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ABSTRACT. A theorem of C. Bayer and J. Teichmann implies that if a finite real

multisequence = (29 has a representing measure, then the associated mo-
ment matrix My admits positive, recursively generated moment matrix exten-
sions My.1, My.o,.... For a bivariate recursively determinate M, we show
that the existence of positive, recursively generated extensions M1, ...,
My, is sufficient for a measure; examples illustrate that all of these exten-
sions may be required. We describe in detail a constructive procedure for de-
termining whether such extensions exist. Under mild additional hypotheses,
we show that M; admits an extension M, which has many of the properties
of a positive, recursively generated extension.
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1. INTRODUCTION

Let p = g2 .= { Bij}i,j>0,i+j<24 denote a real bivariate moment sequence of
degree 2d. The truncated moment problem seeks conditions on g for the existence
of a positive Borel measure y on R? such that

(1.1) Bii = /xly]dy (i,j >0, i+ <2d).
R2

A result of [9] shows that § admits a finitely atomic representing measure y (as in
(1.1)) if and only if My; = M;(B), the moment matrix associated with B, admits a
flat extension My 1, i.e., an extension to a positive semidefinite moment matrix
M1 k41 such that rank M, ;.1 = rank M. The extension of this result to gen-
eral representing measures follows from a theorem of C. Bayer and J. Teichmann
[2], which implies that if  has a representing measure, then it has a finitely atomic
representing measure (cf. Section 2 of [12], and Section 1 of [11]). At present, for
a general moment matrix, there is no known concrete test for the existence of a
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flat extension M, 1. In this note, for the class of bivariate recursively determinate
moment matrices, we present a detailed analysis of an algorithm of [12] that can
be used in numerical examples to determine the existence or nonexistence of flat
extensions (and representing measures). This algorithm determines the existence
or nonexistence of positive, recursively generated extensions M1, ..., Mp;_1, at
least one of which must be a flat extension in the case when there is a measure.
Theorem 2.5 shows that there are sequences (24 for which the first flat extension
occurs at My;_1, so all of the above extensions must be computed in order to rec-
ognize that there is a measure. This result stands in sharp contrast to traditional
truncated moment theorems (concerning representing measures supported in R,
[a,b], [0,+0c0), or in a planar curve of degree 2), which express the existence of
a measure in terms of tests closely related to the original moment data (cf. Re-
mark 2.6 below and [4], [5], [6], [11], [12]). Here we see that, at least within the
framework of moment matrix extensions, we may need to go far from the original
data to resolve the existence of a measure. In Theorems 2.3 and 2.13 we show that
under mild additional hypotheses on M, the implementation of each extension
step, from M to My, 1, leading to a flat extension My 1, consists of simply
verifying a matrix positivity condition.

Let P; = R[x, y]4 denote the bivariate real polynomials of degree at most d.
For p € Py,

pxy)= ), ax'y,
1,j20,i+j<d

let p := (a;j) denote the vector of coefficients with respect to the basis for P,
consisting of monomials in degree-lexicographic order, i.e.,

1,x,y,x2,xy,y2,...,xd,...,yd.

Let Lg : Poy — R denote the Riesz functional, defined by

(X apy)=Yaby

1,j>0,i+j<2d

The moment matrix M, whose rows and columns are indexed by the monomials
in Py, is defined by (Map,q) := Lg(pq) (p,q9 € Ps). We denote the successive
rows and columns of M; by 1, X, Y, ..., X4,...,Y% thus, the entry in row Xyi,
column X¥Y?, denoted by (X*Y?, X'Y/), is equal to Bitk,j+¢- We may denote a
linear combination of rows or columns by p(X,Y) := Zainin for some p =
Ya;x'yl € Py; note that p(X,Y) = M,p. We say that M, is recursively generated if
ker M, has the following ideal-like property:
(12) papq€ P p(XY)=0= (pg)(X,Y) =0.

If B has a representing measure, then M; is positive semidefinite and recur-
sively generated [9] (and in one variable these conditions are sufficient for the
existence of a representing measure [4]). Moreover, from [2], 8 actually admits
a finitely atomic representing measure y, which therefore has finite moments of
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all orders; it follows that M; admits positive, recursively generated moment ma-
trix extensions of all orders, namely My 1[y], ..., Mg k[p], .- .. Let us consider a
moment matrix extension

_ M B(d+1)
May1 = (B(d +d1)T C(d+1)>’

where the block B(d + 1) includes new moments of degree 2d + 1 (as well as old
moments of degrees d + 1,...,2d), and block C(d + 1) consists of new moments
of degree 2d + 2. We denote the columns of B(d + 1) by X¢*1,..., Y41, and we
say that (My B(d + 1)) is recursively generated if (1.2) holds in its column space,
but with p,q, pg € Py11. My11 is positive semidefinite if and only if

(i) M, is positive semidefinite;
(i) Ran B(d+1) CRan M, (equivalently, B(d+ 1) = MW for some matrix W);
(iii) C(d + 1) = C” := WTM W (cf. [5]).
(Here and in the sequel, for a real symmetric matrix A, we will write A > 0 (re-
spectively A > 0) to denote that A is positive semidefinite (respectively positive
semidefinite and invertible).) If M;,1 > 0, then we also have

(iv) each dependence relation in Col My (the column space of M;) extends to

In the sequel we say that M, is an RG extension if properties (i), (ii), and
(iv) hold and M, is recursively generated (so, in particular, (My; B(d + 1)) is
recursively generated). In the sequel, we provide sufficient conditions for RG
extensions; note that to verify that an RG extension is positive semidefinite and
recursively generated, it is only necessary to verify condition (iii).

For a general My, a significant difficulty in determining the existence of a
flat extension M, .1 is that there may be infinitely many positive and recur-
sively generated extensions M, 1. If one such extension does not admit a subse-
quent flat extension, this does not preclude the possibility that some other exten-
sion does. In the sequel, we focus on the class of recursively determinate moment
matrices (RD) introduced in [12] (cf. [13]). These are characterized by the prop-
erty that there can be at most one positive, recursively generated extension, and
there is a concrete procedure (described below) for determining the existence or
nonexistence of this extension. Since such an extension is also recursively deter-
minate, we may proceed iteratively to determine the existence or nonexistence of
positive and recursively generated extensions

(1.3) Mgi1,..., Mag_q.

As we discuss below, the existence of the extensions in (1.3) is equivalent to the
existence of a flat extension M, ;1 and, in fact, one of the extensions in (1.3)
is a flat extension of M. (If M;,; is positive semidefinite, then M; is positive
semidefinite and recursively generated [9], so, using also [2], it follows that (1.3)
is equivalent to the existence of a positive semidefinite extension M,,.)
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A bivariate moment matrix M; admits a block decomposition M; =
(Bi, j])o<i j<d, where

Bivio -+ PBij
Bijl=| : i
Bii - PBoitj

Thus, BJi, j] is constant on each cross-diagonal; we refer to this as the Hankel prop-
erty. Note that in the extension My 1, B(d + 1) = (B[i,d + 1])o<i<4, and all of the
new moments of degree 2d + 1 appear within block B[d, d + 1], either in column
X4+1 (the leftmost column) or in column Y4*1 (on the right). Similarly, all new
moments of degree 2d + 2 appear in column X?*! or column Y?*! of C(d + 1)
(= Bld +1,d + 1]). In the sequel, by a column dependence relation we mean a linear
dependence relation of the form XY/ = r(X,Y), where deg r < i + j and each
monomial term in 7 strictly precedes x'y/ in the degree-lexicographic order; we
say that such a relation is degree reducing if deg r < i+ j. A bivariate moment
matrix My is recursively determinate if there are column dependence relations of
the form

(1.4) X"=p(X)Y) (p€Py_1,n<d), and
(1.5) Y" =g(X,Y) (9 € Pm, qhasnoy™ term, m < d),

or with similar relations with the roles of p and g reversed. In the sequel, we
state the main results (Theorems 2.3 and 2.5) with p and g as in (1.4)-(1.5), but
these results are valid as well with the roles of p and g reversed. In Section 2 we
show that if M is recursively determinate, then the only possible positive, recur-
sively generated (or merely RG) extension is completely determined by column
relations

X4 = (@) (X,Y) and Y = () (X, Y).

The most important case of recursive determinacy occurs when M is pos-
itive and flat, i.e.,, rank M; = rank My ; (equivalently, each column of degree
d can be expressed as a linear combination of columns of strictly lower degree).
A fundamental result of [5] shows that in this case M; admits a unique flat ex-
tension M1 (and a corresponding rank M -atomic representing measure). In
this paper, we stay within the framework of recursive determinacy, but relax the
flatness condition, and study the extent to which positive, recursively generated
extensions exist.

Our main results are Theorems 2.3 and 2.13, which give sufficient condi-
tions for RG extensions, and Theorem 2.5, which shows that the number of exten-
sion steps leading to a flat extension is sometimes proportional to the degree of
the moment problem. Theorem 2.3 shows that if M, is positive and recursively
generated, and if all column dependence relations arise from (1.4) or (1.5) via re-
cursiveness and linearity, then M; admits a unique RG extension. In general, this
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extension need not be positive semidefinite (see the discussion preceding Exam-
ple 1.1), but if d = n + m — 2, then this extension is actually a flat extension, so
B admits a representing measure (Corollary 2.2). Additionally, we show in Theo-
rem 2.13 that if M; is positive semidefinite, recursively generated, and recursively
determinate, and if all column dependence relations are degree-reducing, then
M, again admits a unique RG extension. However, we show in Example 2.12
that if all of the column relations are degree-reducing except that deg q = m,
then My need not even admit a block B(d + 1) consistent with recursiveness for
(Mg B(d +1)). In Theorem 2.5 we show that for each d, there exists g = (24,
with M;(B) € RD, such that in the sequence of positive, recursively generated
extensions, M1, ..., Mps_1, the first flat extension is M;_1, so the determina-
tion that a measure exists takes the maximum possible number of extension steps.
Moreover, at each extension step, M, ; satisfies the hypotheses of Theorem 2.3,
so it is guaranteed in advance that the next extension M, ;1 is well-defined and
recursively generated; only its positivity needs to be verified. In general, how-
ever, the existence of a positive, recursively generated extension M, does not
imply the existence of a measure. In Section 3 we answer Question 4.19 of [12] by
showing that if, under the hypotheses of Theorem 2.3, M; does admit a positive,
recursively generated extension M, 1, then M, may also satisfy the conditions
of Theorem 2.3, but need not admit a positive, recursively generated extension
M. 5, and thus M; may fail to have a measure.

We conclude this section by reviewing and illustrating Algorithm 4.10 of
[12] concerning extensions of recursively determinate bivariate moment matrices.
We may assume that M, is positive and recursively generated, for otherwise there
is no representing measure. (We note that in numerical problems, positivity and
recursiveness can easily be verified using elementary linear algebra.) To define
block B(d + 1) for an extension M, 1, note that blocks B[0,d +1],...,B[d —1,d +
1] consist of old moments from M. To define moments of degree 2d + 1 for
block B [d, d—+ 1}, we first use (1.4) and recursiveness to define the “left band” of
columns,

XrHiydHlmizn (AT (XYY (0<i<d+1—1).

In block B[d,d + 1], certain “new moments” in column X"Y4*+1=" can be moved
up and to the right along cross-diagonals until they reach row X? (the top row
of B[d,d + 1]) in columns of the “central band”, X"~ 1yd+2—n  xd+2—mym—1
These values can then be used to define (X?+1="Y™ X% (the entry in row X,
column X4+1="y™) by means of

(1.6) (xHL=mym xdy.— ((xTH1mg) (X, Y), X9).

This value may be moved one position down and to the left along its cross-
diagonal and then used to define

<Xd+1fmym,dely> = <(xd+lfmq)(X, Y),Xd71Y>.
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We repeat this process successively to complete the definition of column
Xd+l-mymin B [d, d+ 1] as well as the definition of the central band of columns in
this block. We next complete the definition of B[d,d + 1] by successively defining
the “right band” of columns, X4~"Y"+1 | Y4+l using

XAty m (i) (XYY (0<i<d+1—m).

It is necessary to check that the values in the central and right bands, as just
defined, are compatible with values in the left band, and, more generally, to verify
that B(d 4 1) is a well-defined moment matrix block. If this fails to be the case,
there is no measure. If B(d + 1) is well-defined, we next check that Ran B(d +
1) € Ran My, for if this is not the case, then there is no measure. Assuming the
range condition is satisfied, (1.4) and (1.5) will hold in the columns of B(d + 1)T
(the transpose). We then apply recursiveness and the method used just above in
defining B[d, d + 1] to attempt to define C(d + 1) = B[d + 1,d + 1]. Assuming that
C(d + 1) is well-defined, we further check that M4 is positive and recursively
generated. If any of the preceding steps fails, there is no representing measure.
Our main results (Theorems 2.3 and 2.13) show that if all column relations come
from (1.4) or (1.5) via recursiveness and linearity, or if (1.4)—(1.5) hold and all
column dependence relations are degree-reducing, then all of the preceding steps
are guaranteed to succeed, except possibly the positivity of M, 1; thus My, is
at least an RG extension.

If M1, as just defined, is positive and recursively generated, then, since it
is also recursively determinate, we may apply the above procedure successively,
in attempting to define positive and recursively generated extensions My »,
M. 3,. ... Note that the central band of degree d in M; has n +m —d — 1 columns,
xn-lyd-n+1 = xd+l-mym—1 1n each successive extension M.k, the number
of columns in the central band of degree d +k is n +m —d —1 — k. Thus, af-
ter at most n +m — d — 1 extension steps, either the extension process fails, and
there is no measure, or the central band disappears and there is a flat extension,
at or before M1 ,,—1, and a measure. (Note that since n,m < d, this refines our
earlier assertion that a flat extension occurs at or before M,;_1.) Another esti-
mate for the number of extension steps is based on the variety of M, defined as
V= V(M) = ﬂ Z,, where Z, is the set of real zeros of r. It follows

rePy,r(X,Y)=0
from [12] that the number of extension steps leading to a flat extension is at most
14 card V —rank M;. Note also that when a measure exists, it is supported inside
V [9], so its support is a subset of the finite real variety determined by x" — p(x, )
and y" — q(x,y).

Examples are known where the RG extension M1 is not positive semidef-
inite (cf. Example 4.18 of [12], and Theorem 5.2 of [11]) both withn =m =d =3,
and the example of Section 3 (below), with d = 5, n = m = 4). We next present
an example, adapted from Example 5.2 of [13], which illustrates the algorithm in
a case leading to a measure.
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EXAMPLE 1.1. Letd = 3 and consider

10 0 1 2 5 0 0 0 O
01 2 0 0 0 2 5 14 4
02 5 0 0 0 5 14 42 132
1 0 0 2 5 14 0 0 0 O
M 2 0 0 5 14 42 0 0 0 0
5715 0 0 14 42 132 0 0 0 0
02 5 0 0 0 5 14 42 132
0 5 14 0 0 0 14 42 132 429
0 14 42 0 0 0 42 132 429 ¢
0 4 132 0 0 0 132 429 ¢ d

We have M3 = 0, M, > 0, and rank M3 = 8 <= d = 2026881 — 2844c + c2.
When rank M3 = 8, then the two column relations are

Y =X and Y®=g4(X,Y),
where
q(x,y) := (5715 — 4c)x + 10(—1428 + c)y — 3(—2853 + 2¢)x%y + (—1422 + c)xy>.

Let r1(x,y) = y — x> and r2(x,y) = y> — q(x,y). With these two column re-

lations in hand, Theorem 2.3 guarantees the existence of a unique RG exten-
sion My. To test the positivity of My, we calculate the determinant of the 9 x 9
matrix consisting of the rows and columns of M, indexed by the monomials
1,x,y, X2, xy, yz, xzy, xyz, xzyz. A straightforward calculation using Mathematica
shows that three cases arise:

(i) c < 1429: here My # 0, so M3 admits no representing measure;

(ii) c = 1429: here My, is a flat extension of M3, so by the main result in [5], M3
admits an 8-atomic representing measure;

(iii) ¢ > 1429: here M, is a positive RG extension of M3 with rank 9. Although
My is not a flat extension of M3, it nevertheless satisfies the hypotheses of Theo-
rem 2.3, so Corollary 2.4 implies that M4 admits a flat extension Ms, and therefore
M3 has a 9-atomic representing measure. Moreover, since the original algebraic
variety V = V(Mj3) associated with M3, Z, N Z;,, can have at most 9 points (by
Bézout’s theorem), it follows that V = V(Ms). This algebraic variety must have
exactly 9 points, and thus constitutes the support of the unique representing mea-
sure for M.

To illustrate this case, we take the special value ¢ = 1430, so that g(x,y) =
—5x + 20y — 21x%y + 8xy?. Leta := %\/5 —2y/5and v := v5a. A calculation
shows that V = {(x;,x3)}7_,, where x; = 0, x, = J(~1—/5) ~ —1.618, x3 =
(1 —5) ~ —0.618, x4 = —x3 ~ 0.618, x5 = —xp ~ 1.618, x¢ = —a — 7 ~
—1.176, xy = —a + v ~ 0449, xg = —x7 =~ —0.449 and xg = —x¢ ~ 1.176. M3
satisfies the hypothesis of Theorem 2.3 with n = m = 3, so we proceed to generate
the RG extension My. This extension is uniquely determined by imposing the
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column relations X* = XY, X3Y = Y2, XY? = (xg)(X,Y), and Y* = (yq)(X,Y)
(firstin ( M3 B(4) ), thenin ( B(4)T C(4) )). A calculation shows that, as
expected, these relations unambiguously define a positive moment matrix My
with rank My = 9 (> 8 = rank M3). It follows that M3 admits no flat extension
My, so we proceed to construct the RG extension Ms, uniquely determined by
imposing the relations X° = X2Y, X*Y = XY?, X3Y? = v3, X2Y3 = (¥%9)(X,Y),
XY* = (xyq)(X,Y), Y> = (y*q)(X,Y). A calculation of these columns (first in
( Mg B(5) ), thenin ( B(5)T C(5) )), shows that, as again expected, they
do fit together to unambiguously define a moment matrix Ms. From the form
of q(x,y), we see that M5 is actually a flat extension of My, in keeping with the
above discussion. Corresponding to this flat extension is the unique, 9-atomic,
representing measure y = i, as described in [9]. Clearly, supp p = V, so u is

9
of the form y = ) pi(S( i) To compute the densities, we use the method of [9]
i=1 B

and find p; = & = 02, 02 = p5 = =55 % 0,069, p3 = ps = L2 ~ 0.181,

85 85
06 = P9 = 5;)3\% ~ 0.131, and p7 = pg = Z;}f ~ 0.019. Thus, the existence

of a representing measure for f(®) is established on the basis of the extensions My
and Ms, in keeping with Theorem 2.3. Note that in this case, the actual number
of extensions leading to a flat extension can be computed as either n +m —d — 1
or as 1 + card V — rank M3, which is consistent with our earlier discussion.

2. THE EXTENSION OF A BIVARIATE RD POSITIVE MOMENT MATRIX

In Theorem 2.3 (below) we show that a positive recursively determinate
moment matrix M; = My(B), each of whose column dependence relations is
recursively generated by a relation of the form

(2.1) X" = p(X, Y) (P € Puy-1), or
(22) Y"=q(X,Y) (q€Pn)

(where n,m < d are fixed and g has terms x"y” with v < m), always admits a
unique RG extension

(M B(d+1)
Ma = (B(d oy C(d+1))'

The main step towards Theorem 2.3 is the following result, which shows that M,
(as above) admits an extension block B(d + 1) that is consistent with the structure
of a positive, recursively generated moment matrix extension My .

THEOREM 2.1. Suppose the bivariate moment matrix My(B) is positive and re-
cursively generated, with column dependence relations generated entirely by (2.1) and
(2.2) via recursiveness and linearity. Then there exists a unique moment matrix block
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B(d + 1) such that (My B(d+1)) is recursively generated and Ran B(d +1) C
Ran Md.

The hypothesis implies that the column dependence relations in M, are pre-
cisely those of the form

(2.3) X"yl = (x'yip)(X,Y) (i,j>0,i+j+n<d), and
(2.4) Xy = (xFylg) (X, Y) (k1 =0, k+1+m < d).

In particular, the degree d columns X9, ..., X"Y4~" are recursively determined in
terms of columns of strictly lower degree. Since, by (2.4), each column
Xd=m=kym+k (0 < k < d — m) may be expressed as a linear combination of
columns to its left, it follows that if n < d — m + 1, then M, is flat. Since a flat
positive moment matrix admits a unique positive, recursively generated exten-
sion (cf. [5]), we may assume that not every column of degree d is recursively
determined, i.e., n >d —m+1, or

(2.5) n+m>d+ 1.
We may denote

(2.6) X"=p(X,Y)= ) a,sX'Y®, and

7,520, r+s<n—1
Y =q(X,Y) = y buo X1Y?

u,0>20,u+ov<mou<m

(2.7) = Yy wgp XY + Yy Yee XEYE.

a,b>0,a+b<m—1 c,e20,c+e=me<m

Thus, in any positive and recursively generated (or merely RG) extension My, 1,
certain columns of B(d + 1) are recursively determined. On the left of B(d + 1),
there is a band of columns,

xntfyd+l-n—f ._ (xfderlfnffp)(le)
(2.8) = Yo a Xyt f (0K f<d+1-n)

7,520, r+s<n—1
each of which is well-defined as a linear combination of columns of M;. On the
right of B(d + 1) there is another band of recursively determined columns,

xd+1-m—gym+g ._ (xd+1—m—gygq) (X, Y)
(2.9) = Y b XUFAHI=m=8y v+ (0< g <d+1—m).

u,v>20,u+ov<m,o<m
If deg g = m, the sum in (2.9) may involve columns from the middle band,
XuFdHl=m=gyv+8 (y 4 v = m,u+d+1—m—n < g < m —v), which has not yet
been defined, so some care is needed in implementing (2.9).
The proof of Theorem 2.1 entails two main steps, which we prove in detail
in Section 4: the construction of the block B(d + 1), and the verification of the
inclusion Ran B(d + 1) C Ran M. Assuming that we have already built a unique



410 RAUL E. CURTO AND LAWRENCE A. FIALKOW

block B(d + 1) consistent with the existence of a positive, recursively generated
extension
Mo = Mi _ B(d+1)
L= A\Bd+1)T Ccd+1))’

we next use this to construct a unique block C(d + 1) consistent with the existence
of an RG extension.

COROLLARY 2.2. If My satisfies the hypotheses of Theorem 2.1, then there exists
a unique moment matrix block C = C(n + 1) consistent with the structure of an RG
extension My, 1.

Proof. In any RG extension M, the column relations (2.8) and (2.9) must
hold. The proof of Theorem 2.1 shows that these relations define a unique mo-
ment matrix block B = B(d + 1) consistent with positivity and recursiveness. To
define C = C(n + 1), we may formally repeat the proof of Theorem 2.1 con-
cerning the well-definedness and uniqueness of block B(d + 1), but applying
the argument with M, replaced with B(d + 1), and B[d,d + 1] replaced with
C = B[d +1,d +1]. In brief, we use B(d + 1)T and (2.8) to define the left re-
cursive band in C. We then define column X4*1="Y" by applying (2.9) succes-
sively, starting in row X"t1 5o that this column is Hankel with respect to the
central band, which we are completing simultaneously. We then use (2.9) to suc-
cessively define the remaining columns on the right. Lemma 4.3 can be used to
show that the left band is internally Hankel, and an adaptation of the argument
in Lemma 4.4 can be used to show that column X4*1="Yy" is Hankel with respect
to the left and central blocks. Finally, the argument of Lemma 4.5 can be adapted
to show that the right band is also Hankel. 1

By combining Theorem 2.1 with Corollary 2.2, we immediately obtain the
first of our main results, which follows.

THEOREM 2.3. If M, is positive, with column relations generated entirely by (2.1)
and (2.2) via recursiveness and linearity, then M admits a unique RG extension M1,
ie., Ran B(n + 1) C Ran My, (2.8)—-(2.9) hold in Col M1, and M, is recursively
generated.

COROLLARY 2.4. If M satisfies the hypotheses of Theorem 2.3 and d > n 4+ m —
2, then M admits a flat moment matrix extension My, 1 (and B admits a rank My-atomic
representing measure).

Proof. Each column in the left (respectively right) band is, from (2.1) (respec-
tively (2.2)) and recursiveness, a linear combination of columns of strictly lower
degree. It is easy to see that if d > n 4 m — 2, then there is no middle band, so all
columns are either in the left band or in the right band, and M; is therefore flat;
the result then follows from [9]. If d = n + m — 2, then there is no central band
in the construction of B(d + 1) in Theorem 2.1 and of C(d + 1) in Corollary 2.2. It
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thus follows from (2.9) that each column in the right band is also a linear combi-
nation of columns of strictly lower degree, so M1 is a flat extension. 1

To illustrate Corollary 2.4 in the simplest case, let n = m = d = 2 and
suppose that My satisfies the hypotheses of Theorem 2.3. It follows from [7] that
M, admits a representing measure if and only if the equations

> —p(xy)=0 and y* —q(x,y)=0

have at least 4 common real zeros. Corollary 2.4 implies that the latter “variety
condition” is superfluous; indeed, from Corollary 2.4, there is a representing mea-
sure, so [7] implies that the system must have at least 4 (= rank M) common real
Zeros.

Note that if M;(B) satisfies the hypothesis of Theorem 2.3, then the existence
or nonexistence of a representing measure for  will be established in at most 4 —
1 extension steps (after which the central band would vanish and every column
of Mp;_1 would be recursively determined). The next result shows that for every
d > 2, there exists M;(p), satisfying the conditions of Theorem 2.3, for which the
determination that a representing measure exists entails the maximum number
of extension steps, each of which falls within the scope of Theorem 2.3.

THEOREM 2.5. For d > 1, there exists a moment matrix My, satisfying the con-
ditions of Theorem 2.3, for which the extension algorithm determines successive positive,
recursively generated extensions My, 1, ..., Mpy_1, and for which the first flat extension
occurs at Moy 1. Moreover, each extension My, ; satisfies the conditions of Theorem 2.3,
so to continue the sequence it is only necessary to verify that the RG extension My i1
is positive semidefinite.

REMARK 2.6. To illustrate the significance of Theorem 2.5, let us compare
it to the following result of Theorem 1.2 in [8]: If M;(p) is a bivariate moment
matrix with a column relation p(X,Y) = 0 (deg p < 2), then 8 has a measure if
and only if M, is positive, recursively generated, and rank M; < card V(My).
In this result, we see that the existence of a measure can be determined directly
from the data by establishing the positivity, rank, and variety of M. By contrast,
in Theorem 2.5 we see that it may be necessary to extend M; to M,; 1 in order
to establish that a measure exists. In this sense, within the framework of moment
matrices, we see that the general case of the truncated moment problem cannot
be solved in “closed form”. We may therefore seek to go beyond the framework
of moment matrices. Recall that for § = (24), L p is positive if

p € Pa, plge=0= Lg(p)=0.

In [10] we showed that f admits a representing measure if and only if Lg admits a
positive extension L : P,5,, — R. Thus, as an alternative to constructing all of
the extensions M1, ..., Mp41, in principle it would suffice to test the positivity
of the Riesz functional corresponding to M;,1. Unfortunately, at present there
is no known concrete test for positivity of Riesz functionals (except in special
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cases, cf. [10], [14], [15]), so the moment matrix extension algorithm remains the
most viable approach to resolving the existence of a representing measure in the
bivariate RD case.

For the proof of Theorem 2.5, we require some preliminaries. For d > 1,
suppose X1, ..., Xz are distinct and yy, . . ., y4 are distinct. Let

Plxr,y) = (x—x1)---(x—x4), Qxy):=y—v1) - (y—va)

and set Zp o := {(x,¥;) }1<ij<a, the common zeros of P and Q. Let ] be an ideal
in R[x, y] with real variety

V=V(J):={(x,y) €R?>:s(x,y) =0Vs € J}.

Let I(V) = {f € Rlx,y] : f|V = 0}. In general, I(V(])) may be strictly larger
than | [3]. However, for | := (P,Q) (with P and Q as above), we will show
below (Proposition 2.11) that each element of I()V(])) admits a “degree-bounded”
representation which displays it as a member of J; in particular, | is a real ideal in
the sense of [16]. Although this result may well be known, we could not find a
reference, so we include a proof for the sake of completeness. First, we need three
auxiliary results.

LEMMA 2.7 ([3], Section 2.3, Theorem 3). Fix a monomial order > on Zgo and
let F = (f1,..., fs) be an ordered s-tuple of polynomials in R[xq,...,x,]. Then every
f € R[xy,...,x,] can be written as

f=mfi+-+asfs+r,

where a;, € R[xy,...,x,|, and either r = 0 or r is a linear combination, with coefficients
in R, of monomials, none of which is divisible by any of the leading terms in f1,..., fs.
Furthermore, if a;f; # 0, then we have multideg (f) > multideg (a;f;).

LEMMA 2.8 ([17], p. 67). For N > 1let vy, ..., vy be distinct points in R2, and
consider the multivariable Vandermonde matrix Viy := (0f)1c;cn 4 €72 || <N—1 of size

N x w Then the rank of Vyy equals N.

COROLLARY 2.9. Let x = {x1,..., Xy} andy = {y1,...,yn} e sets of distinct
real numbers, and consider the grid x X y := {(X;,Yj) M<i<m,1<j<n consisting of N :=
mn distinct points in R2. Then the generalized Vandermonde matrix Vxxy, obtained from
VN by removing all columns indexed by monomials divisible by x™ or y", is invertible.

Proof. The columns of Vy are indexed by the monomials in x and y of degree
at most N, listed in degree-lexicographic order. The size of Vy is N X w, and
by Lemma 2.8 we know that its rank is N. We will show that Vyxxy has exactly
N columns, and that each column that was removed from Vy to produce Vixy is
a linear combination of other columns in Vy. Toward the first assertion, assume
without loss of generality that m < n, let k := n — m (so that m + k = n), and

observe that the columns of Vyxy are indexed by the following monomials:
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xm—lyZ . xym ym+1
xm—1y3, o, xym—&-l,ym—&-ZI
xmflyk, ., xmerkuI merk*l,
AL k2
xm—lyn—l‘
The number of monomials is then (1+2+ - - +m) +mk+ [(m —1) + (m —2) +
24 1) = M g DM 2 4k — m(m 4+ k) = min. Tt follows
that Vixy has exactly N = mn columns.
To prove the second assertion, observe that the polynomials P := (x —

x1) -+ (x —xp) and Q := (y —y1) - - - (¥ — y») vanish identically on x x y, and
therefore the columns of Vi indexed by multiples of x™ or y" are linear combina-
tions of columns preceding them in degree-lexicographic order.

By combining the preceding two assertions, it follows that Vy.y, having size
N and rank N, must be invertible. 1

The following result is a special case of Alon’s Combinatorial Nullstellen-
satz [1]; for completeness, we give a proof based on Corollary 2.9.

COROLLARY 2.10. Let G = x X y be a grid as in Corollary 2.9, let N := mn, and
let p € R[x,y] be such that deg, p < m and deg, p < n. Assume also that p|g = 0.
Then p = 0.

Proof. We wish to apply Corollary 2.9. From the hypotheses, it is straight-
forward to verify that p does not contain any monomials divisible by x™ or ", so
p, properly extended with zeros to indicate the absence of relevant monomials,
can be regarded as a vector in RY, the domain of the generalized Vandermonde
matrix Vg in Corollary 2.9. Since, by assumption, p(x;,y;) = 0 forall1 < i < m
and 1 < j < n, it follows that Vgp = 0. Since V; is invertible (by Corollary 2.9),
we must have p =0, so p =0, as desired. 1

PROPOSITION 2.11. Let P(x,y) := (x —x7)--- (x — x4) and let Q(x,y) =

(y—vy1)---(y —yq). If p := multideg (f) > d and f|V((P,Q)) = O, then there
exists u, v € P,_q such that f = uP +vQ.



414 RAUL E. CURTO AND LAWRENCE A. FIALKOW

Proof. Let V := V((P,Q)). By Lemma 2.7, we can write f = uP +vQ+7,
where multideg (uP) < p and multideg (vQ) < p. It follows that u,v € P, 4
and that |V = 0. Moreover, r is a linear combination, with coefficients in R, of
monomials, none of which is divisible by any of the leading terms in P and Q,
that is, they are not divisible by x and y?. Therefore, r satisfies the hypotheses of
Corollary 2.10 with m = n = d. By Corollary 2.10, r = 0. Thus, f = uP 4 vQ, as
desired. 1

Proof of Theorem 2.5. At several points of the proof we will use the fact that if
a moment matrix My admits a representing measure vand f € Py, then f|supp v =
0 if and only if f(X,Y) = 0 in Cy, ([5], Proposition 3.1). Let xq,...,x; and
Y1,-..,Yq be sets of distinct real numbers, and let G := x xy = (xi’yf)lgi,jgd
denote the corresponding grid. Let p denote a measure whose support is pre-
cisely equal to G and let M; := My[u|. Let P(x,y) := (x —x7) - - - (x — x4) and let
Qx,y):=(W—vy1) - (y—y,). Since P|c = 0and Q|g = 0, then P(X,Y) = 0 and
Q(X,Y) = 0in Cp,, whence X? = p(X) and Y? = g(Y) for certain p,q € Py_4
satisfying P(x,y) = x — p(x) and Q(x,y) = v¥ — q(y); thus, M, is recursively
determinate. We first show that the only column dependence relations in M,
arise from the above relations via linearity, so that M; falls within the scope of
Theorem 2.3. If deg f = d and f(X,Y) = 0in Col My, then f|g = 0, so Proposi-
tion 2.11 implies that there exists scalars u and v such that f = uP 4 vQ. Thus,
f(X,Y) =uP(X,Y)+vQ(X,Y). Further, ifdeg f < dand f(X,Y) = 0, then since
fle =0, it follows from Corollary 2.10 that f = 0 (whence M, _1 > 0). Thus, My
satisfies the conditions of Theorem 2.3.

Since M, has the finitely atomic representing measure u, M; admits succes-
sive positive, recursively generated extensions My, 1 [p], My 2[p], ..., so clearly
these are the unique successive positive, recursively determined extensions of
My; let My == Mylp] (1 < k < d—1). We seek to show that each of
Mjiq,..., My, falls within the scope of Theorem 2.3 and that the first flat ex-
tension in this sequence occurs with rank M,; 1 = rank My;_,. We first give a
concrete description of ker My, . Since My 1 > 0,if r € Py, with7 € ker My 4,
then deg r = d +j for 0 < j < k. Since y is a representing measure for My, it
follows that r[supp u = 0. Proposition 2.11 now implies that there exist u, v € P;
such that r = uP 4 vQ (with P and Q defined above in the description of u#). Thus
ker M, is indexed by the recursively determined columns; precisely, ker M«

is the span of all of the columns x5y*(x? — p) and x5y!(y? — q) (s,t > 0,5+t < k).
Thus, M, satisfies the conditions of Theorem 2.3. In passing from M ;1 to
M, there are d + k + 1 new columns, of which 2(k + 1) are recursively deter-
mined, and since these correspond (as just above) to elements of ker M., we
have rank My = rank My, 1+ (d+k+1) —2(k+1) = rank My 1 +d —
k — 1. Thus the first flat extension occurs when k = d — 1, in passing from Mp;_»
to Mpz_1. I
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We continue with an example which shows that Theorem 2.1 is no longer
valid if we permit column dependence relations in M; in addition to those in
(2.3)-(2.4).

EXAMPLE 2.12. We define M3 by setting Boo = B20 = Bo2 = 1; B11 = B30 =
P21 = Boz = 0; P12 = Pao = 2; B31 = P13 = 0 B2 =5, Bos = 22; Bso = —1, Ba1 =
=2, B =13, ﬁzs = 3 Bia = %%, ﬁo = 338, Beo = 178, P51 = 139, Pup = 159,

ﬁ h: 1%7’ ’524 13 , ‘[315 =7, ,306 — 443272376768 Z17§2277;62§30r 48268092 . Thus,
we have
100 1 0 1 0 0 2 0
o1o0 0o 0 2 2 0 5 0
0oo1 0 2 0 0 5 0 22
100 2 0 5 -1 -2 13 3
0oo2 o0 5 0 -2 13 3 %
— 13
@) M=y 5 0 5 0 2 13 3 8 s
02 0 -1 -2 13 178 139 159 &7
00 5 -2 13 3 139 159 167 428
894 1657 4298
0oz 3 o B ouw gk D)

It is straightforward to check that M3 is positive, recursively generated, and re-
cursively determinate, with M, > 0, rank M3 = 7 and column dependence rela-
tions

211) X2 =p(X,Y):=40-1—24X +4Y —53X? — 2XY 4 13Y?,

(212) XY =t(X,Y):=35-1—22X — Y —46X? +3XY +11Y?, and
213) Y =gq(X,Y):=dy -1+ dyX +d3Y +dyX? + dsXY + dgY? + d; XY?,

_ 3(487658—1651r) _ 3(—342075+1157r) _ 2(—2131598+65917) B
where dy = ==, dy = - - d3)— T =
—2000094+6773r __ 2338519—6591r __ 2(—316575+1079r _ —480154+169r

1447 ,ds = ser o = T447 ,d7 = 1417 - Thus,

M3 satisfies all of the hypotheses of Theorem 2.1, except that (2.12) is an “ex-
tra” dependence relation (not a linear combination of the relations defined in
(2.11) and (2.13). We claim that M3 does not admit a moment matrix exten-
sion block B(4) such that (M3 B(4)) is recursively generated. Indeed, if such
a block existed, then in the column space of (M3 B(4)) we would have X3y =
(yp)(XY):=40Y—-24XY+4Y2-53X2Y—-2XY2+13Y? and also X°Y = (xt)(X,Y):=
35X —22X2— XY —46X3+3X2Y+11XY?2. A calculation shows that ((yp)(X,Y) —
(xt)(X,Y), XY?) = =HH6EION o6 for r £ 49382 X3Y is not well-defined. Thus,
the conclusions of Theorem 2.1 do not hold for M3 (and thus there is no repre-
senting measure). 1
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By contrast with the preceding example, we next show that if M; € RD,
with all column dependence relations of strictly lower degree, then M; does ad-
mit an RG extension.

THEOREM 2.13. Suppose My is positive and recursively generated, and satisfies
(2.3)-(2.4). If each column relation in My can be expressed as X'YI = r(X,Y) with
degr < i+ j, then My admits a unique RG extension.

We present the proof of Theorem 2.13 in Section 5. Finally, we note that in
applying the algorithm, Theorem 2.3 or Theorem 2.13 may apply at some exten-
sion steps, but not at others. Consider Example 4.15 of [12], which concerns a
recursively determinate Ms withn = m = d =5, deg p = 5, deg q = 4. The mo-
ment matrix Ms satisfies the hypotheses of Theorem 2.3 (with the roles of p and
g reversed). The RG extension M is positive semidefinite and satisfies the hy-
potheses of Theorem 2.3. The RG extension My is also positive semidefinite, but
has a new column relation, X3Y* = r(X,Y) (deg r = 6), that is not recursively
determined from X°> = p(X,Y) or Y° = ¢(X,Y). Thus, Theorem 2.3 does not
apply to My, nor does Theorem 2.13 (since deg p = 5 = n). Nevertheless, in this
case, when the algorithm is applied to My, a flat extension Mg (and a measure)
results.

3. AN EXTENSION SEQUENCE THAT FAILS AT THE SECOND STAGE

Recall that in the most important case of recursive determinacy, a positive,
flat M, admits unique positive, recursively generated extensions of all orders,
Mjiq,... Mgy, ..., leading to a unique representing measure. Further, in all of
the examples of [6], [11] and [12], when a positive, recursively generated, recur-
sively determinate M, fails to have a representing measure, it is because it fails
to admit a positive, recursively generated extension M, 1. These results suggest
the question as to whether a positive, recursively generated, recursively determi-
nate M; which admits a positive, recursively generated M, 1 necessarily admits
positive, recursively generated extensions of all orders (and thus a representing
measure) ([12], Question 4.19). In this section we provide a negative answer to
this question. In the sequel we construct a positive, recursively generated, re-
cursively determinate My (B(®)) which admits a positive, recursively generated
extension Ms, but such that Ms fails to admit a positive, recursively generated
extension Mg. It then follows from the Bayer-Teichmann theorem that (8 has
no representing measure.

We define M, by defining its component blocks in the decomposition

(M B
G M4‘<B<43T c<4>)'
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We begin by setting Boo = P20 = Boz = B2 = 1, Bao = Boa = Paz = Poa =2,
Bso = Pos = 5, and all other moments up to degree 6 set to 0, so that

1001010000
0100002010
001000O0T1TQ0 2
1002010000
0000100T0GO00O0

(3.2) Ms=11 001020000
02000050 20
0010000202
0100002020
00200007205

We next set
201 0 2
00000
0000 0
50 2 0 2
02020
(3.3) BO=15 050 5l
a b 00 0
b 0000
0000 g
000 g h

where B70 = a, Be1 = b, P16 = &, Poy = h, and all other degree 7 moments equal
0. Let

(3.4) p(x,y) := ax® + bx*y +3x* —by —2ax — 1, and
(3.5) q(x,y) == gxy* + hy® +3y* — 2hy — gx — 1,

so that in the column space of (M3 B(4)), we have the relations
(3.6) X*=p(X,Y), and

(3.7) Yt =q(X,Y),

and rank (M3 B(4)) = 13.
We complete the definition of a recursively determinate My by extending
the relations (3.6) and (3.7) to the columns of (B(4)T C(4)), leading to

134+a>+b%> ab 5 0 4
ab 5 0 4 0
(3.8) C(4) = 5 0 4 0 5
0 4 0 5 gh
4 0 5 gh 13+¢>+Hh
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Since M3 > 0 (positive and invertible), we see that My > 0 with rank 13 if and
only if A(4) := C(4) — B(4)TMg1B(4) > 0. In view of (3.6) and (3.7), this is equiv-
alent to the positivity of the compression of A(4) to rows and columns indexed
by X3Y, X?Y?, XY3, e,

1-p%> 0 0
(39) [A(4)]{X3Y,X2Y2,XY4} = 0 1 0 - 0
0 0 1—-¢2

Thus, if b and g satisfy 1 —b? > 0 and 1 — g > 0, then My is positive, recursively
generated, and recursively determinate, with rank My = 13, so M, satisfies the
hypotheses of Theorem 2.1.

We next seek to extend My to a positive and recursively generated Ms. In
view of (3.6) and (3.7), this can only be accomplished by defining

(3.10) X°:= (xp)(X,Y), and

(3.11) Y5 = (yq)(X,Y).

Theorem 2.1 implies that the resulting B(5) is well-defined and satisfies Ran B(5)
C Ran My, so there exists W satisfying B(5) = MyW. A calculation now shows
that if we define C(5) via (3.10) and (3.11) (as we must to preserve recursiveness),
then Ms > 0 if and only if

00 0 0 00
00 0 0 00
—1+20?
A(5) = C(5) — B(5)™W = 00 Trw ,figz 00 =0
00 by % 00
00 0 0 00
00 0 0 00

Thus, using nested determinants, and since b? < 1, we see that Mj is positive and
recursively generated, with rank M5 = 15 if and only if

1

(3.12) b < 5 and
(3.13) 1-2b% - 2" + 317282 +bg? + b2g* — bigt > 0.
For example, setting b = g = 1, the expression in (3.13) equals 2223t (> 0), so

it follows that M5 is positive and recursively generated, with rank Ms = 15,
whence Ms satisfies the conditions of Theorem 2.1.

With these values for b and g (or using other appropriate values), we next
attempt to define a positive and recursively generated extension Mg. This can
only be done by defining X® := (x?p)(X,Y) and Y° := (y%¢)(X,Y). Theorem 2.1
implies that the resulting B(6) is well-defined and that there is a matrix V such
that B(6) = M5V. Further, C(6) is uniquely defined via the preceding column
relations. Mg as thus defined is recursively generated (by construction), but we
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will show that it need not be positive. Indeed, a calculation shows that A(6) =
C(6) — B(6)TV is identically 0 except perhaps for the element in the row and
column indexed by X3Y? (the row 4, column 4 element), which is equal to

(1— 3%+ b* — ab’g + ab*g + bh — 2b°h)

(—1—ag +3¢% + 2ag® — ¢* + bg?h — bg*h)
"1+ 202+ 2g2 — 3b2g2 — big? — b2gh + bigh

Note that the denominator of the preceding expression is the negative of the ex-
pression in (3.13), and is thus strictly negative. Thus M is positive if and only if

1= (1 —3b% 4 b* — ab®g + ab*g + bh — 2b°h)
x (=1 —ag+3¢* = 2ag° — ¢* + bg’h — bg*h) < 0.
Withb =g = %, we have

(—836 + 15a — 224h) (836 -+ 224a — 15h)
1048576

If we choose a and : so that 7 = 0, then M; is a flat extension of Ms, and g = (®)
has a 15-atomic representing measure. If we choose a and / so that 7 < 0, then
Mg is positive with rank 16, and since, in Corollary 2.4, n = m = 4and d = 6, it
follows that Mg has a flat extension My. However, if we choose a and / so that
n > 0(eg,withh =0anda > 81%6), then Mg is not positive, whence B has no
representing measure.

4. PROOF OF THEOREM 2.1

The proof of Theorem 2.1 entails two main steps: (i) the construction of the
block B(d + 1) from the column relations (2.1) and (2.2) so that (M; B(d + 1)) is
recursively generated; and (ii) the verification that Ran B(d 4+ 1) C Ran M.

Step (i). Step (i) will follow from a series of five auxiliary results (Lem-
mas 4.1-4.5). To begin the formal definition of B(d + 1), note that blocks B[0,d +
1],...,Bld — 1,d + 1] are completely defined in terms of moments in M;. In-
deed, for 0 < i < d+1,0 < j<d—1 and hk > 0 with h+k = j, the
component of B[j,d + 1] in row X"Y* and column X/Y?+1~7, which we denote
by (X Y11 X"Yk) must equal B;,4:1 ik Note also that for i > n, the above
component is alternately defined by (2.8), so we must show that the two defini-
tions agree.

LEMMA 4.1. For0< f <d+1—nandi,j > Owithi+j < d—1, the entry
in column X" fY¥1=n=f yow XYI as defined by (2.8), coincides with the moment
inherited from My by moment matrix structure, By r1id—n—fij1-
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Proof. Consider first the case when d — n — f > 0. From (2.8), we have
XY HHf  (of A n=f )y (X Y)
= Yo X ystf (0K f<d+1—n),

7,520, r+s<n—1
S0
<Xn+fyd+1—n—f, Xin> _ Zﬂrs <Xr+st+d+1—n—f, Xin>,

Sincer+ f+s+d+1—-n—f<ds+d+1—n—f>1landi+j<d—1, using
the moment matrix structure of the blocks of M; we may express the last sum as
Zars<xr+fys+d—n—f, Xin+1>.

Now (2.3) implies that in M, the later expression is equal to
(XYL XYY = B e e
Forthecase f =d—n+landi+j<d—1,

(XTL XYY = Y ap (XY X XYY = Y g, (XTYSXTTM, XIHLYT)
= (X, XY = Byyipr N

We have just verified that in the left recursive band, in blocks of degree at
most d — 1, each column element coincides with the corresponding “old” mo-
ment from M. Old moments are also used to define the central (nonrecursive)
band of columns in blocks of degree at most 4 — 1. We next use these left and
central bands, together with (2.9), to show that the column elements in the right
recursive band, in blocks of degree at most d — 1, also agree with corresponding
old moments.

LEMMA 4.2. For 0<k<d+1-m,i,j>0,i+j<d—1, column X +1-m—kym+k
as defined by (2.9), satisfies (X4H1—m—kym+k xiyj)y — Bitd-+1—m—km-+k+j-

~ Proof. The proof is by induction on k. For k = 0, we show that (xAH1=mym
X'YT) = Bivdt1-mmyj- From (2.9), we have

<Xd+1—mYm’ Xin> _ Z Dé,lb<Xd+1_m+qu, Xin>
a,b>0,a+b<m—1

+ Z 7C6<Xc+d+l—mye’ Xin>,

c,e20,c+e=me<m

Since a + b < m, then in My,

d+1— b Xxiyi
(XYY, XYY = Bayrmravip)-
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Since e < m, (X°+td+1=mye XiYj) is in either the left or central band, and thus
equals the old moment B 411 p1ietj- NOw

d+1- iy
(XFH1=mym Xiyl) = Yo aaBati-mratipij
a,b>0,a+b<m—1

+ Y. YeeBetd+1—m+ie+j-

c,e20,c+e=me<m
In My, the latter expression equals
2”‘ab<Xd_m+aYh/ Xi+1yj> + 2766<Xc+d—mye, Xi+lyj> — <Xd_mYm, Xi+1Yj>
= Ba—m+i+1,m+js

as desired. We next assume the result is true for O, ...,k — 1. Consider first the
case when k < d + 1 — m. We have

<Xd+1*m7kym+k’ le]> — Z aab<Xd+lfm7k+llyb+k’ le]>
a,b>0,a+b<m—1

+ Z 7CE<xC+d+1fm7kY6+kl le]>

c,e20,c+e=me<m

The term (X +1-m—k+ayb+k xiyj) isa component of My, and thus equals the cor-
responding moment. Since e + k < m + (k — 1), X¢Hd+1-m-kyetk js by induction,
a column for which the elements of row-degree i + j are old moments. Thus,

(X =y mtk XYY = Y o Bast—m—ktatiprks] T Y VYeeBerdilom—kiierh)-
In M, the last expression equals
Z“ab <Xd+a*m7kyb+k, Xi+l Y]> + 2 7C€<xC+d7m7kYe+k’ Xi+1 Y]>
= (XTI XYY = B kevi Lk
Finally, we consider the case k = d + 1 — m. We have

<Yd+1, le]> — E lxab<XaYb+d+lfm’ le]>
a,b>0,a+b<m—1
+ Z ')’ce<XCYe+d+17m/ Xin>.

c,e=0,c+e=me<m

Since e < m, then ¢ > 1, so X Y*T9t1-M ig to the left of Y311, ie,c=d+1—m —
k' for k' =d+1—m — ¢ < k. Thus, by induction,

<Yd+1r Xin> = Z“ubﬁa+i,b+d+lfm+‘ + Z’Yceﬁc+i,e+d+lfm+"
] ]
In M, the last expression equals
leub<Xayb+d7m, Xiyj+1>+2,)/ce<xcy€+d7m’ Xiyj+1> _ <Yd, Xiyj+1> — 5i,d+j+1/

as desired. 1
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To complete the definition of B(d + 1) we must define B[d,d + 1]. Within
this proposed block, we first use (2.8) to define the left recursive band, xa+1
X"Y4+1-" Note that between the end of the left band, X"Y?+1~" and the begin-
ning of the right band, Xntl=mym there is a central band of n+m—d—2 columns;
set :=n+m—d—1. In row X9, each of the components in the central columns,
(xn—lyd+2=n xdy  (xd+2-mym=1 xd\ corresponds via a cross-diagonal to a
component of column X"Yd+1-1 (whose value is known from (2.8)), i.e.,

<Xn7jyd+1fn+j’ Xd> _ <Xnyd+17n’ dejyj> (1 < ] <m4n—d— 2)'

We may thus use (2.9) to define (XdH"”Ym, Xd>, and we extend the latter value
along the central-band section of the cross-diagonal to which it belongs. Next,
in row X?~1Y, we use this value with (2.9) to define (X4+1="y™ X4-1y) and
we extend this value along the central-band section of its cross-diagonal. Pro-
ceeding in this way, we completely define column X4*1="Y" and insure that it
is Hankel with respect to the central band. Finally, we use (2.9) to define col-
umn X4="Y"+1 and, successively, X4~"1y"+2 Y4+l This completes the
definition of a proposed block B[d,d + 1]. However, to ensure that it is well-
defined as a moment block, we must check that for a cross-diagonal which inter-
sects columns X"Y4*1=" and X?+1="Y"™ the components of the cross-diagonal
in these columns agree in value, i.e., the values arising from (2.8) are consistent
with those arising from (2.9). More generally, we need to show that the block we
have defined is constant on cross-diagonals.

To show that B[d,d + 1] is well-defined and Hankel, we begin with the
following general result concerning adjacent columns that are recursively deter-
mined from the same column dependence relation. Suppose in Col M, there is a
dependence relation X°Y*=p(X,Y), wherec+e=dand p(x,y)= ) g x"y?

a,b>0,a+b<d—1
€ P;_1. Then the elements of Col M, defined by

Xy = (xp)(X,Y) := Y ap X 1Y?,  and
a,b>0,a+b<d—-1
XY= XY= L apXov

a,b>0,a+b<d—1
are Hankel with respect to each other, as follows.
LEMMA 4.3. Fori,j = 0,i+j<d,j>0,
<Xc+1Y6, Xin> — <XCY8+1,Xi+1Yj_1>
Proof. We have

<XC+1Y€, le]> — Z “ab<Xa+1yb, le]>’
a,b>0,a+b<d—1
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and since each row and column in the last sum has degree at most d, relative to
M, we may rewrite this sum as

‘Xab<Xqu+1/ Xi+1Yj_1> — <che+1, Xi+1Yj_1>.
a,b>0,a+b<d—1

This completes the proof. 1

It follows immediately from Lemma 4.3 that the left recursive band in B[d, d
+1] is constant on cross-diagonals. We next check that if an element of a col-
umn in the non-recursive central band can be reached on a cross-diagonal which
intersects both columns X"Y4*1=" (at the edge of the left recursive band) and
XdH=mym (at the edge of the right recursive band), then the values obtained
from both of these columns agree. This is the substance of the following lemma.

LEMMA 44. For0<k<2d+1—-n—m,
(4.1) <Xd+1mem/Xd7kyk> _ <Xnyd+1fn/Xd7§7kyt5+k>.

Proof. The proof is by induction on k. We begin with the base case, k = 0,
and seek to show that (X4+1=mym xdy — (xnyd+l-n xd=0yd) (recall that § :=
n+m—d—1). Using (2.9), we may express (X?+1-mym xd) as

(4'2) Z aﬂb<Xd+1—m+ayb, Xd> + Z ’)’Cg<Xd+1_eYE, Xd>.

a,b>0,a+b<m—1 c,e20,c+e=me<m

Note that (X4+1-m+ayb xd) is a component of My; further, since e < m,
(Xetd+l=mye xd) is the endpoint of a cross-diagonal that lies entirely in the left
and central bands, and is thus constant. Therefore, we may rewrite (4.2) as

Z Dcﬂh<Xd, Xd+1fm+ayb> + Z 7C€<Xd+1, deeYe>

a,b>0,a+b<m—1 c,e=0,c+e=me<m

= Z“uh<zarst*””Ys, Xd+1fm+uyb> +Z')/ce<zarsxd7n+r+lys, deeye>
=Y s Y g (XY, XYY £ 0 Y e (XY, Xy
— Y ( Zaub<xd+1fm+ayb, Xd-ntrysy 4 2766<deeye’ Xd7n+r+1ys>>
= Zgrs< Z“ubxd_m+”Yb + Z’YceXd_eYe, Xd—n+r+1Ys>
=Y g (XATmym, XAty
Since 6 = m+n —d — 1, in M, the last sum is equal to
Yy (XY xd=by Sy — (xnyd+lon xd—dyd)

which completes the proof of the base case.
We assume now that (4.1) holds for 0, ..., k—1, withk—1 <2d+1—n—m.
To establish (4.1) for k, we consider first the case d —k > n. Let us write x :=
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<Xd+1fmym’ Xd*kyk> as

— Z lxab<Xd+1_m+aYb, Xd—kyk>
a,b>0,a+b<m—1

+ Z 'YCC<Xd+1_eYer Xd_kYk>

c,e=0,c+e=me<m,d+1—e>n

(4.3) + Z ,yce<Xd+l—eYe, Xd—kyk>.

c,e=0,c+e=me<md+1—e>n,d+1—e<n

Note that the components in the first sum of (4.3) lie in M. In the third sum, since
d+1—e < n, column X9t17¢Y? is in the middle band, and the component y :=
(xd+1-eye, Xd=kyk) lies on a cross-diagonal ¢ strictly above the cross-diagonal
for k. Either because o does not intersect column X4*1="Y" or by induction if it
does, we see that 7 has the same value as

<Xnyd+1—n’ Xd—k—(n—(d+1—e))Yk+n—(d+1—e)>

(on the same cross-diagonal). Thus (4.3) can be expressed as

K= Z txab<Xd7kYk, Xd+1fm+zzyb>

a,b>0,a+b<m—1

+ Z 7C€<XnXd+lfefnYe’ dekyk>

c,e=0,c+e=me<m,d+1—e>n

+ Z 'Yce<XnYd+1_n, Xd_k_(”_(d+1—€))Yk+n—(d+1—e)>

c,e=0,ct+e=me<m,d+1—e=n,d+1—e<n

= thuL,(X”Xd—k—”yk’ Xd+1—m+ayb>

+ Z Yee <and+l—e—nye, Xd_kYk>

+ Z Yee <XnYd+1_n, xd—k—=(n—(d+1—¢))yk+n—(d+1—e) )
— Z Kgp Z Ars <X‘r‘+d—k—1’lys+k1 Xd+1—m+ng>

+ Z Yce Z Ays <X7'+d+l—e7nys+e, dekyk>

+ Y Yoo Y ap(XTys T xd—k—(n=(d+1=e)) yhen—(d+1=e))
= Z Ay ( Z Kgp <Xr+d7k7n ys+k Xd+1fm+ayb>

+ Y e (XAt e nyste xd-kyk)

(4.4) + 2 Yee <X7Ys+d+lfn’ xd—k—(n—(d+1—e))yk+n—(d+1-e) >> '
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Using the symmetry of M; in the first and third inner sums of the last expression,
we may rewrite this expression as

Y ars ( Y ity (XA Ity xrrd—k=nystk)
+ 27C6<Xr+d+l—e—nys+e, Xd_kYk>
(4.5) + 2 fyce<Xd7k7(”7(d+1*€))YkJF”*(dJrl*E), XTYS+d+1fn>) )

In the second inner sum of (4.5), (X" +d+1—e=nys+e xd=kyk) is a component of My
and thus equals the moment B, 441 ¢ nid_ksieik- Since X4K7=nys+kis a row
of degree at most d — 1, this moment coincides with (X¢Fd+1-mye xd-ktr—nys+k)
from the left band of B[d + r + s — n, n + 1]. Further, in the third inner sum of (4.5),

<Xd7k7 (n—(d+1—e)) Yk+n7(d+1fe) XrYs+d+1fn>

is also a component of My, equal to B gk (n—(d+1-e))s+k+n—(d+1—e)+d+1—n,and
this moment coincides with (X#+1=¢ye, X"+d=k=nys+k) from the middle band in
B[d +r+ s —n,d + 1]. Thus, the expression in (4.5) can be written as

lers Z ‘Xab<Xd+1*m+aybl X7+d7k7nys+k>
a,b>0,a+b<m—1
+ Z 7CE<Xd+1fm+cYe, Xr+d*k*”Y5+k>
c,e=0,ct+e=me<m,d+1—e>n
(4.6) + Z Z Yee <Xd+lfm+cYe/ Xr+d7k7nys+k>) )

c,e=0,c+e=me<m,d+1—e<n

which equals
(4_7) Zars<Xd+lmem’ Xr+d7k7nys+k>).

Since X' td—k=nys+k ig a row of degree at most d — 1, Lemma 4.2 implies that the
expression in (4.7) equals

Z”rSﬁd+l—m+r+d—k—n,m+s+k = ZarSﬁr+d—é—k,5+d+1—n+5+k
_ Zars<XrYS+d+17n deéfkyé+k>
7
_ <X1’lyd+1*i’ll Xd*ﬁ*k¥(5+k>.

This completes the proof of the induction step for (4.1) when d — k > n.
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We next treat the case when d — k < n, which implies § + k > m. We have

<Xnyd+1fn’ Xd7§7kyt5+k> :Z s <Xryd+lfn+s/ deéfkyé+k>
:E s <Xd7(57kymyr5+k7m’ Xryd+1fn+s>

=Y s ( y gy (XOHA—O—kybtotk=m yryd+1-ndts
a,b>0,a+b<m—1

+ Z ,),C€<Xc+d7(57kye+15+k7m,Xryd+1fn+s>)‘

c,e=0,c+e=me<m

(4.8)

Note for future reference that all of the matrix components that appear in (4.8)
come from M.
We now consider

<Xd+lfmym, dekyk> — Z D(ﬂh<Xd+1fm+ayb, Xd#cyk)
a,b>0,a+b<m—1
+ Z Yee <Xd+1fm+cYe, dekyk>
c,e=0,c+e=me<m
(49) :Z X <Xd_kYk, Xd+1—m+ayb> +Z'Yce<Xd+l_eYel Xd_kYk>

(using symmetry of M, in the first sum). Sincek — (n — (d —k)), d+1—m+a —
n+d—k(=a+d—06—k),and b+ n — (d — k) are all nonnegative, by applying
the block-Hankel property of M; to the first sum in (4.9), we may rewrite the
expression in (4.9) as

Z’Xab <Xnyk—(n—(d—k)), Xd+1—m+ﬂ—l’l+d—kyb+n—(d—k)>

(4.10) + Y e (xHImeye, x IRy
_ Z“ub Zars <XrYs+k—(n—(d—k)), Xd+1—m+a—n+d—kyb+n—(d—k)>
(411) + Z'YCL’<Xd+1_eY€r Xd_kYk>,

and all of the matrix components in the first double sum of (4.11) are from M,.
Comparing the components in the first double sums of (4.8) and (4.11), we have

<Xu+d7§7kyh+5+k7m’xryd+17n+s>

= ,Ba+d7157k+r,b+§+k7m+d+l7n+s

= Bridt1-mta—ntd—ks+k—(n—(d—k))+b+n—(d—k)

<XrYs+k—(n—(d—k)) Xd+1—m+a—n+d—kyb+n—(d—k)>
4 4

so the first double sums of (4.8) and (4.11) are equal.
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Let us write the rightmost sum in (4.11) as
Z 7C€<xﬂxd+1—€—?’ly€, Xd_kYk>
c,e=0,c+e=me<m,d+1—e>n
(4.12) + Z %6<Xd+1—eyel Xd—kyk>.
c,e=0,c+e=me<m,d+1—e<n
In the second sum of (4.12), since d+1—e <, the component (XdH"”Y“, Xd’kYk>
(from the middle band) has the same value as the component (X" ydtl-n
Xd—k=(n—(d+1+e) yktn—(d+1-¢)) on the same cross-diagonal. (This is because the
cross-diagonal is strictly above that for (X4+1=my™ Xd=kyk) 5o the conclusion
follows by definition or induction.) We may now write the expression in (4.12) as
Z Yee Zars <Xr+d+lfefnys+el dekyk>
c,e=0,c+e=me<m,d+1—e=n
+ Z 7C€<Xnyd+1—n,Xd—k—(n—(d+1—e))yk+n—(d+1—e)>
ce=0.e<m,c+e=m,d+1—e<n
_ Z Yee Zﬂrs<Xr+d+1_e_an+e/ Xd—kyk>
c,e=0,e<m,c+e=m,d+1—e>n
(4.13) + 2 Yee 2 s <XrYs+d+lfnl dekf(nf(d+1fe))yk+n7(d+lfe)>'
c,e=0,c+e=m,d+1—e<n
All of the matrix components in (4.13) are from My, so (4.13) can be expressed as
Z Ars Z ,Br+d+1fefn+d7k,s+e+k-
ct+e=m

It is straightforward to check that this double sum coincides with the second dou-
ble sum in (4.8) (whose matrix components also come entirely from M;). This
completes the proof that the second double sums in (4.8) and (4.11) have the same
value, so the expressions in (4.8) and (4.11) are equal, which completes the proof
of the induction when d — k < n. Thus, the induction is complete. 1

We have shown above that in B[d,d 4 1] the columns X4*1,. . Xxd+1-mym
are well-defined and Hankel with respect to one another. Using (2.9), we also suc-
cessively defined columns xd=mym+1 - yd+1 e next show that the columns
xd=m+lym . y4+1 are Hankel with respect to each other, so that all of B[d,d +
1] has the Hankel property.

LEMMA 4.5. For 0<s<d+1—mand i,j>0 with i+j=d and j >0, we have
(XFHIm—symes xiyjy — (xd-mosymts+l yitlyi-1y
Proof. The proof is by induction on s > 0. For s = 0, we have
(xd+1-mym xiyjy = y gy (XATI=mayb xiyiy
a,b>0,a+b<m—1
(4.14) + Y Yee(XFHI7EYC, XPYT),

c,e20,c+e=me<m
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In the first sum, each component is from M;. In the second sum, column Xxd+1-eye
is strictly to the left of X4*1="Y™ 0 it is Hankel with respect to its right succes-
sor, X?-eyetl We may thus rewrite the expression in (4.14) as

2 Xop <dem+ayb+1, Xi+1 Yj*1> + 2 768<xd*€y€+1, Xi+l Yj71>

a,b>0,a+b<m—1 c,e20,c+e=me<m

— <Xd—mym+1’ Xi+1Yj_1>.
Assume now that the Hankel property holds through s — 1 and consider

<Xd+l—m—st+s’ Xin> _ Z aab<Xd+1—m+a—sYb+s’ Xin>
a,b>0,a+b<m—1
(4.15) + Y Yee (XTHImemsyets xiyiy,

c,e20,c+e=me<m

As above, in the first sum, each component is from My; in the second sum, each
column X4F1-¢75Ye+s jg to the left of X4+1="=sY"+5 5o the Hankel property
holds for this column by induction. We may thus write the expression in (4.15) as

Z txab<Xd_m+a_sYh+S+1,Xi+1Yj_1>—I— Z 7C€<Xd_€_sye+s+1,Xi+1Yj_1>

ab a+b<m—1 ct+e=me<m
— <Xd—m—st+s+1 Xi+1yj—1>

which completes the proof by induction. 1

Step (ii). The preceding results show that under the hypotheses of Theo-
rem 2.1, there exists a unique block B(d + 1) that is consistent with recursiveness
in (My; B(d+1)) . To prove Theorem 2.1, we must also show that Ran B(d +
1) € Ran M;. The following lemma is a step toward this end; it shows that
the rows of (M; B(d +1)) of the form X"*/Y8 (f,g > 0, n+ f +g < d) are
recursively determined from row X".

LEMMA 4.6. Fori,j 2 0,i+j<d+1landfor f,g 20, n+ f+g<d,

(4.16) (XiyT, X" fy8) = Yo an (XY, Xy,
r,s20,r+s<n—1
Proof. Since M, is real symmetric, it follows from (2.8) that (4.16) holds for
i+j < d. We may thus assume that j = d + 1 —i. Consider first the case when
n+ f+g < d. In the subcase when i < d, it follows from the presence of old
moments in B[n + f + g,d 4 1] that

(XIy =l X ys) = Bitntfd+1—itgr
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and in M; we have
Bitnifdri—ivg = (X" HIY8TL, XIYI)
(417) — Z s <Xr+st+g+1, Xiyd7i>
7,520, r+s<n—1

=Y ay (XY XTHYSTSTLY - (by symmetry in My)

= Z”rsﬁi+r+f,d—i+s+g+1

— Zam(Xiyd‘Flfl‘, Xr+st+g>

(by moment matrix structure in B(d + 1)).

For the subcase when i = d + 1, we first note that (X*™, X" /Y8) = By, 14, ¢o
= (X4, X"+fy8) = (X"+fY8,X), and we then proceed beginning as in (4.17).

We next consider the case n + f + ¢ = d, and we seek to show that
(4.18) (XY XYY = Y g, (XY, X Y TS,

We begin by showing that (4.18) holds if the column X!Y¥*1~ is recursively de-
termined from (2.8), i.e., i > n. In this case, we have 0 <i <d+1—mn,so0
<Xiyd+1fi, Xn+fyg> — Zars<XrYinfnyd+lfi, Xn+fyg>

_ Zars<Xn+ng, XrYinfnyd+1fi>

_ 2 Ay Zars <X”YUXng, XrYinfnderlfi)

— Z Ao Zars <X7Yin7nyd+1fil Xu+szJ+g>

— Zauv<Xiyd+17i’ Xu+fyv+g>_
Thus

<Xiyd+lfi, X?lJrfyg) — Zam}<Xiyd+lfi, Xu+va+g>,

which is equivalent to (4.18).

Returning to the proof of (4.18), we next assume that column X?Y4+1-7 is
not recursively determined, i.e., d + 1 —m < i < n. By the Hankel condition in
B(d +1), we have
<Xiyd+lfi Xn+fyg> — <X7’lyd+lfn Xl'+fyi’l7i+g>

_ E rs <X7Ys+d+lfn’ Xi+fYn7i+g>

= ZarSﬁr+i+f,s+d+1—z‘+g (in My)
— Zars <Xiyd+lfl‘, X7‘+fYS+g>
(sincer+ f+s+g<n+f+g=d).
Note that if (4.16) holds for a collection of columns, then it holds for linear
combinations of those columns. Thus, using the preceding cases and (2.9), we

see that (4.16) holds, successively, for xd+l=-mym = yid+l \which completes the
proof. 1
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The following result shows that the rows of (M; B(d+1)) of the form
XfYm+8 (f,¢ >0, m+ f + g < d) are recursively determined from row Y.

LEMMA 4.7. Fori,j20,i+j<d+1landfor f,g >0, m+ f+g<
(4.19) (X'yI, xfym+sy = Y bu (X1YT, XU Y+8),

u,0=20,u+v<mou<m
Proof. Since M, is real symmetric and recursively generated, its rows are
also recursively generated from (2.1) and (2.2), so (4.19) holds if i +j < d. We
may now assume j = d + 1 — i, and we first consider the case m + f + ¢ < d and
the subcase i < d. Since f + g+ m < d, using old moments we see that
(XPYAH, xFymae) — Bitfd+1—itg+m
_ <Xme+g+1,Xin_i> (1n Md)
_ Zbuv<Xu+va+g+l, Xz‘ydﬂ')
= Bitutfd—itotgr1 (in Mg
B ¥ ¢ (in My)
=Y by (XY XU YORS) (sinceu + v+ f + g < d).
The subcase when i = d + 1 proceeds as above, but starting with (X4+1, X/y"+s)
= Bas14 fmrg = (X%, XIHYMH8) = (XFH1Y™m+s, X4) For the case m + f + g = d,

we first consider the subcase when i > 1, so X'Y?t1~ is in the left recursive band.
We have

<Xiyd+1fi, Xfym+g> — (X”XifnYdJrl*i, Xme+g>
— Zﬂrs <Xr+z‘fnys+d+1fi/ Xme+g>
— Z s 2 by <Xr+ifnys+d+1fi/ Xu+va+g>
(by row recursiveness in M)
_ Zbuv<Xin+l_i, Xn+fyv+g>.

In the next subcase, we consider a column in the center band, of the form
XM=yl withd +1—n < i < m. In this case, (4.19) is equivalent to

4.20)  (XHIiyl xfymtsy — Y buo (X1l XUFfy gy,

u,v=20,u+ov<mo<m

Note that the component (X?+1=1Y?, XfY™+8) lies on a cross-diagonal that reaches
column X4H1=my™ 5o since B(d + 1) is well-defined, we have
<Xd+1_iYi, Xfym+g> — <Xd+1—mle Xf+m—iyg+i>

(4.21) = Y by (XUHAHImmy 0 frm—iygtiy,
u,0=>0,u+ov<mo<m
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For the subcase when u + v < m, in M; we have

+d+1— +m—iyg+iy _
(x* my?, xmiys ) =Butd+1+f—iprg+i

= (X917l XU+ yo+8)  (since u+f4o+g<d—1).

For the subcase when u 4 v = m, there are three further subcases in showing
that

(422) <Xd+1*iyil Xu+fy0+g> _ <Xu+d+1*va, Xf+m7iyg+i>.

For v = i, (4.22) is clear. For v < i, the Hankel property in B[d,d + 1] implies
<Xd+1+”_va, Xm+f—iyg+1>:<Xd+1+u—m—(i—v)Yv-i—(i—v), Xm+f—i+(i—v)yg+i—(i—v)>
= (XTIl xutfysto),

For v > i we have, similarly,
<Xd+1fiyi Xu+fyv+g> _ <Xd+17i7(v7i)yi+vfi Xu+f+vfin+g7(vfi)>
— <Xd+1+u7va/ Xm+f7iyg+i>‘

Since (4.19) holds in M; and in all columns of the left and center bands, it now
follows, using (2.9) successively, that it holds for columns in the right recursive
band, which completes the proof. 1

We are now prepared to prove that Ran B(d + 1) C Ran M. It follows
immediately from (2.8) that each column in the left recursive band of B(d + 1)
belongs to Ran M. In view of (2.9), to establish range inclusion, it suffices to
show that each central-band column of B(d + 1) belongs to Ran M. Let S denote
the set of recursively determined columns of My, i.e.,

S={X" X" x"y, ., x4 . X"yt oy xym ym L xdemym vy

Let B denote the basis for Col My (the column space of M) consisting of those
columns of M; which do not belong to S. Let Mg denote the compression of M,
to the rows and columns indexed by B. Since M; > 0, we also have Mg > 0.
Let X'Y4+1=1 (d +1 — m < i < n) denote a central-band column of B(d 4 1), and
let v; = [X'Y¥+11] 5 denote the compression of X'Y¥*1~7 to the rows of B. There

exists a unique vector of coefficients (c‘(;b) )xaybep such that
i Z C,(;b) [Xqu]Br
XeybeB
i.e., for each X*Y? € B,
(4.23) (X xeyey = Y xeyt xuy),
XevbeB
To complete the proof that Ran B(d + 1) C Ran My, it suffices to prove that

Xiyd+1-i — Z ci? X Yb, which, in view of (4.23), follows from the next result.
XaYbeB
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LEMMA 4.8. Foreach X°Y° € S,
(4.24) (XY xeyey = 0 (W xeyb xeye),
XevbeB
Proof. We may assume without loss of generality that n < m, so the ele-
ments of S may be arranged in degree-lexicographic order as X",..., Y™, ..., X,
., Y. We will prove (4.24) by induction on the position number of row X°Y¢ €

S within the degree-lexicographic ordering. For row X" (¢ = n,e = 0), Lemma 4.6
implies that

(425) <Xiyd+1fi/ Xn> — 2 Ars <Xin+17i/ X?’ys>'
7,520,r+s<n—1
Since r +s < n, X"Y® € B, so the sum in (4.25) may be expressed as
Yoas Y cxevtxryy = Y dWixey?, xm
XeybeB XaybeB

(using Lemma 4.6 again). Assume now that (4.24) holds for all rows XYE e S
with order position up to k — 1, and consider X°Y* € S with position k. Either
c =2 nore > m; we present the argument for the case ¢ > m (the other case is
simpler). We have e = m + g for some g > 0. From Lemma 4.7, we have

<Xiyd+1fi/ XcYm+g> — Z buv<Xiyd+1fi, XC+Llyg+v>‘
u,v=20,u+v<moy<m

Now X T#Y8+? is either a basis vector, or, since v < m, it precedes X°Y"*¢ in the
ordering of S. Thus, by definition (for the basis rows) and by induction (for the
non-basis rows), the preceding sum is equal to

=Lhe L (XX = F XY P b XY
XaybeB xaybeB

— Z (1)<Xayb XCYE>

Xoybep

(by another application of Lemma 4.7). 1

The proof of Theorem 2.1 is now complete.

5. PROOF OF THEOREM 2.13
For the proof of Theorem 2.13, we require a preliminary result concerning a
general moment matrix.

LEMMA 5.1. Suppose M1 satisfies Ran B(d +1) C Ran M. If p € Py and
p(X,Y) = 0in Col My, then p(X,Y) = 0in Col My, 1.
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Proof. Since M, is real symmetric, we have p(X,Y) = 0 in the row space of
M, and we first show that p(X, Y) = 0holds in the row space of (M; B(d+1)).
Let p := deg p and suppose p(x,y) = Y.,  awsx"y’. Then for i,j > 0 with

7,520,r4+s<p
i+j < d, wehave

(5.1) Y s (XY, XTYS) = 0.
1,5

Consider a column of degree d+1, X*Y?+1=# (0< u <d+1). We seek to show that
(5.2) Yy (XUYITITH XTYS) = 0,

7,8
By the range inclusion, we have a dependence relation in Col (M; B(d+1)) of
the form
(5.3) xiydHize =y xayb,
a,b>0,a+b<d

Thus,

Zars <Xuyd+17u, XTyS> —_ Z“FS Z Cilg) <Xayb’ XrYs>

r,S 7,8 a,b>0,a+b<d

=YY a4 (XYY, XY =0 (by (B.1)).
Now, p(X,Y) = 0 in the row space of (M; B(d+1)), so p(X,Y) = 0 in
My

Col <B(d+1)T> .

Proof of Theorem 2.13. It follows from the proof of Theorem 2.5 that M, ad-
mits a unique extension M, which satisfies Ran B(d + 1) C Ran M, and such
that (2.8)=(2.9) hold in Col M, . It remains only to prove that M is recursively

generated. Since M, is recursively generated, it suffices to consider a dependence
relation in Col M1 of degree d, say

(5.4) Xiyd—i = Y cgn X8Y"
gh>0,g+h<d—1

(where 0 < i < d), and to show that

(5.5) Xty = Y ey X$TY and
g,h>0,9+h<d—1
(5.6) Xyttt =y o xSYMHL

g,h>0,9+h<d—1

Suppose first that i > 7, so that X'Y?~/ lies in the left band. Then from (2.3) we
also have

(57) Xiyd*i — Z aygxi*?’H’?yS#»d*i.

r+s<n—1



434 RAUL E. CURTO AND LAWRENCE A. FIALKOW

Thus, in M; we have the column relation of degree at mostd — 1,
Z CgthYh — Z arSXl_n-HYH_d_l.
g+h<d—1 r+s<n—1
Since My is recursively generated, it follows that in Col M; we also have
Z CgthJrth — Z arsxi*nJrH»lstrdfi.
g+h<d-1 r+s<n—1

Lemma 5.1 implies that the last equation also holds in Col M, 1, where, from
(2.9), the right-hand sum represents X'*1Y?~; this establishes (5.5). We omit the
proof of (5.6), which is similar. The case when d —i > m, so that X'y?-i+1 ig in
the right band, is handled in an entirely analogous fashion, so we also omit the
proof of this case.

We next consider the case when d — m < i < 1, so that column X'Y?~ in
(5.4) is in the central band. To establish (5.5), it suffices to verify that

(5.8) (XY Xy = Y Con (XSTIYM, XKYT) (K, >0, k+j<d+1).
§h>0,g+h<d—1

The case when k + j < d is easy, using (5.4) and the old moments in block B[k +
j,d + 1]. We consider next the case k +j = d and the subcase when k > n. In
this subcase, (X' T1Y?~, X*Y4=k) belongs to a cross-diagonal of B[d,d -+ 1] that
intersects column X"Y?+1=" 5o from the definition of B[d,d + 1] in the proof of
Theorem 2.1, we have

<Xi+1yd—i, Xkyd—k> — <Xnyd+l—n,Xk—(n—i—l)yd—k+n—i—1>
(5.9) — ZarS<XrYs+d+1—nl Xk_(n_i_l)Yd_k+”_i_1>'
Now, we have

chh <Xg+1yh, Xde7k>:2 Cgh <Xkyd*k’ Xg+1yh>
§h>0, g+h<d—-1

:Z Cgh 2 Ay <Xr+k7an+d7k, Xg+1yh>

rs

:Z s chh <Xg+1Yh, Xr+k—an+d—k>

:Z Ay chh <ngh, Xr+k7n+1 Ys+d7k> (in Md)

:Z s <Xiydfi X7+k7nys+d7k>

:2 Ars <X7’+k77’l YS+d7k Xin7i>

:Z s <XrYs+d7k+(k7n+1) Xi+(k7n+l)yd7i7(k7n+1)>.
This last expression agrees with (5.9), so (5.5) is established for this subcase. The
proof of this subcase for (5.6) is very similar, so we omit the details. In the subcase

when k < n, then d — k > m, and we see that (XIt1yd—i xkyd—k) belongs to a
cross-diagonal of B[d,d + 1] that intersects column X?+1="Y™  Since deg q < m,
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the proof of this subcase is entirely analogous to that above, but using (2.9) for
the definition of X4t1-mym,

Finally, we consider the case k +j = d + 1. As above, we will treat the
subcase of (5.5) when k > n in detail and omit the proofs of the other subcases of
(5.5) and (5.6), which are similar. Since k > 1, then, as above, we have

<Xl'+1yd7i’ Xkyd+lfk> = <X1’lyd+171’l’ Xk*(i’l*i*l)yd+lfk+n7j7]>
(5.10) — Zars<XrYs+d+lfn/ Xk*(ﬂ*i*l)yd*kﬁ’n*l’)'
Now,

Cgh <Xg+1yh’ Xde+17k>
§h>0,g+h<d—1

=Y e (XFyTHTK X8y (since (My  B(d+1)) is the

M,
transpose of <B(d ¥ 1)T))
:E : § : r+k—nys+d+1—k s,¢+1yh
Cgh ars<X Y ,X Y >
rs

— Zars chh <Xg+1yh’ X1’+k7nys+d+lfk>.

Since the row degrees of the terms in the last sum are at most d, by the previous
cases (for j + k < d and j + k = d), the last double sum may be expressed as

Y aps (X YAl xrrkonystd+lky
relative to (Md B(d+ 1)) Since M, is real symmetric, the latter sum may be
expressed as

Yy (XY s ARk xitlyd—y
- Z”rs <Xrys+d+1fk+(kfn), Xi+1+(k*n)yd7i7(k—n)>
= Y apg (XN HHIn) ity d—ickiny

and this agrees with (5.10). The proof is now complete. 1
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