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ABSTRACT. We continue the work on topological free entropy dimension (5top
from D. Hadwin, Q. Li, J. Shen, Topological free entropy dimensions in nuclear
C*-algebras and in full free products of C*-algebras, Canad. |. Math. 63(2011),
551-590, D. Hadwin, J. Shen, Topological free entropy dimension in unital
C*-algebras, |. Funct. Anal. 256(2009), 2027-2068, and D. Hadwin, J. Shen,
Topological free entropy dimension. II, revised version. We introduce the
notions of MF-trace, MF-ideal, and MF-nuclearity and use these concepts to
obtain upper and lower bounds for dyop, and in many cases we obtain an exact
formula for Jtop. We also discuss semicontinuity properties of dtop.
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1. INTRODUCTION

This paper is a continuation of the work in [18], [22], [23] on D. Voiculescu’s
topological free entropy dimension diop (X1, . . ., X;;) for an n-tuple ¥ = (x1,...,x,)
of elements in a unital C*-algebra. Our main results concern the new concept of
an MF-trace on an MF C*-algebra. We prove that the set of MF-traces is nonempty,
convex and weak*-compact. We use MF-traces to obtain an important lower
bound for diop(x1,...,x,). In particular if C*(xy,...,x,) either has no finite-
dimensional representations or infinitely many inequivalent irreducible repre-
sentations, then dop(x1,...,%,) > 1. We also define the MF-ideal of an MF C*-
algebra A to be the set Jyg(A) of all x € A such that T(x*x) = 0 for every
MF-trace T. We show that often dop depends on A/ Jyr(A). Additionally, we
define the notion of an MF-nuclear C*-algebra and show that dop (X1, ..., xn) < 1
when C*(x1,...,%,) is MF-nuclear, greatly extending our previous result [18]
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showing that diop(x1,...,x,) < 1 when C*(xy,...,x,) is nuclear. Moreover, if
C*(xq, ..., %) is MF-nuclear and residually finite-dimensional (RFD), then

1
1= dim A"
We also introduce and study two important classes of MF algebras, and we prove
a semicontinuity result for diop restricted to the second class of algebras.

The organization of the paper is as follows. In Section 2 we will recall
Voiculescu’s definition [44] of topological free entropy dimension and previous
results from [18], [22], [23]. In Section 3 we introduce MF-traces and the MF-ideal.
In Section 4, we introduce the notion of an MF-nuclear C*-algebra. In Section 5
we prove a general lower bound for 5top(x1, ..., Xn). Finally, in Section 6, we in-
troduce two classes of MF C*-algebras: the class S of those algebras for which
every trace is an MF-trace, and the class WV of those C*-algebras whose MF-ideal
is trivial. In this section we also prove a semicontinuity result for Jtop (x1,-.., %)
inside S N W, and we provide examples that show that this semicontinuity gen-
erally fails without severe restrictions.

Stop (X1, .+, Xn) =

2. DEFINITIONS AND PRELIMINARIES

In this section, we are going to recall Voiculescu’s definition of the topolog-
ical free entropy dimension of n-tuples of elements in a unital C*-algebra.

We often use tuples like (y1,...,y,) and use i/ to denote them. We use the
notation i and (y1, ..., y») interchangeably. So A denotes (Ay,..., Ay).

2.1. NOTATION FOR THE GNS REPRESENTATION. Suppose T is a tracial state on
a unital C*-algebra A. Then there is a Hilbert space H, a unit vector e € H, and
a representation 7; : A — B(H) such that 77:(A)e is dense in H and, for every
ac A,

T(a) = (rte(a)e,e).
We define the faithful normal trace T : 7w (A)" — Cby T(T) = (Te,e).

2.2. COVERING NUMBERS AND BOX DIMENSION FOR A METRIC SPACE. Suppose
(X,d) is a metric space and K is a subset of X. A family of balls in X is called a
covering of K if the union of these balls covers K and the centers of these balls
lie in K. If w > 0, then the covering number v;(K, w) is the smallest cardinality
of a covering of K with w-balls. Equivalently, an w-net in K is a subset E C
K such that, for every x € K there is an ¢ € E such that d(x,e) < w. Then
v4(K, w) is the minimum cardinality of an w-net in K. The (upper) box dimension
(Minkowski dimension) of K is defined as

log vy (K, w)

dimpox (K) = lim sup —>- log @

w—0t

Here is a list of useful results. For an elementary account of these ideas see [5].
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LEMMA 2.1. (i) I || - || is any norm on R¥, w > 0 and B is the closed unit ball,
then (L)k < V). (B, w) < (2.
(ii) If E is a bounded subset of R with positive Lebesgue measure, then
dimbox(E) =k
(iii) If Uy denotes the group of k x k unitary complex matrices, and w > 0, then
2 2
(5) <wmenor< (C5)

2.3. COVERING NUMBERS IN (M (C))". Let M (C) be the k x k full matrix al-
gebra with entries in C, and T be the normalized trace on M (C), ie., T = %Tr,
where Tr is the usual trace on M (C). Let Uy denote the group of all unitary ma-
trices in My (C). Let (My(C))" denote the direct sum of n copies of M (C). Let
M;?(C) be the real linear subspace of M (C) consisting of all selfadjoint matri-
ces of M (C). Let (M3*(C))" be the direct sum (or orthogonal sum) of n copies
of M3?(C). Let || - || be an operator norm on M (C)" defined by
(A1, An) || = max{[[ Al [ Ax]l}

for all (Ay,...,An) in M (C)". Let || - |1 denote the usual trace norm induced
by Tr on M (C)", i.e.,

(A Al =/ Tr(Af A1) + -+ Te(A3 An)
forall (Ay,...,A,) in My(C)". Let || - |2 denote the trace norm induced by 7 on
Mk((C)”, ie.,

[(AL o Az = /Te(AT A1) + - + T Az An)

forall (Ay,...,Ay) in M (C)".

For every w > 0, we define the w-|| - ||-ball Ball(Bj, ..., By;w, || - ||) centered
at (By,...,By) in My (C)" with radius w to be the subset of M (C)" consisting
ofall (Ay,...,Ay) in My (C)" such that

1(Av-.es A) = By, B < w.

DEFINITION 2.2. Suppose that X is a subset of M (C)". We define v (Z, w)
to be the minimal number of w-|| - ||-balls that cover X in M (C)".

For every w > 0, we define the w-|| - ||o-ball Ball (By, ..., By w,| - ||2) cen-
tered at (By,...,By) in M(C)" to be the subset of M;(C)" consisting of all
(A1, ..., Ay) in My (C)" such that

[(A1,...,An) — (B1,...,Bn)|2 < w.

DEFINITION 2.3. Suppose that X is a subset of M (C)". We define 15(Z, w)
to be the minimal number of w-|| - [|o-balls that cover X in M (C)".

There is a very deep result of S. Szarek [39] (see [5] for an account of this
result) concerning these covering numbers.
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PROPOSITION 2.4 ([39]). For each positive integer n there is a C,, > 0 such that,
for every k € N, and every bounded set E C M (C)", and every w > 0, we have

1\ ve(E,w) 2
— ) <=2 LR
(cn) = 1(E,w) S G

2.4. UNITARY ORBITS OF BALLS IN M (C)". For every w > 0, we define the w-
orbit-|| - ||-ball L (By, ..., By;w, || - ||) centered at (B, ..., By) in M (C)" to be the
subset of M (C)" consisting of all (A1, ..., Ay) in M (C)" such that there exists
some unitary matrix W in U satisfying

[(A1,..., An) = (WBiW*,...,WB,W")|| < w.

DEFINITION 2.5. Suppose that X is a subset of M (C)".We define 0 (X, w)
to be the minimal number of w-orbit-|| - ||-balls that cover X in M;(C)".

For every w > 0, we define the w-orbit-|| - |[-ball U(By,...By;w, || - |2)
centered at (B, ..., By) in M(C)" to be the subset of M (C)" consisting of all
(A1, ..., Ap) in My (C)" such that there exists some unitary matrix W in Uj satis-
fying

(A1, ..., Ay) — (WBLW*, ..., WB,W*) |2 < w.

DEFINITION 2.6. Suppose that X is a subset of M (C)". We define 0, (X, w)

to be the minimal number of w-orbit-|| - ||>-balls that cover X in M (C)".

2.5. NONCOMMUTATIVE POLYNOMIALS. Let C(Xj,..., X,) be the unital non-
commutative polynomials in the indeterminants X, ..., X,,. Let {P,}?°, be the
collection of all noncommutative polynomials in C(Xj,..., X,) with rational-
complex coefficients, i.e., coefficients in Q + iQ.

2.6. MOMENTS AND VOICULESCU’S MICROSTATE SPACE. Suppose M is a von
Neumann algebra with a faithful normal tracial state T and x1,...,x, are self-
adjoint elements of M such that M = W*(xy,...,x,). Suppose m(ty,...,t,) is
a monomial in free variables tq,...,t,. The m™ moment of ¥ = (x1,...,%y) is
defined as

T(m(xy,...,%n))-
Suppose N is a von Neumann algebra with a faithful normal trace p and N is

generated by vy, ...,y,. The following fact shows how the moments contain all
the information about the algebras.

PROPOSITION 2.7. The tuples X and ij have the same moments, i.e., for every
monomial m,

(1, 20)) = p(m(y, . ya),
if and only if there is a normal x-isomorphism v : M — N such that:
(@) 7(x;) =yjfor1 <j<nand
(i) tT=pom.
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If N is a positive integer and & > 0, we say that (¥, 7) and (i, p) are (N, ¢)-
close if
[T(m(x1, o xn)) = p(m(yr, - yn))| <€
for all monomials m with degree less than or equal to N.
If N and k are positive integers and & > 0, we define

Ir(x1,.-., 255k e, N)

to be the set of all selfadjoint tuples A = (A1, ..., A,) of k x k complex matrices
such that ||A|| < Rand (¥, 7) and (A4, ;) are (N, ¢)-close.

2.7. VOICULESCU’S FREE ENTROPY DIMENSION. If M is a von Neumann alge-

bra with a faithful normal trace T and selfadjoint generators x1,...,x,, and R >

[I(x1,...,xn)]|, we define the free entropy dimension of X by

log Veo (IR (X; k,€,N))
—k?logw

0o (X) = limsup iI\II1f lim sup
w—0t £ k—oo

7

which turns out to be independent of R. It follows from Szarek’s result, Proposi-
tion 2.4, that the definition of Jy remains unchanged if we replace ve with v;.
If we are dealing with more than one trace, we use the notation

So(x1, -+, %0 T).
2.8. VOICULESCU’S NORM-MICROSTATES SPACE. Suppose A is a unital C*-alge-
bra generated by selfadjoint elements x, . .., x,, and suppose {P;, P,, ...} are the

polynomials in 7 free variables with rational-complex coefficients. We replace the
moments in the von Neumann algebra setting with norms of polynomials,

[P (x1, -, xn)|-
It is easy to see that the analogue of Proposition 2.7 holds.

PROPOSITION 2.8. Suppose A = C*(x1,...,x,) and B = C*(y1,...,Yyn). Then
1P;(Z) ]| = 12 ()l
for 1 < j < oo if and only if there is a unital x-isomorphism 7w : A — B such that
m(xg) = yg for1 <k < n.
We say that X and i are topologically (N, €)-close if
[P ()| = 1P ()] < e
for1<j<N.
For all integers r,k > 1, and ¢ > 0, and noncommutative polynomials
Py,..., P, we define
I'P(xq,..., x5k e P,..., P)
to be the subset of (M3?*(C))" consisting of all the

(A1,...,An) € (MPE(C))"
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that are topologically (r,€)-close to X, i.e., satisfying
1P (A1, An) | = 1Pj(x1, .. )| <&, VIS
2.9. VOICULESCU’S TOPOLOGICAL FREE ENTROPY DIMENSION. Define
Voo (TP (x1,...,x0;k, &, P1,...,P),w)

to be the covering number of the set I''°P (xy, ..., xu;k,¢, Py, ..., P) by w-| - ||-balls
in the metric space (M3?(C))" equipped with operator norm.

DEFINITION 2.9. The topological free entropy dimension of xi,...,x, is
defined by

log(va T*P(x1, ..., xn;k, &, Py, ..., D)),
Stop (X1, ..., xp)=limsup inf limsup 0g (Ve I"P(x1 zx” ke 1 ") w))
w—s0+ e>0,reN k—s00 —k loga)

For each positive integer N, define Py (t1,...,,) to be the set of all p in
C(Xy,..., Xn) of degree at most N and whose coefficients have modulus at most
N.Ifk € N,and ¢ > 0, we define

T'P(xq,...,x5;N,¢k)

to be the set of all (A1, ..., Ay) € (My(C))" such that ||| p(%)|| — ||p(A)]|| < & for
every x-polynomial p € Py(t4,...,t,). It was shown in [22] that

top .
Stop (X1, ..., Xy) = limsup inf limsuplog(voo(r (x1,2...,xn,N,e,k),w))'
w0t e0reN —k?log w

It follows from a result of S. Szarek [39] (see [5] for an exposition) that the
above definitions of dop remains unchanged if we replace ve with 5.

2.10. MF-ALGEBRAS. We note that the definition of dop (X1, . . ., X,) makes sense
if and only if, for every e > 0 and every r, kg € N, there is a k > k¢ such that

I'P(xy,...,xp;k e P,..., P) # 2.

In [18] we proved that this is equivalent to C*(xy, . .., x,,) being an MF C*-algebra
in the sense of Blackadar and Kirchberg [2]. A C*-algebra A is an MF-algebra
if A can be embedded into [] My, (C)/ ¥ M, (C) for some increasing

1<k<oo 1<k<o0
sequence {my} of positive integers. In particular C*(x1, ..., x,) is an MF-algebra
if there is a sequence {my} of positive integers and sequences {Aq;}, ..., {Aux}
with Ay, ..., Ay € My, (C) such that

B [[p(As - A | = lIpCer, ) |
—00

for every x-polynomial p(ty, ..., t,).

When the above holds for every *-polynomial p, we say that the sequence
{Ak = (A1, ..., Au)} converges to ¥ = (x1,...,xy,) in topological distribution,
and write

7 td o
A — X.
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2.11. NONCOMMUTATIVE CONTINUOUS FUNCTIONS. The algebra of noncommu-
tative continuous functions of n variables was introduced and studied in [15]. Ba-
sically, it is the metric completion of the algebra of *-polynomials with respect to
a family of seminorms. There is a functional calculus for these functions on any
n-tuple of elements in any unital C*-algebra. Here is a list of the basic properties
of these functions [15]:

(i) For each such function ¢ there is a sequence {py,} of noncommutative *-
polynomials such that for every tuple (Ty,. .., T,) we have
Hpn(Tl/- . .,Tn) — ¢(Tlr ceoy Tn)” — 0,
and the convergence is uniform on bounded n-tuples.
(ii) For any tuple (Ty,...,Ty),C*(Ty,..., Ty) is the set of all ¢(Ty, ..., T,) with
@ a noncommutative continuous function.

(iii) For any n-tuple (A1, ..., Ay) and any SEC*(Ay, ..., Ay), there is a noncom-
mutative continuous function ¢ such that S=¢(A1,..., An) and ||@(Ty,..., Tu)||
< ||S|| for all n-tuples (Ty, ..., Tn).

(iv)If Ty,..., T, are elements of a unital C*-algebra A and 7 : A — Bis a unital
*-homomorphism, then

w(p(Th, ..., Tn)) = @(rt(Ty),..., (Th))

for every noncommutative continuous function ¢.
It is clear that if A td, X, then
lim [lg(Avis ., Al = lp(r,,00)|
—00
for every noncommutative continuous function ¢.

2.12. CHANGE OF VARIABLES. The following change of variable theorem was
proved in [22].

THEOREM 2.10. Suppose x1,...,x, and y1, ..., Yy are elements of a unital C*-
algebra A and there are noncommutative continuous functions @1, . . ., @y in n variables.
Suppose also that

Dy = qoj(xl,...,xn)forl <j<m;
(i) || (91 (@), .. .,¢m(ﬁ)l— (p1(b), ..., om(b))|| < M||d@— b|| for some fixed M > 0
and all operator n-tuples @, b with norm less than 1+ || (xq,. .., xu)||;
(i) x1,..., %0 € C*(Y1, -+, Ym)-
Then

5top(x1/- . -/xn) = 5top(]/l/- . -/]/m)-

. . , . .. &
2.13. 61/2. Here we discuss D. Voiculescu’s notion of semi-microstates I’ )b (x1,

top * 1/2
e Xn;P1,- -, Pr, & k) and the corresponding invariant 530/},2 (x1,...,%y). It turns
out that the domain of definition of 5,[10/192(9(1,. .., Xy) is much larger than that of

top(x1,...,xn), but they are equal when C*(xy, ..., x,,) is an MF-algebra.
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DEFINITION 2.11. Ft‘;p(xl, ..., Xn;k,& Pi,..., Py is the set of all (ay,...,a,)
in (My(C))" such that

1P;@)] < 1B (%)]| + ¢

for 1 < j < r. Similarly, we define I’ f?g(xl, ..., Xn; N, ¢, k) for a positive integer N.

We define (Stlo/p (x1,...,%,) tobe

IOg(VOO(F]t(/)IZ)(xll o ,xn;k,e,P1, .. 'IPV)’(’U))
limsup inf limsup 5 :
w0+ TENE>0 p —k logw

The following result was pointed out by Voiculescu [44].

THEOREM 2.12. 530/192(x1,. oy Xn) = Otop(X1, ..., Xy) whenever diop (X1, ..., Xn)
is defined, i.e., when C*(xy,...,x,) is an MF algebra.

The following result from [23] simplifies some of the lower bound estimates
in [22].

COROLLARY 2.13. We have:

Sigg(x1,-- -, xn) = sup{8lL2 (m(x1),..., m(x)) : 7T € Rep(C*(x1,-.-, xn)) }-
3. MF-TRACES

3.1. BASIC PROPERTIES.

DEFINITION 3.1. Suppose A = C*(x,...,x,) isan MF C*-algebra. A tracial
state T on A is an MF-trace if there is a sequence {my;} of positive integers and
sequences {A}, ..., {An} with Agg, ..., Ay € My, (C) such that, for every
*-polynomial p,

@) Jim [Ip(Are - Aue) | = (1, 0] and
(11) kIEI; ka(p(Alk/ ceey Ank)) = T(P(Xl, ceey Xn)).

Recall that if (i) above holds for every *-polynomial p, we say that the se-
quence {Ay = (A1, ..., Ay)} converges to ¥ = (x1,...,x,) in topological distri-
bution, and write

At x,
and when (ii) above holds, we say that { (A}, T, ) } converges to (¥, T) in distribu-
tion, and write
(Apt) & (%,7).
We let TS(.A) denote the set of all tracial states on A and Ty (.A) denote the set
of all MF-traces on A.
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REMARK 3.2. It is easily seen that if ffk t'—d} %, then, for every noncommu-
tative continuous function ¢(#1, ..., f;), we have

kh—l;rolo ||(P(Alkr oo /Ank) || = ||§0(X1, o rx?l) H
Indeed, if € > 0, then, by [15], there is a polynomial p such that

- - €
Ip(4) = (Al < 3
for every A with || A|| < sup || Ag]|. Tt follows that

le(AQ) =@ <oA= 1A+ (A =1 pE I+ [P @)=l @)
<2 +p(A)] = @I,

which is clearly less than e when k is sufficiently large.
The following lemma is obvious.

LEMMA 3.3. Suppose A = C*(x1,...,xy) is a unital MF-algebra and T is a
tracial state on A. Then T € Typ(A) if and only if, for every € > 0 and every finite set
F of x-polynomials, there is a positive integer k and A, ..., An € My(C) such that,
foreveryp € F,

@) [[[p(A1, -, An)ll = llp(xr, - xn) ||| <'e, and
) | (p(A1, ..., An)) —t(p(x1, ..., x0))| <&

We say a tracial state T on a unital C*-algebra A is finite-dimensional if there
is a finite dimensional C*-algebra B with a tracial state p and a unital *-homo-
morphism 7 : A — B such that T = pom. Then there are positive integers

51,...,5», nonnegative numbers ty,...,t, with Zt = 1, and unital *-homo-
j=1
morphisms 7; : A — M, (C), for 1 < j < w, such that, for every a € A, we have

(a) = Etﬂsf(ﬂj(ﬂ))
=

PROPOSITION 3.4. Suppose A = C*(x1,...,xy,) is an MF-algebra. Then
(i) Tmr(A) is a nonempty weak*-compact convex set.
(ii) Every finite-dimensional tracial state on A is in Typ(A).
(iii) If 7t is a unital *-homomorphism on A and 1t(A) is an MF-algebra, then

{pom:¢ e Tur(t(A))} C Tmr(A).
(iv) A tracial state  on A is in Tyg(A) if and only if there is a free ultrafilter o on N,
and a unital x-homomorphism 7t : A — ﬁM k(C) such that = T, o 7, where
T ({Ax}e) = lim 7 (Ag).

(v) If B is a unital C*-subalgebra of A and ¢ € Tyg(A), then ¢|p € Tyr(B).
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(vi) If B = C*(y1,...,Ym) is MF, v is a C*-tensor norm such that A ®, B is MF,
and one of A and B is exact, « € Typ(A), B € Tmr(B), then a @ B € Typ( A @, B).

Proof. (i) It follows from the preceding lemma that Ty (A) is weak*-closed.
For convexity it suffices to show that (7 + p)/2 € Tyr(A) whenever 7,p €
Tur(A). Choose sequences {m; } and {s;} of positive integers and A € M3, (C)

and By € M (C) such that Ax td %and By tdy % and such that, for every -
polynomial p, we have

lim 7, (p(A) = T(p(®)) and  lim w, (p(By)) = p(p(2)).

For each k € N, let T} = A£Sk) @ B']Emk) € Mj, ,, (C), where D) denotes a direct
sum of t copies of the operator D. It follows that Ty tdy ¥ and, for every *-

polynomial p, we have

Tr(p(A @ B™))

klgl; Wmysy (p(Tk)) = lim

k—o0 2my Sy
i ST (PCR)) s (p(B) _ x(3) + p()
k—o0 2mksk 2 )

Hence Tyr(A) is convex.

(if) Suppose T is a finite-dimensional trace on 4. Then there are positive
w
integers s, . .., 5y, Nonnegative numbers t1, ..., t;, with ) ti=1, and unital *-
j=1
homomorphisms 7; : A — Msj((C), for 1 < j < w, such that, for every a € A, we
have

T(a) = itjrs]'(”j(a))-
j=

Since Tvr(A) is weak*-compact, it is sufficient to consider the case where each
t; is a rational number. Thus there is a positive integer N and a representation
m: A — Mpy(C) such that, for every a € A, t(a) = t©5(7(a)). Since A is
ME there is a sequence {m; } of positive integers and sequences { A1}, ..., {Aux}
with Ay, ..., Ay € My, (C) such that, for every *-polynomial p,

lim [[p(Are, -, Aw) | = lIpCer, - xn)l.
—00
For each k € N, and each j, 1 < j < n, define
Bjk = Ajk D H(Xj)kmk € Msk(C),

where sp = my(1+4 kN). It is clear that By = (B, ..., Bu) tdy % and that
klim 7, (p(By)) = T(p(¥)) for every *-polynomial p. Hence T € Tyr(A).
—00

(iii) Suppose ¢ € Tyr(71(A)) and choose a sequence By € M3, (C) such

dist

that By d, (7t(x1),...,m(xy)) = 7(X) and such that (By, ) > (71(¥), ¢). Since
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A is MF, there is a sequence Ay € M (C) such that Ay Ay % If we let Ce =

Ay @ (By)ksw), it is clear that Cy 44y ¥ and (Cr, Tlkmy+1)s;) dist (X, pom).

(iv) This is an immediate consequence of statement (iii) and Lemma 3.3.

(v) This follows from (iv).

(vi) We know from Proposition 3.2 of [21] that A ®pin B is ME. Also there
is a natural surjective *-homomorphism 7 : A®, B — A Qmin B. Since a @ B
factors through 7, it follows from part (iii) of this proposition that we need only
show that « ® B € Typ(A @min B). However, the proof of Proposition 3.2 of [21]
easily yields this fact. 1

3.2. THE MF-IDEAL. We know [18] that if A = K(¢?) 4 C1, then
Stop (X1, ..., xn) =0

for any generating set {x1,...,x,}. This is because any trace on .4 must vanish
on K(¢%). We want to investigate this phenomenon further. Suppose A is an
MF-algebra. We define the MF-ideal of A as

Ivr = Ivp(A) = {a € A:Vt € Tyr(A), t(a*a) =0}.

It is easy to describe the elements of Jyr(A) in terms of noncommutative
continuous functions. Recall from [15] that

C*(x1,...,x0) = {@(x1,...,x,) : ¢ is a noncommutative continuous function}.

LEMMA 3.5. Suppose A = C*(x1,...,x,) and ¢ is a noncommutative continu-
ous function of n variables. The following are equivalent:
(@) @(x1,..., xn) € Tur(A).
(ii) Whenever A € M3, (C) and Ar 4y %, we have

lim [[p(Z)l|2 = lim [z, (¢(A0)" p(A0))]/2 = 0.
— k—oc0

(iii) For every w > 0, there is an ey > 0, No, ko € N, such that, for every 0 < e <
€0,k = ko, and N > Ny, and for every Ac I'°P(%; N, ¢, k), we have

lp(A) 2 < w.

Proof. The equivalence of statements (ii) and (iii) is obvious, as is the equiv-
alence of statements (i) and (ii). 1

Since, with respect to the || - ||2-norm in the topological I'-sets, the elements
corresponding to the elements of Jyr(A) converge to 0, it might seem that dtop
may only depend on A/ Jur(A). However, one possible complication is that
A/ Imr(A) might not be an MF-algebra. Here are two sample positive results.

For the next theorem we need to set up some notation. Suppose k is a (large)
positive integer and d; < - -+ < ds are positive integers. Suppose my, ..., ms are
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nonnegative integers such that
S
Zdtmt < k.
t=1

We define a (not necessarily unital) *-homomorphism
o: ./\/ldl((C) D--- @Mds((C) — Mk(C)

by
p(A1 @ ®A)=A" g .0 A™ a0,

where Agml) e Agms) @ 0 is the block diagonal k x k matrix whose blocks
are my copies of Aj, followed by my copies of Aj,..., followed by m; copies of
As with the remaining block (if any) consisting of a zero matrix. We call such a
representation p a canonical representation of My (C) @ - - - @ My, (C) in M (C).
Note that the canonical representation p is completely determined by the choice
of my, ..., ms, and so the number of canonical representations is no more than k°.
In [23] it was shown that if dim C*(xy,...,x,) = d < oo, then diop(x1,...,xn) =
1- 1

THEOREM 3.6. Suppose A = C*(x1,...,xy) is an MF-algebra and A/ Tyvr(A)
has dimension d < oco. Then

Stop (X1, -, xn) =1 — %

Proof. It follows from the change of variables theorem that we can assume

that ||x1]|,...,[[xx] < 1and we can add 1 to the generating set, so we can assume

that x; = 1. Since A/ Jmr(A) is finite-dimensional, there is a surjective unital

*-homomorphism 77 : A — My (C) @ --- & My, (C) with kerm = Jvp(A). Tt
follows from Corollary 2.13 and [23] that

1
Stop (X1, -+, Xn) = Stop(7t(x1),..., 71(xy)) =1 — 7

Suppose w > 0.

Claim. There is an g9 > 0 and ko, Ny € N such that, for every 0 < e <
€, every N > Ny, every k > kg, and every A€ I'P(xq,..., x5k, e Py,...,PN)
there is a canonical representation p : My (C) @ --- ® My, (C) = My(C) and a
unitary matrix U € My (C) such that

il||AruP(7T(xr))U*||2<Zr and 1 7(p(1)) <

a8

Proof of Claim. Assume the claim is false. Then, for every positive integer m,
there is a positive integer k;;, > m and an

- 1
Am = (Apmt, ., Amn) € TP (xq,...,x;m, E’km)
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such that, for every canonical representation
o: Mdl ((C) D--- @Mds((C) — Mkm ((C)
and every unitary matrix U € My, (C),

n
Z||Amr—up(7r(xr))U*||2 z—. 1
r=1

| &

Note that any subsequence of {A,} has the same properties, so we can
assume that there is a T € Typ(\A) such that

- dist ,
(Am, T,,) = (X, 7).

We know from the definition of {A,,} that

> td. o
An —> X.

We now let a be a free ultrafilter on N, and we let (N, 0) be the tracial ultraprod-
o

uct [T(My,, (C), ,,). Lety; = {Anjta € N for 1 < j < n. It follows that, for

every noncommutative polynomial p,

lp@) < lim [p(An)l| = [p(D)]

Hence 719 : A — N defined by mo(p(¥)) = p(¥) is a unital x-homomorphism.
Moreover, T = ¢ o 77y, and since ¢ is faithful on A/, we have
ker 7 = Jmp(A) C ker 7.

Hence there is a unital *-homomorphism 711 : My (C) @ --- & M, (C) - N
such that

7Tg = 711 O TT.
Since 0 o 711 is a tracial state on My, (C) @ - - - & My, (C), there are ty,...,ts > 0

S
with Y tj = 1, such that
j=1

S
0o 7'[1(T1 D---D Ts) = thTd]-(Tj)'
=1

For each ¢ > 0 we can find positive rational numbers of the form Zdl((g, el i;((j))

such that

: _z,(s) ¢ an : Zr(e):
r;tr d(s)\<, d ;d(s) 1.

For each positive integer m, we let ugr, be the largest integer not greater than

dr’;—”zs) and note that

lim Uerm _ 1
m—eo ky,  ded(e)
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We define a canonical representation

Pem : Mg, (C) @ - © My (C) — My, (C)
by

pem(T) = T Man) g g Tos(Eeon) g0,
Define a representation pe : My, (C) @ --- ® M, (C) — N by

Pe(T) = {0em(T) }a-

It is clear that

18 5z (€)
(00ope)(T) = lim zr (&) uermd, 1, (T) = Z

m—u km =

It is clear that, as ¢ — 07, we have

((oe(7t(x1)), - - pe(7t(xn))), 0) = (Y1, -+, Yn), 0)-

It follows from [14] that there is an ¢ > 0 and a unitary element U € N such that

. w
ZZH?/Y Upg T (x,) )U* |2 < R

j=1r=1

We can write U = {U;; }«, where each Uy, is a unitary matrix in My, (C). We
then have

e > ZZH% — Upe(7(x,) )U" |2 = hm ZZHAW UmPme (7t(xr ) ) Upy |2,

j=1r=1 ]1r

which implies there is an m such that

n n w
22 [ Amr = Umpme (70(xr) ) Upy[|2 < s
j=1r=1
This contradiction implies that the claim is true. Now suppose 0 < & < g9, k > ko,
and N > Np. Let S; denote the set of canonical representations p of M, (C) ©
- ® My, (C) in My (C) with 1 — 1(p(1)) < ¢. As mentioned in the sentence
before this theorem, the cardinality of Sy is at most k°. Suppose p € Si. Let
rp = rank(1 — p(1)). We have
kew
o= k(w(1 - p(1))) < 5
We know that the commutant C of the range of p is unitarily equivalent to the al-
gebra M., (C)) @ .- © M,, (C)* @ My, (C). 1t follows from a result of
S. Szarek [39] (see [5] for an equally useful, but more elementary result) that there
is a constant C (independent of k) and a set W, of unitary matrices with

k2—( 24y §+ 2)
Card(Wp) < (%> my mg+r
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such that, for every unitary matrix U there isa W € W, and a unitary V in C’
such that ||U — WV|| < §. This inequality implies
* * * * * w

[Up(y)U* = Wp(y:)W*|l2 = [[Up(y: )U" — WVp(y;) VI W[z < 2
Hence, for every A€ TP (xq,...,xn;k,€ Py, ..., Py)thereisap € Syanda W €
W, such that

[A=Wp(i)W*||2 < w.

Hence
p(S)

vz(F“’p(xl,...,xn;k,e,Pl,...,PN),w) g w

7

which implies

logV2<Ftop(x1,...,xn;k,s,Pl,...,PN),w)\Slogk [ i< ) } log Clogwl.

k2

S .
Since 'Zl%dj =T1(p(1)) > 1— ¢, it follows from the Cauchy—Schwartz inequal-
]:

ity that

() s Lo (mi/dj (1= w/4)

Z I s g2 =
]._1< k j:ld]' d
It clearly follows from the definition of dyop that

1
(5top(x1,. cXp) <1— 7 ]

A C*-algebra A is residually finite dimensional (RFD) if the finite-dimensional
representations of A separate the points of A. Every RFD algebra is ME. Com-
bining the preceding result with Corollary 2.13, we obtain the following theorem.
For the details of the simple proof see the proof in the next section of a much

stronger result (Corollary 5.4).
THEOREM 3.7. Suppose A is a nuclear MF C*-algebra and A/ Jyg(A) is an
RFD algebra. Then, for any generators x1, . .., X of A, we have
1
dim(A/ Jnr(A))”

§t0p(x1,. . .,xn) =1-

4. MF-NUCLEAR ALGEBRAS

Recall that a C*-algebra is nuclear if 77(.A)” is hyperfinite for every rep-
resentation 77 : A — B(M) for some Hilbert space M. We will say that A =
C*(x1,...,xy) is MF-nuclear if 7t-(A)" is hyperfinite for every T € Tyr(.A). Since
every MF-trace can be factored through A/ Jvr(A), it follows that if A/ Jyvp(A)
is nuclear, then A is MF-nuclear.
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The following theorem contains some properties of MF-nuclearity.

THEOREM 4.1. Suppose A and B are C*-algebras. The following are true.
(i) If A is ME-nuclear, B is MF and 7t : A — B is a surjective x-homomorphism,

then B is MF-nuclear.

(i) A & B is MF-nuclear if and only if A and BB are both MF-nuclear.

(iii) For each n € N, A is MF-nuclear if and only if M,(A) = M,(C) @ A is
ME-nuclear.

(iv) If A and B are MF-nuclear and A ®- B is MF for some C*-crossnorm vy, then
A ® B is MF-nuclear.

(v) If A and B are MF-nuclear and either A or B is exact, then A Quin B is MF-
nuclear.

(vi) A direct limit of MF-nuclear C*-algebras is MF-nuclear.

Proof. Statement (i) follows from part (iv) of Proposition 3.4 and statements
(ii) and (iii) are obvious.

(iv) Suppose ¢ is an MF-trace for A ®, B. Then the restriction | A® I €
TmMr(A® ) and @I ® B € Typ(I ® B). Let (71, H,e) be the GNS representa-
tion for ¢. Then ¢ : (A ®, B)"” — C defined by ¢(T) = (Te,e) is a faithful
trace. Since (| A® I, [t(A® I)e]~,e) is the GNS construction for ¢|.A ® I, and
since A ® I is MF-nuclear, (A ® I)"”|[7(A ® I)e]~ is a hyperfinite von Neu-
mann algebra. Since ¢ is faithful, it follows that the map T — T|[(A ® I)e]~
is a normal isomorphism on 71(A ® I)”; whence, (A ® I)” is hyperfinite. Sim-
ilarly, (I ® B)" is hyperfinite. However, each of the algebras (A ® I)"” and
n(I ® B)" are contained in the commutant of the other. Thus (A ®g B)" =
[T(A® )" Un(I® B)"])" is hyperfinite, since the C*-algebra generated by two
commuting finite-dimensional (or nuclear) C*-algebras is a homomorphic image
of their tensor products. Hence A ®, B is MF-nuclear.

(v) This follows from (iv) and the fact ([21], Proposition 3.1) that the minimal
tensor product of two MF-algebras is MF if one of them is exact.

(iv) Suppose {A; },cn is an increasing sequence of MF-algebras and A =
[UnenAn] . We know from [2] that A is ME. Suppose ¢ € Tyvr(A) with GNS
construction (77, H,e). It follows from part (v) of Proposition 3.4 that ¢|.A, €
Tumre(Ay) for each n € N. Arguing as in the proof of part (iv), we see that 7(A,)"
is hyperfinite for each n € N. Thus 71(A)" = [Upent(Ay)"]~WOT is hyperfinite.
Hence A is MF-nuclear. 1

The importance of hyperfiniteness is due to the fact that, in the presence of
hyperfiniteness, éy can be computed using covering numbers of unitary orbits. If
A= (Ay,...,Ay) € (M(C))", we define the unitary orbit of A by

U(A) = {(UAU,UAU*, ..., UAU) - U € U}

The following result is from [5].
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THEOREM 4.2 ([5]). If W*(x1,...,xy) is hyperfinite with trace T, and if there are
sequences {ks} in N and A in (My_(C))" such that (As, 7 dist (X, 7) and {|| As||}

is bounded, then
3o (X; T) = lim suplim sup log Ve (2Z/{(As>/ w) '
w—0t s _ks 10g w

THEOREM 4.3. If A = C*(xq,...,x,) is MF, T € Tyr(A), and 7i-(A)" is
hyperfinite, then

Stop (X1, .-+, Xn) = So(X1, .-, X5 T).
Proof. Choose sequences {ks} in N and A; in (M;_(C))" such that

(A7) L% (%7) and A, % %

Then, for e > 0, N € N, there is an sy € N such that, for all s > sy,
As € T™P(¥; N, ¢, ks).
Hence, for every s > s,
U(As) C T©P(X;N, ¢ ks).
It now follows from Theorem 4.2 and the definition of diop (x1, ..., X,) that

Stop (X1, -, xn) = 00(X1,..., Xn;T). 1

COROLLARY 4.4. If A = C*(xq,...,x,) is MF-nuclear, then

Otop (X1,.--,%n) = sup  Oo(X1,...,Xn; T).
TETMF(A)
In [18] it was proved that if A = C*(xy,...,x,) is MF and nuclear, then
dtop(x1,...,%n) < 1. We can actually prove this remains true when A is MEF-
nuclear.

THEOREM 4.5. If A = C*(xy,...,x,) is MF-nuclear, then iop (x1,...,%n) < 1.

Proof. It follows from the change of variables theorem that we can assume
that ||x;|| < 1for1 < j < n.Supposek,d € Nand d < k. We can canonically (non-
unitally) embed M,(C) into M (C) with a block-diagonal map o5 : M;(C) —
M (C) so that

A
A

O-d,k(A) = i . 7
A
0
where the size of the 0 matrix is smaller than d x d. If d > k, we define 04 (A) =0
for every A. Suppose A = (Ay,..., Ay) € Mi(C)". Suppose w > 0. We define
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A(A,k,w) to be the smallest d € N for which there exist a unitary U € M;(C)
such that, for some contractions By, ..., B, € U*0;,(M4(C))U, we have

n
j=1
Claim. There is an g9 > 0, ko, No, D € N such that for every 0 < ¢ < ¢,
and every k > kg and N > Nj and every A€ I'P(xq,...,x5; N, ¢ k), we have
A(A,k,w) < D.
Proof of Claim. Assume via contradiction that the claim is false. Then for
each positive integer m there is a k;, > m and

. 1
A= (Ap1,..., Aun) €ETOP(xq,..., x0;m, %,km)

such that A(A'm,km,w) > m. Note that any subsequence of {Am} has the same
properties, so we can assume that there is a T € Ty (.A) such that

(A e,) 2% (7,7).

We know from the definition of { A, } that

> td.
Ay —> X.

We now let a be a free ultrafilter on N, and we let (N, p) be the tracial ultraproduct

43
[T(My, (C), 1, )- Lety; = {Apjta € N for 1 < j < n. It follows that, for every
noncommutative polynomial p,

P < lim [Ip(Aw)[| = l[p(X)]-

Hence 7 : A — N defined by 7(p(X¥)) = p(¥) is a unital *-homomorphism.
Moreover, we have

I(pEDIE = @)1z = lim [[p(An)|3 = 7(p(%)p(3)).

This gives a trace-preserving isomorphism between 71(A)” C AN and 7-(A)”
(where 777 is the GNS representation for 7). Since A is MF-nuclear, 71.(A)" is
hyperfinite. By [36] (see also [16]) N is a II; factor; thus, by [29], thereisad € N
and a unital *-homomorphism 7 : M;(C) = N and wy, ..., w, € My(C) such
that

lwjll < llyjll < llxjll <1 for1<j<n, and ZH% w2 < w.

Since M;(C) has a unique tracial state, we know 7; = p o, so (7(®),p ) dist
<1

(@, 74). We can write 77(w;) = {Wyj}a € N with each ||[W,;|| < [w;]]
then have

%

n n
];Hyj = (w2 = r}}g}XJ;HAm]' = Wijll2 < w.
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We know that
e dist — dist , -,
(Wi, T, ) == (7(@),0) = (@, )
But we also know
dist , -, dist —
((gak, (1), ..., 04k, (Wn)), T,) = (@, 1) = (@), p).
It follows from [14] that, for each m, there is a unitary U,, € U, such that

n
nl}g}X];Hij — U0k, (w]')UmHZ =0.

Hence
n
. ¥ '
rlnlg}x];HAmj = Un0a e, (wi)Unll2 < w,
which implies, eventually along «, that
m < A(Am,km,w) <d.
This contradiction implies the claim is true.

It follows from the claim, for 0 <e<eg, k=>kg, N > Ny, that any covering of

D
U{W*BU,...,u*B,U) : By,..., By € My(C), U unitary}

d=1
with w-|| - ||-balls also covers I'*°P(xy,...,x,; N, ¢ k). We can choose an “-net
B in ballM4(C)? with Card(B) < (3%)2”‘12 < (3%)2”’32, and we can choose an

“-net V in the set of unitary k x k matrices with Card(V) < (%)kz. Hence,
1 )Z”DZ (97T€)k2

vz(FtOP(xl,...,xn;N,s,k),w) <D<@ o

Using the definition of diop, we see that
Stop (X1, .0, xn) <10
The ideas in the proof of Theorem 4.5 easily yield the following result.
COROLLARY 4.6. Suppose A = C*(xy,...,xy) is an MF-algebra and
m
{x1,...,xa} = Ej
j=1

where C*(Ej) is ME-nuclear for 1 < j < m. Then Sop(x1,...,Xn) < m.
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5. A GENERAL LOWER BOUND

In the von Neumann algebra version of free entropy dimension, we know
(see [25] and [5]) that
So(x1,...,xn) = sup{dp(x) : x =x" € W*(x1,...,x4)}.

The following result from [18] shows that the analog of this result for dyop is not
true.

PROPOSITION 5.1. Suppose T = (Ty, ..., Ty) is an irreducible tuple of operators
that are "scalar+compact” on a separable infinite-dimensional Hilbert space H. Then
Stop(T) = 0.

There is still a hybrid version that is true. Recall that if 77 : A — B(H) and
e make up the GNS construction for a tracial state T on A, then T : 77(A)” — Cis
the faithful tracial state defined by T(T) = (Te, ).

THEOREM 5.2. Suppose A = C*(x1,...,%,) is a unital MF-algebra and T €

Tume(A). Suppose b = b* € i (A)". Then
5t0p(x1,. . .,xn) 2 (So(b,:[\)

Proof. First suppose b = 7t(f(x1,...,xx)) for some *-polynomial f = f*.
There is an M > 0 such that for all operators Ay, By ..., An, By with [[A;]], [| Bj[| <
x|l +1for 1 < j < n wehave

lf(A1,...An) = f(B1,...,Bn)|| < M||(Ay1,...,An) — (By,...,Bn)|.

Since T € Tur(A), there is a sequence {my} of positive integers and sequences
{Aw}, - {An} with Ay, ..., Ay € My, (C) such that, for every *-polynomial
p Jim [p(Aser-.., Aue)| = [p(x-., 00) ], and

,}EI;ka(p(Alk"”’A”k)) =7(p(x1,...,%xn)).

Ife > 0and N € N, then there is a kg € N such that for all k > kg, we have Ak €
I'P(%; N, e, my) and Ay € I'(71¢(%); N, my, & 7). It follows that (f(Ay), T, ) <25

(f(7z(%)),T) = (b, T). We now have
log v (I'"°P(%; N, &, my), )

dtop (X) = limsup inf lim sup

w—0t N ke —m?logw
1 A
> limsup inf lim sup 08 VZ(Z;{( k)'w).
w0t &N fhe M logw

It follows from the definition of M that, for any w-net S for U(Ay), we have f(S)
is an Mcw-net for f(U(Ay)) = U(f(Ay)). Hence we have

lim sup inf lim sup log v, (Z;{ (Ax), w)
w—0t &N ke —mi log w
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> limsup inf limsup log vy (U(f (Ar)), M) log(MaJ)‘

w0t N koo _m% log(Mw) log w
However, it was shown in [5] that
lim sup inf lim sup log Vz(uz(f(Ak))’Mw) =o(p(X),T) = 60(b, T).
w—0t &N oo *mk log(Mcu)

Therefore we have shown that dop (x1,...,%,) = do(b,T) whenever b = b* is a
s-polynomial in 71-(X). However, if b = b* = 71(C*(X))"” is arbitrary, it follows
from the Kaplansky density theorem that there is a sequence {b;} of selfadjoint
elements such that each by is a *-polynomial in 77, (X) such that ||b|| < ||b]| and
such that by — b in the *-strong operator topology, which implies that (b, T) dist
(b,7). However, D. Voiculescu’s semicontinuity theorem [42] for Jp implies that
50(1’},?) < h]ginféo(bk,:[\) < (50(3_5) 1

Voiculescu proved that if x = x* is an element of a von Neumann algebra

with faithful trace 7, then
So(x) =1~ Y T(P)?,
t is an eigenvalue of x

where P; is the orthogonal projection onto ker(x — t). If x has no eigenvalues,
then dp(x) = 1. It is well-known [29] that every selfadjoint element of a finite von
Neumann algebra M has an eigenvalue if and only if M has a finite-dimensional
invariant subspace.

THEOREM 5.3. Suppose A = C*(xy,...,xy) is an MF-algebra and either
(i) A has no finite-dimensional representations, or
(ii) A has infinitely many non-unitarily-equivalent finite-dimensional irreducible rep-
resentations.
Then biop (X1, ..., Xn) > 1.

Proof. First suppose A has infinitely many non-unitarily-equivalent finite-
dimensional irreducible representations 71, 715, . . . . It follows from finite dimen-
sionality that, for each positive integer N, if we let oy = 711 © - - - @ 7T, then

pN(A) = on(A) = m(A) @ - - d iy (A),
which implies
dimpy (A) = dim[m;(A) & - - & in(A)] =2 N.

However, it follows from Corollary 2.13 that

1 1
5top(x1/--~/xn) = 5top(PN(x1)/-~/PN(xn)) =1- m 21— N
for N = 1,2,.... Hence diop(x1,...,%4) = 1. Next assume that A has no finite-

dimensional representations. Suppose T € Tur(A). Let (71, M, e) denote the
GNS construction for 7, i.e., 7 : A — B(M) is a unital *-homomorphism with
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a unit cyclic vector e such that, for every a € A, we have t(a) = (7(a)e,e).
Let B = ~(A)". Since A has no finite-dimensional representation, 77(.4)" has no
nonzero finite-dimensional invariant subspace. Hence thereisana = a* € 71(A)”
such that a has no eigenvalues. Therefore from Voiculescu’s formula, dy(a) = 1.
By Theorem 5.2 we conclude diop (x1,...,%4) = 1. 1

COROLLARY 5.4. If A is a unital residually finite-dimensional C*-algebra, then,
for any generating set {x1, ..., xn} of A, we have
o
dimg A’
If, in addition, A is MF-nuclear, then equality holds.

5t0p(x1/' . '/x}’l) 2 1

COROLLARY 5.5. Suppose A is a unital finitely generated MF C*-algebra and G
is a finitely generated infinite abelian group and o : G — Aut(.A) is a group homomor-
phism. If Ax,G is MF, then, for every set {x1,...,xn} of generators for Ax,G, we
have

(Stop(xl, . ,xn) > 1.
If, in addition, A is MF-nuclear, then

Stop (X1, ..., xn) = 1.

Proof. Since G is finitely generated, G is a direct sum of cyclic groups, and
since G is infinite, at least one of these cyclic summands must be infinite. Thus
G has generators uj, ..., uy with |u1| = oo, and G is the direct sum of the cyclic
groups generated by each uy. If Ax,G has no finite-dimensional representations,
then Theorem 5.2 implies dtop (x1,...,%,) = 1. Suppose 77 : AxyG — My(C) is
an irreducible representation. Suppose 6 is an irrational number in [0, 1]. For each
positive integer k, define a group homomorphism p; : G — {A € C: |A| =1} by
px(uy) = e2™k0/d and pr(uj) = 1for 2 < j < m. We then define a unitary group
representation 7 : G — M,(C) by

T (u) = px(u)7r(u).
Since, for every a € A and every u € G, we have
T (u)m(a) T (u)" = r(uau’™) = a(u)(a),

it follows from the defining property of the crossed product that there is a rep-
resentation 71; : Ax,G — My(C) such that ;| A = = and 7|G = 7. Itis
clear that the range of 71} equals the range of 71, so each 7 is irreducible. Since
det(rm(u1)) = ¥ det(7(uy)), it follows that no two of the 7’s are unitar-
ily equivalent. Again, from Theorem 5.3, we conclude 5top(x1, ceXxn) = LI
A is nuclear, then Ax,G is nuclear, so, by [18], (5t0p(x1, ..., xp) < 1; whence
Stop (X1,---,xn) = 1. 1
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COROLLARY 5.6. If A is a simple, MF-nuclear C*-algebra, then, for any generat-
ing set {xq,...,xn} of A, we have

1
~ dimc A

Proof. We know the conclusion is true if A is finite-dimensional. If A is
infinite-dimensional, the simplicity of A implies that A has no finite-dimensional
representations, so, by Theorem 5.2, dop (X1, ..., xn) > 1. Since A is nuclear, we
know from [18] that (5t0p(x1, ...,xy) < 1. Hence

Stop (X1, ..., xn) =1

o
dim¢c A’
COROLLARY 5.7. Suppose X is an infinite compact metric space and B is a finitely
generated unital MF C*-algebra. Then, for every generating set {x1, ..., x,} for C(X) ®
B, we have

Jtop(xl,...,xn):lzl ]

Stop (X1, -, xn) = 1.
If, in addition, B is MF-nuclear, then

5top(x1,. ..,xn) =1.

Proof. If B has no finite-dimensional representations, then neither does C(X)
®B. On the other hand if B has an irreducible finite-dimensional representation,
then since X is infinite, C(X) ® B has infinitely many inequivalent irreducible
finite-dimensional representations; by Theorem 5.3, 5t0p(x1, cxg) =101

THEOREM 5.8. If A = C*(xq,...,x,) is an MF-nuclear algebra and RFD, then
S
dimc (A/Imr)

EXAMPLE 5.9. Suppose B is a unital separable MF C*-algebra that is not
nuclear, e.g., B = C}(F»), and let 7 = B® K(¢?). Then [J is singly generated
[33], and every tracial state vanishes on J. Let J " be the C*-algebra obtained
by adjoining the identity to J and suppose N is a finitely generated nuclear MF
C*-algebra. Then A = N ® J is finitely generated and MF, but not nuclear.
However, 1@ 7 C Jur(A), so

Ine(A) = Ivr(NV) @ J.

Thus A/ Ime(A) is isomorphic to N/ Jye(N'), which is nuclear. Hence, A is
ME-nuclear, so for every set {x1,...,x,} of generators of A, we have

5t0p(x1,. . .,xn) =1

(Stop(xl,.. .,Xn) < 1.

6. SPECIAL CLASSES OF C*-ALGEBRAS

In this last section we consider two classes of C*-algebras that are important
in our work.
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6.1. THE CLASS §. We now consider the class S of separable MF C*-algebras for
which every trace is an MF-trace, i.e.,, TS(A) = Tur(A). Recall that an AH
C*-algebra is a direct limit of subalgebras of finite direct sums of commutative
C*-algebras tensored with matrix algebras.

THEOREM 6.1. The following are true for MF C*-algebras A = C*(x1...,xs),
B=C*(y1,---,Y¢)
(i) A € S if and only if every factor tracial state on A is an MF-trace.
(i) A BeSifandonlyif A B e S.
(iii) If A, B € S and one of A and B is exact, v is a C*-tensor norm such that A ®, B
is MF, then A®, B € S.
(iv) A € Sifand only if A® My (C) € S for every n > 1.
(v) S is closed under direct (inductive) limits.
(vi) Every separable commutative C*-algebra is in S.
(vii) If every factor tracial state on A is finite-dimensional, and B C A, then B € S.
(viii) Every AH C*-algebraisin S.
(ix) Every type LMF C*-algebra Aisin S.

Proof. (i) It was shown in [19] that the set of factor tracial states is the set of
extreme points of 7S(A). Since Tyr(.A) is compact and convex, (i) follows from
the Krein—-Milman theorem.

(ii) This is obvious from (i) since if 7T is a factor tracial state, then 77+(1 & 0)
islor0.

(ili) Suppose T is a factor trace on A ®, B, and let (71¢, H,e) be the GNS
construction for t. Then 7:(A ®, B)" is a factor von Neumann algebra with
the trace T. Since 71¢(A®1)” commutes with 77:(1 ® B)”, it follows that their
centers are contained in the center of 77 (A ®, B)"”. Hence, both 71 (A®1)” and
nir(1® B)" are factors. Let «, B, respectively, be the restriction of T to 77 (A®1)",
7ir(1® B)”. Moreover, there are traces « € TS(A) and € TS(B) such that, for
alla € Aandb € B,

Ta®1)=1(nc(a®1)) =a(a), and T(1®D) =71(7(1®b)) = B(b).

Suppose p is a projection in 7 (A®1)"” and T(7(a® 1)) = a(p) = 1. Then there
are projections py, ..., pn € ¢ (A®1)” such that p + p + - - - + p, = 1 and there
are partial isometries vy, ..., v, € 71:(A®1)"” such that vjvj = p and vfv; = p;
for 2 < j < n. It follows, for any b € 71 (1 ® B)”, that

T(pjb) = T(vj (b)) = T(vj (bvj)) = T(bvjo;) = T(bp) = T(Pb).
Hence
T(1b) = t((p+ p2 + - - - + pn)b) = nt(pb),
which implies

©(pb) = ©(p)T (D).
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It follows that
T(ab) = t(a)T(D)

forevery a € m:(A®1)” and every b € 7-(1® B)"”. Whence, on A ®, B the trace
T=ua®p. Since A4, B € S, we know that « and B are MF-traces. It follows from
part (vi) of Proposition 3.4 that T = & ® B is an MF-trace on A ® B. It follows
from statement (i) that AQ B € S.

(iv) The "only if" part follows from (iii) and the "if" part is obvious.

(v) This follows from Lemma 3.3.

(vi) A factor trace on a commutative C*-algebra is one dimensional, and
hence, by Theorem 3.4, is an MF-trace.

(vii) Suppose T is a factor trace on B. It follows from [31] and [35] that T
can be extended to a factor state ¢ on \A. Since ¢ is finite-dimensional, 7 is finite-
dimensional, and hence T € Jyp(A). It now follows from part (i) that A € S.

(viii) Suppose D is a finite direct sum of commutative C*-algebras tensored
with matrix algebras. Since every factor state on D is finite-dimensional, we know
that every C*-subalgebra of D isin S. It follows from the definition of AH algebra
and statement (v) that every AH algebraisin S.

(ix) Every factor representation is a direct sum of copies of an irreducible
representation. Thus every factor tracial state must be finite-dimensional, which,
by Proposition 3.4, is an MF-trace. Hence 4 € S. 1

COROLLARY 6.2. Suppose A = C*(x1,...,x,) € S . Then either
(i) thereisa T € Tvp(A) and an a € 71(A)" such that éy(a) =1, or
(ii) A/jMF(.A) is RFD.
Therefore, either Siop(x1,...,%) = 1, or d = dim A/ Jur(A) < oo and
— 1
Stop (X1, ,xn) =1 — 5.

COROLLARY 6.3. If A = C*(xy,...,x,) is MF-nuclear and A € S, then

-
- dim A/ Ive(A)°

REMARK 6.4. It seems unlikely that S contains every finitely generated uni-
tal MF C*-algebra. However, we have not yet been able to construct an MF C*-
algebra with a trace that is not an MF-trace. This question is loosely related to
Connes’ famous embedding problem, which asks if every separably acting finite
von Neumann algebra can be tracially embedded in an ultrapower of the hyper-
finite II; factor. This is known to be equivalent to the statement that, for every
C*-algebra A = C*(x1,...,x,) with a tracial state T there is a norm-bounded
sequence { A}, with A € My, (C)" such that

Stop (X1, -, Xn)

(Ap ) 225 (7).
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Suppose Connes’ embedding problem has a negative answer and no such se-
quence {Ak} exists for C*(xy,...,x,). We know from [2] that there is an MF-
algebra B = C*(y1,...,yn) and a unital *-homomorphism 7 : B — A such that
7t(y;) = x; for 1 < j < n. Define a tracial state p : B — Cby p = tom. If pis an
MF-trace for B, there would be a sequence { A;} with

(A ) 22 (7,0).

However, for any polynomial p, we have

o(p(¥)) = ©(p(X)),

which would yield

> dist
(Ap, Ty) = (%, 7).

Hence p is not an MF-trace for B.

6.2. THE CLASS WW. We now want to focus on the class W of all separable MF
C*-algebras A such that Jyr(A) = {0}. The importance of this class is demon-
strated by the following immediate consequence of Corollary 6.3.

PROPOSITION 6.5. Suppose A = C*(x1,...,xn) is MF-nuclear and A € SN

W. Then )
5top(x1,. . .,xn) - 1 - m

Here are some basic properties of the class W.

THEOREM 6.6. The following are true:
@) If{A; :i eI} CW,and Ais a separable unital subalgebra of the C*-direct
product [TA;, then A € W.
icl

(if) Ifil, B € W and one of A and B is nuclear, then A®@ B € W.
(i) A® B € Wifand only if A € Wand B € W.
(iv)Ifn > 1, then A € W ifand only if M, (C) ® A € W.

(v) Every separable unital simple MF C*-algebra is in V.
(vi) Every separable unital RFD C*-algebra is in W.
(vii) W is not closed under direct limits.

Proof. (i) This is a consequence of part (iii) of Proposition 3.4.
(ii) Suppose A, B € W. Then for every A € A and every B € B we have

[All = sup [lme(A)[| and |[[B]|= sup |[7s(B)]|.

ae€Tyr(A) BETMEr(B)
It follows from part (vi) of Proposition 3.4 that
{a®@pB:acTur(A),B € Tur(B)} € Tmr(A® B).
Moreover, for each such «, f we have 77,5 g = Tla @ Tg. Thus

sup{[|7aep(A @ B)| : & € Tvp(A), B € Tme(B)} = [|A[l|[B]-
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Hence

sup |7z (T)
T€TME(ARB)

is a C*-cross norm on A ® B, but since one of A, B is nuclear, there is only one
such norm. Hence

1Tl = sup  [l7e<(T)]],
TETMF(A®B)

which implies A ® B € W.

Statements (iii), (iv), (v) and (vi) are obvious.

(vii) Let A = K(£2) + C1. We know that there is no nonzero continuous
trace on the algebra K(¢?) of compact operators, which means A ¢ W. How-
ever, if {P,} is an increasing sequence of finite-rank projections converging to 1
in the strong operator topology, then A is the direct limit of the finite-dimensional
algebras A, = P,K(¢?)P, +C1. &

Although characterizing the class W may be difficult, the following problem
should be tractable in terms of Brattelli diagrams.

Problem. Which AF algebras are in W?

Proposition 6.5 leads to the following semicontinuity result.

THEOREM 6.7. Suppose, for each s > 0, As = C*(A‘s = (A1, ..., Asn)) is
nuclear and in S W and suppose As td, Ag. Then

5t0p(AO) < hgglfé‘top(gs)

Without the restriction of being in S in the preceding theorem, the semicon-
tinuity situation is not very good, even when the limit algebra is commutative.

THEOREM 6.8. Suppose n € N and C*(x1,...,x,) is MF and has a one dimen-
sional unital representation w. Then there is a sequence { As} such that

> td, o
As — X

and, for every s > 1, (Stop(ffs) =0.
Proof. Suppose s € N. Suppose H is a separable Hilbert space that contains
Ck for each positive integer k, and let I; be the identity operator on H © C¥. Since

dtop (X1, ..., xn) is defined, there is a positive integer k and an Be M «(C)" such
that

HpB)I =l <%

for every *-polynomial p € Ps(t4,...,t,) (i.e., whose degree and maximum coef-
ficient modulus do not exceed s). Let T; = A; @ a(x;)I; for 1 < j < n. Then we
clearly have

p(T)I = P <%
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for every x-polynomial p € Ps(ty,...,t,). It is obvious that the set of all S =
(S1,...,54) € (K(H) + C1)"such that

P = lp@)I <%

for every #-polynomial p € Ps(ty,...,t,) is open. It follows from [24] there is an
As € (K(H) + C1)" such that A = C*(A;)is irreducible and

IpCAD] ~ (D)1 <

for every *-polynomial p € Ps(ty,...,t,). Clearly, A tdy % Since each As =
C*(Ay)is irreducible, A; = K(H) + C1. Thus we conclude that Jyr(As) = K(H)
and As/ JvE(As) = C1. Thus diop(As) =0. 8
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