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ABSTRACT. We study the connection between operator valued central limits
for monotone, Boolean and free probability theory, which we shall call the arc-
sine, Bernoulli and semicircle distributions, respectively. In scalar-valued non-
commutative probability these distributions are known to satisfy certain arith-
metic relations with respect to Boolean and free convolutions. We show that,
generally, the corresponding operator-valued distributions satisfy the same
relations only when we consider them in the fully matricial sense introduced
by Voiculescu. In addition, we provide a combinatorial description in terms
of moments of the operator valued arcsine distribution and we show that its
reciprocal Cauchy transform satisfies a version of the Abel equation similar to
the one satisfied in the scalar-valued case.
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1. INTRODUCTION

By a non-commutative probability space we shall understand a pair (A, ¢)
where A is a unital *-algebra over the complex numbers and ¢ : A — Cisa
positive functional with ¢(1) = 1. If B is a unital C*-algebra, a B-valued non-
commutative probability space is a double (A, Eg), where A is a *-algebra con-
taining 3 as a *-subalgebra and Ep is a positive conditional expectation from .4
onto B. If B C A s an inclusion of unital C*-algebras, then (A, Eg) will be called
a B-valued non-commutative C*-probability space. Elements X € A are called
random variables or (in the second context) B-valued (or operator-valued) random
variables.

We will denote by B(X') the x-algebra freely generated by B and the self-
adjoint symbol X (that is the *-algebra of non-commutative polynomials in X’
and with coefficients in B). We will also use the notations B(X')y for the -
subalgebra of B(X) of all polynomials without a free term, and the notation
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B(X1, X,,...) for the -algebra freely generated by B and the non-commutating
self-adjoint symbols X7, Ay, .... If X € Ais a self-adjoint element, then we will
also use the notations B(X) and B(X) for the *-algebra generated as above by X
and B. The set of all positive conditional expectations from B(X') to B will be de-
noted by Xg. The fully matricial extension of u € X is the sequence i = {y ®1,},,
where 1, stands for the identity in M, (C). Note that y is uniquely determined
by the symmetric moments of its fully matricial extension, since (see [6], [16]) for

0 b1 0 0
0 0 b --- 0
b= GMn+1(B)
0 0 o - b,
0 0 0 0
we have that
0 0 “M(Xbl.)(bz)(bn)
~ o .- 0 0
pllx-oy=1 " . %
0o --- 0 0

where B(X) acts at left and right on B(X') ® M,,(C) by entrywise multiplication.

We will also denote X% the set of all 4 € X3 whose moments do not grow
faster than exponentially, that is there exists some M > 0 such that, for all positive
integers m, all by, ..., b, € M;,(B) we have that

175 (Xb1 Xy - Xy X) | < M by - bl

If (A, ¢) is a non-commutative C*-probability space, the distribution of a
self-adjoint element (or non-commutative random variable) X of A is a real mea-
sure ux described via

[ dux(t) = p(x").

In the more general case of a B-valued non-commutative probability space, as
shown in [14], the appropriate analogue for the distribution of a self-adjoint X €
Ais ux € Xp, given by

px(f(X)) = Es(f(X)) forall f(X) € B(X).

If X is an element of a B-valued non-commutative C*-probability space, then
Ux € Z% ; moreover, for each u € ZOB, there exist some elements X in a B-valued
C*-non-commutative probability space such that yx = y (see Proposition 1.2 of
[12] and [14]).

This material presents some properties of three remarkable elements from
X9, namely the operator-valued semicircular, Bernoulli and arcsine distributions,
which are the central limit laws for free, Boolean and monotone independence.
We shall denote them by s,Ber and a, respectively. It is known that in scalar-
valued non-commutative probability, we have a = 52 = Ber™, where & and B
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denote the Boolean and free additive convolutions, respectively. We show that
these relations extend to the operator valued context only when properly under-
stood in the fully matricial set-up introduced by Voiculescu [15], [16] (Proposi-
tion 3.3). In addition, we provide a new combinatorial description (in terms of
moments) of a (Theorem 2.5). Moreover, as monotone convolution of operator-
valued distributions is shown [10] to be described in terms of the composition of
reciprocals of operator-valued Cauchy transforms, it is natural to inquire whether
a linearization of this composition of functions similar to the Abel equation de-
scribed in [2], [9] holds in the operator-valued case. The positive answer is pro-
vided in Theorem 3.2.

The rest of the introduction is dedicated to defining the main notions and
tools to be used in the paper. In the second section we give brief descriptions
of the operator-valued Bernoulli and semicircular distributions and some of their
transforms, as well as a new characterization of the moments of the arcsine distri-
bution. Finally, in the third section we discuss the connection between the three
central limits and show that the reciprocal of the Cauchy transform of the arcsine
distribution satisfies a version of the Abel equation.

1.1. INDEPENDENCE RELATIONS AND TRANSFORMS. Since the paper deals with
relevant elements from X%, we will present the free, Boolean and monotone in-
dependences in a C*-algebraic context.

DEFINITION 1.1. Suppose that (A, Eg) is a B-valued non-commutative C*-
probability space and that {X;};c; is a family of self-adjoint elements from .A.
(i) The family {X;}c; is said to be free independent over B if

Eg(Ai---A;) =0

whenever A; € B(X,(j)) NKer(Ep), €(j) € I,e(k) # e(k+1).
(ii) The family {X; };¢ is said to be Boolean independent over B if

Ep(Ay--- An) = Eg(A1) - - - Eg(Au)

whenever A; € B(X.(;j))o, €(j) € L e(k) # e(k+1).
(iii) If the set of indices I is totally ordered, then the family {X;};c; is said to be
monotone independent over B if

Eg(Ar---Aj1-Aj-Ajpr--An) = Eg(A1- - Aj1- E(4)) - Ajia - An)

whenever A; € B(X.(y)o, €(l) € Le(l) #e(l+1)and e(j—1) < e(j) > e(j+1),
1<j<n

If X, Y are two free (Boolean, respectively monotone independent) B-valued
non-commutative random variables, then yxy depends only on yx and py and
is said to be the additive free convolution yx B uy (additive Boolean convolution
ix ¥ py, respectively additive monotone convolution px &> py) of px and py.
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Note that Ey;, (5) = Eg @ 1y : Mu(A) — M, (B) is still a positive condi-
tional expectation for all positive integers n and any linear functional (in particu-
lar any trace T) on B extends to T ® tr,: B® M, (C) — C, where tr, is the canon-
ical normalized trace on M, (C). Note also that if X,Y € A are free, Boolean,
respectively monotone independent with respect to Ep, then so are X ® 1, and
Y ® 1, with respect to Eyy, (5)-

We will denote Nilp(B) = IO_OI Nilp(B, n), where Nilp (B, n) is the set of all
n=1

T € M,(B) such that T" = 0 for some 7, where we view T as a matrix over the
tensor algebra over B (see [3], [12]). For a given u € X9, we define its moment-
generating series as the function My, given, for b € M, (B), by

[e9)

My(0) = YL (R 6) = Lot (e 1) (X 0) + (@ 1) (¥ 0 X B) 5
=0

We define the R-, B-, respectively $-transforms of y via the functional equations
(1.1) M, (b) =1 = Ry (b- My(b)),

(1.2) Mﬂ(b) -1= By(b) 'M}l(b>/

where the notation 1 stands for 1,, on each component from M, (B).

As shown in [12], each My, Ry, By, $), is well defined on Nilp(5) and on a
correspondent small open ball around the origine from By, which is mapped in
another open ball around the origine from B.

If X is a selfadjoint element in a B-valued non-commutative C*-probability
space (A, Eg), we will denote My, Rx etc. for the correspondent transforms of
ux. The main reason for which we have introduced the R and B-transforms is

their linearizing property. Namely, if X, Y are free independent over B3, then (see
[14], [16])

Rx+y(b) = Rx(b) + Ry (b)
and if X, Y are Boolean independent over B, then (see [11])
Bx+y(b) = Bx(b) + By (b).
Moreover, if X, Y are monotone independent over 5 (in this order), we have that
(see [10])
Hx+v(b) = Hx 0 Hy(b).
Another object that will be used in the following sections is the generalized

resolvent, or operator-valued Cauchy transform (see [15] and for new applications,
[3]), namely the map

Gu: HY (Bne) — H™ (Bne),
Gu(b) = f([b— X -1)71) ifb € H(Mqu(B)),
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where if C is a *-algebra, then H (C) = {a €C:Qa=15" > 0} and H (Bye) =

LI ™ (M (B)).
n=
We will denote the first component of G, with G,: H" (B) — H~(B).
Whenever ||b~1| < H)1(—Hwe can write Gx (b) = OZO‘, b=1¢[(Xb~1)"] as a convergent
n=0

serie. Thus, it follows easily that for b € H* (M, (B)), we shall write,

[e9)

Gu(b) = ZO(M ® 1) (0 A b)) = (@ L) ([0 — X - 1] 71);

(of course, these equalities require that we consider an extension of y to B{(X)),
the algebra of formal power series generated freely by B and the selfadjoint sym-
bol X). This also indicates a very important equality, namely

(1.3) Gu(b™") = Hu(b), beH (Mu(B)).

Moreover, G, (b*) = [G,(b)]* extends G, to the lower half-planes, analytically
through points b with inverse of small norm.
Consequently, for Fx, the reciprocal of Gx, namely

Fx(b) = [Gx(D)] !, Fx(b) = [Gx(b)] ",
we have that if X, Y are monotone independent over B, then
Fxy(b) = Fx o Fy(b).
We would like also to mention the connection between F and B:
(1.4) 1-Fu(b~")b=By(b), b~'eH" (Bn).

Henceforth, if the non-commutative random variables Y, X are Boolean indepen-
dent with amalgamation over B, then, for b € H" (By.) we have

Fx+y(b) —b = Fx(b) = b+ Fy(b) —b.

Finally, the R-transform of X can be defined in terms of the Cauchy transform as
Rx(b) = G~1(b) — b~ ! for any invertible b so that ||b|| is small.

2. THE OPERATOR-VALUED SEMICIRCULAR, BERNOULLI AND ARCSINE LAWS

2.1. THE OPERATOR-VALUED BERNOULLI LAW Ber.

THEOREM 2.1. Let {X;}°, be a family of centered, identically distributed (i.e.
px; = w(X;j) forall i,j > 0), Boolean independent self-adjoint elements from a B-valued
non-commutative C*-probability space (A, Eg). Consider

I/ B — B, U(b) = EB(XZ'bXZ')



244 S.T. BELINSCHI, M. POPA AND V. VINNIKOV

the common variance of X;’s. Then the law of Sy = % converges weakly to an
element of Z%,, that will be called Ber, given by
(2.1) BBer(b) = U(b) -b.

Proof. Since Boolean independence is preserved by tensoring with M, (C),
we only need to prove the property for the first components of the B-transforms.

From the equation (1.2), we have that Bx(b) = OZO; Bx m(b), where Bx ,, (b)
m=1

are given by the recurrences

m

Eg([X0]") = kZ Bx x(b)Es([Xb]" ).
=1

It follows that for any A € R, Byx (b)) = A" Bx 1, (), so

N
BSN,m(b) = Z BXk/\/ﬁ/m(b) = N(m_Z)/ZBXI,m (b).
k=1
Therefore, if m > 2, we have that I&im Bg N,m(b) = 0, hence the conclusion. 1
—00

Utilizing the result (2.1) in equations (1.2) and (1.4) we obtain the following;:
COROLLARY 2.2. With the above notations, we have that

(22) Meger(b) = [1—5(b)b] ™,

(23) Gper (b) = [b— (67171,

2.2. THE OPERATOR-VALUED SEMICIRCULAR LAW s. The central limit theorem

law for free independence over B have been described in [14]. We will just quote
the result; the proof is analogue to the one of Theorem 2.1 above.

THEOREM 2.3. Let {X;}$2, be a family of centered, identically distributed, free in-
dependent self-adjoint elements from a B-valued non-commutative C*-probability space
(A, Eg). Consider

n:B— B, n(b)=Ep(X;bX;)

the common variance of X;’s. Then the law of % converges weakly to an element

of X%, that will be called s, given by
Rs(b) = ’7(17) -b.
Using the equations (1.1), (1.2) and the definition of Ry in terms of Gx, the

above theorem gives the following two analytic characterizations of s, the second
also shown in [5]:

COROLLARY 2.4. With the above notations, we have that
(2.4) Bo(b) = 5(Ma(D)) - b,
(2.5) b= Fs(b) +1(Gs(b)), beH(B).
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A combinatorial, more explicit, description of s is done by R. Speicher [13]
in terms of non-crossing pair partitions. We cite the result, with the notations
from the present material, in the next section (Proposition 2.9).

2.3. THE OPERATOR-VALUED ARCSINE LAW a. The general description of a will
be made in combinatorial terms.

First we need some notations. NC(n) will denote the set of all non-crossing
partitions on an ordered set with n elements (we can identify it notationally with
(n) = {1,2,...,n}). NCy(n) will denote the subset of NC(n) with the property
that all their blocks contain exactly 2 elements; if n is odd, then NCy(n) is the
void set.

For v € NCy(n), we will denote by 7 the element in NCy(n + 2) such
that (1,7 4 2) is a block in 7 and ¥\ {(1,n +2)} = <. For example, if v =
{(1,4),(2,3),(5,6)} € NCy(6), then v = {(1,8),(2,5),(3,4),(6,7)}. Also, if
71 € NCy(n) and 72 € NCy(m), we will denote by 71 & 7, the element of
NCy(n + m) obtained by juxtaposing 71 and 7, in this order. Finally, if 7 =
(B1,...,B;) € NC(n), then we denote by §(7) the set of all bijections from
{B1,...,Bg} to{1,...,q}.

The next theorem will give a combinatoric description of the central limit
theorem law for monotone independence, refining the result from [10].

THEOREM 2.5. Let {X;}?°, be a family of centered, identically distributed, mono-
tone independent self-adjoint elements from a B-valued non-commutative C*-probability
space (A, Eg).

Denote by Sy = %, ON = Hs, and by

[/ B — B, ﬂ(b) = EB(XZ'bXZ')

the common variance of X;’s.

With the above notations, the sequence of conditional expectations oy converges
weakly to a conditional expectation a which depends only on 1 and its fully matrical
extension d is described by

a([xe]"y= ), V(vb)-b
YENC;(n)

where V (v, b) are given by the following recurrences:
(12) V((1,2),b) = 5(b);
(22) V(11 ®712,0) = V(11,0) - b- V(72,b);
(32) V() = tpn(b- V(,b) D).
Proof. Since, as also stated above, the montoone independence is preserved

under tensoring with M,,(C), it suffices the prove the result for a. Also, eventu-
ally replacing each X; with X;b, we can suppose that b = 1, henceforth we need
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to compute
. X1+ - +XN\" .
my=_lim EB((i) ): lim —— - Ep(Xe, - Xe,)-
N—oo \/N N—>001<€]'<NZ,1§]<7’1N”/2 !

To each € = (e1,...,€,) € (N)" we associate a pair (m2,fz) € NC(N) x
F(NC(N)) by putting all ¢;’s that are equal in the same block and, for B €
defining f- (B) = s if there are exactly s — 1 blocks in 77z containing €;’s smaller
than the ones in B. Note that if (72, fz) = (n?,f?), then

Ep(Xe, -+ Xe,) = Ep(Xe, -+ Xy ) = V(2 f2).

From the relations defining the monotone independence, if there exists some j
with €; # ey if j # k, then Eg(Xe, - Xen) = 0. i.e. if 7t has block with only one
element, then V (712, fz) = 0 for all € with iz = 7. Particularly, for n = 2, the
limit is
N 1 )
my = lim ) SER(X}) = Es(1),

N—o00 =1

so the relation (1a) is proved.
Denoting by NC'(n) the set of all m € NC(n) with each of their blocks
containing at least two elements and using the above notations, we have:

my, = Z lim —— Z V(rm, f2)

eNC’(n) €e(N), ma=m
< lim NI max V(m, f)
ne]%( ) N—e0 N7/2 fes(m)

Since m € NC'(n), we have that |7r| < 4 and the limit is 0, unless 7 € NCy(n),
hence

1
(2.6) my= Y = lim —- Y V(m, f2).
neNC/ (n) N7 Nz (N) ip=n ‘
With the notation V, (1) = ) V(m, f=), if suffices to prove that

Te(N) T =TT
li L V =V
N vy N(7T) =V (7)
exists for all T € NCy(n) and satisfies (1.2) and (1.3).
For (2a), note first that
2.7) Vn (1 © 712) = VN(711) » Vv |y | (7T2)-
Indeed if € is such that Tz = 11 @ 7y, then it is the concatenation of some e_f

and €; with disjoint set of components such that 775> = 717 and 715 = 715. Choos-
ing the components of € from (N) can be seen as f1rst choosing the components
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of & from (N), then choosing the components of €3 from the remaining N — |77 |
posibilities, hence (2.7).
It follows that

1
Vim©m) = lim e v (m © )
1
—Nhgloo N‘H|VN(7T1) N‘H|VN | (72)
_ O (N—mp
N e~ T e R

=V(m) - V(m,), hence (1.2).

For (3a), note first that if 7 € NC,(n) and € = (ey,...,€,42) is such that
e = 7, then V(ﬁfﬁ) =Ounlesse; = €,42 <¢jforallj=2,...,n—1

Indeed, if the smallest components of € are some €j,€] withl < j <1<
n + 2, then, from the relations defining the monotone independence, we have that

V(ff,f?) :EB(XQ] o .X€n+2) = EB(X??] o 'XejEB(Xéj-i-l' : 'Xél—l)Xel 'Xel—‘rl' : 'Xn+2)
:EB(X51 T Xe]-—l) : EB(XEjEB(Xej—H t Xe,—l)Xe,) : EB(Xel-H T Xn+2)'

The set {€1,...,€; — 1} does not have any other elements equal to €; therefore
Ep(Xe, - Xej_l) = Ohence V(7 ¢, cancels.

Moreover, if €1 = €,42 < €j forall j = 2,...,n — 1, then the monotone
independence gives
(2~8) V(ﬁ,f?) = EB(X€1 ’ EB(XGZ e X€n+1) ' X€n+2) = 77(V(7rf(

’. 62"“'6714—1) :

Next we will prove (3a) together with the following relation: that for all
T € NCy(n) (n > 2, even) and all N > n we have that

(2.9) Vn(7t) = V() - N2 4 P(N)

where Py is a polynomial of degree at most 5 — 1. Remark that (2.9) implies the
existence of V().

For n = 2, the relation (2.9) is equivalent to (1.1). Suppose now (2.9) true for
n < 2m and fix 1 € NCy(2m + 2). Then 7 is either of the form 711 @ 71, for some
non-crossing pair partitions 71y and 71; with |7r1| + |712| = m + 1 or of the form ¢
for some o € NC(2m).

If 71 = 711 @ 717 then the equation (2.7) gives

Vn(m) = Vn(m) - Viy_jy | (12)
= (V(m) - Nm 4+ Pr (N)) - (V(7r2) - (N — |1 )™ + Py (N — 1))
= [V(m)V ()] - NIl 4 p ()

and the conclusion follows from (2a).
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If T = o for some o € NC(2m), the definition of V() is

(2.10) V() = Y V(m, fe),

Ee(N)2m+2 ST =TT

but, as seen above, the terms V (7, f=) cancel unless e = (L, .. Mams1,1), with
I smaller than all 77; (henceforth I < N —m) and 715 = o for T =01, oms1)-
Also, the ordered set (N); = {I+1,..., N} isisomorphic to (N —I), therefore the
equality (2.10) becomes

N—m N—m
=X L VO fupmnin) = Z Y., V(e fy)
=1 N g =e =1 (N~} =0

where for the last equality we used the argument above and equation (2.8). It
follows that

(2.11)
N—m N-—m
VN(”):Z’?( Y Uf—>) Z’?VN (o ﬂ(ZVN—z(U))-
I=1 Te(N-I)2m, T =0 I=1

From the induction hypothesis, equation (2.11) is equivalent to

N—m

N—m
V() = LIV(@)- (N=D"+ B (N=D)) =n(V(@) - [ L (N=1)"]+Qr(N)
=1

I=1

where Q, is a polynomial of degree at most m. The proof for (3a) and (2.9) is

now finished by noticing that, from the well-known approximation with Rie-
1 N-—m

mann sums of [ x™dx, the coefficient of N"*1in y (N —1)™
0 I=1

m+1 1

COROLLARY 2.6. a is stable with respect to the monotone convolution. More
precisely, if ay is the dilation with \/2 of a, then

HaoHa = ﬁaZ'
Proof. Letay, by, az,by,...be asequence of centered, monotone independent
non-commutative random variables of variance # and X; = a; + b;. It follows

that {X;}; are also monotone independent, centered and of variance 27, hence
~ Xt A XoN s T _
Son = = will converge in distribution to ap, but Sony = ry + ty, were

— Mmtbi+-tan+by _ aNy1tbNga e Fan+hoN
N o and ty AN . For all N we have that

ry and ty are monotone independent, and they converge to a; the conclusion
follows from the remark that the n-th moment of $4 o $)¢ depends only on the
first n moments of a.
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PROPOSITION 2.7. Denote a,(b) = a([Xb]"). The B-transforms of a satisfies
the following relation:

= 1
:;E b a2y — 217)) b.
Proof. Theorem 2.5 gives:
a,(b)= Y, V(mb)b

neNCy(n)
n—2

= Y ov@Em|+|[L( X viEbe Y viybpb)]

TeENCy(n—2) p=2 " meNCy(p-2) YENCy(n—(p+2))

1

_ - V(D) -b)b

neNZcm”/z

n—2 1

L[ T v npe Y Vb
p=2 " neNG(p—2) P YENG (n—(p+2))

1 n—2 1
— 117/2’7(17 . lln—2<b) . b) + pz [ /zﬂ(b . ap—Z(b) . b) . an—(p+2)(b)] )

Comparing the above relation to the recurrence for the B-transform, we have that

1
BZn,a(b) = Eﬂ(b : m2n72(b)) b
and all the coefficients of B, of odd order are 0, we conclude. 1

COROLLARY 2.8. If a is given by the variance n(b) = aba for some self-adjoint
a € B, then the Cauchy transform of a satisfies:

(bGa(b))? =14 4[aGq (b))

Proof. 1f B = C,we have that a = a, the classical arcsine law and [zG,(z)]? =
1+4G, (2)2. With the notation a;, for the n-th moment of a, the equation becomes
) 2 0 2
ol “p
2.12) <l§62k) _1+4<k;02p+1) .

Identifying the coefficients of z7" in both sides of (2.12), we obtain that for
alln > 1

n n—2
(2.13) Y apun =4 g,y .
p=0 I=0

Moreover, we have that

(2.14) ap= Y Va(m) whereVy(n) € R are satisfying (1a)—(3a).
pieNCy(n)



250 S.T. BELINSCHI, M. POPA AND V. VINNIKOV

If a is given by #(b) = aba for some self-adjoint a € B, then (1a)—~(3a) imply
that V,(7,b) = va(7)(ab)"la for some vq(7r) € R. It is easy to see that v, ()
also satisfy (la)—(3a), henceforth v4(77) = V,(7r) and (2.14) implies

a((Xb)") =Y. Va(m)(ab)" = ay(ab)" and

TeNCy(n)
Ga(b) = (b~ 11— X671 71) = b1 Y (X6 1)) = b1 Y ay(ab D),
k=0 k=0
Henceforth
(0Ga(0) = [ ¥ welab K] = 3 (3 aetni) (ab™)"
k=0 n=0 "k=0
(%) n—2
=1+ Z { Z alan_l} (ab= 1"
n=2 " 1=0

[e9)

n
—1+y ( anyb~1(ab~ 1) -azxn_lb_l(ab_l)”_l) =1+4[aGa(b)]%
n=0 "1=0
In [13] a similar combinatorial treatment is done for the operator-valued
semicircular law s; with the above notations, s can be combinatorially described
as follows:

PROPOSITION 2.9. The op-valued free central limit law s of variance y (that is
N : B — Bisthemap b — s(XbX')) is combinatorially described by

s([(xo")y= ), W(yb)-b
YENCy(n)

where W (1, b) are given by the following recurrences:
(1s) W((1,2),b) = 5(b);
(2) W(11 @ 72,0) = W(71,b) - b- W(r2,b);
(3s) W(7) = n(b-V(7,b)-b).

3. RELATIONS BETWEEN OPERATOR-VALUED BERNOULLI, ARCSINE AND SEMICIRCULAR
DISTRIBUTIONS

As mentioned in the introduction, in scalar-valued noncommutative prob-
ability the free additive convolution of two Bernoulli distributions as well as the
Boolean convolution of two semicircular distributions is the arcsine distribution.
In this section we shall make explicit to what extent this connection holds for
operator-valued distributions.

It has been shown in [3] that the Boolean-to-free Bercovici-Pata bijection
sends Ber to s. One of the important results of Voiculescu used in the proof of
this result is the subordination property for free convolution [15]: if X and Y are
free over B, then there exists w: H*(B) — H* (B) analytic so that G, ,, (b) =
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Guy(w(b)), b € H*(B). This relation holds for the corresponding fully matricial
extensions.

We remind the reader one of the tools used for proving the Boolean-to-free
Bercovici—Pata bijection, namely Proposition 3.1 of [3]:

PROPOSITION 3.1. For any B-valued distribution y, we denote wy, the subordi-
nation function for y™" = yBu@B---Bu. Then the following functional equations
N — -’

hold: n times
1 1 1 1
(3.1) wn(b) = b+ (1 - E)Pﬂmn(b) = b+ (1 - ;)Py(wn(b)),

62 Fa() =FE( b+ (1 %)Fymn(b)), b € H* (My(B)).

Our first result of this section is the following.

THEOREM 3.2. Assume that a € B% and Ber is concentrated in the points —a
and a (i.e. Ber(XbX) = aba). Then Ber B Ber = a, where a is the centered arcsine
distribution of variance b +— 2aba, b € B. In addition, if a is invertible, then the
reciprocal of the Cauchy transform of a satisfies the Abel equation

¢(Fa(b)) = ¢(b) —4, beH"(B),

Lwa=t, w € B. All relations extend to Bpc.

where ¢p(w) = wa~

Proof. Tt follows from its definition that Fpe;(b) = b — ab~!a, for invertible
b € B. (Sometimes it will be more convenient to view this relation in the form
Fger(b) = (b+a)b~1(b — a).) Assume for the beginning that a is invertible. We
claim that Fger(b)a='b = ba~ ' Fger (b), b € H* (B). Indeed,

Fger(b)a™'b = (b —ab 'a)a b =ba"'b—a, and
ba 'Faer(b) = ba ' (b—ab 'a) = ba b —a,
from which we conclude.

Let us first note a few obvious properties of the transforms involved: first,
if wi: HT(B) — HT(B) satisfies twi(b) = b+ (t — 1)Fger(wt (b)), then we can
apply the above observation for b replaced by w;(b) to conclude that

ba 'wi(b) = twi(b)a twi(b) — (t — 1) Fger(w;(b))a tw;(b)
= twi(b)a twi(b) — (t — 1)w;i(b)a ! Faer(w; (D))
=wi(b)a~tb, beH(B).
Applying this to t = n € N we obtain the equality
(3.3) wy(b)a b = balw,(b), beH'(B),
for the omega function from (3.1). Since

n 1
FBerEE” (b) = n— 1wn(b) -
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and (ba=1')b = b(a~'b), we also conclude that
(3.4) Fymn(b)a'b=ba 'Fy w,(b), beH"(B),neN.
We shall consider this relation particularly for n = 2. Writing relation (3.2) for

n =2 and u = Ber gives

FBerEEBer(b) = (b + FBerEEBer(b)) - 2ﬂ(b + FBerBHBer(b))_la‘

N —

We simplify and multiply left with (b + Femper (b))a ™! to get
bailpBerEHBer(b) + FBerEﬂBer(b)ailpBerEHBer(b) = bailb + FBerEﬂBer(b)ailb —4a.

We simplify according to equation (3.4) and multiply with a~! to the right to
obtain

(3-5) FBerEEBer(b)a_lFBerBHBer(b)a_1 = ba_lba_l —4.

We observe from this relation that

FBerBHBer (FBerBHBer (b))a_lPBerEEBer (PBerEHBer (b) )a_l =

Fyerimber(0)a ™ Fpermper (b)a ™ — 4 =

ba 'ba~! 8.
Generally,
(3.6) o per (D)8 Fatper (D)a ™ = ba 'ba™! —4n, be H"(B),neN.
This is the operator-valued version of Abel’s equation ¢(F (b)) = ¢(b) + ¢, with
¢(b) = ba~'ba~!, F = Fermper and ¢ = —4 - 1. On the other hand,

b _ b
\/EFBerEEIBer ﬁ a ! \/EFBerEEIBer ﬁ a

sob — \/EFBerggger% and b — Fgll . (b) satisfy exactly the same functional

1 —patpat —an,

equations and they both map the fully matricial upper half-plane into itself; by
analyticity, they must coincide: \/ﬁFBermBer% = Fglmpe, (b) for all b with posi-
tive imaginary part. Moreover, re-normalizing in equation (3.6) and taking limit
gives us

F](S)grEE\Ber ( \/Hb) a 1 F]ggrEEBer ( \/ﬁb)

-1 -1 _ 1: -1
Fa(b)a " Fq(b)a = nlggo n n a
= lim 1(\/ﬁmrl\/ﬁmrl —4n) = ba 'ba~t — 4,
n—oo 1

according to the monotonic central limit proved in [10] (see also Theorem 2.5
above). Thus, F, satisfies also the same functional equation as Fge;mper. We con-
clude that

w :FBerBﬂBer(b):Fa(b>_M b€H+(B)'

Vn Vo
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This proves our proposition for the case when a is invertible in B. The general
case follows now easily: we approximate a with a, = f(a), where f;: R — R is

defined by
x if|x| >e,
X) =
fel) {s if [x] <e.
Then recalling that Fge(b) = b —ab™1a,
lim ||b—ab~'a —b+ab lac|| = lim||(a —ac)b la. +ab~(a —ac)||
e—0 e—0
< lim [la — ag|[ 67| (llae ]| + llal)
e—=0
<2l llo~ "I Lim [la — ac]
e—0
= 2||ﬂ|\||b_1||£i;%i1€1£ f(x) = x|
= 4||a||||b~Y|| lime = 0.
e—0

The limit is uniform for b in closed balls included in H* (B). This shows that
Ber H Ber = a whenever the variance of Ber is b +— aba. 1

It has been shown in Corollary 2.8 that the operator-valued Cauchy trans-
form of a of variance b — aba is characterized by the equation

[bGq(b)]? =1+ 4[aGa(b)]?, b e H'(B).

We note that the above proof provides us also with an argument proving exactly
the same result. When b = z1p,

(z1 —2a)Ga(z15)(z1p +2a)Gq(z15) = 15, z € CT;

by choosing a = a1 we easily find here the equation of the Cauchy transform of
the classical usual arcsine distribution G, (z) = [22 — 4a]~1/2.

Of course, only “few” of all completely positive maps are of the form b —
aba. Using Voiculescu’s theory of fully matricial maps and Stinespring’s theorem,
the next proposition shows that nevertheless understanding arcsine distributions
with variances of the above form covers many cases of interest.

PROPOSITION 3.3. Let Ber be the Bernoulli concentrated in —a,a € B, and a =
Ber H Ber.
(i) Then s = a®1/2 is a semicircular element with variance n(b) = aba.

(i) Assume that : B — B is given by 7(b) = L f ajba; for a selfadjoint n-
j=1

tuple (ay,...,a,) € B". Then the semicircular operator valued random variable s with
variance 1 satisfies 5 = trm (a®/2), where a is the centered arcsine distribution with
values in M,,(B) having variance b — diag(ay,...,am) - b - diag(ay,...,am), b €
My (B).
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Given an M, (B)-valued distribution N, we define n = try, (N) as the distri-
bution satisfying

n(Xb1Xby - - XbyX) = e X (by © 1) X (by @ 1) - - - X (by © 1) X).

This is a distribution over 5. We observe that for any b € B,

trm o (b @ 1) = trm i N((b D 1y)[X (bR 1,)]")
n=0

e}

2 (6@ 1) [X (D@ 1)]") = Ha (D).

Clearly, same result will hold for the generalized Cauchy transforms of 91 and
n. We note that the trace of a semicircular distribution with variance 7((b;;)) =
diag(ay,...,am) - (bjj) - diag(ay, . . .,am) is still semicircular: if we look at the char-
acterization from Corollary 2.9, it follows immediately from the nature of the re-
currences (1s)—(3s) that all elements S(X (b @ 1,,) X (b @ 1) - - - X (b @ 1,,) X will
be diagonal matrices in M, (B). Thus, taking tryn in (2.5) from Corollary 2.4,
b1y, =Fs(b®1,) + W(GG (b® 1)), will provide us with an equation
1

j=1

m
We conclude that b — 1 Y (Gg (b ® 1)) jj is the Cauchy transform of the semi-
j=1
circular distribution s = try(&). This argument can be applied to the arcsine
distribution as well, according to Theorem 2.5.

Proof. The proof of (i) is straightforward. Let w(b) = J(b+ Fgermper(b)),
b € H*(B). Expanding by using the definition of Fg, and (3.1), (3.2) gives:

1
FgermBer (P) = Fger (*(b + FBeraaBer(b)))
[(b + FBerBHBer(b) - 2“)71 =+ (b + FBerEEBer(b) + 2‘1)71]71

(b + FBerEEBer( ) + 2‘1) (b + FBerEHBer(b))il (b =+ FBerEHBer(b) - 211)

_ 1
2
1 _
E(b + FBerEEBer( )) ta—a— 211(b + FBerBHBer(b)) la
= E(b + FBerEEBer(b)) - le(b + FBerEﬂBer(b))ila'
Now replacing w in the above yields
2w(b) —b = w(b) — aw(b) " 'a,

or, equivalently

(3.7) w(b) +aw) ta=b, becH(B).
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This is exactly equation (2.5) providing, according to Corollary 2.4, the reciprocal

of the operator-valued Cauchy transform of the centered semicircle with variance

17(b) = aba. This, together with Proposition 3.1 and Theorem 3.2, proves part (i).
To prove part (ii), let us define the distribution Ber on M,,(B) simply by

Gger(b) = %[(b — diag(ay, ..., am)) " + (b + diag(ay, ..., am)) "],

for b € H (M, (B)). Thus, now we view our scalar algebra to be directly M,,(B)
and build the fully matricial structure starting from My, (A), My (B) and Ep;,, ()-
As shown in the proof of part (i), it follows that there exists an M,,(B)-valued
semicircular random variable & which is centered and has variance #;,, where
m: My (B) = My, (B) is given by 1, (b) = diag(ay,...,an) - b-diag(ay,...,an),
for b € M,,(B). We shall define § to simply be & viewed as taking values in B.
This gives us a variance for 5 equal to

aq 0 0 b 0 0 a1 0 0
. 0 a, 0 0 b 0 0 ap 0
0 0 R 0 0 b 0 0 A
a1baq 0 0
. 0 azbaz 0
O O tte ambam

Thus, taking partial traces gives
1 m
b=tr, (b&1y) =try (F5(b®1y) ) +trm (1m (G (b&11))) :Fs(b)—i—% Y a;iGs(b)a;.
=1

This proves (ii) and completes our proof. 1

We note that whenever B is finite dimensional, the above proposition gives
a complete characterization of the correspondence between operator-valued semi-
circle, arcsine and Bernoulli distributions. This follows directly from Stinespring’s
dilation theorem.

We note that the relation described in Theorem 3.2 cannot hold unless the
variance is of the form b — aba. Indeed, generally, this equality implies (by an
identification of moments of order 2 already) that

by (b)by(b)b _ by (b)by(b) + by (by(b)b)b
2 4 '
This requires that 7(b)by(b) = 5(by(b)b), which (for example for a B which is a
factor) holds only when 77(b) = aba.

We conclude with a remark about the dynamical system properties of the

reciprocal of the Cauchy transform of a.
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REMARK 3.4. (i) F; embeds in a composition semigroup, i.e. there exists
F(t,b): [0,+00) x H*(B) — HT'(B) so that F(1,b) = F4(b), F(0,b) = b, and
F(t+s,b) = F(t,F(s,b)). In particular, Fy"(b) = F(n,b) for all n € N. Indeed,
this follows from Corollary 2.6: replacing 2 in it with any other natural number
werelate FJ" (b) = /mF, # This holds for a of any variance, so we have shown
that F, embeds in a semigroup F(t,b): Q1 x H" (B) — H*(B) so that F(1,b) =
F.(b), F(0,b) =b,and F(t+s,b) = F(t,F(s,b)). The extension to [0, +o0) follows
by continuity.

(ii) A consequence of the above item is that F(t,b) = \ﬁFa\%. In particular, Fy
embeds in an analytic semigroup.
(iii) For any analytic composition semigroup F over H" () and any element

b € H"(B), the linear operator 9,F(1,b) on B is injective. Indeed, assume ¢ €
B\ {0} is so that 9,F(1,b)c = 0. Then

9E(1+t,b)c = d,E(t, F(1,b))3,F(1,b)c = 0,

so t +— 0,F(1 4+ t,b)c is constant on [0, +o0). Since this function extends analyti-
cally to (—1, +00), it must be constant on all this interval. But as (¢,b) — F(t,b)
is analytic, it follows that for f > 0 sufficiently small, 0, F(t, b) is close in norm to
the identity, hence bijective. So for t > —1 close to —1, d,F(1 + £, b) is close to the
identity on B. This contradicts c # 0.

(iv) In particular, 0;F (¢, b) can never be zero. Otherwise,

QE(t +,b) = 3;(E(s, E(t,b))) = 0, E(s, E(t,b))3:F(t,b) = 0

forall s € (—t,+o0), so that t — F(t,b) is constant. Contradiction. (In fact, this
IS possible, namely when b is a fixed point for some, hence all, F(¢, -). However,
this would not allow SFq(b) > b for all b € HT(B), a relation satisfied for any
invertible variance.)

(v) F, is injective on all of H' (B). Indeed, assume that Fy(b) = F,4(c). Then
F(t —1,Fy(b)) = F(t,b) = \/EFa\% implies that

b c
\/EFQ% = F(t—1,F4(b)) = F(t—1,F4(c)) = \/EPaﬁ

for all t > 1, and hence, by analyticity, for all t > 0. Letting t tend to zero, we
obtain b = c, as claimed. (Observe that in fact this holds true for all analytic
semigroups.)

(vi) If a has variance Eg(aba) = 7(b), then F, satisfies

Fa(b) = Fy(b)(b—2y(b71)), b€ H(B).
If we let My (b) = Gq(b™!), then the equation above becomes

M} (b)(b — 2by (b)b) = Ma(b).
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(vii) Finally, we mention the partial differential equation is satisfied by Fi:

HE(Lb) = %(F(t, b) — E(L D)D), > 0,b € H(B).
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