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ABSTRACT. We classify aspherical Popescu’s noncommutative domain alge-
bras in terms of their defining symbols. An aspherical noncommutative do-
main algebra is defined by its one-dimensional spectrum not being the unit
ball of a hermitian space. We first use the geometry of the spectra of noncom-
mutative domain algebras, together with Sunada’s classification of Reinhardt
domains in C", to show that isomorphisms between aspherical domains must
be linear in the generators. We then employ a new combinatorial argument
to show that the existence of such an isomorphism implies that the defining
symbols must be equivalent, in the sense that they can be obtained from each
others by permutation and rescaling of their indeterminates. This paper uses
and greatly expand on previous work of the authors.
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1. INTRODUCTION

Noncommutative domain algebras, introduced by Popescu [7], provide a
generalization of noncommutative disk algebras and serve as universal opera-
tor algebras for a large class of noncommutative domains, i.e. noncommutative
analogues of domains in C". This paper addresses the question of classification
of these operator algebras up to completely isometric isomorphisms. In our pre-
vious work [3] on this problem, we suggested an approach in terms of spectral
theory: each noncommutative domain algebra naturally gives rise to countably
many spectra, and an isomorphism between such algebras induces (contravari-
antly) biholomorphic maps between the spectra. Exploiting this construction, we
were able to show that many examples of noncommutative domains algebras
were not isomorphic and we could characterize the noncommutative disk alge-
bras in terms of their symbols. However, the classification of the noncommutative
domain algebras was not done in terms of their defining symbols in general.
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Our present work uses the classification of Reinhardt domains by Sunada
in [10] and new combinatorial techniques to provide a complete classification of
a large class of noncommutative domain algebras in terms of their defining sym-
bol. This class consists of the aspherical noncommutative domain algebras whose
symbol is polynomial, as we shall define in the first section of this paper. In addi-
tion, we show that our techniques can be used to generalize results from several
complex variables analysis to the setup of noncommutative domain algebras, by
proving a version of the Cartan’s lemma [8], [9]. We expect that one could use
the work in this paper to establish other such generalizations. The results of this
paper fit in the broader context that nonselfadjoint operators tend to preserve the
objects used to construct them. We refer to [1], [5] for examples.

Let us introduce the objects of interest in this paper, as well as the notations
we will use throughout our exposition. Popescu noncommutative domains are
defined by means of a symbol, which is a special type of formal power series. Let
;i be the free semigroup on n generators g1, . ..,g, and identity go. If Y3,..., Yy,
belong to any ring, and if & € F,} is written as « = g;, - - - g;,, then we write Y, for
the product Y;, - - - Y;,. We shall denote the free formal power series f with coef-
ficients (a,) weFr by f = Y a,X, where it is understood that Xj, ..., X, are the

aclk;;
indeterminates of the ring of free formal power series — in other words, the ring
of the semigroup F,; where the generators g1, ..., ¢, correspond to X3, ..., Xy.

A formal power series f = Y a,X, with real coefficients a, (« € F}}) is

aclF;;
reqular positive if:
1/n
(1.1) agy=0; ag,>0 ifi=1,...,n; ay>0forallacF,; sup( ) a? ) < oo,

neN* ‘p(‘:n

These conditions are sufficient for the existence of the noncommutative domain
algebra of symbol f, which we now define.

Let us be given a regular positive free formal power series f = Y. a,X, in
acl;;
n indeterminates, and a Hilbert space /. We define the noncommutative domain:

Ds(H) = {(T1/-~-/Tn) €EBM): Y auTuT, < 1}
acFy;

where B(H) is the von Neumann algebra of all bounded linear operators on H
and 1 is its identity. The interior of Df((Ck) will be denoted by ID)iE. Popescu

proved in [7] that certain weighted shifts on the full Fock space ¢*(F;/) of C"
provide a model for all n-tuples in all domains D¢(H). Specifically, as shown in

[7], one can find positive real numbers (b, ), cr+ and define linear operators Wif

on ¢2(F;) such that:
[ b
Wif5oc = %%im
8it
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where {6, : « € F;f} is the canonical basis of ¢2(F,;). Then (W{,...,W/;) €
D f(éz(IF,f )) and the coefficients (44 ),cp+ can be recovered from the coefficients
(ba) yerrr - We then define:

A(Dy) = span{W, : a € F;} }

i.e. A(Dy) is the norm closure in B(#) of the algebra generated by w/,.., W,{ .
The fundamental property of this algebra is that:

PROPOSITION 1.1 (Popescu). Let f = Y. a,X, bearegular positive free power
aclk;;
series in n indeterminates. Let H be a Hilbert space. Let (Ty,...,Ty) € Dy(H). Then

there exists a (necessarily unique) completely contractive unital algebra morphism @ :
A(Dgp) — B(H) such that Q‘)(W]f) =Tiforj=1,...,n

The algebra A(Dy) is the noncommutative domain algebra of symbol f. When
f = X1+ + Xy, the algebra A(Dy) is the disk algebra in n-generators. In [3],
we used techniques of complex analysis on domains in C" to study the isomor-
phism problem for noncommutative domain algebras. In our context, the cate-
gory NCD of noncommutative domain algebras consists of the algebras .A(Dy)
for all positive, regular n-free formal power series f for objects, and completely
isometric unital algebra isomorphisms for arrows. We then constructed for each
k € N a contravariant functor ID* from NCD to the category HD;, 2 of connected
open subsets of Ck* with holomorphic maps. Given a regular positive formal
n-free formal power series f, the functor D associates to A(D ¢) the domain ]D)ii.
The key observation of [3] is that any isomorphism & : A(Ds) — A(Dg) in
NCD gives rise to a biholomophic map @k = DF(P) from D’é onto ]D);E, and this
construction is functorial (contravariant). Thus, D give fundamental invariants
of noncommutative domain algebras. We showed in Theorem 3.18 of [3] that
if @ : A(Df) — A(Dy) is an isomorphism in NCD such that ®1(0) = 0 then

there is an invertible matrix M € M,x,(C) such that [ W§ .- Wj ]t =

M®1 [(F;)) [ W{ e W,{ T. We could then use this result to characterize
the disk algebra among all noncommutative domain algebras ([3], Section 4.3):
A(Dy) is isomorphic to the n-disk algebra in NCD if and only if f = X; +- - - + X,
after possible rescaling (i.e. replacing each indeterminate with a multiple of itself).
We could also distinguish between the instructive examples f = X; + Xs + X1 Xp
and g = X; + X» + 1 X1 Xo + 3 X, X7 in NCD ([3], Section 4.2).

Though the noncommutative disks were characterized by their symbols, we
lacked a more general relation between symbols and isomorphism classes of non-
commutative domain algebras. For instance, if f = X; + X, + X1 Xp and if A(Dy)
is isomorphic in NCD to A(Dy) for some symbol g, what is the relation between
f and g? This paper answers this question in general if f is any polynomial such
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that {(z1,...,2x) : f(z1,...,20) < 1} is not a ball in C" for the usual hermitian
metric.

To do so, we proceed as follows. Given a regular positive free formal poly-
nomial f, we establish that ID)} is not a product of proper Reinhardt domains.

We then show that the geometry of the boundary of Djl, prevents this domain to
be a generalized Thullen domain. Thus, by Sunada’s classification of Reinhardt
domains [10], we conclude that ]D)} is either a ball, or its automorphism group
fixes the origin. This, in turns, implies that isomorphisms in NCD induces bi-
holomorphic maps which fixes 0 for aspherical domains. Thus, [3] shows that
isomorphisms between aspherical domain algebras are linear in the canonical
generators. We present a new combinatorial argument to conclude that if f is as-
pherical and A(Dy) and \A(Dy) are isomorphic in NCD then f and g are in fact
obtained from each others by permuting and rescaling their indeterminates.

In the last section of our paper, we show that the techniques developed in
this paper can be applied to prove a Cartan’s lemma for noncommutative domain
algebras. Such a result was proven using a different method in [8], [9] for gen-
eral symbols. We present here a different, shorter proof for polynomial symbols,
based on finite dimensional representations and our combinatorial methods. This
approach to generalizing results from several complex variables to noncommu-
tative domain algebras is likely to apply to other results.

In Theorem 4.5 of [9], Popescu proved that two noncommutative domain
algebras are isomorphic in NCD if and only if their corresponding noncommuta-
tive domains are biholomorphic, in the generalized sense of Popescu. Thus, our
result extends to the biholomorphic classification of noncommutative domains
in terms of their defining symbols. We note that Popescu’s result applies to a
larger class of domain algebras and noncommutative domains associated with
the Berezin transform. We refer to Theorem 4.5 of [9] for details.

2. ASPHERICAL NONCOMMUTATIVE DOMAIN ALGEBRAS

This first section applies Sunada’s classification of Reinhardt domains to
the classification of noncommutative domain algebras. In [3], we showed how to
classify all noncommutative domain algebras isomorphic to the disk algebras. In
this paper, we will provide a complete classification for the class of polynomial
aspherical domains as defined below. These two classes are disjoint from each
other, and together these two classication results cover most cases of noncommu-
tative domain algebras.

DEFINITION 2.1. Let f, g be two regular positive free power series in # inde-
terminates. We say that f and g are permutation-rescaling equivalent if there exists
a permutation ¢ of {1,...,n} and a nonzero positive numbers Ay, ..., A, such
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that g(Ang(l), e ,AnXg(n)) = f(Xlr S ,Xn) where Xj,..., X, are the indeter-
minates.

One checks easily that permutation-rescaling equivalence is an equivalence
relation of regular positive free power series. It was shown in Lemma 4.4 of [3]
that if f and g are regular positive free formal power series in 1 indeterminates,
and f and g are permutation-rescaling equivalent, then A(Dy) and A(Dy) are
isomorphic.

In Theorem 4.7 of [3], we showed that it is possible to characterize the non-
commutative disk algebras A, (also known as noncommutative analytic Toeplitz
algebras in [4]) with their symbols:

THEOREM 2.2. Let f be a free formal polynomial in n indeterminates X, . .., Xy.
The noncommutative algebra A(Dy) is isomorphic in NCD to Ay if and only if f is
permuation-rescaling equivalent to X1 + Xo + -+ - + Xj.

We also proved that a few other noncommutative domain algebras, with
distinct symbols, were not isomorphic in NCD. We now propose to completely
classify by their symbol a very large class of noncommutative domain algebras,
which is disjoint from the noncommutative analytic Toeplitz algebras class. The
fundamental property of the algebras of this new class is that their spectra D'
are not given by (hermitian) balls (note that all the spectra, in the sense of [3],
of noncommutative analytic Toeplitz algebras, are in fact unit balls in hermitian
spaces). We formally introduce this class in the next few definitions.

DEFINITION 2.3. Let f be a positive regular n-free formal power series.
Then f is spherical if it is permutation-rescaling to some g such that:

]D);,: {(21/-..,271) cC": ’Z1|2+...+|Zn|2 < 1}.

DEFINITION 2.4. Let f be a positive regular n-free formal power series.
Then f is aspherical if f is not spherical.

DEFINITION 2.5. A free power series f is a free polynomial if, writing f =

Y. a.Xy, the set {a € F,f : a, # 0} is finite. We shall write n-free polynomial
aclFy
for a free polynomial in n-indeterminates.

DEFINITION 2.6. The noncommutative domain A(Dy) is aspherical when f
is aspherical, and polynomial when f is a free polynomial.

It should be noted that there are domains which are not aspherical but not
isomorphic to the disk algebras. Let us give a few examples to illustrate our
definition.

EXAMPLE 2.7. Let f = 3Xi + ;X5 + 3 X] + 3X5 + X1 X. Then D} is the

open unit ball of C2. Yet, by Theorem 4.7 of [3], we know that A(Dy) is not a disk
algebra.
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EXAMPLE 2.8. Let f = X7 + 3 Xo + 1(X; + X)?. Using Theorem 4.7 of [3],
we see again that A(Dy) is not isomorphic to a disk algebra in NCD. However,
there is a completely bounded isomorphism from the disk algebra onto .A(Dy).
This illustrates the importance of our choice of isomorphisms as completely isomet-
ric unital algebra isomorphisms.

EXAMPLE 29. Let f = X5 + X0 +3X1Xs, g =2X1 + Xp +6XoXj and hh =
X1 +2Xp + X2. All three symbols are polynomial and aspherical. We will show
in section 3 using Theorem 3.2 that A(Dy) and .A(Dy) are isomorphic, but A(Dy)
and A(Dy,) are not.

It is of course quite easy to produce examples of polynomial aspherical sym-
bols, so our work will apply to a large class of examples.
It is immediate, by definition, that:

OBSERVATION 2.10. Let f be a positive regular free formal power series in
n indeterminates. Then ]D)Jl( is a bounded Reinhardt domain in C".

Now, Sunada in Theorem A of [10] shows that up to rescaling-permutation
of the canonical basis vectors of C”, all bounded Reinhardt domains can be writ-
ten in a normalized form. We cite this theorem with the necessary notations
added in the statement.

THEOREM 2.11 ([10], Theorem A). Let D be a bounded Reinhardt domain in C".
Up to applying to D a map of the form (z1, ..., zn) € C" = (MZp (1), -, AnZg(n)) With
o some permutation of {1,...,n}and Aq, ..., Ay some nonzero complex numbers, D can
be described as follows. There exists integers 0 = ng < ny < --- < ng = n, integers
p,r € {1,...,n} withn, = p and a bounded Reinhard domain Dy in C"~P such that, if
forany z = (z1,...,2z4) € C" we set zj = (zu;_,11,-..,2n;) and r = n — p, then:
@A DN(CP x{0})={(21,...,25) €C" : |z1| <TA--- ANz | <T A (Zy41, .-, Z5)
=(0,...,0)}.
(ii) {0} x D; = DN ({0} x C"~F).
(iii) We have:

D:{(zl,...,zs):\zﬂ <TA-Alze] < 1A

) ( Zr4+1 Zs ) €D, }
(1= 270 T, (1 = [P
where G411, - - ., qs, are positive nonzero real numbers distinct from 1.

We also observe that if f is a regular positive n-free power series, then ]D)} N

(Cr x {0}) = ID);, for the power series ¢ obtained by evaluating X, ;1,..., Xy to
0. One readily checks that g is a regular positive p-free power series. This simple
observation will prove useful.

Our strategy to prove our main theorem of this section, Theorem 2.15, is as
follows. Let f be a regular positive aspherical n-free polynomial.
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(i) Since f is aspherical, n; < n and thus r < s in Theorem 2.11 for ]D)]l(.

(i) We first show that ]D)Jlf can not be a product of bounded Reinhardt domains.

This implies that » € {0,1} in Theorem 2.11 for ]D}.

(iif) We then show that if n = 2, i.e. f has only two indeterminates, then ]D} can
not be a Thullen domain [11]. This implies that = 0 in Theorem 2.11 for ]D)} for
an arbitrary n.

(iv) We then conclude, using Corollary 2, Section 6, p. 126 of [10], that the au-

tomorphism group of D} fixes the origin.

To implement this approach, we start with a few lemmas.

LEMMA 2.12. Let f be a positive regular n-free formal polynomial. Then D¢ (C)
is not a Cartesian product of bounded domains.

Proof. Up to rescaling, we assume that a, = 1 for all words « of length 1.
Assume that there are two domains D and D’, respectively in C? and C7 with
p+q=n,p,q > 0and such that:

1 _ /
]D)ffDxD.

Let (z1,...,2p) € D be aboundary point. Then (zy,...,zp,0,...,0) € C"isalsoa
boundary point of }D)}. Hence:

Y aalze* =1

L
a€l,

Let (wy,...,wy) € D'\{0}. Then (z1,...,zp, w1,...,wy) € D1, so (if we letz, 1 =
W1, .., 20 = Wy):

12 Y aalzaP> Y aulzal®+[wr P+ - Hlwg? =1+ w24 - 4wy |* > 1
aclk;h aeFy

which is a contradiction. Hence ID)} is not a product of domains in proper sub-

spaces of C". 1

Thullen [11] proved that all bounded Reinhardt domains containing the ori-
gin in C? are biholomorphic to either the unit ball, the polydisk, a domain whose
automorphism group fixes 0, or to a Thullen domain:

{(z,w) € C?: |z]* + |w*T < 1}

for some g € (0,1) U (1, 00). This result, of course, is generalized in Theorem 2.11.
We will start by showing that in two dimensions, Thullen domains are not in the
range of the object map of the functors D'

LEMMA 2.13. Let f be an aspherical positive reqular 2-free formal polynomial.
Then D (C) is not a Thullen domain [11].
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Proof. Assume Df(C) is a Thullen domain [11]. Up to applying a rescal-
ing and permutation of the free variables of f ([3], Lemma 4.4), there exists g €
(0,1) U (1, 0) such that, writing T : (z1,22) — |21]? + |22/%7 — 1, we have:

}D)} = {(z,w) € C?: 7(z,w) < 0}

jlf of ]D} is then

{(z1,22) € C?: 7(z1,22) = 0}.

and the boundary oD

We shall adopt the standard notation that given (z1,2z;) € C?, we have zj =
xj +iy; for xj, y; € R. We identity C? with R*. Then:

T: (3, 2) o Y+ (G )T -1
Let V denote the gradient operator on R* (i.e., with usual abuse of notations,
t
V= % aiyl % Biyz } ). Then for all (zq,25) € 8]1))}):

le

_ 21
V1(z1,22) = 232 (23 +12)971
2qy2(x3 +y3)7

On the other hand, by definition, the boundary of ]D)Jlr is:
{(21,22) eC?: Z:aa|z,,¢|2 —1= 0}.
To simplify notations, we shall introduce the coefficients (¢, )y men as follows:

Cnm = Z{lltx S IF+/ |‘x|l =nA ‘“‘2 = m}

where |a|; is the number of times the generator g; appears in the word a (i = 1,2).
Thus we can write for all (z1,2,) € C2:

Y aalzal? = ) cumlz Pz

xeF; n,meN
Now, let:
p:(z1,22) € C? ) cnmlz1 2" |22/ — 1.
n,meN
We thus have:

p(x,y1x2,y2) = Y. cum(xd +y1)" (x5 +13)" — 1.
n,meN
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1.
I

)3 Cnm2hnX1 (X% + y%)n
nmeN, (n,m)#(0,0)
2
)
2

Then for all (z1,z;) € 0D

Y +y)™

(Z i )Cn,mznyl(x%Jr% g +y3)"
o n,meN, (n,m)#(0,0
VP(Zl,Zz) - Z Cn,mszZ(
n,meN, (n,m)#(0,0)
Y Cn,mzmyZ(
n,meN, (n,m)#(0,0)
2vi(co+ L newm(xF +y7)" (G +y3)") ]
nmeN, n>1
2i(co+ L newm(x+y1)" (5 +y3)")
nmeN, n>1

2xp(con+ X menm(x]+y1)" (3 +y3)" )

n,meN, m>1

2ya(co,1 + )y mcn,m(x% + y%)n(x% + V%)mil)

L nmeN, m>1 i

X+ y7)" (g +y5)" !
)" (3 + )"

(x
(

NN NN

H(x

The tangent plane in R*toa boundary point (z1,z;) (where z; # 0 so that we
work at a regular point for ) of ]Djl, is the orthogonal space to any normal vector
to the boundary of ID)} at that point, namely it is the orthogonal of Vp(z1,2;), as
well as the orthogonal space to V(z1,z2) (see, for instance, Chapter 3 of [6]).
Thus, these two vectors must be co-linear. In particular, let us focus on the first

and third coordinates. It is therefore necessary that if x; # 0,x, # 0:

(co+ T nean@+R) (03 +3)")a(3 + )
nmeN, n>1

2 2y 2 2 \m—1
=coi+ Y, meam(xf+yD)" (5 +y3)"
nmeN, m>1
which is equivalent to:

(01,04— 2 NCn,m zl|2”*2|22\2m>q|zz|2’172zco,l—i- 2 MCym
nmeN, n>1 nmeN, m>1

z |2n |22|2m72'

Now, since (z1, z) is on the boundary of the Thullen domain D%, we have 7(z1,z;)
=01i.e. |z1|*> = 1 — |z3|?. Hence:

(ot X mewm(— 2P |z ) qlzo 22

nmeN, n>1
=con+ ), meym(l— |20 |27) | 25 |22,
n,meN,m>1
This identity must be valid for all (z1,zp) on the boundary of ]D)Jlr except when
zp = 0. Thus it is true on a neighborhood of 0, except at 0. Hence both sides of
this identity must be continuous at 0 since the right hand side is as a polynomial
in R2. This precludes that g < 1. Hence g > 1and we get at the limit when z; — 0
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that 0 = cg1, which contradicts the definition of f regular positive. So Df(C) is
not a Thullen domain. 1

REMARK 2.14. An important observation is that Thullen domains are a spe-
cial case of the domains described in Theorem 2.11. Indeed, assume, in the no-
tations of Theorem 2.11, that n = 2, s = 2, r = 1. Then D;, which is a bounded
Reinhard domain in C which we can put in standard form, is just the unit disk in
C, so:

D ={(z1,22) € C?: |z1| < 1A |zo| < (1 —|z1[})7}
={(z1,22) € C?: |21 > + |2¥7 < 1}

which is to say that D is a Thullen domain [11]. In particular, if # is now arbitrary,
s > r > 1, then the intersection of D with the plane spanned by the first and
(p + 1) canonical basis vectors of C" is a Thullen domain.

THEOREM 2.15. Let f be a aspherical regular positive n-free polynomial. Then the
automorphism group of Dy(C) fixes 0.

Proof. By Proposition 3.11 of [3], D} is a bounded Reinhardt domain in C".

Up to replacing f by a permutation-scaling equivalent symbol, we can as-
sume that DL is in standard form, i.e. of the form given in Theorem 2.11. We
recall from Lemma 4.4 of [3] that if two symbols are permutation-scaling equiva-
lent, then their associated noncommutative domain algebras are isomorphic.

We shall now use the notations of Theorem 2.11 applied to ]D)Jl,.

By definition of aspherical, ID)} is not the open unit ball of C", so n; < n,
r<sandp < n.

Assume now that r > 1. Then ]D)Jl( N (CP x {0}) is a product of open unit
balls. Yet, if g is obtained from f by mapping X, 11, ..., Xy by 0, then g is a regular
positive p-free polynomial such that ]D)é x 0= D} N (C? x {0}) by construction.
By Lemma 2.12, ]D);, is not a proper product, so it must be at most one unit ball.
Hence, r = 1.

Therefore, in general, r € {0,1}. Assume thatr = 1,s01 < p < n (since
r < s as well). Let h be the regular formal 2-free polynomial obtained from f
by mapping X»,..., Xy, Xp12,..., Xy to 0 (once again it is immediate to check
that indeed # is a regular positive polynomial in indeterminates Xq, X,41). In

particular, observe that ]D),l1 is the intersection of }D} by the plane spanned by the

first and (p 4+ 1) canonical basis vector in C". By Remark 2.14, D} is a Thullen
domain. By Lemma 2.13, this is impossible. So we have reached a contradiction.
Hence r = 0. By Corollary 2 of Theorem B, Section 6, p. 126 of [10], all

automorphisms of ]D} fix 0. Our theorem is proven. 1

Applying Theorem 3.18 of [3], we get the following important result:
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THEOREM 2.16. Let f and g be reqular positive n-free polynomials, with f aspher-
ical. Then if @ : A(Ds) — A(Dy) is an isomorphism, then ®(0) = 0 and therefore,
there exists M € My x,(C) such that:

[ o(W/ d(W) T: (M@1pg,)) [ WS - Wi ]

D)
Proof. Let A = ®(0). Assume A # 0. Letj € {1,...,n} such that Aj #
0 where A = (Ay,...,A,). Let p be the linear transformation of C" given by

1.
j—1
the matrix [ -1 } in the canonical basis of C" (where 1; is the identity of
nj

order k for any k € N). Then p(A) # A. By Lemma 4.4 of [3], there exists a
unique automorphism g of A(Dg) such that D!(g) = p since p only rescale the
coordinates. Let T = @ !opo®: by construction, T is an automorphism of
A(Dy), and moreover T(0) = & 1(p(A)) # 0 since ! is injective. Thus 7 is
an automorphism of D (C) which does not fix 0. By Theorem 2.15, since f is
aspherical, this is a contradiction. Hence ®(0) = 0. The theorem follows from
Theorem 3.18 of [3]. 1

COROLLARY 2.17. Let f, g be aspherical reqular positive n-free polynomials. Then
there exist an isomorphism @ from A(Dy) onto A(Dy) if and only if there exists an in-
vertible matrix M € My xn(C) such that:

t
wi . W,{} = (M@lpg,) [ W - wi .

In particular, the automorphism group of aspherical polynomial noncom-
mutative domain algebras consists only of invertible linear transformation on
the generators, in contrast with the disk algebras which have the full automor-
phism group of the unit ball as a normal subgroup of automorphism [4]. We also
contrast this result to the computation of other nontrivial automorphism groups
associated to the disk algebras in [2].

COROLLARY 2.18. Let f be an aspherical regular positive n-free polynomial. The
automorphism group of A(Dy) is a subgroup of the unitary group U(n).

3. CLASSIFICATION OF POLYNOMIAL ASPHERICAL NONCOMMUTATIVE DOMAIN
ALGEBRAS

This section establishes an explicit equivalence on aspherical regular posi-
tive n-free polynomials which corresponds to isomorphism of the associated non-
commutative domain algebra. This result generalizes Section 4 of [3].

We defined in [3] dual maps associated to an isomorphism in NCD as fol-
lows. Fix f and g two regular, positive n-free formal power series, and let @ :
A(Ds) — A(Dg) be an isomorphism in NCD. Let k € N, k > 0. For any
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A= (A,...,An) € ID)? C (Mjxk(C))", there exists a unique completely con-
tractive representation 77, : A(Dg) — M;x,(C) such that n(ng) = A; for
j=1,...,n Now, p = m o® is a completely contractive representation of
A(Dy) on Mnxn(C),io there exists (y1,...,1n) € Dji such that p(W]f) = pj for
j=1,...,n. Weset ®x(A1,...,An) = (y1,...,n). We showed in [3] that these
maps are biholomorphic and that this construction is functorial and contravari-
ant.

We start with a combinatorial result.

PROPOSITION 3.1. Let f = ) a{;X,X and g = Y. a§X, be reqular positive

acF;r a€FF

n-free polynomials. Up to rescaling, we assume a{; = a§ = 1 for all words « of length

1. Let @ : A(Dy) — A(Dyg) be an isomorphism such that ®(0) = 0. Let U =
[uiili<ij<n € Mnxn(C) be the unitary matrix such that forall i € {1,...,n}:

n
(3.1) o(W/) =Y i WY,
j=1

We define the support function s¢ of @ by setting, for any subset A of {1,...,n}:
S@(A) = {] (S {1,...,71} :dic A Ujj 75 0}.
Then there exists partitions {coy,...,0p} and {1,..., ¢} of {1,...,n} such that for

alli € {1,...,p} we have s¢(0;) = ¢i, Sp-1(;) = 07 and |o;| = |;|. Moreover, if
A C{1,...,n} satisfies s 1 05p(A) = A, then:

A=Hoi:ie{l,...,p} Aoy C A}
Proof. Since @ is an isomorphism such that ®(0) = 0, we conclude by The-
orem 3.18 of [3] that there exists a unitary U = [ujj]i<ij<n € Mnxn(C) such
that equality (3.1) holds for i € {1,...,n}. Note that by definition s¢(A) =
U se({i}). Moreover, for the same reason, there exists V = [v;]1<; j<n € Muxn(C)
i€A

such that (D’l(Wf) = Ul-]-W]f and it is immediate that V = U* i.e.:

Tt

]
o (WE) = Y mW/.
This implies that for A C {1,...,n} we have:
se-1(A) ={j€{l,...,n}:Ji €A v;; #0} (by definition),
={je{l,...,n}: €A u; #0} (since V=1U").
In particular:

k€so({i}) < i€sp1({k}).
Thusi € sg-1050({i}).
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We now observe that given any partition {oy, ..., 0y}, if we set ¢; = s¢(07)
foralli € {1,...,n}, then |y;| > |oy| for all i € {1,...,n}. Indeed, fix i €
{1,...,n}. Letj € 0;. By definition:

fy — g
PW) = ) upWy.
kEl[)[

Since @ is injective and {Wf Jee W,J; }and {W¢,..., W3} arelinearly independent
sets, we have:

|i|=dim span{W;:j € g; }=dim span{CD(W]f) :j€ o }<dim span{W¢ :k € g; }=|y;].

If, moreover, 0; = sg-1(¢;) foralli € {1,...,n}, then one gets |o;| = |;| for
ied{l,...,n}

Now, we turn to the construction of a partition {cy,...,0,} of {1,...,n}
such that s 1 05¢(0;) = o; foralli € {1,...,n}. Leti € {1,...,n}. Set Ay =
{i} and A1 = sg1050(Ap) forallm € N. Let k € Ay, for some m € N.
Then there exists j € sg(Am) such that uy; # 0. Since j € s¢({k}) we have
kespi({j}) Csp105¢(Am). Hence k € Ayi1. So (Am)men is a sequence of
subsets of {1,...,n} increasing for the inclusion. Since {1,...,n} is finite, there
exists N € N such that Ay = An41. We define cl(i) = Ay.

We thus construct subsets cl(1),...,cl(n) of {1,...,n} such that i € cl(i)
foralli € {1,...,n},so U «cl(i) = {1,...,n}. Toshow {cl(1),...,cl(n)} is

ie{l,..n}
a partition, it is thus sulfficient to show that if, for some i,j € {1,...,n} cl(i) N
cl(j) # @ then cl(i) = cl(j).

To do so, let us assume that k € cl(i). Since sg-1 0sg(cl(i)) = cl(i) by
definition, we conclude that cl(k) C cl(i). On the other hand, by construction,
there exists jq,...,j; (for ¢ < n) such that j; = i, j; = kand ;11 € sg-10
so({jm}). Fixm € {1,...,q}. Since jy41 € sg-1 050 ({jm}) there exists r,, €
so({jm}) such that j, 11 € sg1({rm}) sorm € so({jm+1})- Since ry € so({jm})
we have j,; € sg1({rn}) and therefore j,, € Sp-1 05¢(jm+1). Hence, i € cl(k).
Therefore, cl(k) = cl(i).

Assume now that cl(i) Ncl(j) # @ for some i, j € {1,...,n}. Letk € cl(i) N
cl(j). We have shown that cl(i) = cl(k) = cl(j). Therefore, {cl(1),...,cl(n)} is a
partitionof {1,...,n} such thatsg 1 05¢(cl(i)) = cl(i) fori = 1,...,n. We rewrite
this partition as {cy,...,0,} (the order is unimportant). Setting ¢; = s¢(0;) for
i=1,...,p, wehave found a partition satisfying our theorem.

Note, at last, that if A C {1,...,n} such that s; 1 0s¢(A) = A then for
i € Athen

Sp-10 Scp(i) - S¢p-10 S@(A) =A

and thus cl(i) C A, as desired. 1

We now show that the permutation-rescaling equivalence on symbols cor-
responds precisely to isomorphism of polynomial aspherical noncommutative
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domain algebras. To this end, we shall recall the following observations. Let
f = Y. a,X, be aregular positive n-free formal power series.
o

(i) There exists positive real numbers b, for all « € F, such that W; maps the

canonical basis vector J, at a € F; to bsz' 5g].a forj=1,...,n[7].
](X

(ii) The correspondence between the coefficients (ax),cp+ and (ba),cp+ is bi-
jective [7].
(iii) For any &« € F,; we have HW{H = é [7].

(iv) The Pythagorean identity holds for the weighted shifts ng in the following
sense:

| e
j=1

where ¢y, ..., ¢ are arbitrary complex numbers and a7, ..., &, € F;/ are all words
of the same length [3].

We now can show:

2 n
=Yl PIwi |12
j—l

THEOREM 3.2. Let f, g be two regular, positive n-free polynomials. There exists
an isomorphism @ : A(Dy) — A(Dyg) such that (0) = 0 if and only if f and g are
permutation-rescaling equivalent.

Proof. Write f = Za{X,X and ¢ = Y a$X,. Up to rescaling (see Lemma 4.4
of [3]), we assume a{; = a8 = 1 for all words a of length 1. We first assume
that there exists an isomorphism @ : A(Dy) — A(Dg) such that @(0) = 0.
By Proposition 3.1, we can find a partition {0y,...,0,} of {1,...,n} such that
sp-105¢(0;) = o;foralli € {1,...,p}, where sg (respectively s4 1) is the support
function for @ (respectively @~ 1). Up to permutation of the free variables in g we
may assume that s¢(0;) = 0; fori € {1,...,p}.

Let! € Nwith! > 1 be given. The finite set {b{:,bﬁ ca e BNl =1}
of real numbers has a smallest number, which we note bZ, (if the minimum is
reached for a coefficient for g instead, we flip the notations for f and g for this
case), with w € F;} and |w| = I. We write w = g;, - - - gj, where g1, ..., gy are the
canonical generators of F,}. Now, since @ is an isometry and is implemented on
the generators w/ PR W,J: by a scalar unitary [Mi]']1<i,]‘<n acting on (Wi<g L, WS )
(see Proposition 3.1 for notations), we have:

2 ! 2|12
’ - H [T L wnWy

k=1rcese({ir})

2
= H Z e Z Wiyry Wigry * uimW;i T W’%
nese({in})  nese({ir})

1 1
= Wl = oW P = | TTew))
k=1

w
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1
= Z Z ‘ui]1’1|2|ui272|2' o |ui11’[|2b<g7’

rneso({ir})  neso({ir}) 2y 81,

Thus, since U is unitary, we conclude that bif is a convex combination of elements
w

in {bif' big cweFF Ao = l}, though it is its maximum. This is only possible if:
v Ya

: , 1 1
v €so({in}) -o- Vr€so({in}) = 7
8r178n w

Let us adopt the following notation. A word a will be of type o, - - - 0y, if

®=gr -8, forr; € ciwithj=1,...,1. Let oy, - - - 0, be the type of the w as
above. By repeating the above argument, we can thus show that b§ =0 = b{u
for all & of type w.

We can now repeat the proof above by picking the minimum of

1 1
{b—f,% ca € F)f A|a| = I A wis not of the same type as a)}

o
and so forth until we exhaust the set {bif’ bl—q ca € FfAla] = l} to show that
b{: =1 = b{: for all « € F;} with |a| = I. This completes our proof. &

COROLLARY 3.3. Let f, g be two regular positive n-free polynomials, and assume
f is aspherical. Then A(Dy) and A(Dy) are isomorphic if and only if f and g are scale-
permutation equivalent.

This result follows from Theorem 2.15 and Theorem 3.2.
We can summarize the current understanding of classification for noncom-
mutative domain algebra:

THEOREM 3.4. Let f be a regular, positive n-free polynomial. Then:
() If f = Y ciX; for some cy, ..., cn € (0,00) then A(Dy) is isomorphic to the disk
algebra A, .
(ii) If f is aspherical, then A(Dy) is isomorphic to A(Dy) if and only if f = g after

rescaling/permutation of the free variables of g.

This leaves the matter of classifying .A(Dy) when f is spherical, i.e. Df(C)
is the closed unit ball of C", yet f is not of degree 1.

We can now use Theorem 3.2 to prove the last statements of Example 2.9.
Indeed, M = [%9] implements the isomorphism of A(Dy) and A(Dy) since we
only rescale X; by 2. On the other hand, the second statement fo Theorem 2.16 im-
plies that, since f is aspherical, if A(Dy) and A(Dj,) are isomorphic, then D (C)
and Dy, (C) are linearly isomorphic. However, this is not the case for f and h of
Example 2.9. In fact, f and & are not obtained from each other by rescaling or per-
muting the indeterminates, so by Theorem 3.2, the domains D¢(C) and Dy (C) are
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not linearly isomorphic, so that the associated noncommutative domain algebras
are not isomorphic.

4. CARTAN’S LEMMA

In Theorem 1.4 of [8] and Theorem 4.5 of [9], Popescu establishes a general-
ization of Cartan’s lemma, first in the context of the unit ball of B(H) for a Hilbert
space H, then for a large class of noncommutative domains that includes the do-
mains considered in this paper. We propose to illustrate in this section that our
methods, as implemented in this paper and in [3], can be used to obtain a simpler
proof of these results. We refer to [7], [8], [9] for definitions and the general theory
of holomorphic functions in the context of noncommutative domains. We shall
only use the following special case of holomorphic functions:

DEFINITION 4.1. Let f be a positive, regular n-free formal power series. A
holomorphic map F with domain and codomain Dy is the given of a family of
complex coefficients (ca) e+ such that, for any Hilbert space #, the function:

Fy : (Ti,..., Ty) € interior Dy(H) >—>( Y ciaTuseens ¥ cmT“)
aclF;; aclF;;

is well-defined and its range is a subset of the interior of Df(H).

REMARK 4.2. The domain and codomain of a holomorphic function, in this
context, is the noncommutative domain D ¢ which, itself, is not a set, but a map
from separable Hilbert spaces to subsets of the algebra of linear bounded opera-
tors on the given Hilbert space. Note moreover that the domain and codomain
of the maps induced on various noncommutative domains by holomorphic maps
are the interior of the noncommutative domains.

DEFINITION 4.3. Let f be a positive, regular, n-free formal power series. A
biholomorphic map F on Dy is a holomorphic map from Dy to Dy such that there
exists a holomorphic map G from Dy to Dy such that F o G and G o F both induce
the identity on Dp(H) for all Hilbert spaces .

REMARK 4.4. By definition, the map induced by a holomorphic map on a
specific noncommutative domain is a holomorphic map on the interior of this
domain.

THEOREM 4.5 (Cartan’s lemma). D¢(C) and Dy(C) are linearly isomorphic.
However, this is not the case for f and h of Example 2.9. The results of Section 3 also
prove that Dy (C) and Dy, (C) are not linearly isomorphic since we cannot obtain h by
rescaling and permuting the symbols of f.

Let f be a regular positive n-free formal power series. Let F be a biholomorphic map
of Dg such that F(0) = 0. Then F is linear.
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Proof. By definition, there exists complex coefficients (¢ja)ic (1, 1}, acr SUCh
that for all Hilbert space H and all (T3, ..., Ty) € interior D(H) we have:

Fy(Ty,...,Ty) = ( Z c1aTus -, 2 CMT,X> € interioer(H).

aclk;; aclk;;

When H = C¥, we will write F; for the biholomorphic map induced by F
onDS‘Cfork eN, k>0.

Since this proof is essentially the same as Theorem 3.18 of [3], we shall only
deal with the case where & € F;}, |a| <2and n = 2.

By definition, F induces a biholomorphic map F; on ]D)Jlf. This map fixes 0
and ]D)} is a circular domain (even Reinhardt) in C", Cartan’s lemma [6] implies
that F is linear.

Now, the jth coordinate of F;(zy,z) for an arbitrary (zq,z,) € D} is:

. . . 2 . 2 . . ..
Cjg1Z1 + CjgyZ0 + Cjg1 0121 F CiigagaZa + (Ciigign + Cjigngy )2122 +

so the linearity of F; implies that:

ijglglz% + Cj,gngZ% (g T Cigag )12+ =0
which in turns shows that ¢j¢ 0, = Cjgre = Cjg10 T iy = 0. To show that
Cigio = Cjgogr = 0 we go to higher dimensions. Again by definition, F induces
a biholomorphic map on DJ%. The later domain is circular (not Reinhardt in gen-
eral), and thus again by Cartan’s lemma [6], since F,(0) = 0 we conclude that F,
is linear.
Now, a quick computation shows that the (2,1) component of the j co-

ordinate of F,(M, N) where M = H; Qi } and N = Hi ﬁg} are 2 x 2 complex
2

matrices in D 7 is given by:
CjgiA2 + Cjgy A6 + Cigigy (MAg + A2Ag) + Cj gy (A2A5 + Agde)
+ terms of higher degreesin A4,...,Ag
so linearity of F; implies that ¢j ¢ ¢, = ¢j¢,¢; = 0.

The proof for higher terms is similar and undertaken in Theorem 3.18
of [3]. 1

We expect that the same method of reduction to finite dimension can yield
other generalizations of results from the study of domains in complex analysis to
the framework of Popescu’s noncommutative domains.

REFERENCES

[1] O. AGRAWAL, D. CLARK, R. DOUGLAS, Invariant subspaces in the polydisk, Pacific
J. Math. 121(1986), 1-11.



290 ALVARO ARIAS AND FREDERIC LATREMOLIERE

[2] A. ARiAs, F. LATREMOLIERE, Ergodic actions of convergent fuchsian groups on non-
commutative Hardy algebras, Proc. Amer. Math. Soc. 139(2011), 2485-2496, ArXiv:
10105840.

[3] A. ARIAS, F. LATREMOLIERE, Isomorphisms of non-commutative domain algebras,
J. Operator Theory 66(2011), 425450, ArXiv: 09020195.

[4] K. DAVIDSON, D. PITTS, The algebraic structure of non-commutative analytic
Toeplitz algebras, Math. Ann. 311(1998), 275-303.

[5] R. DOUGLAS, V. PAULSEN, Hilbert Modules over Function Algebras, Pitman Res. Notes
Math., vol. 217, Longman Sci. Tech., Harlow; John Wiley and Sons, Inc., New-York
1989.

[6] S. KRANTZ, Function Theory of Several Complex Variables, Wadsworth and Brooks/Cole
Math. Ser., Wadsworth and Brooks/Cole Advanced Books and Software, Pacific
Grove, CA 1992.

[7] G. PorEscu, Operator theory on noncommutative domains, preprint, 2008.

[8] G. POPESCU, Free holomorphic automorphisms of the unit ball of B(H)", J. Reine
Angew. Math. 638(2010), 119-168.

[9] G. Porescu, Free biholomorphic classification of noncommutative domains,
preprint, 2011.
[10] T. SUNADA, Holomorphic equivalence problem for bounded Reinhardt domains,
Math. Ann. 235(1978), 111-128.

[11] P. THULLEN, Zu den Abbildungen durch analytische Funktionen mehrerer Veran-
derlichen, Math. Ann. 104(1931), 244-259.

ALVARO ARIAS, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DENVER,
DENVER, CO 80208, U.S.A.

E-mail address: aarias@math.du.edu

URL: http:/ /www.math.du.edu/~aarias

FREDERIC LATREMOLIERE, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF
DENVER, DENVER, CO 80208, U.S.A.

E-mail address: frederic@math.du.edu

URL: http:/ /www.math.du.edu/~frederic

Received August 10, 2011.



