6.8 of [17]). Now we give an example of
non-amenable group G such that this von Neumann algebra has QWEP. We de-
note by I, a free group with n generators denoted by g1, ..., g, where1 < n < oo.
We denote by R the hyperfinite factor of type II; and by RY an ultrapower of R
with respect to a non-trivial ultrafilter /. In order to prove the next theorem we
need the notion of amalgamated free product of von Neumann algebras. We refer
to [10] and [54] for more information on this concept. Note that, with the nota-
tions of the proof of Theorem the von Neumann algebra I'_1 (¢! ®, (3) is
*-isomorphic to the hyperfinite factor of type II;.

PROPOSITION 4.8. Suppose 1 < n < oo. Let a : Fy — Aut(R) be a homomor-
phism. Then the crossed product R x4 F), has QWEP.

Proof. First we will show the result for n = 2. We denote by (g1) and (g2)
the subgroups of I, generated by ¢; and g» and by w1 and a; the restrictions
of  to these subgroups. First, we prove that the subalgebras R X, (g1) and
R X4, (32) are free with respect to the canonical faithful normal trace preserving
conditional expectation E : R x4 Fp — R. We identify R as a subalgebra of R x4
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F,. We may regard the elements of R X, [F, as matrices [a, 1 (@ (rt~1))], scp, with
entries in R where @ : Fp — R is a map. Recall that the conditional expectation
E on R is given by

E(la,1(@(rt™1))]y ser,) = @(er, ).

Suppose that iy, ...,i € {1,2} are integers such that iy # i,...,ix_1 # i For
any 1 <j <k, let

Aj = [1 (@ (rt ™)) per,
be an element of R X, <gi].> such that E(A;) = 0 where each @; : F — Risa
j

map satisfying @;(g) = 0ifg ¢ (g;;). Then, forall1 < j < k, we have @;(e,) = 0.
Now, we have

E(A;--- Ap) =E([a,- (wl(rtil))]rtelﬁ‘z coe e (@k(”fl))]rtewz)
= Y a( (Dz(lll D) (CDZ(lk 2l 1))"61 (‘Dk(lk 1)

I, k1 €F2

=0.

Thus the von Neumann algebra R x, ', decomposes as an amalgamated free
product of R x4, (g1) and R g, (g2) over R. Moreover, the groups (g1) and (g2)
are commutative, hence amenable. We have already point out that the crossed
product of the hyperfinite factor R by an amenable group has QWEP. Then the
von Neumann algebras R X, (g1) and R xg, (g2) are QWEP. Moreover, by page
283 of [9]], these von Neumann algebras have a separable predual. By Theorem 1.4
of [30], we deduce that these von Neumann algebras are embeddable into RY.
Now, the theorem stating in Corollary 4.5 of [14] says that, for finite von Neu-
mann algebras with separable preduals, being embeddable into RY is stable un-
der amalgamated free products over a hyperfinite von Neumann algebra. Thus
we deduce that R x, F, is embeddable into RY, which is equivalent to QWEP,
by Theorem 1.4 of [30], since R x4 [F; has a separable predual. Induction then
gives the case when 2 < n < oo, and the case n = oo then follows since, by Propo-
sition 4.1 of [39], QWEP is preserved by taking the weak* closure of increasing
unions of von Neumann algebras. 1

We pass to maps arising in the second quantization in the context of [12].

PROPOSITION 4.9. Suppose 1 < p < coand —1 < q < 1. Let H be a real
Hilbert space and T : H — H a contraction. Then the mduced map My : LP (I, (H)) —
LP(I;;(H)) satisfies the noncommutative Matsaev’s property.

Proof. There exists an orthogonal dilation u : K - Kde T : H -+ H. We
denote by | : H — K the embedding of H in K and Q : K — H the projection of K
on H. The map I'(]) : I;(K) — I;(K) is a unital injective normal trace preserving
*-homomorphism. The map I'(U) : I;(H) — I;(K) is a unital trace preserving -
automorphism. The map I'(Q) : I;(K) — I;;(H) is the canonical faithful normal
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unital trace preserving conditional expectation of I;(K) on I;(H). Moreover, we
have for any integer k
Fq(T)k = Fq(P)Fq(u)kTq(])~

We conclude with Theorem [4.6] remarks following Lemma 4.1} Corollary [2.6/and
by using the fact that, by [38], the von Neumann algebra I';(H) has QWEP. &

In order to state more easily our following result we need to define the fol-
lowing property. Let M be a von Neumann algebra. Suppose that T : M — M is
a linear map.

PROPERTY 4.10. There exists a QWEP von Neumann algebra N equipped
with a normal faithful finite trace on N, a unital trace preserving *-automorphism
U of N, a unital injective normal trace preserving *-homomorphism | : M — N
such that,

Tk = EU¥J
for any integer k > 0, where E : M — VN(G) is the canonical faithful normal
trace preserving conditional expectation associated with J.

This property is stable under free product. Indeed, one can prove the next
proposition with an argument similar to that used in the proof of Lemma 10.4 of
[28] and by using Corollary 4.5 of [14] and Theorem 1.4 of [30].

PROPOSITION 4.11. Let My and My be von Neumann algebras with separable
preduals equipped with normal faithful finite traces Ty and Tp. Let Ty : My — M, and
T : My — M)y be linear maps. If Ty and T, satisfy Property .10} their free product

1Ty : (M1, T1)*(Ma, ©2) — (M1, T1)% (M2, 2)
also satisfies Property

Thus the above proposition allows us to construct other examples of con-
tractions satisfying the noncommutative Matsaev’s property.

5. THE CASE OF SEMIGROUPS

Suppose 1 < p < co. We denote by (7;)¢>o the translation semigroup on
LP(R), where T¢(f)(s) = f(s—t)if f € LP(R) and s,t € R. This semigroup
(T¢)t>0 is a Cp-semigroup of contractions.

Let (T})¢>0 be a Cy-semigroup of contractions on a Banach space X. For all
b € L'(R) with support in R*, it is easy to see that the linear operator

—+o00
[ b(H)Tdt: X — X
0

—+00
x +—— [ b(t)Tixdt
0
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is well-defined and bounded. Moreover, we have

| / DTdt| < bl

Now, let us state a question for semigroups which is analogue to Matsaev’s
Conjecture[L.}

QUESTION 5.1. Suppose 1 < p < oo, p # 2. Let (T;)s=0 be a Co-semigroup
of contractions on a LP-space LV (Q) of a measure space 2. Do we have the following

estimate
Q)—LP(Q H /

(5.1) H / HT;

forall b € LY(R) with support in R*?

(R)—1P(R)

We pass to the noncommutative case. We can state the following noncom-
mutative analogue of Question

QUESTION 5.2. Suppose 1 < p < oo, p # 2. Let (T¢)s=0 be a Co-semigroup of
contractions on a noncommutative LP-space L¥ (M). Do we have the following estimate

+oo
(52) H / TtdtH M)—LP (M) S H /b(t)ﬂ
0

forall b € LY(R) with support in R*?

cb,LP(R)—>LP(R)

—+o00
For all b € LY(R) with support in RY, it is clear that C, = [ b(t)T¢dt.
0
Moreover, for all b € L'(R), we have

1Cs |l ry— 11 (®) = [1Cbllb, 11 R)— 11 (®) = N10ll11(R)

Consequently, the inequalities (5.1) and (5.2) hold true for p=1

In [16]], page 25, it is proved that the Cyp-semigroups of positive contractions
satisfy inequality (5.1). Using Theorem 3 of [41] and the same method, we can
generalize this result to Cp-semigroups of operators which admit a contractive
majorant. Now, we adapt this method in order to give a link between Question
and Question

THEOREM 5.3. Suppose 1 < p < oo. Let (Tt)i>0 be a Co-semigroup of con-
tractions on a noncommutative LP-space LV (M) such that each T; : LF (M) — L (M)
satisfies the noncommutative Matsaev’s property. Then the semigroup (T;)¢>o satisfies

inequality (5.2).
Proof. It is not hard to see that it suffices to prove this in the case when b has
compact support. Now we define the sequence (a,),>1 of complex sequences
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indexed by Z as in the proof of Theorem. 3.5, Let n > 1. Observe that if f : RT —
LP (M) is continuous and piecewise affine with nodes at k/n then

400 oo
[ b7t = Y- anif (k/m).
0 k=0

Let x € LP(M). Let f, : Rt — LP(M) be the continuous and piecewise affine
function with nodes at k/n such that f,(k/n) = (Ty,,)x. Since the map t + Tjx
is uniformly continuous on compacts of R™ we have

H / Ttxdt—Zank Tl/n —H / ) Tyxdt — Zﬂnkfn k/n)H
_H/ J(Tix—faO)dr] |, om0
We deduce that
too o
LTt 50 0/ b(®) T,

By the commutative diagram of the proof of Theorem 3.5, we have for any integer
n=1

1Caull e, 2 ez < 1Collew,Lr(R)— 17 (R)-
Finally, by the strongly lower semicontinuity of the norm, we obtain that

+o0
H 0/ PO dtHLﬁ(M)—Hj’(M) S 1#3335” ; an'k<Tl/n)kHU’(M)—>L”(M)

SUminf ([Ca,flo 2 2 = [Collen,Lrm)y—rrm)-

The first consequence of this theorem is that inequality (5.2) holds true for
p = 2. Now, we list some natural examples of semigroups which satisfy inequal-
ity (5.2) by our results, using this theorem.

SEMIGROUPS OF SCHUR MULTIPLIERS. Let (T})>0 be a w*-semigroup of selfad-
joint contractive Schur multipliers on B(¢2). If 1 < p < oo and t > 0, the map
T, : B(£2) — B(£2) induces a contraction T; : S} — Sp. Using Remark 5.2 of [28],
it is easy to see that we obtain a Cp-semigroup of contractions T; : S? — Sf which
satisfies inequality (5.2).

SEMIGROUPS OF FOURIER MULTIPLIERS ON AN AMENABLE GROUP. Let G be an
amenable group. Let (T;);>o be a w*-semigroup of selfadjoint contractive Fourier
multipliers on VN(G). If 1 < p < cocand t > 0, the map T; : VN(G) — VN(G)
induces a contraction T; : LP(VN(G)) — LP(VN(G)). We obtain a Cy-semigroup
of contractions T; : LP(VN(G)) — LP(VN(G)) which satisfies inequality (5.2).
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NONCOMMUTATIVE POISSON SEMIGROUP. Let n > 1 be an integer. Recall that
F,, denotes a free group with n generators denoted by g1, ..., gx. A semigroup on
LP(VN(F,)) induced by a w*-semigroup of selfadjoint completely positive unital
Fourier multipliers on VN(IF,,) satisfies inequality (5.2). An example is provided
by the following semigroup. Any g € [F,, has a unique decomposition of the form

ki _k k
8 =288, &
where | > 0 is an integer, each ij belongs to {1,...,n}, each kj is a non-zero
integer, and i; # ij;1if 1 < j <[ — 1. The case when [ = 0 corresponds to the
unit element ¢ = e, . By definition, the length of g is defined as

gl = [kl + - - + [Ki.

This is the number of factors in the above decomposition of g. For any nonneg-
ative real number ¢t > 0, we have a normal unital completely positive selfadjoint
map
T;: VN(F,) — VN(F,)
A — e tlIA,.
These maps define a w*-semigroup (T});>0 called the noncommutative Poisson
semigroup (see [28] for more information). If 1 < p < oo, this semigroup defines
a Cy-semigroup of contractions T; : LV (VN(F,)) — LP(VN(F,)) which satisfies

inequality (5.2).

g-ORNSTEIN-UHLENBECK SEMIGROUP. Suppose —1 < g < 1. Let H be a real
Hilbert space and let (a;);>0 be a Cp-semigroup of contractions on H. For any
t > 0,let Ty = I;(at). Then (T;) >0 is a w*-semigroup of normal unital completely
positive maps on the von Neumann algebra I;;(H). If 1 < p < oo, this semigroup
defines a Cp-semigroup of contractions T; : LP(I;(H)) — LP(I;(H)) (see [28] for
more information). This semigroup satisfies inequality (5.2).

In the case where a; = e 'Iy, the semigroup (T;)>¢ is the so-called g-
Ornstein—Uhlenbeck semigroup.

MODULAR SEMIGROUPS. The Co-semigroups of isometries satisfy inequality (5.2).
Examples are provided by modular automorphisms semigroups. Here we use
noncommutative LP-spaces of a von Neumann algebra equipped with a distin-
guished normal faithful state, constructed by Haagerup. We refer to [47], and the
references therein, for more information on these spaces. Let M be a von Neu-
mann algebra with QWEP equipped with a normal faithful state ¢ : M — C.
Let (¢7)er be the modular group of ¢. If 1 < p < oo, it is well known that
(¢7)t=0 induces a Cy-semigroup of isometries ¢} : LP(M) — LP(M) (see [29]).
This semigroup satisfies inequality (5.2).

In the light of Theorem [4.2} it is natural to ask for dilations of unital selfad-
joint completely positive semigroups of Schur multipliers. Actually, these semi-
groups admit a description which allows us to construct a such dilation.
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PROPOSITION 5.4. Suppose that A is a matrix of Mj. For all t > 0, let T; be the
unbounded Schur multipliers on B((2) associated with the matrix

(5.3) [e™"i]; jer.

Then the semigroup (Tt)¢>o extends to a semigroup of selfadjoint unital completely pos-
itive Schur multipliers Ty : B(¢2) — B({2) if and only if there exists a Hilbert space
H and a family («;)ic; of elements of H such that for all t > 0 the Schur multiplier
Ty : B(£3) — B({3) is associated with the matrix

[e_tH‘Xi_"‘jH%{]ijeI‘
In this case, the Hilbert space may be chosen as a real Hilbert space. Moreover, (Ty)s>o is
a w*-semigroup.

Proof. Now say that each T; is a selfadjoint unital completely positive con-
traction means that for all + > 0, the matrix defines a real-valued positive
definite kernel on I x I in the sense of Chapter 3, Definition 1.1 of [5] such that
forall i € I we have a;; = 0. Now, the theorem of Schoenberg ([5], Theorem 2.2)
affirms that if ¢ is a kernel then e '¥ is a positive definite kernel for all t > 0
if and only if ¢ is a negative definite kernel. Consequently, the last assertion is
equivalent to the fact that A defines a real-valued negative definite kernel which
vanishes on the diagonal of I x I. Finally, the characterization of real-valued
definite negative kernel of Proposition 3.2 of [5] gives the equivalence with the
required description.

The assertion concerning the choice of the Hilbert space is clear. Finally,
using Remark 5.2 of [28], it is easy to see that (T});>0 is a w*-semigroup. 1§

The next proposition is inspired by the work [29].

PROPOSITION 5.5. Let (T})=0 be a w*-semigroup of selfadjoint unital completely
positive Schur multipliers on B(¢2). Then, there exists a hyperfinite von Neumann alge-
bra M equipped with a semifinite normal faithful trace, a w*-semigroup (Uy)s>o of unital
trace preserving x-automorphisms of M, a unital trace preserving one-to-one normal *-
homomorphism | : B(€3) — M such that

Ty = EUJ.
forany t > 0, where E : M — B({3) is the canonical faithful normal trace preserving

conditional expectation associated with |.

Proof. By Proposition there exists a real Hilbert space H and a family
(a;)jer of elements of H such that, for all t > 0, the Schur multiplier T : B(¢%) —
B((3) is associated with the matrix

_ a2
el ey,
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Let u be a gaussian measure on H, i.e. a probability space (02, i) together with a
measurable function w : (2 — H such that, for all # € H, we have

eIl — / eh(@)n du ()
0

where i> = —1. We define the von Neumann algebra M = L®(Q2)®B(£3). Note
that M is a hyperfinite von Neumann algebra. We equip the von Neumann alge-

bra M with the faithful semifinite normal trace )y = [ - du ® Tr. Note that, by
0
Theorem 1.22.13 of [49], we have a *-isomorphism M = L*((2, B(£3)). We define

the canonical injective normal unital *-homomorphism

J: B(ff) — L®(Q)®B(f3)
X — 1® x.

It is clear that the map | preserves the traces. We denote by E : M — B({?)
the canonical faithful normal trace preserving conditional expectation of M onto
B(£2). For all we and +>0 let D¢(w) be the diagonal matrix of B(¢2) defined by

Di(w) = [5;pelVH@w@ln],

Note that, for all t+ > 0, the map D; : 2 — B(H) defines an unitary element of
L*(0,B(£3)). Now, for all t > 0 we define the linear map

U : L®(Q,B(2) — L®(0Q,B(3))
f — DifD;.

If t > 0, it is easy to see that the map U is a trace preserving *-automorphism of
M. For all x € B(£2), we have

EUJ(x) = EU;(1® x) = /Dt(w)a © x)Di(w)*dpi(w)

_ / [eiﬂ<a,»—ak,w<w>>ijk]jlkeldy(w) et aclfr aliker = Th(%).
0

Thus, for all t > 0, we have
=EU,J.

The assertion concerning the regularity of the semigroup is easy and left to the
reader. 1

In the same vein, it is not difficult to construct a dilation of the noncommuta-
tive Poisson semigroup. The result was already known to F. Lust-Piquard. More-
over, it is easy to dilate the Cy-semigroups of contractions I';(a;) : L (I;(H)) —
LP(I;(H)), with Theorem 8.1 of [52].

Finally, we have the next result analogue to Corollary One can prove
this proposition with a similar argument.
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PROPOSITION 5.6. Suppose 1 < p < oo. Let (Ty)s=0 be a Co-semigroup of con-
tractions on a noncommutative LP-space LF(M). Suppose that there exists a noncom-
mutative LP-space LF(N) where N has QWEP, a Co-semigroup (U)o of isometric
operators on LF(N), an isometric embedding | : LF(M) — LP(N) and a contractive
map Q : LP(N) — LP(M) such that,

Tt = Qut]/
forany t > 0. Then, for all b € L'(R) with support in R, we have the estimate

+o0
H / b(1)Tydt
0

Moreover, if LP(N) is a commutative LP-space LP (QQ), we have, for all b € L'(R) with
support in R, the estimate

+o0 +oo
ol < [

This proposition allows us to give alternate proofs for some results of this
section. By example, using Theorem 8.1 of [52] of dilation of Cy-semigroups on
a Hilbert space, we deduce that the both inequalities and are true for
p = 2. By using [24], we see that the Cy-semigroups of operators which admit a
contractive majorant satisfy inequality (5.1), for 1 < p < 0.

—+o0

<| / b(1)Trdt
0

LP(M)—LP (M) cb,LP(R)—>LP(R)

LP(R)—LP(R)

6. FINAL REMARKS

We begin by observing that the inequalities and are true for any
complex polynomial P of degree 1 and any contraction T. Indeed, suppose that
P(z) = a+ bz, then it is easy to see that ||P||, = |a| + |b|. Thus, forall 1 < p < oo,
we have |[P|[, = |[Pl[,,sr = |a| + b].

Now we will determine the real polynomials of higher degree with a similar
property.

n
PROPOSITION 6.1. Let P = Z ayz* be a real polynomial such that a # 0 for
k=0
any 0 < k < n. The following assertions are equivalent:

n
(i) Forall 1 < p < oo, we have ||P||, = Y |ay].
k=0

n
(i) Forall 1 < p < oo, we have ||P||, v = Y ax|.

k=0
n

(iii) There exists 1 < p < oo such that ||P||, = Y [a|.
k=0
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n
p,SP = Z |a|.
k=0

(v) The coefficients aj have the same sign or the signs of the ay are alternating (i.e. for
any integer 0 < k < n — 1 we have aray1 < 0).
In this case, for the polynomial P and any contraction T, the inequalities and
(1.4) are true.

(iv) There exists 1 < p < oo such that || P

Proof. First we will show that || P||; = Z |ak| is equivalent to the last asser-

tion. Recall that ||P||2 = sup |P(z)]. On the one hand, for all 0 < 6 < 27, we
|z|=1
have

‘ Z a ek19

( Z ay cos(k6) ) ( Z g sin kB))

n n
Z fcos?(k0) +2 Y apacos(kf)cos(10) + Y ag sin®(k6)

0<k<I<n k=0
+2 Y aaysin(kf)sin(16)
0<k<I<n
= Z a;+2 Y agacos((k—1)0).
0<k<I<n

On the other hand, we have the equality

(é'ako Zak+2 Yo aayl.

0<k<I<n

n
Then P satisfies ||P||, = Y |ai| if and only if
k=0
Y. majcos((k—1)6)= Y |aal.
0<k<I<n 0<k<I<n

This last assertion means that for all 0 < k < I < n we have cos((k —1)0) =
sign(aya;). It is easy to see that this last assertion is equivalent to the assertion (v).

n
Now, it is trivial that the equality ||P||; = Y |ai| implies the assertions (i)
k=0
and (ii), that (i) implies (iii) and that (ii) implies (iv). Now we show that (iv)

n
implies [P, = kgo |ag|. By interpolation, we have

PO (Plas) .

psr < (

n
=Y lal =P
k=0
. Then we obtain

(1Plloo 5 )7 < (IPll2,5,)*P = ([IP]|2)*.
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And finally we have

n
Y [ak| = [[Plleo,s < [IP]l2-
k=0

n
The proof that the assertion (iii) implies ||P|j = ¥ |ak| is similar. &
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