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ABSTRACT. Let A be a unital separable simple C*-algebra such that either

(i) A has real rank zero, strict comparison and cancellation of projec-
tions; or

(ii) A is TAI (tracially approximate interval).

Let A7 : GLO(A) — E,/T(Ko(A)) be the universal determinant of de la
Harpe and Skandalis.

Then for all x € GL°(A), Ar(x) = 0 if and only if x is the product of 8
multiplicative commutators in GL?(.A). We also have results for the unitary
case and other cases.
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1. INTRODUCTION

Let A be a unital C*-algebra and let x € A.

QUESTION. (1) When is x a finite sum of additive commutators? i.e., when
is x a sum of finitely many elements of the form ab — ba where a,b € A?
(2) If x is invertible (unitary) when is x a finite product of multiplicative com-
mutators? Le., when is x a product of finitely many elements of the form yzy 1z ~!
where y,z € A are invertible (respectively unitary) elements?

The first question has a long history, is connected to basic questions about
the structure of C*-algebras, and is still a subject matter of recent papers. (E.g.,
see [21], [4], [5], [9 [10], [11]], [12], [26]], [27], and the references therein.)

In this paper, we focus on the second question. The first result in this direc-
tion is due to Brown and Pearcy who proved that every unitary operator on a sep-
arable infinite dimensional Hilbert space is a multiplicative commutator of uni-
taries, i.e., has the form vwv*w* where v, w are unitary operators on the Hilbert
space ([3]). This was generalized by M. Broise who proved that a von Neumann
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factor M is not of finite type I if and only if every unitary operator in M is a finite
product of multiplicative commutators of unitaries ([1]).

In [10], Fack and de la Harpe proved that if M is a type II; factor and x € M
is invertible, then x has Fuglede-Kadison determinant one if and only if x is a
finite product of multiplicative commutators, i.e., a finite product of elements of
the form yzy~1'z~! where y,z € M are invertibles. (See Proposition 2.5. of [10].)

De la Harpe, Skandalis and Thomsen generalized the above results to classes
of C*-algebras that are not necessarily von Neumann algebras. For a unital C*-
algebra A, let GLY(A), U°(A) denote the connected component of the identity
of the invertible group of A and the connected component of the identity of the
unitary group of A respectively; let DGL%(A), DU°(A) denote the commutator
subgroups of GL(A) and U°(A) respectively; and let AT denote the universal
determinant of .4, introduced by de la Harpe and Skandalis in [14]. (More infor-
mation about At and basic references can be found at the end of this introduc-
tion.) In Theorem 6.6 of [15]], de la Harpe and Skandalis proved that if A is a unital
simple infinite dimensional AF-algebra and x € GL(A), then Ar(x) = 0 if and
only if x is the product of four multiplicative commutators in GL?(.A). They have
a similar result for U° (A), when A is simple AF ([15], Proposition 6.7). Moreover,
when A is simple AF, DGL?(.A) and DU’(A) are both simple modulo their cen-
tres ([16]). Finally, when A is a unital simple properly infinite C*-algebra, both
GLY(A) and U°(A) are perfect groups ([I5], Theorem 7.5 and Propositon 7.7).

In [30], Thomsen generalized de la Harpe and Skandalis’ results to the class
of unital C*-algebras .A which have the following properties:

(i) Ais an inductive limit where the building blocks have the form M, (C(X7))
©My, (C(X2)) @ - - - ® My, (C(X)) such that each X; is a compact metric space
with covering dimension dim(X;) < 2 and H*(X;, Z) = 0.

(ii) Ko(.A) has large denominators.

Henceforth, we will call the above class of C*-algebras Thomsen’s class.

In Theorem 3.4 of [30], using fundamental results in classification theory
that Thomsen developed, it was proven that for a C*-algebra A in Thomsen’s
class, for x € GLY(A) (or x € U°(A)), Ar(x) = 0 if and only if x is a finite
product of commutators in GLY(.A) (respectively in U°(.A)). We note that these
results (unlike the result of, say, Theorem 6.6 of [15] which gives four) does not
give a bound on the number of commutators. Moreover, the argument itself does
not give such a bound. Finally, in Theorem 4.1 and Theorem 4.3 of [30], it was
proven that for a C*-algebra A in Thomsen’s class, DGLY(A) and DU"(A) are
both simple modulo their centres.

In this paper, we generalize the results of [15] and [30] to the class of simple
TAl-algebras and the class of simple unital C*-algebras with real rank zero, strict
comparison and cancellation of projections. (The definition of TAl-algebra is in
Definition[I.1]) These are large classes of C*-algebras which have been important
in the classification program. (E.g., the C*-algebras in [6] and [8] belong to these
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classes.) These classes also include the classes in [15] and [30] (in the simple finite
case). Our main result is the following: Let A be a unital simple separable C*-
algebra such that either (a) A is TAI or (b) A has real rank zero, strict comparison
and cancellation of projections. Let x € GL?(.A). Then Ar(x) = 0 if and only if x
is the product of eight multiplicative commutators in GL?(A). (See Theorem
and Theorem) We note that unlike the (nonetheless interesting) results in [30],
there is a bound (eight) on the number of commutators. It is an open question
whether we can reduce the bound. We also have results in the unitary case. (See
also Theorem and Theorem[4.1])

The arguments in our paper extensively use techniques from classification
theory, including a difficult uniqueness theorem from the literature
(Theorem [2.10).

We end this section by giving some basic references and fixing some nota-
tion and definitions which we will use throughout this paper.

A basic reference for the de la Harpe-Skandalis determinant is [14]. A good
summary can also be found in [13]. A basic reference for TAl-algebras is [20].

We now fix some notation and definitions. We refer the reader to the ref-
erences given above for more details. For a unital C*-algebra, A and for n €
{1,2,...} U {0}, let U,(A),U%(A),GL,(A),GL)(A) be the unitary group, the
connected component of the identity of the unitary group, the group of invert-
ibles, and connected component of the identity of the group of invertibles re-
spectively of M,(A). Oftentimes, we use U(A),U%(A), GL(A),GL(A) to ab-
breviate Uj (A), UY(A), GL1(A), GLY(A) respectively. Also, for a group G and for
x,y € G, welet (x,y) denote the multiplicative commutator (x,y) =g¢ xyx 'y~ L.
We let DG denote the commutator subgroup of G, i.e., the subgroup of G gener-
ated by the multiplicative commutators (x,y) where x,y € G. (E.g., DU°(A) is
the commutator subgroup of U°(A).)

For a Banach space E, a tracial continuous linear function 7 : A — E, and
for a piecewise continuously differentiable curve ¢ : [ty, t1] — GLY(A), we let

t
A () =g 5 [ T(E(H)E(t)~1)dt € E (Section 1 of [14]; see also Section 6 of [13]).
to
By Lemma 1(c) of [14] (also Lemma 10(iii) of [13]), A~T(§) depends only on the
homotopy class of ¢ (with endpoints fixed). This (and a form of Bott periodic-
ity) then induces a group homomorphism A : GLY (A) — E/7(Ko(A)) ([14],
Proposition 2; also [13], Theorem 13).

Let E, denote the Banach space quotient of A by the closed linear span of
the additive commutators [a,b] =4¢ ab — ba, a,b € A, i.e., E, =g A/[A, A]. Let
T : A — E, denote the natural quotient map. (T is called the universal tracial
continuous linear map.) From the above, we have a group homomorphism At :
GLY(A) — E,/T(Ko(A)) which is called the universal de la Harpe-Skandalis de-

terminant. Throughout this paper, we will simply call At the de la Harpe-Skandalis
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determinant. (We note that this determinant has been useful in classification the-
ory. See, for example, [21], [25].)
Next, for a unital C*-algebra, we let T(.A) denote the simplex of tracial states
on A.
We let T denote the unit circle of the complex plane; ie., T =4 {z € C :
|z| =1}.
Throughout this paper, we let INT denote the class of C*-algebras of the
m
form @ B;, where for each j, B; = Mn]. or B; = Mn].(C [0,1]) for some positive
j=1
integer 1;.
The following notion is due to Lin:

DEFINITION 1.1. A unital simple C*-algebra A is said to be tracially approx-
imate interval (TAI) if for any € > 0, for any finite subset 7 C A, and for any
nonzero positive element 2 € A, there exists a projection p € A and a C*-
subalgebra 7 € INT with 17 = p such that:

(i) 1 — p is Murray-von Neumann equivalent to a projection in a.4a.
(ii) ||px — xp| < eforall x € F, and
(iii) pxp is within € of an element of 7, for all x € F.

(In the above definition, “Al" abbreviates “approximately interval".)

Every simple unital TAl-algebra is quasidiagonal, has real rank at most one,
stable rank one, property (SP), and strict comparison (of projections by tracial
states). The Ky group of a simple unital TAl-algebra has weak unperforation and
the Riesz interpolation property. Many simple C*-algebras are TAI in particular
every simple unital AH-algebra with bounded dimension growth is TAL (E.g.,
the algebras in [6] and [8] are TAIL) For these and other basic results about TAI-
algebras, we refer the reader to [20].

REMARK 1.1. By Corollary 3.3 of [20], for the C*-algebra Z in Definition[1.}
the matrix sizes of the summands of Z can be taken to be arbitrarily large; i.e.,
for every L > 1, we can find an 7 satisfying the conditions in Definition[T.T]such
that every irreducible representation of Z has dimension greater than L (i.e., the
image of any irreducible representation of Z has the form M with k > L).

In the results that follow, we will often state the result in general, but only
prove it in the infinite dimensional case.

2. THE TAI CASE

LEMMA 2.1. There exist two continuous functions v, w : (—m/2,7/2) — SU(2)
such that, forall t € (—m/2,7/2),

) =4 G Tew-1l w-1< 1172, ot o0)=w(©) =1
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The proof follows from Lemma 5.13 of [15]. (Note that that v;(0) = 1 for
j = 1,2 follows from the inequalities.)

COROLLARY 2.2. Leta € T.
Then there exist unitaries v,w € My (C) such that

o[ 3

2l
If, in addition, |« — 1| < /2, then we may choose v, w so that

lo =1, [l — 1] < Ja—1["2.

Proof. If | — 1] < V2 (i.e., the principal argument of « is in (—7/2,71/2)),
then the result follows from Lemma
For general « € T, we note that

a O[]0 1|[a O[O 1] [a O .
0 1|1 olfo 1/|1 o] [0 =w|"
We now fix a notation. Let X be a metric space and let S C X be a subset.

For every 6 > 0, let N(S, 6) denote the §-neighbourhood of S; i.e., N(S,0) =4¢ {t €
X : dist(t,S) < 6}

LEMMA 2.3. Let 0 : [0,1] — R be a continuous map.
Then there exists v1, wy, vy, Wa, v3, w3, v, ws € U(My(C[0,1])) such that, for all
s€0,1],

(01(5)/101(5))(?12(5),wz(S))(vs(S),W3(S))(U4(S),W4(S))=[ 0 et

Qlfs) ]
Moreover, if there exists an open set G C [0,1] such that 6(s) = 0 for all s €

[0, 1] — G, then for every & > 0, we can choose the unitaries so that w1 = w3 = [(1) (1)},

and v (s) = wj(s) = 1forall s € [0,1] — N(G,¢) and for 1 <k,j < nwith j #1,3.

Proof. Let O1,0,,...,0, be an open covering of [0,1] such that for each j
with 1 < j < n, there exists an angle 6; so that 6(s) € 6, + [—/4,7t/4] for all
s e O]

Since [0,1] has covering dimension one, taking a refinement of the open
cover if necessary, we may assume that each point in [0, 1] is contained in at most
two of the O;. Moreover, rearranging the O; if necessary, we may assume that for
j,j such that [j —j'| >2,0;N Oy = @.

Let {f; }]7-’:1 be a partition of unity for [0, 1] subordinate to {O; }]r-’:l.

We have that for 1 < j < n, 0(s) — 6; € [-7/4,7t/4] for all s € O;. Hence,
fi(s)(0(s) — 6;) € [-7t/4,7t/4] foralls € [0,1]. Letv,w : (—m/2,7w/2) — SU(2)
be the continuous functions from Lemma Let 0j(s) =q4¢ v(fj(s)(0(s) —6;))
and w;(s) =q¢ w(fj(s)(8(s) — 0;)) for s € [0,1]. Hence, by Lemma we have
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foralls € [0,1],

ifi(s)(0(s)—0;)
~ ~ e’ j 0
(9j(s), wj(s)) = l 0 e_ifj(s)(e(s)—ej)] :

Note that for 1 < j < nand foralls € [0,1],

olfi ()6 0 [ |efi®% o] [0 1
0 e U)o 0o 1|"[1 o))"

Also, note that ﬁ efi(9)0jlf(5)(0(5)=0) _ ib(s) for all 5 € [0,1].

j=1
. .0 01
Thus, we can take v; =g4¢ [] dlag(elflgl,l), W = w3 =gf [1 0], Uy =g¢
jodd

~ ~ . if.0. ~
[T 3, wa =qr I1 @, vs =g I1 diag(e’i%,1), vy =g II 0}, and wy =g
jodd jodd jeven jeven
IT .
jeven

Suppose, in addition, that G C [0,1] is an open subset such that 6(s) = 0
foralls € [0,1] — G. Let 6 > 0 be given. Let g : [0,1] — [0, c0) be a continuous
function with 0 < ¢ < 1 such that (i) g(s) = 1forall s € G and (ii) g(s) = 0
foralls € [0,1] — N(G,d/2). In the definitions of vj,0j,wj,w;j (1 < j < n) above,
replace every occurrence of f; with the (pointwise product) gf; (1 < j < n). Then
vk(s) = wi(s) =1, foralls € [0,1] = N(G,é) and for 1 <k,j <nwithj#1,3. 1

LEMMA 2.4. Let ¢ : [0,1] — R (1 < k < m) be continuous maps such that
m
¢1(s) < Pa(s) < ¢3(s) <+ < Pu(s) and ) p(s) =0
k=1

foralls € [0,1].
Then we have the following:
(i) There exist v;, w; € U°(M,,(C[0,1])) (1 < j < 16) such that

. . . 16
diag(e'¥1,e?2,. .., elfm) = [ [(vj,w)).
=1

16
(Here, Hl(vj/ w;) = (v1,w1)(v2, w2) - - - (V16, We6)-)
]:

(ii) Suppose, in addition, that ran(¢y) C (7t/2,71/2) for 1 < k < m. Then there
exist U1, W1, 02, W), V3, W3, V4, Wg € UO (Mm (C[OI 1] )) such that

diag(ei‘m,ei‘l’z,...,ei‘l’m) = (v1,w1)(vp, wy)(v3, w3) (v, wy) and
oj = 1all, llwj — 14l < V2[|u — 142

for 1 < j < 4, where A =g¢ M,y (C[0,1]) and u =4 diag(e1,ei?2,. .., elfm).
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Proof. The proof is a modification of the arguments of Lemma 2.7 and Lem-
ma 2.8 in [30], where we additionally use Lemma and Lemma (Indeed,
the proof of part (ii) is contained in the proof of Lemma 2.8. in [30].) We provide
the argument for the convenience of the reader.

If diag(el?1,eif2,.. ., ei¥n) = 14 then we are done. Hence, let us assume that
diag(e'f1,eif2, ... elfm) £ 14.

Choose § > 0 small enough so that § < /4, [ — 1| < |u — 1| and
le7® —1| < ||u — 1||. Moreover, if ran(¢;) C (—7/2,71/2) we require ran(¢;) +
0 C (—m/2,m/2).

Firstly, note that for each s € [0, 1], since f ¢x(s) = 0, there is a permuta-

k=1
tiono of {1,2,...,m} (¢ is dependent on s) such that, for 1 <1 < m,

I
$1(s) < k_Zl%(k) (s) < Pm(s).

Since [0, 1] is compact, let {O;}7_; be an open covering of [0,1] and for 1 <
j < n,letx; € U(My,) be a permutation unitary and let ¢j be a permutation of
{1,2,...,m} such that, for 1 <! < mand forall s € Oj,

deiag((Pl,gbz, .. ,(])m)x;-K = diag((P(T]-(l)'(PtTj(Z)' .. /(P(T]-(m)) and

Let ¥ > 0 be given. Since [0, 1] has covering dimension one, taking refine-
ments, permuting and contracting the O;s and contracting 7y > 0 if necessary, we
may assume that if [j — j'| > 2 then N(Oj,7) " N(Oj, ) = @.

Let {f; };7:1 be a partition of unity of [0, 1] subordinate to {Oj};‘zl. For1 <
j < n,leta; € My (C[0,1]) be the self-adjoint element given by

aj =qf fidiag(¢1, 2, ..., Pm)
and for1 < k < m, let

k
Yik =dr fj Y bo 1)
I=1
Hence,
diag(¢1, 2, ..., Pm) = 2“]'

andfor1 <j<mn,
(2.1) JC]‘a]*JC;-< :diag(lpj,l,—lp]',l, l/)j,g,—lpjlg,, .. .)+diag(0, 1/’;‘,2/—%',2/ l/)]‘/4,—l/J]',4, .. )

where the first diagonal ends with zero if m is odd, and the second diagonal ends
with zero if m is even.
We consider the two cases in the statement of the lemma.
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Case 1 or part (ii). Suppose that ran(¢y) C (—m/2,7/2) for 1

<
By (2.1) and by Lemma[2.1} we have that for 1 < j <nand 1 <
exist unitaries v;;, w;; € My, (C[0,1]) such that

X 1s i g s —ith;
xjdiag(e Vin, e Wit elWis e ¥is, )xj = (vj1,wj1),
* 1s iy ity itpig —ith;
Xj diag(1,e bi2 e Wiz ol¥is4 e71Wja .)xj = (Uj,2, w]',z),
and forl =1,2,

vj(s) =wji(s) =1,

for all s € [0,1] — O;. Moreover, by Lemmaand by our choice of 4, for 1 < j <
nand! =1,2,

l[vj; — 1]
< max{[el(#1(5)=0) _ 1|1/2 |eilen(s)+0) _1|1/2 5 ¢ O;}
< max{[el?1(®) (e 710 —1)| 4 [e!1(5) —1], |el#n(*) (¥ —1)| +]ei(®) —1| : s € O;}1/2
<V2llu—1"2
Similarly,
lwj; — 1| < V2[Ju—1[|"/2.
Now let v =4 H U1, W1 =df H win, v2 =gt 11 vj1, w2 =g I1 wj1,

jodd jeven jeven
U3 =df H Vi, W3 =gt H W2, Uy —df H v, Wy =gf I1 w;,
jodd jeven jeven

Thenfor1 <1 < 4, ||vl -1 < \f||u—1||1/2 and ||lw; — 1| < ﬁHu—lHl/z.
Also, as required,
4

u= [ J(v, wp).

I=1

Case 2 or part (i). General case.

The proof for this case is the same as that of Case 1, except that we replace
Lemma with Lemma and we get sixteen commutators (instead of four).
(We also do not get a norm estimate for the unitaries that make up the commuta-
tors.) 1

LEMMA 2.5. Let ¢ : [0,1] — R (1 < k < m) be continuous maps such that, for
all s € [0,1],

£1(5) < 2(5) < 5(5) < < pm(s) and éw&=

Then there exist xj,y; € GLY(M,,(C[0,1])) (1 < j < 4) such that

4

diag(e”, e, ... e) —H(x]ry]) and ||x; = 1al, ly; — Lall 2]z = 14]""
i
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for 1 < j < 4, where A =4¢ M,;,(C[0,1]) and z =4 diag(e?1, e?2, ..., ePm).

The proof is essentially the same as Lemma 2.7 of [30]. Alternatively, the
proof is the same as Lemma part (ii), but with Lemma replaced with
Lemma 2.6 of [30].

Recall the definitions of “TAI" and “INT" from the end of the Introduction.

LEMMA 2.6. Let A be a unital separable simple TAl-algebra and let {c,}>> , bea
countable dense subset of the closed unit ball of A.

Let {I }oo 1 be a sequence of C*-subalgebras of A, with I,, € INT for all n and
let {pn}5_, be a sequence of projections in A with 17, = py for all n > 1 such that for
alln > 1 the following hold:

@) T(1—pu) <1/nforallt € T(A),
(i) ||pnck — ckpnll < 1/n forall k < n, and
(iif) pucxpn is within 1/n of an element of I, for all k <
Suppose that a € A is an element such that |t(a)| < e for all T € A Foralln > 1, let
ay € Iy, such that || pmapm — am| — 0as m — oo.
Then there exists N > 1 such that for alln > N, forall T € T(Z,), |t(an)| < e

Proof. Firstly, since the map T(A) — C: T — 7(a) is a continuous function
on the compact set T(.A), let 0 < 6 < e be such that § = max{|t(a)| : T € T(A)};
ie,|t(a)] <d<eforallt e T(A).

Suppose, to the contrary, that {n;}{°, is a subsequence of the positive inte-
gersand foralll > 1, Tl € T(Zy,) is such that |7 (a,, )| > e.

Let H 7, and Z In, be the () direct product and (cp) direct sum respec-
tively. Folr éach k> 1 Tk induces an element 7 € T(I];2; Zy,) in the following
manner: for {b;}*, € H Iy Te({013721) =ar 1)

Since T(TT;24 nz) 1s compact, {7;}7°, must have a convergmg subnet {7} }.

Suppose that ligcn T, = p € T(IT}2, Zn,). Note that Z@ Ty, is contained in the
=1

kernel of . Hence, i naturally induces a trace in T(] Zy,/ Y@ Ty,), which we
=1 =1
also denote by “u".
Let®: A — H Ly / Y@ Ty, be the unital *-embedding that is defined as
=1 =1

follows:
Letd € Abe given. Then

O(d) =ar [{di}124]
where d; € I, forall ] > 1, ||pnldpnl d1|| — 0as! — oo, and [{d;}{°,] is the

equivalence class of {d;}7°, in H Ly, / ZEB Ty,. (Itis clear that @ is a well-defined
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unital *-homomorphism; in particular, ¢(d) is independent of the choice of the
sequence {d;} with the above properties.)

Then pio @ € T(A). Then [po (a)| = |p([{a}24])| = lim [T, ({a1}}2,)] =
lign |71, (a;,)| > e This contradicts our assumption that |t(a)| < § < & for all
TeT(A). 1

The next lemma is a straightforward computation.

LEMMA 2.7. Let n € Z, U {oo}. Let A be a unital C*-algebra, let V be a Banach
space and let T : A — V be a tracial continuous linear map. Let & : [to, t1] — GLY(A)
(or UY(A)) be a piecewise continuously differentiable curve with &(ty) = 1.

For every € > 0, there exists § > 0 such that the following hold:

If x € GLY(A) (respectively UI(A)) is such that ||x — &(t1)| < 6, then there
exists a piecewise continuously differentiable curve 7 : [to, t1] — GLY(A) (respectively
U%(A)) with n(ty) = 1and 5(t1) = x such that

1A(&) — A< (n)]| <e.
For a unital C*-algebra A, recall that E,, is the Banach space quotient E,, =g¢

A/[A, A]. Viewing E, as a metric group (with metric induced by the norm),
T(Ko(A)) C E, is a (not necessarily closed) topological subgroup of E,. The
metric on E, induces a pseudometric d on the quotient group E,/T(Ky(.A)); i.e.,

foralla,b € E,,
d([al, [b]) =qs inf{[|a —b+c|| : c € T(Ko(A))},

where || - || is the norm on E,, and [a], [b] are the equivalence classes of a, b (respec-
tively) in E,, /T (Ko (A)).

LEMMA 2.8. Let A be a unital C*-algebra and let d be the pseudometric on
E./T(Ko(A)) induced by the metric (or norm) on E,. Let y € GLY(A) (respectively
U (A)) be such that Ar(y) = 0.

Then for every e > 0, there exists 6 > 0 such that if x € GLY,(A) (respectively
UY(A)) is such that ||x — y|| < & then

d(Ar(y),0) <e.
Proof. Since At(y) = 0, there exists a piecewise continuously differentiable
curve ¢ : [0,1] — GLY (A) (U (A) respectively) such that £(0) = 1,&(1) = y and
A1 (&) = 0. Now apply Lemma 1

Next, we consider some results about the closure of the commutator sub-
group. For a topological group G, recall that DG is the commutator subgroup of
G and DG is its closure. For a unital C*-algebra .A, DU(A) and DU?(.A) will be
the closures in the norm topology.

LEMMA 2.9. Let A be a unital separable simple TAI-algebra. For every ¢ > 0,
there exists & > O such that for every self-adjoint element a € A with |t(a)| < ¢ for all
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TeT(A),
dist(e?™, DUO(A)) =g inf{[|e?™ — u|| : u € DU(A)} < e.
Proof. This follows from [31] which gives a topological group isomorphism:
@ : U°(A)/DUO(A) — AFE(T(A))/T(Ko(A)).

The map @ is the map induced by the de la Harpe-Skandalis determinant (with
universal trace). Note that for a self-adjointa € A, ®([e!?™]) = a+ T(Ko(A)). 1

We will need a uniqueness result of Lin’s. Towards this, we fix some no-
tation. For a unital C*-algebra A and for a unitary u € U(A), let # denote the
image of u in U(A)/DU(A). Foru,7 € U(A)/DU(A), let

)
dist(7,5) =g inf{||x — ¥l : x,y € U(A) and T = 7, = 5}
It follows that
dist(#,7) = inf{||uv* — x| : x € DU(A)} = dist(uv*, DU(A)).

If A, B are unital C*-algebras and ¢ : A — B is a unital *-homomorphism, then ¢
brings U(.A) to U(B), and brings DU(.A) to DU(B). Hence, ¢ induces a topologi-
cal group homomorphism ¢ : U(.A)/DU(A) — U(B)/DU(B). Also, ¢ induces
amap [¢] : K(A) — K(B). (Here, K is total K-theory. See, for example, Defi-
nition 5.8.13. of [18].) Finally, if X is a compact metric space and T € T(C(X))
(tracial state) then, by the Riesz representation theorem, T induces a Borel proba-
bility measure pr on X.

The following is a result of Lin in [23]. (Also, a generalized version, with
the space X being an arbitrary compact metric space, can be found in [24].)

THEOREM 2.10. Let X be a compact metric space such that either X is a finite
CW-complex with dimension no more than one or X = [0,1]" (n-cube) or X = T"
(n-torus). Let ¢ > 0, let F C C(X) be a finite subset and let F : (0,1) — (0,1) be a
nondecreasing map. Then there exist § > 0, 6 > 0, a finite subset G C C(X), a finite
subset P C K(C(X)) and a finite subset U C U(Meoo(C(X))) satisfying the following:

Suppose that A is a unital separable simple TAl-algebra and ¢, : C(X) — Aare
two unital x-homomorphisms such that:

prop(Os) = F(s)
forall s > 1, for all open balls O, in X with radius s and all T € T(A);
[Top(g) —Top(g) < ¢
forall g € Gandall T € T(A); and
[pllp = [¢llp and dist(9*(2), ¢#(2) <

forallz € U.
Then there exists a unitary u € A such that, forall f € F,

lp(f) —up(fHu*|| <e.
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The proof follows from Theorem 10.8 of [23].

LEMMA 2.11. Let A be a unital C*-algebra. Let x € GL°(.A) have polar decom-
position x = u|x|. (So u is a unitary and |x| is a positive invertible.)

Suppose that At(x) = 0.

Then Ar(u) = At(|x|) = 0. Moreover, T(Log(|x|)) = 0 forall T € T(A).

The proof follows from the (short) argument of Proposition 2 d) in[14].

Let A, B be C*-algebras and let ¢ : A — B be a *-homomorphism. Then for
every n > 1, the map M, (A) — My (B) : [a;;] = [¢(a;;)] is a -homomorphism,
which will also denote by “¢".

LEMMA 2.12. Let A be a unital separable simple TAl-algebra.
(i) If u € U°(A) is a unitary such that At (u) = 0, then for every ¢ > 0, there exist
unitaries x;,Y; € UO(A), 1 < j < 18, such that

18

Hu — H(x],y]) H < E.

j=1

18
(Here, Hl(xj/yj) = (x1,y1)(x2,¥2) - - - (x18,Y18)-)
j=

(i) If x € GLO(\A) is an invertible such that At (x) = 0, then for every e > 0, there
exist invertibles x;, y; € GLO(A), 1 < j < 24, such that

24
Hx - H(xj,yj)H <e.
j=1
Proof. We prove part (i). The proof of part (ii) is similar.
Let X C T be the compact subset given by
X=g{teT:|t—1] <2|u—-1|}.

(Note that 1 € X, and X is either T or homeomorphic to [0, 1].)

Let ¢ > 0 be given. Contracting ¢ if necessary, we may assume that 0 < ¢ <
1/10 and that e > 0is small enough so that for every unitary v € A, if [[u —v|| < ¢
then sp(v) C X.

Let 67 > 0 be such that for all self-adjoint elements ¢, ¢’ € Aif ||c — ¢'|| < &;
then ||ei27 — ¢i27¢'|| < ¢/10. We may assume that 6, < ¢/10. Plug 6 /10 (for ¢)
into Lemma [2.8to get 5, > 0. We may assume that , < &/10.

By Theorem 3.3 of [22], there exists a self-adjoint element a € A such that

2.2) |u — 2™ < 5,.
By our choice of §, we must have that
d(Ar(e?™),0) < 6,/10

where d is the pseudometric on Aff(T(A))/Ky(.A) induced by the (uniform) met-
ric on Aff(T(A)).
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Since Ar(el?™) = [a] (where [4] is the equivalence class of a in
Aff(T(A))/Ko(A)), there exist projections q,7 € Mu(.A) such that, for all T €
T(A),

4l
(2.3) |t(a) —t(q)+t(r)| < 0

Let F: (0,1) — (0,1) be the nondecreasing map given by F(t) =q¢ t/10 for
allt € (0,1). Let F C C(X) be a finite subset that contains the identity function
h(t) =q¢ t (t € X).

Plug X, £/10 (for ¢), F and F into Theorem 2.10]to get 71 > 0, 43 > 0, a
finite subset G C C(X), a finite subset P C K(C(X)) and a finite subset & C
U (M (C(X)) satisfying the conclusions of Theorem[2.10]

Note that X is closed under complex conjugates. Hence, let S =4
{1,t4,t1,t2,t2,...,tN, EN} C X be a finite collection of 2N + 1 distinct points and
172 > 0 such that for all s > #; for all open balls O; in X with radius s,

17172
2N +1

where card(O; N S) is the cardinality of Os N S.

Let @ : C(X) — A be the unital -homomorphism given by ® () =4 el2™,
where h € C(X) is the identity map (i.e., h(t) = t for all t € X). Note that by
our assumption on ¢ and by , the spectrum of €2 is contained in X; so @ is
well-defined. Let Ny > 1 be an integer so that I/ C M, (C(X)). Let M; > 1be
an integer and let 77 C My, (A) be a finite set of self-adjoint elements so that for
all v € U, there exist self-adjoint elements a,1,ay2,...,4,Mm, € F1 (repetitions
allowed) so that @(v) = el2M0112702 . . . ¢!2M0M; (Note that Kq () = 0.)

Choose d;, > 0 such that if uy,up,...,up, € U(Mp,(A)) are unitaries
such that dist(uj,DU(MNl(A))) < Oy for 1 < j < My then dist(uqun - - - up,,
DU (M, (A))) < d3/10. We may assume that 5, < d3/10.

Plug 64 /10 (for &) and My, (\A) (for A) into Lemmato get 65 > 0.

Choose integer Ny > 1 such that 1/Np < #2/10. Also choose N3 > 1 such
that N3 > max{||b]| : b € GU F1}.

Since A is TAI and by Lemma[2.6|and Remark[1.1} let p € A be a projection
and let Z € INT be a C*-subalgebra of A with 17 = p such that the following
hold:

(@) 7(14 — p) < min{d3/(10(1 + N3)),d5/(10(1 + N3)),12/(10(1 4+ N3))} for
allt € T(A).

(b) Each summand in Z has matrix size at least Np(2N+1). (Equivalently,
every irreducible represention of Z has image with the form M,, with n> N (2N+
1).)

(c) There exists a1 € Z such that |la — ((1 — p)a(l — p) +a1)|| < 41/10 and
HeiZna _ ei2n((1-p)a(l—p)+ar) H < ¢/10.

(24) card(Os N S) > F(s),
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(d) There exist projections ¢, ' € M (Z) such that |t(a1) — (q") + 7(+')] <
61/10forall T € T(Z).

(e) Letypp : C(X) — (1 — p).A(1 — p) be the unital *-homomorphism given by
Po(h) =g (1 — p)e27(1=p)a(1=p)(1 — p), where h € C(X) is the identity map (i.e.,
h(t) = tforall t € X). (Note that by , by (c) and our assumptions on €, p can
be chosen so that the spectrum of el27(1-P)2(1=7) js contained in X; so the map g
is well-defined.)

Then forallv € U,

llo(0) — (1 — p)eizn(l_p)av,l(1_P)ei27((1_p)‘1v,2(1_77) .. .eizﬂ(lfp)ﬂv,Ml(lfp)(l _—

(Here, we identify 1 4 — p with (14— p) ® Iny, €My, (A).)
We denote the above statements by “(x)".
Since 7 € INT, let us suppose, to simplify notation, that Z has the form

Ny
7= @Mmj(C[O 1
j=1

where Ny > 1. The proof for the other cases are similar.

We now construct two unital x-homomorphisms ¢1, ¢, : C(X) — A.

By (x), we have that for 1 < j < Ny, m; > N,(2N +1). For each j, let
; : C(X) — M, (C[0,1]) be the (finite rank) unital *-homomorphism given by

¥i(f) =ar diag(f (1), f(tr), f(tr), f(t2), f(E2), -, f(En), f(EN), F(1), f(B1),
t

f(8), f(t2), f(k2), -, f(En), f(En), (1), f (1), f(B2), - )

forall f € C(X), where the tail of the diagonal either has the form “. .. f(#), f(£;))"

or has the form “... f(#;), f(f), f(1))".
Let h € C(X) be the identity function, i.e., h(t) =t forall t € X.

We define the unital x-homomorphisms ¢, ¢, : C(X) — A in the following
manner:

¢1(h) =gt Po(h @@IIJ] and  ¢o(h) =4 (1 @EB%

From (x), (2.4) and our choices of Np, N3 and 772, we have the following
statements:

(i) prog, (Os) = F(s) for all s > 5y, for all open balls Os € X
(2.5) with radius s and forall T € T(A).
() [topr(f) —Toga(f)] < b3/2forall f € Gand forall T € T(A).
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Next, since X is either T or homeomorphic to [0, 1] and since the image of h
(under both ¢ and ¢») is contained in U°(A),

(2.6) K(¢1) = K(¢2).

Finally, from (x)(a), we have that |[t((1 — p)b(1 —p))| < é5/10forallb € F;
and for all T € T(My, (A)). It follows, from the definition of d5 and Lemma
that dist(e271-P)(1=P) DU(My, (A))) < 64/10 for all b € F;. From the defini-
tion of ¢4 and the definition of /3, it follows that for all v € U,

271 (1= p)ag 1 (1-p) @27 (1-p)ana (1-p) . . (27 (A=P)aost; 1=P) DU MIe (A))) < 2.
dist(e e 1 ,DU(Mp, (A))) < 0
From this and (x)(e), we have that for all v € U,

. —_ o
2.7) dist(yo(v) @ p, DU(My, (A))) < §3

Also, (1 — p)¢2(Mn, (C(X)))(1 —p) € My, (C(1 —p)) . Hence, for all v €
U, there exists self-adjoint ¢ € My, (C(1 — p)) with [[c[| < 1 such that (1 —

p)p2(v)(1 — p) @ p = 2. Note that this and (*)(a) implies that |t(c)| < &5/10
for all T € T(My;, (A)). From this, the definition of J5 and since d; < d3/10, we

have that for all v € U, dist((1 — )qbz( )(1—p)®p,DUMn, (A))) < d3/10.
From this, the definitions of ¢, ¢, and (2.7), we have that for all v € U,

(2.8) d15t<4’1( )s ‘Pz( )) < 3.

From ([2.5), (2.6), 2.8) and from Theorem there exists a unitary w € A
such that for all f € F,

191(£) = wgal Fo’]| < 5.

Since the identity function & (i.e., h(t) =g4¢ t for all t € X) is an element of F,
it follows that

H( ei2(1-p)a(l— )(1_p)@é\]élpj(h)) —W<(1—P)@g§‘/’j(h))w
j=1 =1

From this and Corollary there exist unitaries x1,y1, X2, y2 € A such that

<L
10°

@9 )~ (- PP o @) < 5 and
j=1

(2.10)  (xp,y2) = ) @ @ pi(h

By Lemma 1.9 of [29], there exist real-valued continuous functions 9]-,;( :
0,1] - R(1 <j < Ng1<k< m;), and there exist pairwise orthogonal
minimal projections p;r € M, (C[0,1]) (again 1 < j < Ng, 1 < k < mj) with
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j
k;l Pik = 1MW,,(C[O 1) for 1 < j < Ny such that (a) 6j; < 6jp < -+ < Gj,m]. for

1 <j < Ngand (b) Z Z 0 kpjx is approximately unitarily equivalent to a; in
S1k=

—

7. Note that the spectrum of Z is 7 = |_| My, (C[0,1]) = |_] [0,1]; and so, for all
j=1 j=1
s € Z, the spectrum of a(s) is {0ik(s) 1 1<j< Nyand 1 <k < mj}.
Ny ™
Hence, replacing 24 Z 0 kpjx by a unitarly equivalent (in 7) self-adjoint

element if necessary, we may assume that

(2.11) |m 2 % 0,4

j=1k=1

(Note that a unitary equivalence is the same as simultaneously replacing the pro-
jections p;x by unitarily equivalent projections, with the same unitary for all the
projections. In particular, the eigenvalue functions 6, ; stay the same.)

Moreover, by (x)(d) and our assumptions on 6, «, p;k, forallt € T(Z),

A / !
2.12) ]r( Y. Y Okpix) —7(g) + ()] < 0
j=lk=1
Ny
Let g : |_| m; (C [0 1]) — R be the continuous function defined as

follows:
Fors € M, (C[O 1]) = [0,1],

8(s) =ar (1/m;) k_Z];l@j,k(S) — (1/m)Te(q'(s)) + (1/m;)Te(r' (5)),

where Tr is the (nonnormalized) trace on M. (Note that 4, 7’ must, by definition
of M (Z), sit in some big matrix algebra over Z.)
Hence, g17 € T is a self-adjoint element, and by (2.12),

31
(2.13) lglz|l < 10 and
Ny ™j , .
(2.14) (L ¥ 0pix) — (@) + () — 7(g1z) = 0
j=1k=1

forallt € T(Z).
Ny ™j
For1 <j < Ny, fix 5 € T(My; (C[0,1])). Letap =4 Y. X 0jxpjx — g1z and
j=1k=1

leta, = Eaz],whereazjeM (C[0,1]) for 1 < j < Ny.
=
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Ny Ny
Letq'= Y gjandr’ = ¥ rjwherefor1 < j < Ny, q;,7j € Moo ® M, (C[0,1]) are
j=1 =1

projections. Suppose that, for 1 < j < Ny, g;,r; are the sums of L; and L; minimal
projections in Me @ My, (C[0, 1]) respectively. To simplify notation, let us assume
that L; > Ljfor1 < j < Ny Thenfor1 < j < Ny, eizn(uz’jJr(Lf_Lf)pf'"‘f) — @i

and hence,

(2.15) eiZn(ﬂz+Zj{\,:‘11(L}ij)pj,mj) _ o

N,
Let as =4¢ a2 + i (L; - Lj)p]',m], € Z. By (2.14), we have that 7(a3) = 0
j=1

for all T € T(Z). Hence, by Lemma 2.4{(i) and by Lemma 1.9 of [29], there exist
unitaries x3, Y3, X4, Y4, . - -, X18, Y18 in A such that

- €
(2.16) €27 — (x3,3) (x4, y4) - - - (x18,y18) || < 10
(Actually, for 3 < j < 18, pxjp, pyjp € Z, x; = pxjp® (1 —p) and y; = pyjp ©
(1=p))

From the definition of ; and by @-11), @-13), @-15) and 2-16),

" 18 c
1271417 X 3 e
e lj[(x],y])H < =
j=3
From this, (2.2), (x) statement (c), (2.9) and (2.10), we have that

18

Hu —TI(xj.v5) H <e.

=1

We now prove part (ii). Say that x = u|x| is the polar decomposition of x.
Then by Lemma[2.11} Ar(u) = Ar(]x|) = 0.
By part (i), let xj, y; € U°(A) be unitaries such that

18
€
(2.17) Hu - H(xj,yj)H <5
j=1
Hence, to complete the proof, it suffices to prove the following claim:
Claim. There exist invertibles x;, y; € GLY(A), 19 < j < 24, such that

i - TT s < 5

Sketch of proof of the Claim. The proof of the Claim is very similar to the proof
of part (i) of this lemma. The main differences are the following:
(i) Since |x| > 0, |x| automatically has the form |x| = e® where a € As,.
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(i) Set X =4¢ [—2||a||, 2]|a||]. The set S will have the form S = {0, t1, —t1, tp, —t,
.., tn,—tn}. (Of course, at some point, one would need to exponentiate the

images of corresponding maps C(X) — A.)

(iii) In the proof of part (i), replace Corollary[2.2land Lemma[2.4with Lemma 2.6
in [30] and (this paper) Lemma [2.5|respectively.

(iv) In the proof of part (i), replace every occurrence of Ar(|x|) = 0 and every
occurrence of equation with the condition 7(Log(|x|) = 0 forall T € T(A).
(See Lemma[2.11])

End of sketch of proof of the Claim and of the lemma. 1

LEMMA 2.13. Let A be a unital separable simple TAlI-algebra.
(i) Suppose that u € U°(A) is a unitary such that Ar(u) = 0. Then for every
e > 0, there exist unitaries xj,y; € U°(A), with 1 < j < 20, and there exists a self-
adjoint element a € A such that, for all T € T(A),

20 ,
U= (H(x]-,y]-)>e12”” la|| < eand t(a) = 0.
j=1
(ii) Suppose that x € GLO(A) is an invertible such that A(x) = 0. Then for every
e > 0, there exist invertibles x;j,y; € GLO(A), with 1 < j < 26, and there exists an
element d € A such that, for all T € T(A),

26
u= (H(xj,yj))ed |d|| < e and T(d) = 0.

Proof. We firstly prove part (i). The proof of part (ii) is similar.

Choose an integer N > 10 such that if ¢1,cp,¢3 € A are self-adjoint ele-
ments such that [|¢;|| < 1/N for 1 < j < 3 then |[e?™1e272¢27¢% — || < 1 and
(1/2n)||Log(ei27rc1e127rc2e127w3)H <e.

Choose a 6 > 0, with § < 1, such that for any unitary v € A, if [|[v —1|| <
then (1/2m)||Log(v)| < 1/(2N).

By Lemma @‘part (i), there exist unitaries xj,y; € U°(A) with 1 < j <18
and there exists a unitary w € U°(A) such that

(2.18) u = (x1,y1)(x2,y2) -+ (x18,y18)W
and ||w — 1| < 4.

By our choice of §, there exists a self-adjoint element b € A with ||b]| <
1/(2N) such that w = ™. Since Ar(w) = 0, there exist projections pg,qo €
Mo (A) such that

7(b) = T(po) + 7(q0) = 0
forallT € T(A).

Since A is simple TAI and since ||b|| < 1/(2N), we can replace py, g0 by

projections p,q € A with T(p), 7(q) < 1/(2N) and

T(b) — (p) + 7(q) = 0
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forallT € T(A).

Since 7(p), 7(q) < 1/(2N) for all T € T(.A) and since A has strict compar-
ison, there exist pairwise orthogonal projections p1, p2, ..., PN, 91,92, ---,9N € A
such that p; ~ pand g; ~ g for 1 < j < N. Hence, forall T € T(A),

(2.19) (b) — r(% Ji pj) + r(;]]i qj) — 0.

We have that
(2.20) oi2mb _ 27 (1/N) Ty pj,—i27t(1/N) LY g

. (e—i27'[(1/N) LN pji2n(1/N) X, Ugi27hy

By Lemma 2.1 of [30], there exist unitaries x19, Y19, X20, Y20 € U°(A) such

that
(2.21) T VNITE P — (216,116) and
(2.22) eiizn(l/N) Dt = (%20, Y20)-
Also, by our choice of N, there exists a self-adjoint element a € A such that
(2.23) ei2ma _ o—i27(1/N) oY P27 (1/N) N 4ji2rth.

Moreover, ||a|| < ¢ by Lemma 3(b) of [14], and (2.19),
1Y 1Y
o) = wb) -~ (g Lopy) + (5 L) =0
= =
forall T € T(A). Finally, by (2.18), (2.20), 2.21), 2.22) and (2.23),

u = (x1,y1)(x2,¥2)(x3,y3) - - - (xzo,}/zo)eizm.

The proof of part (ii) is very similar to the proof of part (i). The main differ-
ence is that we replace Lemma part (i) with Lemma[2.12]part (ii). &

LEMMA 2.14. Let A be a unital separable simple TAI-algebra.
(i) Suppose that ux € U°(A) is a unitary with ||u — 1|| < v/2/100 and T(Log(u))
= 0 forall T € T(A). Then for every ¢ > 0, there exist unitaries xj,yj,z € U°(A),
1 < j < 6, such that

6
= ( 1(’“]‘/%))2 |z —1|| <& t(Log(z)) =0
=

forallt € T(A), and
lx; =11, Ily; = 1l < 2v2]lu — 1"/
forl1<j<e.
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(ii) Suppose that x € GLO(A) is an invertible with || x—1|| <1/1000 and t(Log(x))
= 0 forall T € T(A). Then for every e > 0, there exist invertibles x;,y;,z € GLY(A),
1 < j <12, such that

12

x= (TTG590))z Ilz=1ll <& T(Log(z)) =0

j=1
forallt € T(A), and
;=1L [l — 1l < 24]|x — 1|/
forl<j< 12

Proof. The argument of (i) is a variation on the argument of Lemma 2.12(i),
where we need to control the norm distance to the unit of the operators that make
up the commutators. We go through the proof for the convenience of the reader.

Let X C T be the compact subset given by

X=q{teT:|t-1] <2|u—-1]}

(Note that 1 € X and X is homeomorphic to [0,1].)

Let ¢ > 0 be given. Contracting ¢ if necessary, we may assume that 0 <
e <min{1/100, |u — 1|} and that ¢ > 0 is small enough so that for every unitary
ve A if |lu—v| <ethensp(v) C X.

Since ||u — 1|| < v/2/10,a =4 (1/(i27))Log(u) € As; and

(2.24) u = el2m,

Hence, 7(a) = 0forall T € T(A). Also, sp(a) C (—m/2,7/2).

Let 67 > 0 be such that for all self-adjoint elements ¢, ¢’ € Aif ||c — ¢'|| < &
then [[el27 — ei27¢'|| < £/10. We may assume that §; < /10 and that for all
0 <0 <é, (8] +sp(a))U(—=6]+sp(a)) C (—m/2,7/2).

Let F: (0,1) — (0,1) be the nondecreasing map given by F(t) =g4¢ /10 for
allt € (0,1). Let F C C(X) be a finite subset that contains the identity function
h(f) =gt (t S X)

Plug X, /10 (for ¢), F and F into Theorem [2.10]to get 7; > 0,3 > 0, a
finite subset G C C(X), a finite subset P C K(C(X)) and a finite subset & C
U(Mw(C(X))) satisfying the conclusions of Theorem 2.10}

Note that X is closed under complex conjugates. Hence, let S=g4¢{1, 1, f1, t2,
ty,...,tn, En} C X be a finite collection of 2N + 1 distinct points and 7, > 0 such
that for all s > #; for all open balls O; in X with radius s,

L—m
(2.25) card(O; N S)ZN 1 > F(s),

where card(O; N S) is the cardinality of Os N S.

Let @ : C(X) — A be the unital *-homomorphism given by ®(h) =g
el2™ = y, where h € C(X) is the identity map (i.e., h(t) = t for all t € X).
Note that the spectrum of u = e!2™ is contained in X; so ® is well-defined. Let
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Nj > 1beaninteger so that/ C My, (C(X)). Note that since X is homeomorphic
to [0,1], every unitary in My, (C(X)) can be approximated arbitrarily close by
exponentials. Hence, let 71 C My, (A) be a finite set of self-adjoint elements so
that for all v € U, there exists a self-adjoint element a, € Fp so that || ®(v) —
el2M || < 55/10.

Plug d3/10 (for &) and My, (A) (for A) into Lemmato getdy > 0.

Choose integer Np > 1 such that 1/Np < #12/10. Also choose N3 > 1 such
that N3 > max{||b|| : b € GU F1 }.

Since A is TAI and by Lemma[2.6|and Remark[1.1} let p € .A be a projection
and let Z € INT be a C*-subalgebra of A with 17 = p such that the following
hold:

(@) T(14 — p) < min{d3/(10(1 + N3)),d4/(10(1 + N3)), 772/(10(1 + N3))} for
allT € T(A).

(b) Each summand in Z has matrix size at least N;(2N + 1). (Equivalently, ev-
ery irreducible represention of Z has image with the form M, with n > N> (2N +
1).)

(c) There exists a1 € Z such that |la — ((1 — p)a(l — p) +a1)|| < 41/10 and
|| el — ei27((1=p)all=p)+a1) || < ¢/10. Note that for 0 < & < &y, sp(ar) U (&}/10+
sp(a1)) U (—=61/10+sp(a1)) C (—m/2,7/2).

(d) |t(a1)| < 61/10forall T € T(Z).

(e) Letypp : C(X) — (1 — p).A(1 — p) be the unital *-homomorphism given by
Wo(h) =g; (1 — p)e2T(1=P)all=p) (1 — p), where h € C(X) is the identity map (i.e.,
h(t) = tforallt € X). (Note that by , by (c) and our assumptions on ¢, p can
be chosen so that the spectrum of e27(1=7)2(1-7) s contained in X; so the map ¢
is well-defined.)

Then forallv € U,

I90(0) — (1 = p)e= PR 1 p)] < 2
(Here, we identify 1 4 — p with (14— p) ® Iy, €My, (A).)
We denote the above statements by “(*)".
Since 7 € INT, let us suppose, to simplify notation, that 7 has the form

T= %Mmj(c[o,l])
j=1

where Ny > 1. The proofs for the other cases are similar.

We now construct two unital *-homomorphisms ¢y, ¢ : C(X) — A.

By (x), we have that for 1 < j < Ny, m; > N,(2N +1). For each j, let
¥« C(X) — My, (C[0,1]) be the (finite rank) unital *-homomorphism given by

$j(f) =ar diag(f(1), f(t1), f(B1), f(t2), f(R2), -, f(EN), f(EN), F(1), £ (1),
f(t), f(t2), f(E2), .., f(tN), f(EN), F(1), f(1), f(R2), - .)
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forall f € C(X), where the tail of the diagonal either has the form “. .. f(#;), f(#))"
or has the form “... f(t;), f(), f(1))".

Let h € C(X) be the identity function, i.e., h(t) = t forall t € X.

We define the unital *-homomorphisms ¢, ¢, : C(X) — A in the following
manner:

Ny
¢1(h) =qf Po(h) ® @ pi(h) and  ¢2(h) =g (1 —p) & P y;(h)
=1

From (x), 2.25) and our choices of N, N3 and 7, we have the following
statements:

(i) prog,(Os) = E(s) for all s > 7y, for all open balls Os € X
(2.26) with radius s and for all T € T(A).
(i) |[topr(f) —To¢a(f)| < é3/2forall f € Gand forall T € T(A).

Next, since X is homeomorphic to [0, 1] and since the image of i (under both
¢1 and ¢) is contained in U°(A),

(2.27) K(¢1) = K(¢2).

Finally, from (x)(a), we have that |7((1—p)b(1 —p))| < d4/10forallb € Fy
and for all T € T(My, (A)). It follows, from the definition of 4 and Lemma
that dist(el?"(!=P)?(1=) DU (M, (A))) < 05/10 for all b € F;. From this and
(x)(e), we have that for allv € U,

(228) dist(o(o) & p, DU My, (A)) < 2.

Also, (1 — p)¢a(Mp,(C(X)))(1 —p) € My, (C(1—p)) . Hence, for all v €
U, there exists self-adjoint ¢ € My, (C(1 — p)) with [[c[| < 1 such that (1 —
p)P2(v)(1 — p) @ p = €. Note that this and (*)(a) implies that |t(c)| < 64/10
for all T € T(Mp, (A)). From this and the definition of J4, we have that for all
velU,dist((1—p)ga(v )( p) ® p, DU(Mp, (A))) < 63/10. From this, the defi-
nitions of ¢, ¢» and (2.28), we have that forall v € U,

(229) dist(¢] (2), ¢3(9)) < 6.

From (2.26), (2.27), (2.29) and from Theorem there exists a unitary w €
A such that forall f € F,

[p1(f) — wa (fw*|| < = 10

Since the identity function & (i.e., h(t) =g4¢ t for all t € X) is an element of F,
it follows that

H ( e2t(1=p)al=p) (1 _ p) @ @lpj(h)) - w((l —p) @jg_éle(h))w

<t
10°
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From this and Corollary[2.2) there exist unitaries x1, 1, X2, Y2 € A such that

(2.30) H(xl,yl) — ((1—p)e12n(1 p)a(l—p) (1— @@q)] )H < % and

Ny

231)  (x2,42) = (1—p) &P v;(h).

=1

Moreover, since |t — 1| < 2||u — 1|| < v/2forallt € X, it follows, by Corollary.
that [|x; — 1], [ly; — 1|| < V2|lu — 1|/% for j = 1,2.

Finally, by inspection (and the definition of X), we see that there exist by, by €
Asq with (xj,y;) = 2™, ||b;|| < 1, 7(b;) = 0forall T € T(A), and [[e?™ — 1| <
20lu -1 < f/50, forj=1,2.

By Lemma 1.9 of [29], there exist real-valued continuous functions Ok
0,1] = R (1 <j < Ng 1 < k < my), and there exist pairwise orthogonal
minimal projections p;; € Mmj(C[O,l]) (again 1 < j < Ny, 1 < k < mj) with
m;

21 Pik = 1M,,,.(C[0 1)) for 1 < j < Nysuch that (a) 0;; < 0j2 < -+ < Gj,m, for

1 <j < Ngand (b) Z Z 0 kpjk is approximately unitarily equivalent to a; in
]_ —

7Z. Note that the spectrum of 7 is 7 = |_| My, ( [0,1]) = [ 1]; and so, for all
j=1 =1
s € Z, the spectrum of a(s) is {0jk(s) :1<j< Nygand 1 <k <mj}.
Ny ™y

Hence, replacing Z E 0, kpjx by a unitary equivalent (in Z) self-adjoint
]_ =
element if necessary, we may assume that

Ny M
(2.32) Hal — Z Z Gj'kpj'kH <
j=1k=1

(Note that a unitary equivalence is the same as simultaneously replacing the pro-
jections p; x by unitarily equivalent projections, with the same unitary for all the
projections. In particular, the eigenvalue functions ¢, ; stay the same.)

Moreover, by (x)(d) and our assumptions on 6, p;, forall T € T(I),

(2.33) ] ( Z Z 0;4p), k) ‘

j=1k=1

Letg:Z = |_| My, (C [O 1]) — R be the continuous function defined as

follows:
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Fors € M, (C[O 1]) = [0,1],

) =df — Z(%k

mj =

Hence, ¢17 € T is a self-adjoint element, and by (2.33), for all T € T(Z),

&1
(2.34) llglz]l < —= 0 and
Ny ™My
(2.35) r( Y. Z 6j,kPj,k> —1(817) = 0.
j=1k=1

Ny ™y
Letay =g¢ ¥ ¥ 0jxpjx — glz- By (*)(c) and (2.34), sp(az) C (—7/2,71/2).
j=1k=1

Also, by (2.35), we have that 7(ay) =0 forall T € T(Z).

Hence, by Lemma2.4(ii) (and by conjugating with an appropriate permuta-
tion unitary if necessary) there exist unitaries x3, y3, X4, Y4, X5, Y5, X6, Y6 in A such
that

(2.36) 22 = (x3,y3) (x4, y4) (x5, ¥5) (X6, Vo)

and for 3 < j < 6, |lxj —1f| < V2||ei?™2 — 1||1/2. Note that by the defini-
tion of 81 and our assumptions on ¢, |[e22 — 1|| < [[el2772 — l271 || 4 ||e27M —
1| < e/10 + ||ei27((A=p)a(i=p))+a1) _1|| < (1/10)||u — 1|| + ||e27((1=p)a(l=p))+a1) _
27| 17 _ 1] < (1/10)u — 1] +&/10+ [l — 1]| < 2]lu — 1.

Hence, |[e2™2 — 1| < f/50 and ||x; — 1| < 2/|u — 1[|'/2. Similarly, ||y; —
1 <2fju—1)"2for3 <j <

From the definitions of a» and 01,

6

i2rta; L. H < f
€ H(x]/]/]) 5

j=3

From this, (2.24), (x) statement (c), (2.30) and (2.31), we have that
6
Hu — H(xj,yj)H <e
i=1

and [|x; — 1|, ly; — 1] <2v2[u — 1||'/2 for 1 < j <6.
6
Hence, u = ( H(xj,yj))z where z € U%(A) and ||z — 1|| < & (which is
j=1

< 1/100 by our hypotheses on ¢). Hence, e2™ = el21ei27h2ei2702; Byt (1 —

€70 —1[)(1 — [le?™ —1[[)(1 — [|€*™= —1|)(1 — |z — 1]}) > (1 - v2/50)°

(99/100) > 1/2. Hence, by Lemma 3(b) of [14], t(a) = t(b1) + t(b2) + T(a2) +

(1/(2mi))t(Log(z)) for all T € T(.A). Hence, T(Log(z)) = 0forall T € T(A).
Next, we sketch the proof of (ii).
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Let x = u|x| be the polar decomposition of x. Since ||x —1|| < 1/1000,
I[1x| — 1] < 2001,/1000000 and ||z — 1| < 3001,/1000000 < v/2/100.

Also, by Lemma 211} Ar(|x|) = Ar(u) = 0, and 7(Log(|x|)) = 0 for all
T € T(A). Hence, by Lemma 3(b) of [14], T(Log(u)) = 0 for all T € T(A).

Hence, by (i), there exist unitaries x]’-, y;-, v € U%A),1<j<6,such that

6
u= (;:E(xﬁgé))v, |o— 1] < min{e/10,1/100}, t(Log(v)) =0

forallt € T(A), and
||x;—1||, I}~ 11 < 2V3|u — 12 < 4y )x — 1|2
for1 <j<
Claim. There exist invertibles x;, y;,z’ € GL°(A),7 < j <12, such that

12

= (TT(99)2, 112 ~ 1]l < min{e/10,1/100}, 7(Log(<')) =0
j=7

forall T € T(A), and
I = 10, lly; — 1l < 8]« —1]*/2

for7 <j< 12

Sketch of proof of Claim.
The proof is similar to the proof of (i) (also similar to the proof of Lem-
ma|[2.12). Here are the main differences:

(1) Since |x| > 0, |x| has the form |x| = e? wherea € Ag,;. Choose Jy > 0so that
el —1], Jellel=% —1] <2||e? —1||. Then take X =4 [~||a]| — o, [lal| + &].
(At some point, one would need to exponentiate the images of corresponding
maps C(X) — A.)

(2) In the proof of (i), Corollaryand Lemma (ii) should be replaced with
Lemma 2.6 of [30] and (this paper) Lemma [2.5|respectively.

End of sketch of proof of the Claim.

Note that from the Claim, it follows that for 7 < j < 12,

j
|l — 1]l < 24[x =12 and [|y; — 1] < 24]|]x — 1||"/2

From the above, we have that
12

6 6 12 /
x = ulx| = (Hwyﬂ)”(ﬂ 5iy))2 = (16597 ) (T (om0, myje) ) o2’
j=1 j= j=1 =7
Let z =g vz/. Then ||z —1|] < & Also, (1—|lov—1|)(1 -z —1]) >
(99/100)> > 1/2. Hence, by Lemma 3(b) of [14], t(Log(z)) = t(Log(v)) +
T(Log(z')) =0forallTt € T(A). 1
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Next, towards the proof of Theorem we slightly reword Lemma 5.17 of
[15] for the case of interest:

LEMMA 2.15. Let A be a unital C*-algebra with cancellation of projections and
two projections p,q € Awith p+q = 1and u € A a partial isometry such that
u*u = pand uu* < q.

Say that x € U°(A) with x —1 € pAp and || x — 1|| < 1. Then there exist v,w €
U%(A) andy € U°(A) withy — 1 € qAq such that x = (v, w)y, |ly — 1|| = ||x — 1|,
max{[[o — 1, [lw — 1[I} < [|x — 1[|'/? and T(Log(y)) = T(Log(x)).

Proof. This follows immediately from the statement of Lemma 5.17 in [15],

taking qyq =q4¢ uxu* 4+ q — uu* and noting that y is unitarily equivalent to x. (Here
cancellation is used.) 1

REMARK 2.16. In the proof of Theorem we will repeatedly use Lem-
ma2.15 and Proposition 5.18 of [15]. We note that in the latter, if the C*-algebra .A
is infinite dimensional simple TAI, and if the starting unitary x satisfies || x — 1| <
1/4 then all the unitaries and partial unitaries in the statement are in the con-
nected component of the identity. This follows immediately from the statement
of Proposition 5.18 in [15], and from the assumption that A is simple TAI.

Next, Theorem will also require a lemma concerning the existence of
projections in simple nonelementary TAl-algebras. Since no extra effort is re-
quired, we also prove it for the case of simple real rank zero C*-algebras with
strict comparison and cancellation. The next lemma generalizes Lemma 3.6 of
[9]. (See also Proposition 6.1 of [15] (the proof) and Lemma 1.7 of [30].)

LEMMA 2.17. Let A be a unital separable simple nonelementary C*-algebra such
that either
(i) A is TAI or
(ii) A has real rank zero, strict comparison and cancellation.
Then there exist projections py, qn,n in A (n > 1) such that the following hold:
@p1+qa+rn=1a
(b) Pn = An <rp,(n=1).
() rn L 1y for n # m.
(d) 70 = pny1 + gn1 (n 2 1.

Proof. Firstly, we show that A is weakly divisible; i.e., for every nonzero
projection p € A, for all n > 2, there is a unital embedding of M, ® M,,;; into
pAp.

If A has real rank zero then A is weakly divisible by Proposition 5.3 of [28].

Suppose that A is TAI Then A has the ordered Ky group of a simple uni-
tal real rank zero C*-algebra (see Theorem 4.8 of [20] and Theorem 4.18 of [7]).
Hence, since simple infinite dimensional nonelementary real rank zero C*-alge-
bras are weakly divisible ([28], Proposition 5.3), A is weakly divisible.

Whichever the case, we have that A is weakly divisible.
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We now inductively construct the projections p,,, g, rn (n = 1).

Basis step n = 1.

Since A is weakly divisible, there is a unital embedding of ¢ : M, ® Mz —
A. Let {e;}1<ij<2 and {fx;}1<k1<3 be systems of matrix units for M and Mj
respectively. Let r; € A be the projection that is given by 11 =4¢ ¢(e11) + ¢(f1,1).
Then clearly

2[r] < [1a4] < 3[r]

in (Ko(A), Ko(A)+).

Hence, 27(r1) <1 < 37(r1) forall T € T(.A). Hence,

7(r1) < 1—1(r1)

(2.37) 0< 5 5 < 1(r)
forall T € T(A). Find an integer N > 2 such that

1 . 1-— T(i’]) .
(2.38) ~ < mf{T(rl) T T(A)}.

(This integer exists since the map T + 7(r1) is a continuous function on the
compact set T(.A).)

Since A is weakly divisible, let ¢; : Moy @ Mony1 — (1 —71)A(1 —r1) bea
unital embedding. Let {ey;;}1<ij<on and {fix1}1<ki<on+1 be systems of matrix
units for Mn and My 1 respectively.

N
Let p1 =¢s ,Zl(fPl (e1jj) +¢1(f1j;))- Letqr =g¢ 1 —r1 — p1. Then p1 +q1 +
]:

r1 = 14; and by (2.37), (2.38) and the definitions of p; and g1, T(p1) < T(q1) <
T(rq) for all T € T(A). Hence, by strict comparison (see Theorem 4.7 of [20] for

the TAl case), p1 =< g1 X r1.
Induction step. Say that py, gx, rx have been constructed for k < n. We now
construct p,11,Gn+1,"n+1-

n—=1
Let 7’ € Abe the projection givenby r’ =4¢ Y ;. (By induction hypothesis,
j=1
the addends are pairwise orthogonal.)
By induction hypothesis, we have that

2[ry] < [1 —7] < 3[ry]
in (Ko(A), Ko(\A)+). Hence,
[rn] < [1—7 —ry] <2[ra],
and thus, forall T € T(A),
T(r T(1—7 -7
() =7 =)
Choose an integer M > 2 so that

(2.39)

T(1—7" —ry) —T(rn)
2

(2.40) % < inf { 1T ET(A)}.
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(This integer exists since that maps 7 +— 7(*') and T — 7(r,) are continuous
functions on the compact set T(.A).)
Since A is weakly divisible, there is a unital embedding ¢, : My & M1

= (L=1"=1y) AL =" —1y). Let {ez;  }1<ij<om, { fak1 1<k i<om1 be systems of
matrix units for My, M1 respectively.

M
Let r,11 € A be the projection that is given by 7,1 =g¢ ¥ (¢2(ez;;) +
j=1

$2(f2,7,7))-

Clearly, for k < n,

Tps1 L 1
AISO, in (Ko(.A), K() (A)+),
2[rpa1] < 1 =7 —ry] <3[rpy1)-
Moreover, by (2.39), (2.40) and the definition of r,,;1, we have that

7(rn)
2

forall T € T(A). Hence, let L > 2 be an integer such that

(2.41) < T(rn41)

(242) % < inf {T(rnH) - @ (T E T(A)}.

Since A is weakly divisible, there exists a unital embedding ¢3 : My; @
Mory1 — rnArp. Let {e3i}1<ij<or and {f3k)t1<ki<zr+1 be systems of matrix
units for Mlp;, and My 1 respectively.

Let pyi1,qui1 € A be the projections given by p,11 =gt il(gbg(63,j,j) +
¢3 (f3,]~,j)) and §,4+1 =4t 'n — Pu+1- Then clearly, :
"n = Pn1+qny1 and  ppi1 =2 quya
Finally, by (2.41), and the definition of g,,11, we have that

Gn+1 = Tng1-

This completes the inductive construction of p,,, g, 1, forn > 1. 1

THEOREM 2.18. Let A be a unital separable simple TAI-algebra.
(i) Suppose that u € U°(A) is a unitary such that At(u) = 0. Then there exist
unitaries x;,Y; € U°(A), 1< j < 34, such that

34

U= H(xj,yj).

j=1
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(ii) Suppose that x € GLO(.A) is an invertible such that At (x) = 0. Then there exist
invertibles x;,y; € GLO(A), 1 < j < 46, such that

46

X = H(x]-,y]-).

j=1
Proof. The proof is a modification of the arguments of [15] (see also [30]),
subtituting our lemmas in the appropriate places. (It is also the multiplicative
version of Thierry Fack’s result in [9] for additive commutators.) For the conve-
nience of the reader, we provide the proof.
By Lemma[2.17} there exist projections py, g, 74 (n > 1) in A which have the
following properties:
Opr+qau+nn=1
(ii) Pn 2 qn S rp,n =1
(iii) 1y L 4 when m # n.
(iv) rn = ppy1 + Gn+1, 1 2 1.
By Lemma i), there exist 20 commutators C; (1 < j < 20) in UO(.A) and
a € As, with |[e™ —1|| < 1/51200 and 7(a) = O for all T € T(.A) such that

20 ) .
u = ( ]—[1 C]-)elzm. By Lemma 5.18 of [15] (and also Remark [2.16) to €27 there
]:

exist commutators Cp1, Cpp in U%(A) and a unitary xj € U°(A) such that u =

( ﬁcj)xé, xy—1€ (q1+r)A(q1+r), ||x;— 1| < 1/6400and T(Log(x()) = 0.

B}Jl_applying Lemma 5.18 of [15] to x{, there exist commutators Cp3, Cps in U°(A)

and a unitary xg € U°(A) such that u = ( f[icj)xo, xo—1€rAr, ||xo— 1] <
j=

1/800 and T(Log(xp)) = 0.
Following the argument of Proposition 6.1 of [15], we now construct (by

induction) unitaries x,, ),z (n > 1,1 < j < 9) in U°(A) with x; = xq such that
the following hold:

(i) [|lxn — 1]| < 1/(100n%), T(Log(x,)) = 0and x, — 1 € 7y Ary.
(i) flyh — 1l llzh — 1] <2/n (1 < <9,
(2.43) (i) v} — 1,2, — 1 € rpAry (1 <j < 8).
(iv) y% —1,2) =1 € (rn+ rps1) Aty 4 rs1).
9 . .
W) 20 = (TT0h2h) ) .
j=1

Suppose that the unitaries {xm}zzl,{y{n Z;%,{z%};;ﬁ (1 <j <9) have
already been constructed with x; = xg.
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Apply Lemma i) to x, + 1, — 1 to get x;,y{,,zL ceU(A)(1<j<6)
such that, for 1 < j < 6, the following hold:

6
. 1
= (T ) %=1 €m0 =11 < 5oy

T(Log(x},)) =0, yﬁ —1,z, =1 € rpAry, ||yf1 —1, |z, =1 < o

Apply Lemma 5.18 of [15] to p,11,qu11 and xj, +7r, —1 € U°(ryAry).
(Recall that since A is TAI, A is Ki-injective; hence, xl, € U°(A) implies that
X, + 1, —1 € U%r,.Ary).) We then get xi{,y]n,zil c U’ A) (j = 7,8) such that, for
j =7,8, the following hold:

1
6400(n + 1)

: : : : 2
T(Log(xy)) =0, yn—Lzy—1€mAr, |yn—1|llz -1l < 3.

8 .
xo= (T1Whah)x, =1 € qunAgui,  lxy =11l <
=1

Now apply Lemma to gpi1,tpe1 and X)) + qui1 + 11— 1 € (qnar +
n11) A(Gns1 + rar1) to get x,41, 5,2z, € U°(A) such that the following hold:

9
P 1
Xn = (ﬂ(%/zﬁ))xnﬂf Xpp1 — L € 11 Arp1,  xpp — 1 < m/

2
Yo =L zp = 1€ @uit + 1) AQuir +1us), llvn =1 1z =10 < =
This completes the inductive construction of the sequences in (2.43).
Observe that since x|/ — 1 € anAan and x,,1 —1 € r,u1Ar,1 (and
= (y), 7)) Xy 1), we must have that (y,z)) — 1 € ryAry + 1 1A 1
We now modify the sequences in (2.43).
Let yg =4t zg =gfland forn > 1,
~ 9 9 (1,9 9 = 9 9 (1,9 9
y{1 —df (yn—llzn—l)yé (yn—lfzn—l)*' Zlfl —df (yn—lfZn—l)zjﬂ(yn—lfzn—l)*
for1 <j<09.
From the observation above, we have that % — 1,27,1 -1 € r,Ar, for1 <
j<8andy, —1,Z) — 1€ (ry+rpp1) A(rn + ruy1)-
As a Consequence, for 1 < j < §, the unitaries yn,zn,yn,zn commute with
the unitaries ym, ',;1,?,‘”,“‘ for1 < k < 8and m # n, and also for k = 9 and m ¢
{n —1,n,n+1}. One then can prove (by induction) the following two relations:

[(Hyk'ﬁ~) (Hyk'l_[zk) H vi. 2 }xn—i-l/ and
f[ Vi Zp) (H?/Zk 1/H22k 1)<’gygk,gzgk>.
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n
Foralln > 1,lety yn =4f H yk and z zn =4f H zk 1<jgy), yg =4t k[Il ggkfl,

n
79 — =
Zy =df H Z5k_1r yn =df H yzk/ and Zn =df H sz-
k=1 k=1 =y o
Clearly, as n — oo, the sequences {,}, {Z,} converge in A to, say, ¥, Zr
respectively (1 < j < 10). Also, x,47 — 1 as n — oco. Hence, we have that

10
x1 =11 (yoo, zoo) Combining this with the above, we have that
j=1

o= (1) (fo=)

i.e., u is the product of 34 commutators in U°(A).

The proof of (ii) is the same as the proof of (i), except that Lemma i),
Lemma [2.14(i), Lemma and Lemma 5.18 of [15] are replaced with Lem-
ma ii), Lemma [2.14(ii), Lemma 5.11 of [15] and Lemma 5.1 of [15] respec-
tively. 1

We note that the above argument is an improvement on the (nonetheless im-
portant and interesting) argument of [30] in that there are uniform upper bounds
(namely 34 and 46 for the two cases) for the number of commutators. (The proof
in [30] itself does not give any upper bound and, conceivably, the number of com-
mutators (in the argument) could get arbitrarily large depending on the unitary
or invertible chosen.) The argument in [15] gives an upper bound (iv) for invert-
ibles, but no explicit upper bound for unitaries — though the proof should lead
to one.

It is an open question whether the number of commutators can be reduced.

In the next section, we will show that for the invertible case, the number
(presently 34) of multiplicative commutators can be reduced to 8.

3. REDUCING THE NUMBER OF COMMUTATORS

LEMMA 3.1. Let A be a unital C*-algebra and p,q € A projections with p+q=1.
Say that x € GLO(A) is such that pxp, qxq are invertible and

1
X X *1x < .
lgxp(pxp) =" pxq|| o)
Then there exist
-l 3l
qsp g 0 ¢

in GLY(A) such that x = std. Moreover, we have the following:
(i) If x is a positive invertible, then pdp and qdq are positive invertibles.

_|pdp 0O
L0 gdq
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(ii) dist(pdp, U°(pAp)) = dist(pxp, U°(pAp)) and dist(qdg, U°(q.Aq))
< dist(qxq, U°(9Aq)) + [lqxp(pxp) " pxql.
The proof is exactly the same as that of Lemma 5.8 in [15].

LEMMA 3.2. Let A be a unital simple separable C*-algebra such that either
(i) A is a TAl-algebra, or
(ii) A has real rank zero, strict comparison and cancellation of projections.
Let x € A be either a positive invertible or dist(x, U°(A)) < 1/10. Then for
every nonzero projection r € A with r # 1, there exists a projection p € A with p ~ r
such that pxp and (1 — p)x(1 — p) are invertible and

— V)X xp) px(1 — 1 .
(1= p)xp(pxp) px(1 p)”<ll((1*p)x(1fp))‘1|\

Moreover, in the case where dist(x, U°(A)) < 1/10, for every & > 0, we can choose p
so that

(dist(x, U°(A)) +¢)?
(21/10)(dist(x, UY(.A)) +¢)

and  dist(pxp, UO(pAp)), dist(1 — p)x(1 — p),U(1 — pJA(1 — p)))
< dist(x, U%(A)) + e (Note that the last quantity is bounded above by 1/10, when
e is small enough.)

11 = p)ap(pxp) " px(1 = p)ll < Ve

Proof. Let us first assume that A is unital simple infinite-dimensional and
TAI We will prove the case where dist(x, U°(A)) < 1/10.

Let u € U°(A) be such that ||x — u| < 1/10. We may assume that ¢ <
1/10 — ||x — u|.

Firstly, multiplying u (and also x) by a scalar in T if necessary, we may
assume that 1 € sp(u). (Note that all relevant statements and inequalities are
preserved under such a multiplication.)

Choose § > 0 such thatif ¢,d € A, with ||c — d|| < 6 then |[|e!2™¢ — 27| <
€/100. We may assume that § < €/100 and that if « € R and || < ¢ then
lei27® — 1| < £/100 < 1/100.

By Theorem 3.3 of [22], let a € A be a self-adjoint element such that ||u —
el2|| < £/100. Since 1 € sp(u), we may assume that 0 € sp(a).

Let f € (—o00,00) — [0, 1] be a continuous function such that

>0 € (—0/10,6/10),
f(tx){_o nel !
=0 w¢(—5/10,5/10).

Since 0 € sp(a), f(a) # 0. Hence, since A has (SP) (see Theorem 3.2 of [20]),
let e € A be a nonzero projection such that e € Her(f(a)). Moreover, since A
is simple TAI and r # 1, we may choose e so that e < 1 —r. (Note that A is
weakly divisible (see the argument for the existence of {py,qu,7»} in the proof
of Theorem and has strict comparison (see Theorem 4.7 of [20]).) Hence, let
" € Her(1 — ¢) be a projection such that 7’ ~ r.
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Also, [|(1 —e)a(l —e) —al| = [| —ea —ae+ eae| < |lex(—s/10,5/10)(@)all +
lax(—s/10,5/10)(@)ell + llex(—s/106/10) (a)ae|| < 36/10. Hence,
_ eli2r(l—e)a(l—e)|| < . i2ma i2ma _ i27t(1—e)a(l—e) e i

Since A is TAI, Her(1 — r) is TAI, and there exist a projection p’ € Her(1 —e¢)
and a C*-subalgebra B C Her(1 — e) with B € INT such that p’ < ¢, 1z =
1 —e— p/, unitaries u; € U°(p' Ap’), up € U°(B) and projectons ' € Her(p'),
""" € B such that
11— e)e == (1 —e) — (1 D us) | < ﬁ and | = (" er")|| < 100

Note that |[x— (e @ uy @ up) || < ||x—u||+ | u—el27(1=e)all=e) || 4| ei27(1-e)a(1—c)
—(e®u @up)| < ||x—ul| +¢e/50+¢/100 = ||x —ul| +3¢/100 < 1/10. We
denote this computation by “(x)".

For simplicity, let us assume that B = My (CJ0, 1]).

Since r""<p' < e, let p” < e be a projection such that p” ~ r”. Also, by Lem-
ma 1.9 of [29], there exist pairwise orthogonal minimal projections p1, p2, ..., pN
€ My(CJ[0,1]) and continuous functions g1,2,...,¢n : [0,1] — T such that

N
Huz — Z g]p]H < ¢/100.
j=1

"1

Suppose that r'"’ is the sum of M minimal projections in B (where M < N).

M
Then take p =4¢ p" + L pj. Clearly, p ~ 7.
=1

By (),

M
prp— (p" + 'Zlgjpj) H < llpxp = ple®m @ w)pll + ||pledm @
]:
M
12)p — (P” 4 -21 ngj) H < ||x — ul| +3¢/100 + 0 < 1/10. We note in particular
]:

M
thatsince p” + ¥ gjp;isin U°(p.Ap), pxpis invertible and dist(pxp, U’ (pAp)) <
j=1

1/10.
N

A=pr=p = (C-pomo 1 gp)| <l0-pxi-

p-(-psmsn)i-pl+|0-peonoun)d-p-(c-pe

N
me Yy g]-p]-) H < |]x —ul| +3¢/100 + 0 < 1/10. Note in particular that since
j=M+1

(e—p")Du & g gjpjisinU((1—p)A(1—p)), (1—p)x(1— p) is invertible
j=M+1
and dist((1 — p)x(1 —p), U°((1 — p).A(1 —p))) < 1/10.

Note that since u, ¢ are arbitrary, the computations in the previous two para-
graphs actually show that for every ¢ > 0, we can choose p so that dist(pxp,
u(pAp)), dist((1 - p)x(1 - p), U((1 = p)A(1 = p))) < dist(x, U°(A)) +&.
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M
To simplify notation, let u3 =g¢ p” + ¥ gjp;- Then |[(pxp)*pxp — 1| =
=1

[ (pxp)*pxp — (pxp)*usl| + || (pxp)*us — uzusll < || (pxp)*|[|pxp — usl| + || (pxp)*
—uill < (1+1/10)(1/10) +1/10 = 21/100. Hence, sp((pxp)*pxp) C (1 —
21/100,1 + 21/100). Hence, ||((pxp)*pxp)~*| < 1/(1 —21/100) = 100/79.
Hence, ||(pxp) || < 10/+v/79. By a similar argument, ||((1 — p)x(1 — p)) 7} <
10/V/79.

Note that (x) and the computation in the previous paragraph actually shows
that [|(pxp)*pxp —1|| < (21/10)||pxp — pusp|| < (21/10)(|[x — ul[ + 3¢/100).
Since u was arbitrary, for every ¢ > 0, we can choose p so that sp((pxp)*pxp) C
(1—(21/10)(dist(x, U°(A))+e), 14+(21/10)(dist(x, U°(A))+e)). Hence, for every
£>0, we can choose p so that || (pxp) || <1/1/1—(21/10)(dist(x, U°(A)) +e).

Next, [[px(1 —p)|| < [[px(1 —p) —pu(1 = p)|| + [pu(1 —p) —ple S u; ®
u)(1—=p)||+ llple@us ®uz)(1 —p)|| <1/10+3¢/100+0 < 1/10 + 3/1000 =
103/1000. Similarly, || (1 — p)xp]|| < 103/1000 Hence, ||(1—p)xp|||lpx(1—p)| <
10609 /1000000 < 79/100 < )= 1HH((1 FEEIRIE Hence,

_ 1
”(1 —P)XP(PXP) 1px(1 - p)” < ||((1 — p)X(l — p)),lH

Since u, ¢ are arbitrary, the computation of the previous paragraph also
yields that for every e > 0, we can choose p so that ||[px(1 — p)|, [|[(1 — p)xp| <
dist(x, U°(A)) + e. Hence, for every ¢ > 0, we can choose p so that

(dist(x, U°(A)) + ¢)?
V1= (21/10)(dist(x, UO(A)) +¢)

The proof for the case where x is a positive invertible is similar (and easier).

For the case where A has real rank zero, strict comparison and cancellation,
one uses that if y is positive invertible or unitary in U°(.A) then y can be approx-
imated (arbitrarily close in norm) by positive invertibles with finite spectrum or
unitaries with finite spectrum, respectively. (See, for example, [17].) One also
uses that A has strict comparison and the Riesz property. &

11 = p)xp(pxp) ' px(1—p)| <

LEMMA 3.3. Let A be a unital separable simple C*-algebra such that either
(i) Ais TAIL or
(ii) A has real rank zero, strict comparison and cancellation of projections.
Let x € Abe a unitary in U°(A) ora positive invertible. Then there exist pairwise

orthogonal projections p1, p2, ..., pe3 € A with Z pj=1laand pj ~ pyfor1 <j k<
]_
47 or 48 < j, k < 93, and elements s, t,d € GL(.A) such that the following hold:
(a) s is lower triangular: s =1+ Y. p;spx.
>k
(b) tis upper triangular: t =1+ ) pitpy.
j<k
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(c) d is diagonal: d =} p;dp;.
i

(d) x = std.
Moreover, (if x € U°(A)) we can choose the projections pj so that for 1 < j < 93,
pjdp; € GLO(ijp]-) (in Uo(p]-.Ap]-) respectively).

Proof. Since A is weakly divisible (see the second paragraph in the proof of
Theorem 2.18), there exist nonzero projections p,q € A such that 47[p] + 46[q] =
[14].

The rest of the proof is similar to Lemma 6.4 of [15], except that we use (this
paper) Lemma and Lemma [3.2] instead of Lemma 6.3 in [15]. For the case
where x is a unitary, in order to make the induction work, we additionally need
to use the norm estimates in Lemmas3.1and[3.2} which require ¢ to be sufficiently
small (at each step of the induction). By inspection, taking ¢ = 1/10'%% (for all
the steps) will suffice. &

LEMMA 3.4. Let A be a unital simple separable C*-algebra such that either
(i) A is a TAI-algebra, or
(ii) A has real rank zero, strict comparison and cancellation of projections.
Let x € A be either a unitary in U°(A) or a positive invertible element. Then there
exist pairwise orthogonal and pairwise (Murray—von Neumann) equivalent projections
91,92, - - -, qas € A and elements x1,y1,x2,y2,z € GL(A) with

x = (x1,y1)(x2,y2)z and z—1¢€ g1 Aq;.

For the proof, the argument is exactly the same as Lemma 6.5 of [15]], but
where we use Lemma 3.3]instead of Lemma 6.4 in [15].

THEOREM 3.5. Let A be a unital simple separable TAl-algebra. Let x € GL°(A)
be such that Ap(x) = 0. Then there exist Xj,Yj € GLY(A), 1< j < 8, such that

8

X = H(x]-,yj).

j=1
If, in addition, x is a unitary (in U°(A)) or a positive invertible, then there exist
Xj,Yj € GLO(A) (not necessarily unitary or positive), 1 < j < 4, such that

4

X = H(x]-,y]-).

j=1

Proof. In the case where x is either a unitary (in the connected component
of the identity) or a positive invertible, the proof is exactly the same as Theo-
rem 6.6 of [15], except that Lemma 6.5 of [15] is replaced with Lemma and
also, Proposition 6.1 of [15] is replaced with Theorem

Now for the general case. If x € GL°(A) is arbitrary, let x = u|x| be the
polar decomposition of x. Then by Lemma .11} Ar(u) = Ar(|x|) = 0. Then,
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by the cases for unitaries and positive invertibles, u and |x| are both the prod-
uct of 4 multiplicative commutators. Hence, x is the product of 8 multiplicative
commutators, as required. &

4. THE REAL RANK ZERO CASE

THEOREM 4.1. Let A be a unital simple separable C*-algebra with real rank zero,
strict comparison, and cancellation of projections.
(i) Suppose that u € U°(A) is a unitary such that At(u) = 0. Then there exist
unitaries x;, y; € U°(A), 1 < j < 34, such that

34

U= H(xj,yj).

j=1

(ii) Suppose that x € GL°(\A) is an invertible such that At(x) = 0. Then there exist
invertibles Xj,Y;j € GLY(A), 1< j < 46, such that

46

X = H(x]-,yj).

j=1
Proof. The proof of this theorem is very similar to the proof of Theorem[2.18]
Firstly, by [19], there exists a unital simple AH-algebra C with bounded di-
mension growth and real rank zero and a unital *-homomorphism @ : C — A
such that @ is an isomorphism at the level of the K-theory invariant; i.e., we have
the following:

(i) The following induced map is an isomorphism of ordered groups with
unit:
Ky (@) : (Ko(C), Ko(C)+, K1 (C), [1c]) — (Ko(A), Ko(A)+, K1(A), [14])-
(ii) The induced map T(®) : T(A) — T(C) is an affine homeomorphism.
Replacing C with @(C) if necessary, we may assume that C is a unital C*-
subalgebra of .A. We denote the above statements by “(+)".
The proof (both parts (i) and (ii)) is exactly the same as the argument leading
up to Theorem In particular, one needs prove analogues to Lemma 2.12]

Lemma and Lemma as well as the argument of Theorem itself.
Here are the main additional ingredients:

(iii) Since A has real rank zero, if u € U°(.A), then u can be approximated by
unitaries with finite spectrum ([17]). More precisely, for every J, > 0, there exists
a self-adjoint element a € A, with finite spectrum, such that

|u — e < 6.

(E.g., the above statement replaces the statement (2.2) from Lemma 2.12]) Note
also that by (+) statement (i) (and since A has cancellation of projections), there
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exists a unitary z € A such that zaz* € C and hence, ze'?™z* = ¢/273%%" ¢ C. We
then work with e1272%2" inside C, which is TAL

(iv) If x € GLY(A) is a positive invertible, then, since A has real rank zero, x
can be approximated arbitrarily close by positive invertibles with finite spectrum.
Once more, by (+) statement (i) (and since A has cancellation), these positive
invertibles are unitarily equivalent to positive invertibles in C, and we work in C,
which is TAL 1

The reduction of commutators argument goes through with essentially no
change.

THEOREM 4.2. Let A be a unital separable simple C*-algebra with real rank zero,
strict comparison and cancellation of projections. Let x € GL°(A) such that A(x) = 0.
Then there exist x;,y; € GLY(A), 1 < j < 8, such that

8

X = H(x],y])
j=1
If, in addition, x is a unitary (in U°(A)) or a positive invertible, then there exist
Xj,Yj € GLO(A) (not necessarily unitary or positive), 1 < j < 4, such that

4

X = H(xj,yj).

j=1
Proof. The proof is exactly the same as the proof of Theorem 3.5 except that

Theorem is replaced with Theorem[4.1} Note that all the preliminary lemmas
leading up to Theorem [3.5]include the real rank zero case. &
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