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ABSTRACT. A theorem of Giesy and James states that ¢y is finitely represent-
able in James’ quasi-reflexive Banach space J,. We extend this theorem to the

pth quasi-reflexive James space Jp for each p € (1,00).
As an application, we obtain a new closed ideal of operators on [, namely
the closure of the set of operators that factor through the complemented sub-

space (E;@Ego@"{BEZO@---)[p of Jp.
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1. INTRODUCTION

As outlined in the abstract, we shall prove that ¢ is finitely representable in
the p'" quasi-reflexive James space ], for each p € (1,00) and then show how this
result gives rise to a new closed ideal of operators on J,. In order to make these
statements precise, let us introduce some notation and terminology.

We denote by Ny and N the sets of non-negative and positive integers, re-
spectively. Following Giesy and James [5], we index sequences by Ny and write
x(n) for the n'" element of the sequence x, where nn € Ny. For a non-empty subset
Aof No,wewrite A = {n; <mp <--- <m}porA={n <mp<---}ifAis
infinite) to indicate that {nq,ny, ..., ny} is the increasing ordering of A.

Let K = R or K = C be the scalar field, and let p € (1,00). For a scalar
sequence x and a finite subset A = {ny < np < --- < ng41} of Ny of cardinality
at least two, we define

k
vp(x, A) = (2 |x(n;) — x(nj+1)|p)1/p;

j=1
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for convenience, we let v,(x, A) = 0 whenever A C Ny is empty or a singleton.
Then v, (-, A) is a seminorm on the vector space KMo of all scalar sequences, and

[x]]j, :=sup{vp(x, A) : A C Ny, card A < oo}

=sup { (]é |x(nj) — x(n]-Jrl)|p)1/l7 :

keN, ny,...,n1 €Ng,ngp < -+ <le+1}

defines a complete norm on the subspace ], := {x € cp : [|x|[;, < oo}, which we
call the pth James space. The sequence (ex)%_,, where ¢, € K™ is given by

1 ifm=n,
en(11) {O otherwise, (n € No),

forms a shrinking Schauder basis for J,. More importantly, |, is quasi-reflexive
in the sense that the canonical image of ], in its bidual has codimension one.
This result, as well as the definition of ], is due to James [6] in the case p = 2;
Edelstein and Mityagin [4] appear to have been the first to observe that it carries
over to arbitrary p € (1,00).

A Banach space X is finitely representable in a Banach space Y if, for each
finite-dimensional subspace F of X and each ¢ > 0, there is an operator T: F — Y
such that

(1.1) (=gl < ITx[| < A+ e)llx]]  (x € F).

We shall in fact only consider finite representability of ¢y, in which case it suffices
to establish (1.1) for the finite-dimensional subspaces F = ¢}, where n € N. Al-
though not required, let us mention the Maurey—Pisier theorem that ¢y is finitely
representable in a Banach space Y if and only if Y fails to have finite cotype (e.g.,
see Theorem 14.1 of [2]). This result shows in particular that finite representabil-
ity of ¢q is an isomorphic invariant, despite the obvious dependence on the choice
of norm in (1.1).

Giesy and James [5] proved that cy is finitely representable in J,. Our first
main result, to be proved in Section 2, extends this result to arbitrary p € (1, c0).

THEOREM 1.1. Foreach p € (1,00), cq is finitely representable in J,.

To explain how this result leads to a new closed ideal of operators on ], we
require some more notation. For p € [1,c0) and a family (X;);cj of Banach spaces,
we write (e Xj)p for the direct sum of the X;’s in the sense of £,; that is,

(@H x,-)p - {(xj) :x; € X; (je ) and ];Juxjup < oo}.
We shall only apply this notation in two cases, namely

1 G (@ut), w0 (@),
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where ],S,”) denotes the subspace of |, spanned by the first n + 1 basis vectors
eo, €1, - -,en. Our interest in these spaces stems from the two facts that (i) J, con-

tains a complemented subspace isomorphic to ]1(700) ; and (ii) Theorem 1.1 implies

that | F(,oo) contains a complemented subspace isomorphic to G, (for p = 2, this has
already been observed by Casazza, Lin and Lohman ([1], Theorem 13(i)) using the
original Giesy—James theorem), and this subspace gives rise to a new closed ideal
of operators on | praswe shall now outline.

For Banach spaces X and Y, let

% (X) = {ST:T e B(X,Y),S € B(Y,X)}

be the set of operators on X which factor through Y. This defines a two-sided
algebraic ideal of the Banach algebra #(X) of bounded operators on X, provided
that Y contains a complemented subspace isomorphic to Y @& Y (which will al-
ways be the case in this paper), and hence its norm-closure, denoted by ¥y (X),
is a closed ideal of #(X).

Edelstein and Mityagin [4] made the easy, but fundamental, observation
that the quasi-reflexivity of J, for p € (1,c0) implies that the ideal #/(],) of
weakly compact operators has codimension one in %(],), hence is a maximal
ideal. Loy and Willis ([11], Open Problems 2.8) formally raised the problem of
determining the structure of the lattice of closed ideals of #(],), having them-
selves proved that # (J2) C 9,(]2) € #(J2) and S (]2) = &(2) 2 94,(]2),
where .(],) and &(J) denote the ideals of strictly singular and inessential op-
erators, respectively (see Theorem 2.7 of [11] and the text preceding it). Saksman
and Tylli ([13], Remark 3.9) improved the latter result by showing that ¢ (]) =
Z(]2), while the third author [9], [10] generalized these results to arbitrary p €
(1, 00) and, more importantly, complemented them by showing that the lattice of
closed ideals in #(],) has the following structure:

#(Jp)

Y (Jp) = g](oo)(]p) = g](w)(]p)
14 14

{0},

where 7/(],) is the ideal of completely continuous operators, the vertical lines
indicate proper set-theoretic inclusion, and further closed ideals may be found
only at the dotted line. In particular, #/(],) is the unique maximal ideal of %(]).
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The second main result of this paper, which we shall prove in Section 3,
states that %(],,) contains at least one other closed ideal than those listed above.

THEOREM 1.2. For each p € (1,00), the operator ideal ?Gp(]p) lies strictly be-
fween ?gp (Jp) and # (]p), where G, is the Banach space given by (1.2).
Hence the lattice of closed ideals in 8(],) has at least six distinct elements, namely

{0} € 2 (Jp) €90,(Jp) €Y, Up) W (Jp) S B(Jp)-

2. PROOF OF THEOREM 1.1

Throughout this section, we fix a number p € (1,00). Our aim is to prove
Theorem 1.1 by modifying the proof of Giesy and James [5]. The general scheme
of the proof is the same, but at several points, identities that are simple in the case
p = 2 have to be replaced with estimations applying to other p. We follow their
notation as far as possible. We show that there is a near-isometric embedding of
¢X for each K € N in the real case. It then follows easily, by standard techniques,
that there is at least an isomorphic embedding in the complex case. Hence in the
remainder of this section we shall assume that the scalar field is R.

Spiky vectors play a central role in the proof. As in p. 65 of [5], let

k
Zok = (Zk;l/’qjg ej-1€]Jp, (keN),
so that zyy is a unit vector with spikes in its initial k odd coordinates.

The other key ingredient is the “stretch” operator Ty,: ], — ], which, for
n € Nand x € Jp, is given by (T,,x)(kn) = x(k) whenever k € Ny and by linear
interpolation between these points. One can easily check that T}, is linear and
isometric.

We use the notation [j, k| for the set of integers n such that j < n < k.

By an inductive process, we construct, for each K € N, a set of K stretched
spiky vectors with the parameters chosen suitably, and show that these vectors
are equivalent to the usual basis of /X. The inductive step is captured by the
following lemma, corresponding to Lemma 1 of [5].

LEMMA 2.1. Let m € Nand vy,e € (0,00). Suppose that x is an element of |,
supported on the integer interval [0,2m — 1] and satisfying

. . Y p
. — P < - - 7 7 b < .
(2.1) Og}gém lx(j) —x(j+1)] 7 and ||x||]p vp(x, [0,2m])P < e

For some even n, let w = Tyx + v Pzo,,. Then w is supported on the integer interval
[0,2mn — 1] and satisfies

. . 0% 1 p
. — P <
2.2) pmax fw(j) —w(j+1)| \Zmn(1+n1—up) and
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(2.3) ||w||7p — vp(w, [0,2mn])P < 2e + yp(m, n),

where ¢(m,n) — 0as n — oo with m fixed.

We show next how Theorem 1.1 follows, and then return to the proof of
Lemma 2.1.

Proof of Theorem 1.1. With e > 0 and K € N given, we construct vectors

K

X1,...,XK € Jp with ||xi\|]p > 1forl <i < Ksuchthat|| ¥ J;x; | < 1+ 2¢eforall
i=1 p

choices of d1,...,0x € {—1,1}. We then deduce equivalence with the usual basis

| < 1+ 2¢ for all real A; with
P

K
Y Aix;
i—1

of ¢X as follows. By convexity, we have )

|Ai| < 1. Suppose that max |A;| = |Aj| = 1. Then we see that
1<i<K J

K

Z Aixi — Z)L].XJHI
i=1 p
< 1+ 2¢ (the coefficient of X; has been changed to f/\]-), SO

K
H Y Aix
-1

Let g = e/3K7%. At stage k, we will define numbers n, € Nand 9, € R

and vectors xgk), .. ,x,(ck) € Jp such that the following properties hold. Firstly,

xgk), el xlgk) are all supported on the integer interval [0, 2m; — 1], where my :=

K
| > HZ)L]JC]H]’]—HZ)\ZJQ—Z/\]X]H] }2-(1—.—28) =1-2e
4 i=1 P

niny ... ng, and ||xl-(k)||]p > 1for 1 < i< k. Secondly,

ek
1<7k<1+f-

k
Thirdly, for all choices of Jy, ..., 6 € {—1,1} and with y((sk) =Y 5,-xi(k), we have

(0 () _ ) iy p < e
(24) o s () —ys G+DI < 5, - and

(2.5) Iy I5, = vy (W, 10,2m,])7 < ey

By (2.4) and (2.5), we then obtain ||y((5k) ||;7p < Y+ e < 1+2e < (14 2¢)P, from
which the desired conclusion follows.

To start, take xgl) = zp and n; = 7 = 1. Suppose now that stage k — 1 has
been completed. For a certain even integer 7 to be chosen, define

=1, 5Dy a<i<k-1) and A =902,

Letdy,...,0 € {—1,1} be given. We may assume that 6y = 1. Apply Lemma 2.1
. _ L (k-1) _ _ _ _
withx =y; ', m=m_q,n=mn,e=¢_qand y = 7;_1. Then

k— 1 k
w =Ty (5 ") + 7 22m, =y,
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hence (2.2) implies that (2.4) is satisfied with
1 p
Ye = Y11+ =575 ) -
( nll( 1/ P)

We choose 7 large enough to ensure that v, < 1+ ek/K. By (2.3),

k k
IS5 = vp (s, [0,2mi)P < 2661 + e 1 @(mir, m).

Since e, = 3¢x_1, to ensure (2.5), we choose 7; also to satisfy

Ye—1@(Mg_1,nx) < €_1. 1

REMARK 2.2. Because of the dependence of ¢(m,n) on m, it is not possible
to take 1y equal to the same value n for each k, as in [5] for the case p = 2. We
shall actually see later that ¢(m, n) only depends on m when p > 2.

Outline of proof of Lemma 2.1. Write y = T,x and z = 4/Pzp,,, so that w =
y + z. Clearly, y and z are both supported on the integer interval [0,2mn — 1].
Also, from the definitions, we have |z(j) — z(j + 1)| = (7/2mn)/? and

(@) ()~ GG+ 1) < - (L) = (TN (0 j < 2m)

from which (2.2) follows.

The bulk of the work is the proof of (2.3). Since w is supported on the integer
interval [0,2mn — 1], we can find aset A = {a; < ap < -+ < a1}, witha; =0
and ay,1 = 2mn, such that [[wl|;, = vp(w, A). The aim is to show that the whole
interval acts as a reasonable substitute for this set A. This will be accomplished
by four steps, summarized as follows:

2.6) vp(w, AP < vp(y, A + vp(2, A + py

/

(2.7) <vp(y, AUN)P +v,(z, AUN)P 4 p1 + p2

(2.8) < vp(y, [0,2mn])P + vy (z, [0,2mn])? + p1 + 02

(2.9) < vp(w, [0,2mn])P + p1 + 2 + p3,

where N := [0,2mn] N nNy, and p1, p2 and p3 are error terms which will emerge

from the proofs. Step 1 moves from w = y + z to y and z separately, and Step 4
reverses this. Working with y and z separately, Step 2 adjoins multiples of # to A,
and Step 3 adjoins all intervening integers. Because of the concepts involved, we
present these four steps in the order 1,4, 3,2. 1

LEMMA 2.3. Suppose that a, b > 0. Then
(a+b)P —aP —bP < 2P(aP~ b+ abP~t).

Proof. With no loss of generality, we may assume that a > b. Writing b/a =
t, we see that the stated inequality is equivalent to (1 +¢)7 — 1 — 7 < 2P (t + P~ 1)
for 0 < t < 1. For such t, since the function t — (1 + f)? is convex and t =
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(1—t)-0+t-1,wehave (14+1#)P < (1—1t)-1+4+2Pt hence (1+£)P —1< (2P —1)t,
which of course implies the required inequality. 1

REMARK 2.4. The estimation in Lemma 2.3 is quite adequate for our pur-
poses. In fact, the best constant on the right-hand side of the inequality is p for
2<p<3 and 2r=1 _ 1 otherwise [7].

k
Step 1. Proof of (2.6). Write ¢; = a; 1 — a;, so that ) ¢; = 2mn. Then we
i=1
have, by definition,

‘ ‘ Ly oy \VP ‘ ‘ v \1/p )
(@) =yl <L) " and [z(a)—z(a0)| < (50-) T (1<i<k),

Lemma 2.3 implies that v, (y +z, A)P —vy(y, A)P —vp(z, A)P < 2Ps, where

k
s =) (Iy(a:) —y(aie) [P~ z(a;) —z(ai) |+ [y (a) —y(aisa) | 12(ar) —z(ais1) [P
i=1
k _ _
NP 1-1/p/ o 1/p i YA\VP oy \1I-U/p
< - _r _ _r
\;((ﬂ) G ) ) G )
-1
_ (Z?_léf )
= NGty T 1/p ’
k
since Y~ ¢; =2mn. For 1 < 2, we have fp < 4;, hence
p<

i=1

1 1
S 7(;1?*2“/? + nlfl/p)’

k
whereas forp > 2, ¥ Ef_l < (T, )P~ = (2mn)P~1, so that
i=1

< (2m)P—2 1
5\7( 7P +n171/p)

Multiplying these upper bounds on s by 27, we conclude that (2.6) is satisfied with

p—2
27"7(( ) —i—ﬁ) forp > 2.

nt/p

Step 4. Proof of (2.9), with p3 = /nP~L. Letting

(l+1)n-1
s = ZE; (lw(f) —w(G+ DI = y() —yG+ DI = [2() —2G+ D),
j=tn
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we can write
2m—1
vp(w, [0,2mn])P — v, (y, [0,2mn])P — v,(z,[0,2mn])P = Y s
(=0
Our claim is that this quantity is at least —/nP~1.
To verify this, fix integers ¢ € [0,2m — 1] and j € [¢n, (£ +1)n —1]. Then
z(j) — z(j + 1) is alternately +c, where ¢ := (y/2mn)'/?, while

y(j) —y(j+1) = X =2+ D

n

and by assumptiond; := (1/n)]x(¢) —x(£+1)| < (1/n)(7/2m)'/?. Since c > dy,
we see that |w(j) — w(j + 1)| is alternately ¢ + dy and ¢ — d,. Hence, as n is even,

(2.10) sp = g((C—l—dg)p—F(C—dg)p —2df —2cP).
By convexity of the function t — t#, we have (¢ +d;)? + (c — dy)? > 2cP. There-

2m—1
fore sy > —nd’ > —/2mnP~1, so s; > —v/nP~1, as required. 1
¢ ¢ Y A ¢ Y q

REMARK 2.5. Equation (2.10) shows that s, = 0 for p = 2, and in fact one
can prove that sy > 0 whenever p > 2, thus rendering the error term p3 superflu-
ous for such p.

We now come to Step 3, which is really the heart of the method, and it is
the one where it is essential to work with v, ( -, - )P rather than v, ( -, -) itself. We
shall adjoin all intervening integers to the set A U ([0,2mn] N nNp). This has the
effect of reducing vy (y, - )7, but the reduction is more than offset by an increase
invy(z, -)P.

LEMMA 2.6. Suppose thatt > 1. Then t? —t < (t — 1)(t +1)P~L.

Proof. For1 < p < 2, we have tP=1 < t, hence

-t <P — P = (t—1)P 1,

which is stronger than the stated inequality. For p > 2, we use the convexity of
the function ¢ — tP~!. Since
t—1 1
t=—(t+1)+--1,
t (t+1)+ t
we have
t—1 1
P ——(+ )P+ o
which is again stronger than the stated inequality.
Step 3. Proof of (2.8). Let B = A U ([0,2mn] N nNy). Our aim is to prove that

0 :=vp(y, [0,2mn])P +vy(z, [0,2mn])P —vy(y, B)Y —v,(z, B)P
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is non-negative. Writing B = {b; < by < --- < b1}, we have

h
6= (4j(y) +4(2)),

j=1

where
Ay = ( Y Iy -yli+ DIP) = [y(by) = y(bja)l?
i=b;
and A;(z) is defined similarly. Hence it suffices to prove that A;(y) + 4;(z) > 0
for each integer j € [1, h].
The definition of B shows that b; and b;,1 both belong to an interval of the
form [rn, (r + 1)n] for some r € Ny. As in the proof of Step 4, this implies that

y(@) —y(i+ D[ =dr (b <i<bj1) and |y(bj) —y(bj1)| = iy,
where d, := (1/n)|x(r) — x(r +1)| < (1/n)(y/2m)/? and ¢; := bj,1 —bj, and
consequently A;(y) = (£; — ﬂf)df. Meanwhile, |z(i) — z(i +1)| = c for each i,
where ¢ := (y/2mn)/?, and |z(bj) — z(bj41)| equals 0 if ¢; is even and c if ¢; is

odd, thus in both cases A;(z) > (£; — 1)c?.
Now if Ej <n-—1,wefind

Aj(y) +4j(z) = (4 = 0)d) + (6 = 1)cP > (¢ — &) + (¢ = 1)nP~1)dy
because c? > nP~1d". Since n > ¢;+1, Lemma 2.6 gives (Z]- — 1)117"_1 > E}g -1,

hence A;(y) +A4(z) > 0, as required. Otherwise ¢; = n, which is assumed even,
so that Aj(z) = nc?, and

Aj(y) +4i(z) = (n —nP)dl +nc? > (n—nP +nP)dl =ndl >0.

Finally, we reach Step 2 where multiples of n are adjoined to the set A. We
require two lemmas, the first of which describes the effect on v, (-, A)? of substi-
tuting new end points in A, while the second considers the effect of filling in gaps
in A.

LEMMA 2.7. Consider integers £ > 3and 0 < ¢ < by < by < --- < by <, let
B = {by,by,..., b} and C = {c,by,...,by_y1,c'}, and suppose that v € ], satisfies
(211) o(c) < v(by)
(2.12) v(c) = v(br)
forl < j < {. Then

vp(0,{b1,bs})? —vp(v, B)Y <vp(v,{c,c'})P —vp(v,C)P.

Proof. We consider only the case where (2.11) is satisfied; the other case is
similar. We replace the end points of B one at a time. Let D = {c, by, ..., by_1,b;}.

o(bj) < v(by) <wv(c') or

<
> v(bj) > v(by) > v(c’)
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In the sum under consideration, the term r := v(by) — v(b;) is replaced with
s := v(by) — v(c), and both are non-negative, so
vp(v,D)P —vp(v, B)P =sP —rP.

Differentiation shows that the function t — (s + t)? — (v + t)” is increasing on
[0, 00) because s > r, and hence sP — r? < (s +t)P — (r+t)P for each t > 0. Taking
t:=wov(by) —v(by), we obtain s + t = v(by) —v(c) and r + t = v(by) — v(by), so

vp(v, D)F —vy(v, B)P < vp(v,{c,bs})P —vp(v, {b1,bs})".
A similar argument with r := v(by) — v(by_1), s := v(c') —v(by_1) and t :=
v(by_1) — v(c) shows that

vp(0,C)F —vp(v, D) < vp(v, {c, ') —vp(v,{c,be})P.

Adding these two inequalities, we conclude that

Vp(0,C)P —vp(v, B)Y <vp(v, {c,c'})P —vp(v,{b1,b,})?,

from which our statement follows. 1

LEMMA 2.8. Let v € J, and ¢ € N, and suppose that Cy,...,Cyand Dy,..., Dy
are finite subsets of No with min C; = min D; =: m; and maxC; = maxD; =: m,
where m; < mjyq for each j. Suppose further that Eq, ..., Ey 1 are finite subsets of No
such that min E; = m;- and max E; = mjq for each j (so E; is between C; U D; and
Ciy1UDjy1), and let Eg = {m}}. Then
4

];(Vp(?’f Dj)P —vp(v,Cj)P) = vp (v, Ule(D]- U E]-))p — v, (v, U;(Cj U E].))p_

Proof. Clearly, we have

l
vp<v,U (CjUE)) ) EVPZJC +Z;VP(UE P
]:

which together with the corresponding formula for v, (v, U]e:1 (D;j UE;)))P gives
the result. 1

Step 2. Proof of (2.7), with pp = 2¢. Let N = [0,2mn] N nNy. The effect on z
of adjoining elements to the set A = {a; < --- < a1} is easily seen. Let ¢; =
ai.1 —a; for 1 < i < k. As in the proof of Step 3 above, |z(a;) — z(a;11)| is
¢ := (7/2mn)V/? if ¢; is odd, and 0 if ¢; is even. If £; is odd and new points are
inserted between a; and a; 1, then at least one of the new intervals, say [b;, bj 1],
has odd length, so |z(b;) — z(bj41)| = c. Hence

vp(z,A) <vp(z, AUN).

We shall now prove the corresponding inequality for y, just with an er-
ror term added on the right-hand side. Recall that a; = 0 and a1 = 2mn.
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Note that if there is some b € N such that a; < b < a;11 for some i and either
y(b) <min{y(a;), y(ai11)} ory(b) > max{y(a;), y(ai+1)}, then

y(ai) —y(D)P + y(b) —y(air)|? > |y(a;) — y(ai1)]".
Hence we may adjoin any such points b to the set A, thereby increasing v, (y, A)
without changing A U N; we still use the notation A = {a; < --- < a1} for the
augmented set.

Let the intervals [a;,4;11] (1 < i < k) that contain at least one multiple of n
be relabelled [b]-, b]’] (1 <j < h)and ordered increasingly; that is,

O:a1:b1<b’1<b2<b§<---ébj<b§<---ébh<b;l:ak+1:2mn,
where b; may or may not be equal to b;jq for 1 < j < h — 1. Then, with B; :=
([b;, b;] NnN) U {b;, b;} for 1 < j < h, we obtain

[/
(2.13) vp(y, A)P = vp(y, AUN)Y =} (vp(y, {bj, bj})P — vy (y, B))P).

j=1
Define ¢ = max([O, b]] N YlNQ), C],» = min([b]’-, OO) N nNo) and C] = [C]‘, Cﬂ N nNp.
Then ¢; = 0 and ¢, = 2mn, and we have

214)  vp(y, {b; b} = vp(y, By) < vp(y, {cj, )P —vp(y, C))P (1<j<h)
by Lemma 2.7, which applies because the augmentation of the set A carried out
in the previous paragraph ensures that y satisfies either (2.11) or (2.12). Indeed,
it is clear that y(b) lies between y(b;) and y(b;) for each b € B;. To check the
remaining inequalities concerning the values of y at the points ¢; and c}, let us for
definiteness consider the case where y(b;) < y(b]’«) and explain why y(c;) < y(b;);
the other cases are similar. The inequality is obvious if ¢; = b;. Otherwise we
write ¢; = rn, where r € Ny, and note that (r + 1)n > b; by the definition of c;.
Since [b;, bi] N nNg # @, we conclude that (r+1)n < b}, so the augmentation of A
implies that y(b;) < y((r +1)n) < y(b}). Now recall that y = Tyx, so y(b;) is
found by interpolation between x(r) = y(rn) = y(c;) and x(r +1) = y((r + 1)n).
Since y((r + 1)n) > y(b;), we must therefore have y(c;) < y(b;), as required.

We next seek to invoke Lemma 2.8 with the sets {c}, C;} playing the role of
the D]-’s. To do so, we require some more notation. Let g = C6 =0, Cy = {0},
Chy1 = Cyyq = 2mn and Cyyq = {2mn}. Then clearly min{c;, c;} =minC; = ¢;
and max{c;, c;} = maxC; = c} for each integer j € [0,h + 1], but c;« < ¢j41 need
not be satisfied for each j € [1,h]. It is, however, true that c;- < ¢jy2 for each
j € [0,h — 1] because the interval [b;,1, b} 1] contains a multiple of 7. Hence,
taking E; = [c}, Ciy2) NnNp for 0 < j < h—1 and letting Ej, = Ejyq = {2mn},
we can apply Lemma 2.8 for even and odd indices j separately. We observe that

CiUE; = [cj,cjp2] NnNg for j € [0, — 1], s0 jgr (CjUEj) = N forr € {0,1},
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where I and I denote the sets of even and odd integers in [0, i + 1], respectively.
Thus Lemma 2.8 gives

P
@15) Y (p(w {ejr 1) =vp (0, ) =vp (1, U o ({ejr €} UE) =y, NP
jel,
Since y = T,x and N = [0,2mn]| N nNp, we have
vp(y, N) = vp(x,[0,2m))P > x|}, —

by (2.1), while v (y, Ujer, ({cj, ¢}} U E}))P < ||y|\5’p = HxHi). Hence the sum on the
left-hand side of (2.15) is no greater than ¢, so adding the two cases (r = 0 and
r = 1) and using (2.13) and (2.14), we conclude that

Mr

vp(y, AP = vp(y, AUN)? < ) (vp(y, {cj, cj1)7 = vp(y, Cj)P)

T
U

= (Vp(y/{c],c}) —vp(y,Cj)P) <2e. 1

-
\ |

Completion of the proof of Lemma 2.1. With the four steps completed, it is clear
that Lemma 2.1 holds with

1
np—1’

( ) W forl <p <2,
Pp(m,n) =

(2::11)/’;72 for p > 2.

1
p(m,n) =27 (zp(m,n) + m) +

where

Note that m does not appear in the case p < 2, and that p —24+1/p > 0, so in
both cases ¢(m,n) — 0as n — oo with m fixed. 1

3. PROOF OF THEOREM 1.2

We begin with an elementary observation which is tailored to reduce The-

orem 1.2 to the statement that the Banach spaces G, and ]l(,oo) given by (1.2) are
non-isomorphic. A closely related result can be found in Proposition 5.3.8 of [12].

LEMMA 3.1. Let X, Y and Z be Banach spaces satisfying:
(i) X contains a complemented subspace isomorphic to Y;
(ii) Y contains a complemented subspace isomorphic to Z;
{)Y=YoYmdZ=Z¢ Z
Then 9 7(X) C Gy (X), with equality if and only if Z = Y.
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Proof. The inclusion 97(X) C @y (X) is clear, as is the equality of these two
ideals in the case where Z =2 Y.

Conversely, suppose that 47 (X) = ¢y (X), and let P be a projection on X
with P(X) 22 Y. Clearly P factors through Y, so P belongs to ¥z (X) by the as-
sumption. It then follows from standard results that Z contains a complemented
subspace isomorphicto Y (e.g., see Proposition 3.4 and Lemma 3.6(ii) of [9]), and
therefore Y and Z are isomorphic by the Pelczyniski decomposition method. 1

We shall next record the facts required to invoke Lemma 3.1 in the proof of
Theorem 1.2.

LEMMA 3.2. Foreach p € (1,00),
(i) Gp contains a complemented subspace isomorphic to £p;

(if) ],(700) contains a complemented subspace isomorphic to Gp;
(iii) Jp contains a complemented subspace isomorphic to ];(,oo) ;
() £y = £y @ Ly, Gp = Gy & Gy and [ = I @ 11,

Proof. All but one of these results are well known. The exception is (ii)
which, however, follows from Theorem 1.1 in exactly the same way as the cor-
responding result for p = 2 is deduced from the original Giesy—James theorem
in Theorem 13(i) of [1].

References for the other statements are as follows; (i) and the first part of (iv)
are obvious, while (iii) and the remaining two parts of (iv) follow from Lemmas 5
and 6 of [4]. (A key condition appears to be missing in the statement of Lemma 5
of [4], though, namely that the sequence denoted by v is unbounded.) 1

REMARK 3.3. Let X and Y be Banach spaces. An operator T: X — Y is
bounded below by ¢ > 0 if ||Tx|| > ¢||x|| for each x € X. In this case T is an iso-
morphism onto its image, and the inverse operator has norm at most ¢ 1, so in
particular the Banach-Mazur distance dgy; between the domain X and the im-
age T(X) of T satisfies

dem(X, T(X)) < @

Now suppose that X is a closed subspace of Y and that T: X — Y is linear
and satisfies

llx = Tx|| <qllxll (x € X)

for some 77 € (0,1). Then we have (1 —#)|/x|| < ||Tx|| < (1+7)/x| for each
x € X, so by the previous paragraph T is an isomorphism onto its image, and

—_

dpni(X, T(X)) < 1.

=

—
=
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DEFINITION 3.4. Let F be a finite-dimensional Banach space. The uncondi-
tional basis constant of a basis b = {by, ..., b,} for F is given by

Ky := sup{‘ i’;ajﬁjij taj, i €K, \Déj| <1(j=1,...,n),

n
Y Bty <1}
&~ =
The infimum of the unconditional basis constants of all possible bases for F is the
unconditional constant of F; we denote it by uc(F).

It is easy to verify that, for Banach spaces E and F of the same finite dimen-
sion, we have

(3.1) uc(E) < dgum(E, F) uc(F).

DEFINITION 3.5 ([3], Definition 3.1). Let C € [1,00). A Banach space X has
local unconditional structure (or Lu.st. for short) with constant at most C if each

finite-dimensional subspace of X is contained in some larger finite-dimensional
subspace F of X with uc(F) < C.

A Banach space with an unconditional basis has L.u.st. This applies in par-
ticular to G,. On the other hand, Johnson and Tzafriri ([8], Corollary 2) have
shown that no quasi-reflexive Banach space has l.u.st. We shall use this result to
prove that ],(,00) does not have l.u.st.

We begin with a generalization of the above-mentioned fact that every Ba-
nach space with an unconditional basis has l.u.st. This result is probably well-
known to specialists, but as we have been unable to locate a reference, we include
a proof.

LEMMA 3.6. Let X be a Banach space with a Schauder basis (by),cn,, and let
C € [1,00). Suppose that X contains a sequence (Fy)cn, of finite-dimensional sub-
spaces satisfying

(3.2) bo,b1,...,by € F, and UC(Fn) <C (n S NO).
Then X has L.u.st. with constant at most C + 6 for each 6 > 0.

Proof. Take ¢ € (0,1/2) such that C/(1 —2¢) < C + , and let E be a k-di-
mensional subspace of X for some k € N. Approximation of each vector of an
Auerbach basis for E shows that, for each # > 0, there is M € Ny such that

(33) [l = Pux|| < yllx[| (m =M, x € E),

where Py, denotes the m™ basis projection associated with (by)nen,. Applying
this conclusion with # > 0 chosen such that

Wk _ e

we obtain by Remark 3.3 that the operator U: x — Pyx, E — Pyp(E), is an
isomorphism with |[U|| < 1+7and U] < (1—7)"L
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Since U(E) = Py(E) C span{by,by,..., by} C Fyy and dimU(E) = k, we
can find a projection Q on Fyy such that Q(Fy) = U(E) and ||Q| < vk by the
Kadec-Snobar theorem (e.g., see Theorem 4.18 of [2]). The operator

T:x—x—Qx+U'Qx, Fy— X
then satisfies
lx—=Tx||=| Qx— U~ Qx[|=|| PpsU ' Qx— U~ Q|| <y | U~ Qx| U [ QYl 1]l
where the penultimate estimate follows from (3.3), and hence we have

lx = Txf| < e(1—e) x| (x € Fu)

by (3.4). Since ¢(1 —¢)~! < 1, Remark 3.3 implies that T is an isomorphism onto
its image, and

1+e(1—¢)! 1
< =
dpm(Fum, T(Fm)) < 1—¢e(1—¢)! 1—2¢"

souc(T(Fy)) < C/(1—2¢) < C+ by (3.1).
The conclusion now follows because E C T(Fy). Indeed, for each x € E,
y := Ux belongs to Fjs and satisfies Qy = y, so that

T(Fm)2Ty=y—-Qy+U 'y =x,

as desired. (In fact, T(Fy;) = ker Q + E by an easy dimension argument.) 1

PROPOSITION 3.7. Let p € (1,00). Then the Banach space ],(,00) does not have
Lu.st.

Proof. Assume towards a contradiction that | ](goo) has Lu.st. with constant at
most C € [1,00) for some p € (1,00), and let n € Ny. Denote by ¢, ]r(,") — ]f,"°>
and py: ];(700) — ];(7”) the canonical n'" coordinate embedding and projection, re-
spectively, and let j,: ],(J") — Jp be the natural inclusion operator. By assump-

tion, 1, ( ]r(,”)) is contained in some finite-dimensional subspace F; of ],(,DO) with
uc(F,) < C.

Let Ry: J, — Jp be the (n + 2)-fold right shift given by Rye, = e, 4o for
each k € Ny. This defines an operator of norm 2177 on Jp, and Ry, is bounded
below by 1. Lemma 3.2(iii) implies that there are operators U € %( ];(fo), Jp) and

V € B(Jp,J5™)) such that VU = L)
14

We shall now consider the operator S, := j,pn + R, U(I

; we may clearly suppose that V has norm 1.

]l(zoo) — InPn) € @(];w)/]p)-

The obvious norm estimates show that ||S,|| < 1+ 2!/7 ||U||. To prove that S, is
bounded below by 1, let x € ];(,oo) and ¢ > 0 be given. Introducing the vector
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y= (Ij(oo> - lnpn)x S ]F()OO),We obtain
p
35) 1K1y =Non ], + 1917 =l +1VUYIV ) < ]+ RaUy ]
I r Ip r Ty p p

because ||V|| = 1 and R, is bounded below by 1. Since j,pnx € span{ey,...,en},
there is a subset A of [0, + 1] NNy such that [|jupux||j, = vp(jupnx, A). Similarly,
as R,Uy € span{e,i2,e,13,...}, we can find a finite subset B of [n +1,00) NN
such that ||R, Uy||?p < vp(R,Uy, B)P + &. Combining these identities with (3.5),
we conclude that

1 =& < Gnpo, A+ (RaUly, BYY <y jupur+Rully, AU B < Sy,
p

and letting ¢ tend to 0, we see that S, is bounded below by 1, as stated.

Thus Remark 3.3 implies that dpyng(Fy, Sn(Fr)) < ||Sall < 1+2V7||U], and
therefore uc(S,(F,)) < C(1+ 2Y/7||U||) by (3.1). Moreover, we have ¢, € F, for
eachk € {0,1,...,n}, so that S,(F,) > Su(inex) = e because jupninex = ey and
(I ) nPn)tn = 0. Hence the sequence (S, (Fy))ncn, satisfies both parts of (3.2),
SO pLemma 3.6 implies that ], has l.u.st., contradicting the above-mentioned the-
orem of Johnson and Tzafriri that this is impossible for a quasi-reflexive Banach
space. 1

COROLLARY 3.8. Let p € (1,00). Then the Banach spaces G, and ]r(,oo) are not
isomorphic.
Proof. This is clear because, as remarked above, G, has an unconditional

basis and thus l.u.st., whereas ];,Oo) does not by Proposition 3.7. 1

The proof of Theorem 1.2 is now easy. Recall that #/(],) = ?](w) (Jp). The in-
P
clusions 9, (Jy) %9, (Jp) and %, (Jp) g?}w (Jp) both follow from Lemma 3.1,
P

which applies by Lemma 3.2 and the facts that £, 2 G, and G, # ]r(,oo). The
second of these facts was proved in Corollary 3.8, while the first can be justified
in various ways; for instance, £, is uniformly convex with type min{2, p} and
cotype max{2, p}, whereas Gy, is not uniformly convexifiable, has type 1 and fails
to have finite cotype. 1

Acknowledgements. The third author is grateful to Nigel Kalton and Charles Read for
helpful conversations regarding the approach taken in Section 3 to prove that the Banach

space ];,00) does not have lL.u.st.
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