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ABSTRACT. We give a version of the Riesz-Haviland theorem for truncated
moments problems, characterizing the existence of the representing measures
that are absolutely continuous with respect to the Lebesgue measure. The exis-
tence of such representing densities describes the dense interior of the convex
cone of all data having nonnegative Borel representing measures. A natural
regularity assumption on the support is required.
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1. INTRODUCTION

In this paper we consider problems of moments in n real variables f =
(t1,...tn), with respect to a finite number of monomial functions Ho= 1?111 e tfq”
where i = (i1,...,in) € (Z4)", for Lebesgue integrable densities f = f(t) > 0
a.e. (almost everywhere) on closed subsets T C R". Given a set of numbers g;
with |i| = i3 + -+ + iy < 2k where k € N is fixed, the truncated problem of mo-
ments, called also T-problem of moments [8] when T is prescribed, is concerned
with the existence of the Borel measures v > 0 on R" supported on T such that
f tidv(t) = g; for all i [1], [18]. One calls v a representing measure for g, and g;
T

the moments of v. We are interested in those representing measures v = fdt,
called representing densities of g, that are absolutely continuous with respect to the
Lebesgue measure dt = dt; - --dt,. For any subset I C Z, let P; denote the
linear span of the monomials X (i € I) in R[Xy, ..., X,]. Given g = (g;)ic], the
linear Riesz functional ¢4 : P; — R associated to g is defined as it is known [7] by
(ngi = g; fori € I. We say that ¢, is T-positive [13] if pop > 0 for all polyno-
mials p such that p(f) > 0 for all t € T. This condition is necessary for g to have
representing measures v on T, since in this case ¢op = [ pdv for all polynomials
T
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p. We remind below the Riesz-Haviland theorem [13], a basic result concerned
with the full problem of moments when I = 7, .

THEOREM 1.1 ([13]). Let T C R" be closed, and ¢ = (gi)l-ezn+ be a set of reals.
Then g has representing measures on T if and only if ¢ is T-positive.

An analogue of the Riesz-Haviland theorem for the truncated case was es-
tablished by R.E. Curto and L.A. Fialkow [8]. For I = Ip; = {i : |i| < 2k}, when P;
is the space of all polynomials of degree < 2k, they proved that a set g = (g;) ij<2x
has representing measures on T if and only if the Riesz functional ¢¢ : P, — R
admits T-positive extensions ¢ : Pp,, , — R to the space P, , of all polynomials
of degree < 2k + 2.

By Theorem 2.6, we characterize the existence of the representing densities
of ¢ on regular supports T by the condition: ¢op > 0 for all p € P;\ {0} such
that p(t) > O for all t € T. A similar characterization [14] holds under more
specific hypotheses, in particular if a distinguished moment 7;; (= to or linear
|£]

=N ) = 0 for i # iy. We mention

combination of the #’s) exists such that H lHlm
t||—o0

also the existence of similar results [11] for quadratic (k = 1) and some quartic
(k =2, n = 2) T-problems of moments.

By Theorem 2.5, the set of all ¢ having representing densities is the dense
interior of the set of all g having representing measures. Our proofs are indepen-
dent of the results from [8], [14] and rely mainly on Theorem 1.1 [13].

Started by works of Stieltjes, Hausdorff, Hamburger and Riesz, the area of
the truncated problems of moments saw interesting development in various other
directions, that we do not attempt to cover. A few recent works [5]-[9] should be
mentioned in this sense, see also [3], [12], [15], [16].

I express thanks to professor Raul Curto and professor Lawrence Fialkow
for drawing the analogue of the Riesz—Haviland theorem in the truncated case [8]
to my attention.

2. MAIN RESULTS

DEFINITIONS. Let T # @ be a closed subset of R", such that for any ¢ € T and
e > 0 the Lebesgue measure of the set {x € T : ||x —¢t|| < €} is > 0. This
always holds a.e. (in the density points of T ([17], 7.6), but we require it in every
point t. We call such a T regular. Here || - || is the usual Euclidian norm. For any
multiindex i € Z', set 0; = {j € Z'} : j = eitherOoriy, 1 <k < n}. Let] C Z"
be finite, I # @ such that 0; C I for alli € I. We call such an [ regular, too. Let
g = (gi)ie] be a set of real numbers with gy = 1. We call a convex cone C in a real
linear space F acute if CN (—C) = {0}. Given also a linear functional f : F — R,
we write f > 0if fc > 0 forallc € C\ {0}.
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Lemma 2.1 and its Corollary 2.2 follow from various well known arguments
(Hahn-Banach, Krein, Mazur, Choquet [4], [10], [17]) on the extension of positive
functionals. We found it easier to gather them in a short proof.

LEMMA 2.1. Let C C F be an acute closed convex cone in a finite dimensional
linear space F. Let L C F be a linear subspace of codimension 1, and ¢ a linear functional
on L such that ¢1 > 0 forall | € LN C with | # 0. Then there is an extension ® of ¢ to
F such that ®x > 0 forall x € C, x # 0.

Proof. The sum Y + Ro of a closed convex cone Y C F and a 1-dimensional
subspace Ruv is closed. Indeed, if both v € ¥, Rv C Yandso Y + Rv = Y; if
not, we may suppose v ¢ Y by replacing v by —v if necessary. Let x = klim (yr +

— 00

Av) where y; € Y. If (A)x is bounded, by compactness we obtain a number
A and vector y € Y such that x = y + Av. If it is not, we can assume either
h]{n/\k = 00, Or liin)\k = —oo. From y; + Av — x we derive )%kyk +v — 0. The

case Ay — —oo is impossible since it leads to v = liin %Akyk eY. If Ay — oo,
we obtain —v = 1i1£n /\ikyk € Y, and so the distance d(x,Y) from x to Y satisfies
d(x,Y) = h}fn d(yr — A(—0),Y) = li’I(n d(yr, Y) = 0 whence x € Y. In particular

we get (inductively) that the convex cone K := C + ker ¢ is closed.

To find @, we may suppose C # {0}. If ¢ =0, LN C = {0}. Let then f be
a linear functional on F with ker f = L. Since C is acute, C \ {0} is segmentwise
connected. Hence the set I := f(C\ {0}) is connected, and so, an interval, that
cannot contain 0 for: fc = 0,c € C = ¢ € LNC = {0}. Then either I C (0, c0),
in which case we let @ = f, or I C (—o0,0) in which case ¢ := —f. Then ¢ > 0
for all ¢ € C, with strict inequality if ¢ # 0.

Ifp # 0, let F/ = L gand A : F — F’ be the factorization map. Then

C':=A(C), L' := A(L) and the map ¢’ induced by ¢ on L’ satisfy the hypotheses
as well. Indeed, K = C + ker A is closed, A openand A(F\ K) = F'\ C' whence C’
is closed. Also ¢ > 0, Cacute # {0} = ¢’ > 0,C’ acute # {0}. Since dim F' = 2,
we easily get the existence of an extension ¢’ > 0 of ¢’ to F/, that will provide
@ := @' o A: note that dim L’ = 1 and ¢’| is injective, and so increasing along
a direction of L’ given by a vector ¢ € R? (a drawing would help). Then L' =
{re},cg and ¢'e > ¢'0 = 0. The (closed) convex cone C := co(C’,e) generated
by C" and e is acute, for otherwise ¢'|;; would decrease and be < 0 along the
half-line {re},.o opposite to € and contained into C’, which is impossible since
¢’ > 0on L' NC"\ {0}. Since C is acute, there is an extension &' > 0 of ¢’, whose
kernel is a supporting line for C in 0 only: fix f € R? such that (Rf) NC = {0},
then for any v = ¢ + sf with r, s real, set ®'v = r¢’e. If v € C’\ {0}, 7 > 0 and so
P'v=rp'e>0. 1

COROLLARY 2.2. Let F be a finite dimensional linear space and K C F an acute
closed convex cone. Let fo : L — R be a linear functional on a linear subspace L of F
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such that fox > 0 for every x € LN K with x # 0. Then there is a linear extension f of
fo to F such that fx > 0 for every x € K, x # 0.

For any o-finite measure y > 0 on T and 1 < p < oo the symbols LP(T, ),
Lli (T, 1) have the usual meaning. Lemma 2.3 is an extension of Theorem 2.9 in
[2]. We give its original proof adapted to our slightly different context.

LEMMA 2.3 (see [2]). Let T C R" be closed with positive Lebesgue measure, finite
or not. Let p : T — (0, 00) be locally integrable, and y = pdt be the measure on T with
density p. Let I C Z{ be finite. Let f > 0 a.e. on T be measurable, f # 0 a.e., such
that [ |t'|f(t)dpu(t) < oo (i € I). Thereis anr > 0 such that for any B = (B;)ic; with

T
Bl <r, thereexistsa g = gg € L*(T, ), g > 0 a.e. with the properties
[ 1F1gdn() < o,
T

/ Fg(t)dput) = / FF(Au(t) + B (i€ ).

Proof. Set Ty = {t € T : f(t) > 1, |t|| < 1}. Using {t € T : f(t) >
0} = U Ty wefind § > 0and T, C T bounded with 0 < u(T.) < oo such that
leN
f(t) > 6 ae. on T.. Themap A : L®(T.) — RN (N = cardI) given by Au =
( Ik u(t)tidy(t)). is surjective, for if there is a vector A = (A;); # 0 orthogonal
toitsrange, }_ A; [ ut'dy = 0Vi, uwhence Z)\ t = 0a.e. on T, that is impossible
i Ty
because the set of zeroes of a polynomial % 0 has measure zero. Then A is open.
Hence 0 is in the interior int C of the set C = {Au : u € L®(T,,dt), ||lul| < §}.
Fix r > 0 such that the ball of center 0 and radius r is contained in C. Define

fion Tby fi(t) = min (£(£),K) + } g Then 0 < [#ilfi < [H]f +[¢|5a7

LY(T,u) and fy — f ae. as k — oo. The vector (f(fk —f)t’dy)iel — 0in
T

RN as k — oo, by Lebesgue’s theorem of dominated convergence. Since 0 €
intC, for large k we have (f(fk —f)t’dy) € C. Then f fr — Htidu = [utidu
T T

for some u € L®(T) with |lul| < §{andu = 0 0uts1de T.. Also, if ||B]] < 1,
B € Cand so thereisa v € L®(T), v = 0 outside T, with |[v|| < £ such that
[ot'dy = B;. Set g = fi — u+ v for a sufficiently large fixed k (> 6). Hence
T

[gtidu = [(fy —u-+0o)tidu = [(fy —u)t'du+ [ovtidu = [ ft'du+ B;. Since pis
T T T T T

locally integrable and T, contained in a ball, on which u, v and all t' are bounded,
the functions t'u, tv € L'(T,u). Hence |t||g = |t|(fx — u +v) is in L'(T, p).
Moreover fi, 1,0 (and hence, g) are in L*(T). On T, f > J and |ul, [v] < §,
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whence ¢ = fy —u+v > min(f,k) —u+v > d—u+0v > §. Outside T,
g=fi = lthH>0Theng>0ae 1

NOTATION. Given any closed subset T C R" and finite subset I C Z}, set

I'rp = {’Y:(%‘)z‘el : 3 Borel measures v>0on T with /tidv(t):'yi, iel} and

Grr = {g = (gi)ie1 #0: 3 f € LL(T,dt) such that /tif(t)dt =g i€ I},
T

where || are implicitely supposed to be integrable.

LEMMA 2.4. Let T C R" be a closed regular set and I C 7'} a finite reqular set.
Then Gry is dense in I7j.

Proof. Let v € I't;. There is a measure v 2> 0 on T such that
(2.1) /yidv(y) =7 (i€l),
T

in particular v(T) < oo since 0 € I. For any ¢ € (0,1) let h, be the characteristic
function of the ball b, of center 0 and radius ¢ in R”, hy, = 1 on b, and h, =
0 outside b,. For any y € T, let v¢(y) be the n-dimensional volume of the set
{x € T:|x—yl| < e}. Thenve = (he * hy)|r is the convolution of k. with the
characteristic function hy of T. Hence the map y — v¢(y) is measurable. All

ve(y) > 0 since T is regular. For t € T, set v(t) = [ #y)he(t —y)dv(y). By the
T €

Tonelli and Fubini theorems, v, € L}r (T, dt) has finite moments of orders i € I on
T, that we compute by

2.2) T/ Fue(t)dt = /

where y;(y) =

/th (t—y)dtdv(y /lPsl )dv(y

5 %y) [ tihe(t — y)dt. By the change of variables t —y = w,
T

1 I
0 yrw'de =y

|lw|| <eweT—y ||w||<eweT—y

Pei(y) = dw + E;i(e,y)

where E;(g,y) is a linear combination with binomial coefficients c;j,

1 .
0t j# Ml <eweT—y
and the order on Z'} is given as usual by j < i & ji < i for1 < k < n. The

set {||[w| < e w € T —y} is taken by the translation w — w + y into the set
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{x € T:||x —y| < ¢} the Lebesgue measure of which is v¢(y). Hence

1
24 dw = 1.
(2.4) ey
||w||<eweT—y
Then
(2.5) Pei(y) =y + Eiey)-
Since ||w|| < & < 1and |i —j| > 1foralljin (2.3), |0 7| < |w|/li~1 < |w| < e
Hence by (2.3) and (2.4), we obtain the estimate
(2.6) [Eiey)l <e ) cijly]
0<j<i
Since I is regular, j < i = |y§<\ |y |+1= |y < |y [+1) = ¥ |v'| <

k_ 1E0;

Y |y'| and so we can integrate in (2.5), (2.6) with respect to v on T. By (2.2)
el

and (2.1), this gives hmft’vg t)dt = v; foralli € I. Set 7y, = (fti(vg(t) +
T

ge” ”tH)dt) .Then v, € Gryand lim 7, = 7. 1
iel e—0
THEOREM 2.5. Let T C R" be a closed regular set, and 1 C Z'{ a finite regqular
set. Then Gry is the dense interior of I'ry.

Proof. By Lemma 2.3 for p = 1, Gy is open, and so contained in the interior
of I'ry (the regularity of T, I is not required here). Let +y be in the interior of I'r;.
There is an r > 0 such that the ball B of center y and radius r is contained in I'r;
(a drawing will be helpful). By Lemma 2.4, thereis a y € Gy N B. By Lemma 2.3
applied to a representing density f of ¥, there is an r;, > 0 such that all balls
B(7,1") of center ¥ and radii ¥’ € (0,r(] satisfy B(,r') C Gr;. We can fix an
r’ sufficiently small so that B(7,7') C B. Let 9/ be the unique point such that
v = $(7+7'). Since B(7,7') C B, then B(7/,7') C B; a quick argument to this
aim is that B is symmetric with respect to its center v and B(v/,7'), B(%,t') are
symmetric to each other over v. In particular 4/ € B C I'7;. By Lemma 2.4, there
isay € GriNB(y,r"). Since ¥/ € B(7/,#’), the point v such that v = (7' +v)
must be in B(7,7") (C Gry). Hence v € Grj. Since Gy is convex, y = %(’7’ + )
and both 9/, v € Gy, theny € Gr;. 1

By the previous results, the following completion (Theorem 2.6) can be made
to the Riesz—Haviland theorem [13] and its truncated version [8].

Condition (ii) from below is equivalent to the existence of a constant ¢ > 0
such that pep > c||p|| for every p € Py with p(t) > 0 forall t € T, where || - || is
any norm on Pj: use the compactness of {p € P : p >, 0, ||p|| = 1} and write
qogﬁ > 0 forsuch p € P;\ {0}.
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THEOREM 2.6. Let T C R" be a closed regular set. Let I C Z'} be a finite regular
set. Let ¢ = (gi)icr be a set of numbers with g9 = 1. The following statements are
equivalent:

(i) There exist functions f € LY (T, dt) such that [ |#|f(t)dt < co and
T

/tif(t)dt =g; forallie [

T
(ii) The Riesz functional @q defined on the linear span Py C R[Xqy, ..., Xy] of the

monomials X', i € I by
Pg Y ciX' =Y gici
i€l i€l
satisfies pg p > 0 for every p € Pr\ {0} such that p(t) > 0 forall t € T.
Proof. (i) = (ii) From ¢¢p = [ pfdt we obtain as usual that ¢op > 0 for
T

every polynomial p such that p(t) > 0 for all + € T. If moreover p # 0 in

R[X3,..., Xy, theset Z = {t € R" : p(t) = 0} of the zeroes of p is an algebraic

variety, (empty or) of dimension < 7 — 1, and so has null Lebesgue measure.

Then @¢p > 0, for the equality [pfdt = [ pfdt = Owithp > 0onT\Z
T T\Z

would compel f = 017 4 that is impossible since [ fdt = go = 1.

(ii)) = (i) Endow P; with a norm and its dual III* with the dual norm. Let C
denote the convex cone of all p € R[Xjy, ..., X,] such that p(t) > 0 forall t € T.
Since the Lebesgue measure of T is > 0, C is acute. There is a constant ¢ = ¢¢ > 0
such that gop > cl|p|| for every p € P; N C, see the comment just before the
theorem. Since the map v — ¢, € Pj is linear, there is a constant ¢’ > 0 such
that ||, || < ¢’[|7|| for all 7. Then for every g in the ball B of center ¢ and radius
r = 5z, wehave gzp > 5||p[l forall p € PyNC. Indeed, pgp = ¢gp + 95_¢p =

cllpll = log—gpl = cllpll = c'llg — gl Ipll = 3llpll. Hence condition (ii), briefly

@5 > 0, holds as well for all § in the neighborhood B of g. Write Z!, = U I as
leN
an increasing union of finite subsets I; such that I; = I. Let P; be the linear span

of the monomials X’ with i € I;. Thus P; = Pj. Let § = (g;);cs be an arbitrary
point in B, that for the moment we fix. Since ¢z > 0, by applying successively
Corollary 2.2 for F = P;;1, K = CN P 1 and L = P, with ] > 1 we obtain, starting
from ¢15 := ¢z : I — R, a sequence of linear functionals ¢,z : P, — R such
that ¥y 15lp = iz foralll > 1and ¢ygp > O forall p € P, NC\ {0}. Then we
have a linear functional ¥z : R[Xj,..., Xy] — R, extending ¢g, determined by
$zlp = g foralll > 1. For any polynomial p € C, p # 0 thereisan ! > 1
such that p € P, and so ¢zp = y;gp > 0. Hence ¢zp > 0 for every polynomial p
such that p(t) > 0 for all t € T. By the Riesz-Haviland’s Theorem 1.1 there is a
measure vz > 0 on T, with finite moments of any order, such that yzp = [ pdvg
T
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for every polynomial p. In particular for p := X! with i € I, we obtain §; =
¢zX' = X' = [ #'dvg(t). Thus g; (i € I) are the moments of a measure vz on T,
T

thatis, § € I't;. Since g was arbitrary in a neighborhood of g, it follows that g is
in the interior of I'7;. Then by Theorem 2.5, g € Gr;. 1
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