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INTRODUCTION

Let0 <7 < oo, I C[0,00) =:RT and L"(I) denote the Lebesgue space of all
measurable functions f on I such that || f||,; < oo, where

1/r

(f |f(t)|rdt) 0<r<oo,

I
esssup | f(t)] 7 = oo.

tel
If I = R" we write L := L"(R"), and | f||, means ||f||, g+

Take A > 0,p > 1,9 > Oand put p’ := p/(p —1). Assume v € L{ (0,0),

w € Lﬁo (0, 00) are non-negative weight functions. In this article we study com-
pactness properties of an integral transformation T : LP — L1

0.1) Tf(x) = [ kr(xy)f(ydy, xeR,
R+

If

rl =

when kr(x,y) = e’xVAv(y) and kr(x,y) = w(x)(x* +y*)"1o(y). In other words,
we take as T the Laplace integral operator

02) Lf) = [ e flypo)dy, xe R,
R+
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with ki (x,) := e v(y), and the Stieltjes type transformation

(0.3) Sf(x) :=w(x) / JW, x € RY,
R+

with ks(x,y) := w(x)(x* + y*)"'o(y). These operators are related to each other

by (2.10).

With an appropriate choice of A, v and w transformations £ and S become
[e9)

special cases of conventional convolution transformation F(x) = [ f(#)G(x —
—o0

t)dt, —oo < x < oo ([27], Chapter 8, Sections 8.5, 8.6). The Stieltjes type operator
has also connections with Hilbert’s double series theorem (see [21] for de-
tails). Some interesting properties and applications of the Laplace type transform
to differential equations are indicated in Chapter 5 of [12].

In this work we find explicit necessary and sufficient conditions for LP-L9-
compactness of the operators £ and S expressed in terms of kernels k; and kg. The
results may be useful for study of characteristic values of the transformations. All
cases of summation parameters p > 1 and q > 0 are considered. If 0 < p < 1
and T : LF — L1 is compact then || T||,—4 = 0 (see Theorem 2 of [18])). Note that
1212 compactness of and was studied in [25], [26]. We generalize these
results for all positive p and g.

Our main method is well-known and consists in splitting an initial operator
into a sum of a compact operator and operators with small norms (see e.g. [7],
[13], [16])-

The article is organized as follows. Section 2 is devoted to the compactness
of the Laplace transformation (0.2). Criteria for the compactness of the Stieltjes
operator appear in Section 3. Note that the case of negative A in S ensues
from the results for positive A by simple modification of weight functions v and w.

Throughout the article we use symbols =: and := for marking new quan-
tities. Products of the form 0 - co are supposed to be equal to 0. An equivalence
A = B means either A = cpB or c;A < B < cpA with ¢, i = 0,1,2, depending on
A, p,q only. The symbol Z denotes integers, xr stands for characteristic function
of a subset E C R*. We denote p’ := p/(p—1) forp > land r:= pgq/(p —q) if

q<p-

1. COMPACTNESS OF THE LAPLACE TRANSFORM

Denote:

Ve, (£) = /v”, A feyen (1) 1= (1 = e VIV (0],
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AL (e1,c) = SUP A£,<C1,C2>(t), Ap = Ap g+, U (t) := esssupv(x),

c1<t<cy o <x<t
i -A —\r/q r/q v 1r
B ey = ([0 = 1V (0] /707 (1)),
1
1/r
Be(t) = O (1), Be =B = ( [ Bear)”,
R+

Bq(f) = t—)‘/‘iv(t), Eq(t) = t_)‘/qﬁo(t), By, := (/y—/\p’vp' (y)dy)l/p,’

R+
i (1-q)/q
By ey = ( / [t — M0 AT (1 0 ar) ,
C1

1-q)/
Bq/ = BL]'R* = (/Bq/(f)df)( 7 q, where Bq’(t) = ti/\/(liq)ilEO(t)q/(liq)/
R+

t
Dieye = 3 W7, ¢y o= ([ 7] [omar] o),
R+ 0

To implement our method for the study of the compactness of the operator
L we start from describing its boundedness properties.

Various conditions were found for the Laplace transformation to be
bounded in Lebesgue spaces (see e.g. [3], [5]). Convenient for our purposes LP-L1
criterion for the operator £ was obtained in Theorem 1 of [24] for 1 < p,q < oo
and 0 < g < p < oo (see also Theorem 1 of [17]). Our first statement in the article
is its modification for the Laplace operator of the form f — L(f 7(<C1,C2>), where
0< ¢ <cp <ooand (;, ) denotes any of intervals (-, ), [-,-], [, -) or (-, -]. All the
rest cases of p, q are also included in the statement.

THEOREM 1.1. (i) Let 1 < p < q < oo. The operator L is bounded from
LP{c1,ca) to L9 if and only if Ay i, oy + Dy < co. Moreover, || L| 1y (¢, cp)—s10 =
A (e100) T Dicyea)-

(i) If 1 < q < p < oo then L is LP(cy, ca)-LI-bounded if and only if By i, o) +
D(cl,c2) < o0, where ”‘CHLP(cl,cz)—)L‘i ~ B£,<61,62> + D(cl,cz)'

(iii) Let 0 < g < 1 < p < co. The Laplace operator L is bounded from L¥(cy, cp) to L1
if Br(cr,c0) T Dieyey) < 00 If L2 LP(c1,c2) — L7 is bounded then ||Bgl|,y (¢, c,) < 0.
We also have

€1,62)

1By

piere) S MLNLp e e)—19 < Breyen) + Dicyea)-

(iv) Let 0 < g < 1 = p. If L is L'-L9-bounded then ess sup By(t) < co. The operator

t€<C1,62>
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L is bounded from L' to L1 if By 11,0,y < 0@and D, < 00. Besides, ess sup By (t) <

c1,62)
te{cy,c2)

L0 L1 ey e39—11 < By ter,e2) + Dieyea-

(v) Let p = 0. If 1 < g < oo then L is L™-Li-bounded if and only if C; < oo
and || L9 ~ Cy. For g < 1||Byll1 < [|£||1o—19 < Cy, that is L is bounded if
Cy < o0, and ||By|l1 < oo if L is bounded.

(vi) Let ¢ = o0. If 1 < p < oo then L is bounded from LP to L* if and only if
[0l < co, where || L[y 1o = [0l If p = 1 then [ L][11 1 = [[0]]co-

REMARK 1.2. Notice that D =0if (c1,c0) = R™.

c1,62)

Now we are ready to state and prove compactness criteria for L.

THEOREM 1.3. (i) If1 < p < q < oo then the operator L : LP — L1 is compact

ifand only if Ay < coand
1.1 i) imAg(t) = ii) lim A, (t) =0.
(1.1) (i) im Ag(#) =0, (if) im Ag(t) =0

(i) Let1 < g <p <oo.Ifqg>1then L : LV — L7 is compact if and only if
By < co. When q = 1 then L is compact if and only if B, < 0.

(iii) Let 0 < g < 1 < p < oo. The operator L : LV — L7 is compact if By < co.If L
is compact from LP to L1 then ||Bg ||y < oo.

(iv) Let 0 < q < 1 = p. L is compact from L' to L1 if By < co. If L is L'-L7-compact

then esssup By (t) < co.
teRT
(v) Let 1 = p < q < o0. The operator L is L'-L-compact if and only if

estzusgljpﬁq(t) < oo and }E%Eq(t) = tli_)rgoﬁq(t) =0.

(vi) If 1 < g < p = oo then L is compact from L* to L7 if and only if Cq < oo.

(vii) Let 0 < g < 1 and p = oo. The operator L is L*-Li-compact if C; < oo.If L is
compact from L to L1 then ||By||; < co.

(viii) If 1 < p < oo then L is LP-L®-compact if and only if ||v]| ,» < co.

Proof. (i) Sufficiency. Suppose Ay < oo and }in% Ar(t) = tlim Ar(t) = 0.
— 00

Put0 < a < b < oo and denote Lof = L(fX(4p)) L1f = L(fX[0a), Lof =
L(fX[p,00))- Obviously,

2
(1.2) Lf(x) =Y Lif(x).
i=0

Since Ay < oo then L is bounded from L7 to L7 by Theorem [L.1(i). This yields
LP-Li-boundedness of the operator Ly f, which is regular.
According to Lemma 4 of [13] the operator Ly : L? — L1 is compact if

My = X (o) (ke (2 )0 ()| llg < oo
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Since0 <a<b<ooandv € Lﬁ;c(O,oo) we have

1 /
q /

(1.3) Mﬁ0 < a)‘q [Va(b)]9P < co.
Therefore, Ly is compact from L? to L9 forany 0 < a < b < oo.

Now consider the operators £;, i = 1,2. By Theorem [L.T[i) we have:

(1.4) 1£1]|Lp—1e < sup f_/\/q[VO(t)]l/p,r
0<t<a

(1.5) 1 Lollrsis < sup £V (87
b<t<oo

The conditions yield
lim sup +MI[Vo(H)]VP =0, lim sup + [V, ()7 =o0.

“%Oogtga bﬁo"bgkoo
Together with (1.4) and (1.5) this gives:
(16) lim ||£1”LV~>L‘7 = 0, lim ||£2||Lp‘>[‘q =0.
a—0 b—oo

Therefore, (1.2) implies
(1.7) 1£ = Loller—rs < [ Lallr—ra + [ L2llLp—1a,

and now the operator £ : L? — L7 is compact as a limit of compact operators,
whena — 0and b — .

Necessity. Suppose now L is compact from L” to L. Then £ is LP-L9-bounded
and Az < oo by Theorem [LI[i).

To prove we assume {zj }rez C R™ is an arbitrary sequence. To estab-
lish the claim (i) in suppose klgrolO zy = 0 and put

fi()) = X0, (D[] Vo (zi)] VP
Since || fi||, = 1 then

Zk

| [ sty < ([1swFar)”" =0 ke
R+ 0

for any g € LY. Therefore, the sequence { fi }rez converges weakly to 0 in LF.
Compactness of £ : LV — L1 yields strong convergence of { L fi }rez in L7, that is
klim | Lfkllg = 0. Besides, we have

— 00

O/oo(o/ooexwfk(y)v(y)dy)qu > Ze@ﬂ?dx[vo(zk)]q/p’ _ qu:;—zk).

Hence, klim Ar(zr) =0, and now (L.I)(i) is proved.
— 00
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For the proof of (L.I)(ii) we suppose klim zx = oo and put
—00

A/
gk(t) = X[o,Z;A](t)Zk 1
Since ||gk|ly = 1 we have

00 zZ »
| [ F@gedx| < ([ Ifwmar) " >0, koo,
0 0
for any f € L7, which means weak convergence of {gy }rcz in L7, Compactness

of L: LV — L1,1 < p,q < oo, implies Lq/—Lp/—compactness of the dual operator

L*g(y) =oly) [ e~ ¢(x)dx. Therefore, { £*gi }rez strongly converges in L? :
0

18) lim |12, = 0.
We obtain
7 ’ 7 A I
[ @) ( [ e guxax)" dy
0 0
A —A
zZ; , Z,
> Vo(zk)( / e’xzﬁdx)pzzp /4 2e*p,VO(zk)( / dx)pz/\p /a
0 0

Y AP
=e Pz p/qVO(zk) =e7? AZ (z)-
Together with (1.8) this implies klim Az (zx) = 0, and now the condition (L.T)(ii)
—00

is fulfilled by the arbitrariness of {zj } k7.
Necessity in (ii), (iii) and (iv) follows by Theorem 1.1{from the hypothesis of
compactness and, therefore, boundedness of L.
(ii) Sufficiency of the condition By < oo (if 1 < g < p < o) and B, < oo (if g =
1) for the compactness of £ is provided by Lemma 4 of [13] and Theorem [I.1ii).
Namely, if 1 < g < p < oo then Lemma 4 of [13] yields LP-L9-compactness of L
(see (1.3)), while norms £L; and £; are estimated by Theorem [I.1[(ii) as follows:

1/r
12l < ([ xpa ®Bed)
R+

1/r
122l < ([ ooy (B2 (D))
R+
Thus, By < oo and the estimate implies compactness of L asa — 0, b — oo.
If g = 1 then L is compact by Lemma 4 of [13]].
Sufficiency in (iii) and (iv) can be established as follows. Let By < oo if
0<g<1<p<eoandBy <if0<q<1= p.By Theorem|[L.Ifiii) we obtain

(1.9)
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the estimate for the case 0 < ¢ < 1 < p < co. By the part (iv) of the same
theorem we have for0 < g <1 = p:

g 1/r
€20t < ([ dpoo) DBy (B1AE)
R+
Thus, By < o (or By < o) yields || La||rsps — 0asb — co.

Now consider the operator Lyf := Lof + L1f = L(fx|op)- The hypoth-
esis By < oo (or By < o0) suffices for the boundedness of £ (see Theorem
1.1). Therefore, £} is bounded as well. To prove the compactness of L, we
shall use an extension of Theorem 5.8 of [11] for the case when an operator K
is acting to L7 on the whole RT. Similar to Theorem 5.8 of [11] we consider
first a set My, := {f € LP(a,b) : |f| < h}, where h is an arbitrary positive
number. Under this condition and in view of mes[0,b] < oo the operator L,
is bounded from L0, b] to L1. Compactness of L, : Mj — L7 can be proved
similar to Theorem 5.2 of [11]. It remains to note that the rest transformation
Ly : {LP]0,b] \ My} — L7 has a norm tending to 0 as h — oo (see Theorem 5.8
of [11] for details). Thus, £, : LP[0,b] — L1,0 < g < 1 < p < oo, is compact as a
limit of compact operators, when h — 4-co.

Summing up we can claim that is compact from LV to 17,0 < g <1 <
p < oo, on the strength of || £z||r— 19 — 0, when b — co, compactness of £, and
in view of ||£ - Eb”LV—)M = ||£2||E7_>Lq.

(v) Sufficiency. Suppose ess sup B;(t) < oo and

teR+
(1.10) (i) }%B (t) =0, (i) 15?03‘7( ) =0.
For0 <a <b < ocoweput Lyf(x) := —xa’ ff (y)dy, x € R, and note that
L, is the operator of rank 1 with ||£a||L1_>Lq = g V9a=*5,(b) < . Besides,

L, is a majorant for the operator £y, which is L!-L7-bounded with the norm esti-
mated as follows:

[ Loll11 510 = H‘CHLl ab)—L1 = 4 1/ esssupB (t) = q_l/qM < oo.
a<t<b

Suppose { fn } ez is an arbitrary bounded sequence in L!(a,b) and assume {f,, }
is its Cauchy subsequence, that is for any gy > 0 there exists N(gg) such that
| fu, — when ny, m; > N(gg). Put

Engm (€) := {x € RY : | Lofn, (x) — Lofim, ()] > €}
We have forany e > 0 :

/ dx < /’/be V[ (¥) = fon ()]0 (y)dy|dx

Eﬂk nlk
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b
<& [y fun )~ ) o)y < e Ma 7 f — fo

If g9 = eda?/7 M~ then #ra(Enm,(€)) < 6 as ng,mp > N(g, ) for any ¢ > 0,
5 > 0. Therefore, Ly is compact in measure. Thus, Ly is L!-L7-compact as a

transformation majorated by the compact operator £, (see Chapter 2, Section 5.6
of [11]] for details). Further, by Chapter XI, Section 1.5, Theorem 4 of [10]

110111 10 = g/ 7esssup By(t) < g~/ sup By(t),
te[0,a] te[0,a]

L2001 p0 < g Y7esssupt =75, (t) <711 sup By(t).
te[b,c0) te[b,00)

Since (1.10) are fulfilled we can state that £; and £, are operators with small
norms, when a — 0, b — oco. Together with compactness of Ly this implies the
compactness of £ from L' to L7 forall 1 < g < co.

Necessity. Suppose L is L1-LI-compact. Then the claim esssup By(t) < oo
teR+
follows from Theorem 3.2 of [23] and Chapter XI, Section 1.5, Theorem 4 of [10]

(see also Remark 1.2). As for necessity of (1.10)(i), note that
Lf = L{fXjpx-11) + LU Xp1/2,00)) i= Lf + L7,
where £, and £* are compact. Besides, (1.10)(i) is equivalent to
(1.11) lim 2-*/45,(28) = 0.
k——o0

Now suppose the contrary. Then, similar to p. 84 of [7], given ¢ € (0,1) there
is a sequence k; — —oo, some ¢ > 0 and functions fk]. >0, fk].|| 1 < 1, such

k.

2
that [ fu(y)o(y)dy > v70(2%) and 27%4/9%,(2%) > e. By continuity of the in-

0

2"

tegral, there are f; € (0,2%) such that i fk Yo(y)dy > +2To(2%). Set R, =
Pr;

feX,. k.- Then we have for k; and k; such that 25+1 < g, -
T (Br;27) / !

—1/)1

| £:F, - chkW—/ | / 2[R () — B ()lo(y)dy|'dx

= / -] / W/ (y) — B (n)]o(y)dy|'ds

= ||£ka - ﬁka ||q HX (2Ki 2ki +1)(£ka Ekaj)HZ
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ki +1 ok;
~ q
= s o ExFillf = &[54 [ £ (n)o(y)dy) ' ds
2ki Br;
oki+1
l)\ / —A— ldS /fk
2/\

-1 2h —1
=2 Mki[gy (2K)]T > 2 el >0,

2Me 2Me
and, therefore, £, is not compact.

Necessity of (1.10)(ii) can be established by the similar way obtaining a con-
tradiction with the compactness of £*. Another way to prove (L.I0)(ii) for 4 > 1
is analogous to the proof of necessity (1.I)(ii) in the part (i) of this theorem.

Proof of (vi)—(viii) rests on Theorem 5.2 of [11]] and Theorem 2.21 of [1]. &

> 4

REMARK 1.4. £ cannot be compact from L! to L® for any w.

2. COMPACTNESS OF THE STIELTJES TRANSFORM

Criteria for S to be bounded in Lebesgue spaces were found in [2], [9], [21]].
But their particular form is not suitable for our purposes. We will use other
boundedness conditions, which directly follow from properties of Hardy oper-
ator

Hf(x) 1= xw(x) [ f)ol
and the relation '

2.1) %[Hf(X) +H f(0)] <Sf(x) <Hf(x) + H'f(x), f=0,

with dual to H transformation H* f(x f fly y)dy (see Theorem
and [6], [14], [15], [22]], [23] for detalls) Add some notations:
T o (y)d wl (x)dx
Vt(oo) = /#, Wcl /wq Wt C2 / x)\q .
t

THEOREM 2.1. (i) If 1 < p < g < oo then the operator S is bounded from L? to
LY ifand only if Ay + A= < oo, where ||S||p 19 =~ Ay + Ay and

(2.2) Ay = sup Ag(t) := sup [Vo(t)]l/p/[Wt(oo)]l/q,
teRT teRT
(2.3) Ap = sup Ap=(t) := sup [vt(oo)}l/r”[wo(t)]“ﬂ.

teR+ teR+
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([ If0<g<l<p<ooorl<qg<p<cothenS:LF — L1is bounded if and
only if By + B+ < oo, where ||S||p— 19 ~ By + By~ and

By := (/[Vo(t)]r/P,[Wt(oo)]V/Pthqwq(t)dt)l/r,
R+

By = (/[Vt(oo)}’/p/[Wo(t)]’/pwq(t)dt)l/’
R+

(i) Let 0 < ¢ < 1 = p. If0 < q < 1 then S is L'-L9-bounded if and only if
By u + By g+ < oo, where ||S|| ;1,19 = By, + By g+ and

1-q)/
By p:= (/Eo(t)q/(lfq) [Wt(oo)]q/(lfq)tf/\qwq(t)dt)( q) q’
R+
1-q)/
Bigs = (/[t—A@(oo)]q/(l—q)[Wo(t)]q/(l—q)wq(t)dt)( q) q'
R+

If g =1 then

o t
IIS]| 111 =~ sup Eo(t)/x”w(x)dx—i— sup Et(oo)t*/\/w(x)dx.
t 0

teR+ teR+

Now we put

re () o)

R+ R+
Sy := sup Ty (t) [Wt(oo)]l/q, Sp+ 1= sup Et(oo)t*A[WO(t)]l/q,
teR+ teR+

Sta(t) = o(t)We(@)]"7,  Swea(t) = Te(a)t [Wo(1)]'/7,
Skp(t) = Tp(£)[Wi(e0)]V/,  Spyp(£) = Ty (c0)t~H [Wiy ()] /1.

The following theorem is devoted to the compactness criteria for the Stieltjes
transformation S : LP — L1.

THEOREM 2.2. () If1 < p < g < oothen S: LP — L7is compact if and only if
Ay + Ay < oo and

@4) (1) im[Ay(t) + Ap- ()] =0, (i) im [Ap(t) + Ap-(1)] = 0.

(i) Let0 < g < p<ocoandp > 1.1fq # 1then S is compact if and only if
By + By < 0. Ifq = 1then S is LP-L'-compact if and only if A < oo.

(iii) If 0 < g <1 = p then S is LP-L9-compact if and only if By g + By g+ < 0.

(iv) If p =1 < g < co then the operator S : LP — L1 is compact if and only if Sy +
S < ocoandlim sup [Sp4(t) + Sh+a(t)] = lim sup [Syu(t) + Sy p(t)] = 0.

=V 0<t<a b=y oo
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Proof. (i) Let1 < p < g < oo and suppose Apg + Aps < oo (see (2.2) and
2.3)). Be51des, assume that the conditions (2.4) are fulfilled. It is known (see 71,
[20]) that these conditions guaranty LP-L1 -compactness, 1 <p < g < oo of the
operator H 4+ H*, which is majorating the transformation S (see the relation 2.1))).
From here the compactness of S : L7 — L7 ensues by Theorem 5.10 of [11]].

The condition Ay + Ap+ < co and the equalities (2.4) are also necessary for
LP-L9-compactness of S, when 1 < p < g < oo, by standard arguments for the
Hardy operators H and H*.

(i), (iii)) Let 0 < g < p < coand p > 1. If ¢ # 1 we suppose By + Bp+ < 0
for p > 1 and By g + By g+ < oo for the case p = 1. Compactness of S in the case
p > 1is guaranteed by By + By < oo (see [4]). If p = 1 and By g + By g+ < o0
the compactness of S can be stated similarly to sufficiency of the conditions (iv)
in Theorem 1.3l

If g = 1 then S is compact by Lemma 4 of [13] provided A < co.

Necessity of By + By < oo in (ii) and By g + By g+ < o0 in (iii) ensues from
the compactness and, therefore, boundedness of S.

(iv) It remains to consider p =1 < g < oo. Suppose Sy + S+ < oo,

(25) (i) lim sup[Spa(f) + Si-a(t)] =0, (i) im sup [Syr(t) + Sproo(H)] =0,

1=V o<t<a b=ooy too

and prove sufficiency of these assumptions for the L!-L9-compactness of S. In
view of (2.5) given € > 0 there exist 0 < r < R < oo such that

€ €
(2.6) sup Spy < 5, sup Sy, < g,
O<t<r 7 o<t<r 7
€ €
(2.7) sup Sgr <5, sup Sp:r < 5.
R<t<oo 7 R<t<oo 7

Now we divide S into a sum Sf = S, rf + Z [S;if + Sr,if] of compact opera-

tors Sy rf == X(r,R)S(fX(r,R))s Srf = X[o,R) (f)( (10,])7 SRS = X[Re0)S(fX[0,R))/
Sraf = Xjo,)S(fX(r00)) @0d SR2f 1= X(1,00)S(fX[R,00))- TO confirm the compact-
ness of these operators we shall use a combination of Theorem 2.21 of [1]] and
Corollary 5.1 of [8]. That is we need to show that for a given ¢ > 0 there exist
d > 0 and points 0 < s < t < oo such that for almost all y € R™ and for every
h>0withh <o

@8) )y / lks(x,y)dx < €7, (ii) JA(y / ks (x,y)dx < ¢,

where kg(x,y) := w(x)ks(x,y)v(y), and

(2.9) ]h / |ks(x+h,y) —ks(x,y)|7dx < €.
R+
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We start from S := S, 1 + S, r + Sr 2. Suppose I < 6(¢) and write

. 1 1 1/
Tns(¥) = () (R{ W)y ] @)

For simplicity consider the case A = 1 and denote

r

w(x)dx
Fewen 1) = 0/ (x+y)1(x+y+h)T

We have

Ins (W) = hxjon W) oW) Lo (v, 1) + hxon y)oW) g (v, h)
+hx () W)W 1Ry (Y 1) + WX (R o) W)V (W) L R) (¥, 1)

5
+ 1X(R00) (1) O(Y) (R 00) (v, 1) = ; Tni(y)

The conditions 2.6) and (2.7) imply J;,1(y) < 2¢/7, and J;,5(y) < 2¢/7. To esti-
mate [}, »(y) note that

Jn2(y) < hr 17, (V)[W,(oo)]l/‘i < hr 1Sy

From here, with § = er/7Sy we obtain J,», < &/7. Analogously, [, 4 < &/7if 6 =

er/7Sp-+. For Jj, 3 note that 7,(R)[W, (R )]1/'7 < M < oo provided w € LIOC(O,OO)

and v € L2 (0, 00). Therefore, J,3(y) < hMr~2 and J,5(y) < &/7if 6 = er? /7M.
Summmg up, we obtain [, s(y) < e for almost ally € RT, that is the con-

dition (2.9) is satisfied. Fulfillment of the claims (2.8) ensues from (2.6) and
withs =r and t = R. Thus, thesum S, 1 + S, g + S R2 is compact.

Compactness of the operator S, can be demonstrated as follows. The con-
dition (2.8)(ii) is automatically fulfilled with t = r. To demonstrate (2.8)(i) note
that ||S,2]/;1_,74 = Dr(00)r A [Wo(r)]/9 < Sp+ < co. Hence, given ¢ > 0 there
exists 0 < s < rsuch that Jss , (y) < e. The condition may be shown analo-
gously with § = er! /Sy« Similar arguments work for the operator Sg ;.

Necessity of the conditions [Sy + Sy+] < co and follow from Lemma 1,
Theorem 1 of [7] and the relation 2.1).

REMARK 2.3. Insome cases the compactness of S can be established through
the Laplace operator (0.2). Indeed, by the factorization

(2.10) S=L,L,
with £, = L and L}, f(x) := f e f(x)dx we are able to state compact-

ness of S : LP — L7 if the condltlons of Theorem (1 - are fulﬁlled for either
Lo:LP — L0or Ly : L1 — LY of the form Ly f(x fexyf w(y)dy

Here the parameter ¢’ is such that 8 = 6/(6 — 1) for any 9 > 1. In particular,
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ifw=vandp =¢q < q=p thenS: LV — LV is compact if and only if
2

sup A(t) := sup tM2[Vy(£)]V/? < coand lim A(t) = lim A(t) = 0.
teR+ teR+ =0 f=eo

REMARK 2.4. Since S is two-weighted then its compactness criteria for p =
oo and/or g = oo can be derived from Theorem 2.2} excluding the case p = 1,4 =
oo, when S : L' — L* is never compact.
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