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ABSTRACT. In this paper, we are interested in the properties of a new class of
operators, recently introduced by Shkarin, called strongly n-supercyclic oper-
ators. This notion is stronger than n-supercyclicity. We prove that such oper-
ators have interesting spectral properties and we give examples and counter-
examples answering some questions asked by Shkarin.
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1. INTRODUCTION

In what follows X will denote completely separable Baire vector spaces over
the field K = R, C and T will be a bounded linear operator on X. Since the last
1980’s, density properties of orbits of operators have been of great interest for
many mathematicians, particularly hypercyclic and cyclic operators for their link
with the invariant subspace problem. Another reason explaining this interest
is that they appear in many well-known classes of operators: weighted shifts,
composition operators, translation operators...

DEFINITION 1.1. A vector x € X is said to be hypercyclic (respectively super-
cyclic) for T if its orbit O(x,T) := {T"x,n € Z,} (respectively projective orbit
{AT"x,n € Z,A € K}) is dense in X. The operator T is said to be hypercyclic
(respectively supercyclic) if it admits at least one hypercyclic (respectively super-
cyclic) vector.

One may remove linearity in this definition, then under the same assump-
tions, T is said to be universal. The definition of supercyclicity was introduced in
1974 by Hilden and Wallen [11]. As one can see, this notion does not deal with
orbits of vectors any more but with orbits of lines.

As we said before, these properties have been intensively studied and the
reader may refer to [3] and [10] for a deep and complete survey.
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One of the main ingredient providing such operators is the so called super-
cyclicity criterion given by H.N. Salas [13], which is only a sufficient condition
for supercyclicity.

SUPERCYCLICITY CRITERION. Let X be a separable Banach space and T €
L(X). T satisfies the supercyclicity criterion if there exist a strictly increasing sequence
(1k)kez., , two dense sets D1, Dy C X in X and a sequence of maps Sy, : Dy — X such
that:

@) || T™x||||Sn,y|| — 0 for any x € Dy andy € Dy;
(ii) TSy, y — y forany y € D,.
If T satisfies the supercyclicity criterion, then T is supercyclic.

This result is at the very heart of the theory. Indeed, only very few oper-
ators have been proved to be supercyclic without using this criterion. Recently,
some authors tried to generalise supercyclicity in a natural way. The first one is
N. Feldman [9] at the beginning of the 2000’s.

DEFINITION 1.2. An operator T is said to be n-supercyclic, n > 1, if there is
a subspace of dimension # in X with dense orbit.

These operators have been studied in [1]], [2], [4] and [6] and [8] and many
other articles. Feldman gave various classes of n-supercyclic operators and in
particular the following:

EXAMPLE 1.3 ([9]). Let n € N. If {A},1 < k < n} is a collection of open

n

disks, Sy = M, on L2(A;) forany 1 < k < nand S = @ Sy, then S* is n-
k=1

supercyclic.

Then, in 2004, Bourdon, Feldman and Shapiro [6] proved in the complex
setting that n-supercyclicity is a purely infinite dimensional phenomenon.

THEOREM 1.4. Let n > 2. There is no (n — 1)-supercyclic operator on C". In
particular, there is no k-supercyclic operator on C" forany 1 <k <n —1.

Recently, the present author [8] proved that things were different in the real
setting. These theorems recall the behaviour of supercyclic operators in finite
dimensional vector spaces.

Nevertheless, even though most of the supercyclic theorems have an
n-supercyclic counterpart, some questions remain open. In particular, one may
ask whether there exist a Birkhoff theorem, an n-supercyclicity criterion or even
if the Ansari theorem remains true for n-supercyclic operators. These questions
are “more difficult” than the previous ones mainly because X being a vector
space, we are not considering a “natural space” for working on orbits of n-dimen-
sional subspaces. In this spirit, in 2008, Shkarin [14] proposed the concept of
strong n-supercyclicity requiring a stronger condition as its name suggests. Let
us first recall some well-known facts before coming to the definition of strong
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n-supercyclicity. If X has dimension greater than n € N, then one may define
a topology on the n-th Grassmannian, denoted by P,,(X), which is the set of all
n-dimensional subspaces of X. To do so, set X, the open set of all linearly in-
dependent n-tuples x = (x1,...,x,) € X" and endow X, with the topology
induced by X". Then set 71, : X, — P, (X), 7, (x) = Span(xy, ..., x,) and define
the topology on P, (X) as being the coarsest for which 77, is continuous and open.
Actually, one can check that there exists only one topology on P, (X) being both
continuous and open. Now, let us move to the awaited definition:

DEFINITION 1.5. Let n € N. An n-dimensional subspace of X is said to be
strongly n-supercyclic for T if for every k € Z., T¥(L) has dimension n and if its
orbit

O(L,T) = {T"(L),n € Z}

is dense in P, (X). The set of all strongly n-supercyclic subspaces for T is de-
noted £S5, (T). The bounded linear operator T is called strongly n-supercyclic if
ESy(T) # Q.

REMARK 1.6. In this definition and all along this paper, we make no differ-
ence between L as a subspace of X and L as an element of P, (X).

The main interest of this definition, compared to Feldman'’s one, is that it
reduces to the universality of T on the space P, (X). From this point of view,
the definition of strongly n-supercyclic operators seems quite natural. Moreover,
with this observation Shkarin [14] proved that strongly n-supercyclic operators
do satisfy the Ansari property:

THEOREM ANSARI-SHKARIN. Let k,n € N. Then £S,(T) = £S,(TF). In
particular, T is strongly n-supercyclic if and only if T is strongly n-supercyclic.

When he introduced the previous definition, Shkarin asked the question
whether n-supercyclicity is equivalent to strong n-supercyclicity. Indeed, a pos-
itive answer to this question would solve the Ansari property problem for n-
supercyclic operators. In fact, the present author gave a negative answer to this
question in [8] and we will construct some more counterexamples in the present
paper. Since [14] is very concise on strong n-supercyclicity, giving only the defi-
nition and the Ansari property, and [8] is only concerned with the finite dimen-
sional setting, the aim of this paper is to present a deeper study of strong n-
supercyclicity.

2. PRELIMINARIES AND EQUIVALENT CONDITIONS TO STRONG n-SUPERCYCLICITY

A useful theorem in linear dynamics is Birkhoff’s transitivity theorem be-
cause it permits to consider the “orbit of an open set” instead of the orbit of a
point and is the key point to prove the hypercyclicity and supercyclicity criteria.
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This property is called topological transitivity. Such a result would be a stable an-
chor for studying strongly n-supercyclic operators and this is the purpose of this
section. But first, we are going to expose general properties that we need in the
sequel and which allow one to express strong n-supercyclicity in a more concrete
and handy way. The following property is easy to check and allows one to work
on the space X" instead of the space X, which is less structured.

PROPOSITION 2.1. X,, is dense in X".

REMARK 2.2. The following trivial fact is important in the sequel: let U
be a non-empty open set in X, and L be an n-dimensional subspace of X, then
(Lx---xL)NU #D < L € m,(U).

Thanks to the link between X, and X", we are now able to characterise
strong n-supercyclicity by density properties in X" rather than in P, (X).

PROPOSITION 2.3. The following are equivalent:
(i) T is strongly n-supercyclic.
(ii) There exists a subspace L of X with dimension n such that for everyi € Z, T'(L)
S .
is n-dimensional and B := J 7, (T'(L)) is dense in X".
i=1
(iii) There exists a subspace L of X with dimension n such that for every i € Z., T'(L)
(o] . .
is n-dimensional and € := \J (T"(L) x - - - x T'(L)) is dense in X".
i=1

Proof. We first prove that (i) < (ii) and then (ii) < (iii).

(i) = (ii) Let x = (x1,...,x) € Xp, M := 1m,(x) € Py(X) and V be a
non-empty open neighbourhood of x in X;,. Since 7, is open, then W := 71,,(V)
is an open neighbourhood of M in IP,,(X). Moreover, strong n-supercyclicity of T
implies that there exists an n-dimensional subspace L of X such that {T"(L)},en
is dense in P, (X), thus there exists k € N such that T(L) € W. Hence, there
exists y € V such that 77, (y) = T¥(L) and then y € 7t;;1(T*(L)) C B. This proves
the density of B in X, and thus in X".

(i) < (ii) Assume that B is dense in X", the fact that B C X, yields that B is
dense in X,,. Since 71, is continuous and onto, 77, (B) is dense in P, (X). Moreover

(o)

7 (B) = 77,1( U ﬂgl(Ti(L))) -

i=1

3

(e (TH(L)) = U THL).
1 i=1

Thus, we proved that |J T/(L) is dense in P, (X) and T is strongly n-supercyclic.
i=1
(ii) = (iii) By definition of 7, for any k € N, 7;; /(T*(L)) € T*(L) x - - - x
Tk(L) C X", thus B C € and then £ is dense in X™.
(if) < (iii) Let U be a non-empty open set of X". Since X, is an open and
dense subset of X", then the set X;, N U is also non-empty and open in X" and
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since £ is dense in X", there exists x € ENX, NU = X, N ( U Ti(L) X oo X
i=1

Ti(L)) N U. Hence there is k € N such that x € X,, N (T*(L) x --- x TY(L)) N U,
so my(x) = TH(L) and thenx € BNU. 1
REMARK 2.4. In particular, (iii) above allows us to notice thatif T = T; ©

- ®T,onX = E; @ - - @ E, is strongly k-supercyclic, then foranyi € {1,...,n},
T; is strongly k;-supercyclic where k; = min(dim(E;), k).

The last proposition makes possible to characterise the strongly n-supercy-
clic subspaces for an operator and shows that £S,(T) is either empty or a G
subset of P, (X). Let us denote by (V});cz, an open basis of X.

PROPOSITION 2.5. £5,(T) = N Um((T@---a T)*i(V‘
(j1,--rjn) ENM iEN

Vi) 0 Xo).
Proof. Let L € £5,(T), according to Proposition 2.3} this means that the set
Ej T/(L) x - - - x T'(L) is dense in X"'. Then using the open basis this is equivalent
ic?)lsaying that
V(1 .. jn) €N, T €Nt (TH(L) x -+« x THL)) N (V) x -+ x V},) # D.

Thus, X, being a dense open set of X", this can be re-written
n —i
V(1. jn) EN",F € N: X, N (Lx - x L)N (EBT) (Vj, x - X V;,) # @
k=1

Finally, applying 7, to the previous line gives the relation we expect:

(jlr"~rjn)€Nn ieN

At that point, it is possible to give a similar result as Birkhoff’s transitivity
theorem for the strong n-supercyclicity setting:

PROPOSITION 2.6. The following are equivalent:
(i) T is strongly n-supercyclic;
n i
(i) YU C Py(X),VYV C X" open and non-empty, 3i € N : ( b T) (r, 1 (U)) N
k=1
V # Q.
In particular, if T is strongly n-supercyclic, then £S,(T) is a Gy dense subset of P, (X).
Proof. Let L € £S,(T). Since X does not have any isolated point, P, (X)
does not have any either and then O(L,T) C £S,(T). Thus, £5,(T) is either

empty or dense and is also a Gs with Proposition[2.5} In particular, T is strongly -
supercyclic if and only if £S,(T) is dense in P, (X), and using the characterisation
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of £S,(T) from Proposition 2.5, this means that for all non-empty open set U €
P, (X) and any (jq,...,jn) € N”, there exists i € N such that

T(T&-®T) (Vi x-x Vi )NXy) U # D

where (V) ez, is an open basis of X.
Thanks to the relation 77, ' (U) N X, = 71;;}(U), this can be re-written: for
all non-empty open set U € P, (X), for any (ji,...,jn) € N", there exists i € N
such that
(Te - ®T)(Vy x-x V)N, (U) #D

and the proposition is proved. 1

Thanks to these results, we are now able to prove the existence of strongly
n-supercyclic operators. This is a first class of examples.

COROLLARY 2.7. Suppose that T satisfies the supercyclicity criterion, then T is
strongly n-supercyclic for every n € N.

Proof. We are going to check the equivalent condition given by Proposi-
tion Bes and Peris have shown in [5] that T satisfies the supercyclicity cri-

n
terion if and only if ( D T) is supercyclic on X" for any n € N. Letn € N, by
k=1
the supercyclic version of Birkhoff theorem, for any non-empty open sets V, W
n .
in X", there exists i € Z4 and A € K* so that ( ® Tl) (AW)NV # @. LetU
i=1

be a non-empty open set in P, (X) and V be a non-empty open set in X". Then,
7,1 (U) is non-empty and open in X" by definition of 7, and for any A € K*,
A Y (U) = H(U). Set W := 71,1 (U) and use the supercyclic Birkhoff theorem

noC.

with sets V and W, then there exists i € Z such that ( &) T1> (r, L (U))NV # Q.
i=1

This proves that T is strongly n-supercyclic. 1

Actually, one may deduce the following corollary. It is straightforward with
the above corollary but we state it to justify the remark following it.

COROLLARY 2.8. Let 1 < n < coand Xy,..., X, be Banach spaces and for any
ie{l,...,n}, T; € L(X;). Assume that the T; satisfy the hypercyclicity criterion

n
with respect to the same sequence {ny }ren. Then ( & Ti) is strongly n-supercyclic on
i=1

REMARK 2.9. One could be interested in trying to replace the hypercyclic-
ity criterion above with the supercyclicity criterion. Feldman already proved that
such operators are n-supercyclic [9]. We will see later in Theorem [3.3| that Feld-
man’s theorem does not always provide strongly n-supercyclic operators because
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their spectral properties are different. In particular, this contradicts the affirma-
tion in [14] that the operators constructed by Feldman in Example[I.3|are strongly
n-supercyclic.

REMARK 2.10. In the same way that it has been done for hypercyclicity,
we can deduce from Proposition [2.6|a strong n-supercyclicity criterion. Unfortu-
nately, this criterion is equivalent to the hypercyclicity criterion.

3. SOME SPECTRAL PROPERTIES

It is a well-known fact for hypercyclic and supercyclic operators that the
point spectrum of their adjoint is very small, in fact it counts at most one ele-
ment for supercyclic operators and none for hypercyclic ones. Bourdon, Feldman
and Shapiro proved that this was also the case for n-supercyclic operators, and
therefore for strongly n-supercyclic operators, giving the following theorem:

THEOREM BOURDON, FELDMAN, SHAPIRO. Suppose that T : X — X isa
continuous linear operator and n is a positive integer. If T* has n + 1 linearly indepen-
dent eigenvectors, then T is not n-supercyclic.

One can ask whether this result can be improved for strongly n-supercyclic
operators. The following theorem shows that it is not the case. Moreover, it points
out that we can choose the eigenvalues of their adjoint.

THEOREM 3.1. Let X be a complex Banach space, Ay, ..., Ap € C*,mq,...,my €
4
N and T be a bounded linear operator on X and define n = Y m;. Then the following
i=1

assertions are equivalent:

m mp
(i) S:= Eé MId @ -+ D Apld @ T is strongly n-supercyclic on C" & X;
=1 i=1
WZI l mp l . .
(i) P TTl C--- DD A—T; is hypercyclic.
i=1 i=1
Moreover, in that case, 0,(S*) = {A1,...,Ap} and for any i € {1,...,p}, A; has
multiplicity m;.

Proof. For the sake of convenience we denote by A, ..., A, the complex val-
ues we want to realise as eigenvalues of S* counted with multiplicity and let
R = % @ P Al” be hypercyclic by hypothesis. Assume that the equivalence
is already proved, then the definition of S implies that 0;,(S*) = {Aq,...,An}
because 0, (T*) = @.

According to the theorem of Bourdon, Feldman and Shapiro stated above,
S is not strongly k-supercyclic for every k < n.

We begin with (ii) = (i). Assume that the operator R is hypercyclic and that
(y1,--.,yn) € X" is hypercyclic for R, let {(e;1,...,¢ ) }1<i<n be the canonical
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basis of C" and set M = Span{(e;1,...,€in Vi) }1<i<n- We are going to show

that M is strongly n-supercyclic for S i.e. |J S¥(M) x --- x §5(M) is dense in
keZ

n times

(C" @ X)". This reduces to prove
U {Zﬂlz(@/\ez]@T%) @Zynl(@)\kel,]@Tyl)}
k€Z i ;€C i=1 j=1

is dense in (C" @ X)™.
For this purpose, let z = (z;)1<i<n1<j<nt1 € (C"® X)" and e > 0. We
have to find k and (y; ;); ; in order to approach z from a distance at most e.

Remark that if one defines y; ; = 3‘—,{ we have:
j

n n
ZVl,i(@)\j‘cei,j) @Z,unz(@/\ el]) Zl 17 /Zl,}’l!‘"/Zn,l/"'lzi’l,n)‘
i=1 =1

This leads to two cases. Either det((z;)1<ij<n) # 0 and we set x; ; = z; ; for every
1 < i,j < n. Ordet((zi)1<ij<n) = 0 and since GL,(C) is dense in M,(C) and
{(ei1 - ein) b1<i<n is abasis of C", there exists A := (x;)1<ij<n € GLx(C) such
that:

In both cases, we set y; ; = k , we apply A~! and we need to find k € Z so that
k
T
()Tl) b Z1n+1
- . :
(/T]:,) Yn nn+1

Butsuch a k € Z; exists because (y1, ..., yx) is hypercyclic for R. Since we found
k€ Z4 and (yi,j)i,j such that

n n n n
H Y ( T )\fei,j ® Tkyi) D DY i ( b /\;‘{ei,j ® Tk]/i) —(zij)ij
i—1 =1 i—1 =1

<&
>

(EBA el,]) (11, 2Znn)

L <E_B“~> X

P
2|| Al

<

then S is strongly n-supercyclic.

(i) = (ii) Assume that S is strongly n-supercyclic and let M be a strongly
n-supercyclic subspace for S and denote by M) its projection on C". Then, My is
strongly dim(M))-supercyclic for Sic» and C" being of dimension 7, the main
result of Bourdon, Feldman and Shapiro ([6]) implies that dim(My) = n, i.e.
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= C". Thus, it is possible to choose a basis of M like the following:

1 0 0
0 1 0
M = Span I I T IPRRR I
0 0 1
X1 X2 Xn

Let us prove that R is hypercyclic.

Let (z1,...,2zn) € X" Since S is strongly n-supercyclic, there exists a strictly
increasing sequence (1 )iz, and complex numbers (yf/?k))lgi,jgn such that for
everyie {1,...,n}

() \m
A L

yl(] DA 7" k—> 0 for any j # i,

Z yl T"kx k—> Zj.

Take also,
PPAT
Alm) — : :
AT A
Obviously, with the preceding convergences, A (") o Id, so we may suppose
—+00

that A(™) is invertible and thus (A (")) ~1 T Id too.
—+00

Then, remark that the previous system is equivalent to the following;:

T"kx1 (
1)
A Zq Z1
= ( Alm) )~ : N

. ) k—+o0
T kxy Z(”k) Zn

Ak

n

This proves the hypercyclicity of R.

Feldman showed in [9] that there exists operators that are n-supercyclic but
not (n — 1)-supercyclic. The last result allows us to give an example of a strongly
n-supercyclic operator which is not strongly k-supercyclic, for every k < n.

EXAMPLE 3.2. Let B be the classical backward shift on the Hilbert space
52(Z+) being defined by B(ag, a1, az,...) = (a1,az,...) and letalso Ay, ..., A, € D.
Then, the operator defined on C" & (?(Z4) by T = MId & --- & A,Id & B is
strongly n-supercyclic but not strongly k-supercyclic for every k < n.

Indeed, a classical result says that % satisfies the hypercyclicity criterion for
the whole sequence of integers if and only if |A| < 1. Thus, )% @D /\% satisfies
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also the hypercyclicity criterion and T is strongly n-supercyclic by Theorem
Nevertheless, the fact that T is not k-supercyclic for k < # is clear because if it was,
then the restriction of T to C" would also be k-supercyclic but this contradicts
Theorem [1.4 of [6].

Since strongly n-supercyclic operators are in particular n-supercyclic, they
inherit their spectral properties, hence the circle theorem applies to these ones.
Therefore, for every strongly n-supercyclic operator, there exists a set of at most
circles intersecting every component of the spectrum of T. This was obtained by
Feldman [9]] for n-supercyclic operators and he provided also examples for which
n circles were necessary. In the case of strongly n-supercyclic operators, we are
able to improve the circle theorem.

THEOREM 3.3. Assume that X is a complex Banach space and T is a strongly
n-supercyclic operator on X.

Then we can decompose X = F @ Xo, where F and Xy are T-invariant, F has
dimension at most n and there exists R > 0 such that the circle {z € C : |z| = R}
intersects every component from the spectrum of Ty := Tjx,.

Moreover, in the particular case n = 2, T|p is a diagonal operator.

Proof. The theorem is trivial if there already exists a circle intersecting all
the components from the spectrum of T.

If such a circle does not exist, then there exist R > 0 and two components
Cy,Cy from o(T) such that C; C B(0,R) and C; C C\ B(0, R). Upon considering
a scalar multiple of T, one may suppose that R = 1. Thus ¢(T) = 01 Uon U3
where 07 C D, o C C\ D and 03,05, 03 are closed and pairwise disjoint. Then,
thanks to Riesz theorem [3] one canwrite T=T1 @ T, D Tzon X = X1 ® Xp ® X3
where 0(T;) = 0; fori =1,2,3.

We are first going to prove that dim(X;) < n — 1. Assume to the contrary
that dim(X7) > n.

Then, one can choose (u1,...,u,) € XJ such that for every i € {1,...,n},
llz—u;|| > 1forany z € Span(uy,...,Ui_1,Uit1, ..., Un).

X1 Xn
Let L = Span| |y |,..| yn | | be a strongly n-supercyclic subspace for T,
21 Zn

(nk)kez, be a strictly increasing sequence and A € M, (C) such that

n n
lexl u TZkyl 0
Ag . — . and Ay . —
. k—+o0 : . k— o0
T,*x u T,*
1 Xn n 2 Yn

In addition, by density of GL,(C) in M, (C), one can assume that Ay is invertible
forevery k € Z.



STRONGLY 1-SUPERCYCLIC OPERATORS 437
This yields

N
T, " x U1k Uy + ek

n
T, xn Uy k Up + &,k

where forevery i € {1,...,n}, |le;x]| — 0.
" k=4

ko0 gk i
14 T 0 ' 0
Set A, 1= : : | . Moreover we know that A, : — |
‘ ‘ w, ) o
A1 dng T yn 0

and o(T,) C C\ D thus it follows that ||Ak_1||k—> +o0. Thereforemax(|a§‘j )1<ij<n
— 400 6

— +ooand thus forany m € {1,...,n}, we deduce that % . 0.
ke (|’1 \)1<l,jgn k——+o0
Mk
Let then k be a positive integer such that forany m € {1,...,n}, IT, %o

max( |’1i'<,j \ )1<i,/‘<n

= max(|aﬁj|)1<i,]<n. Then, we have T}*x, =

1 and set \ap gl

n
) ﬂ’;,,,'ui,k/ yielding
i=1

T *x 1
1 7P
ot £ 2] - |2 <}
i=1, i#q P/ pA
This result contradicts our first assurnption that for every i € {1,...,n}, ||z —
u;|| > 1forany z € Span(uy,...,u;_1,Uis1,...,Un). Hence dim(X;) < n —1and

if n =2, we getdim(X;) = 1.

We can do the same process with T @& T3 which is strongly n-supercyclic
thus either there exists a circle intersecting every component of the spectrum of
T, ® T3 and the proof is finished, or we can decompose T, ® T3 as a direct sum of
two operators where the first one is defined on a space of dimension lower than
n — 1. Then, as there is an at most n-dimensional subspace in this decomposi-
tion because there is no strongly n-supercyclic operators on a space of dimension
strictly greater than n according to Theorem Thus, we can iterate this pro-
cess only a finite number of times. This proves the first part of the theorem. The
particular case n = 2 part is clear from the proof. 1

In particular, considering n = 2 in the preceding theorem gives an alter-
native generalising the case of supercyclic operators. Indeed, for a supercyclic
operator it is well-known that the point spectrum is either empty or a singleton
{A} and in the last case, A~ ! T is hypercyclic on an hyperplane of X. The follow-
ing corollary gives a similar result for strongly 2-supercyclic operators.

COROLLARY 3.4. Assume that X is a complex Banach space and T is a strongly
2-supercyclic operator on X. Then, one of the following properties applies:
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(i) There exists R > 0 such that the circle {z € C : |z| = R} intersects every
component from the spectrum of T.
(i) T=(§2) with S bezng a supercyclic operator, a € C*.

(iii) T = (8 b 2) with S ® 3 2 hypercyclic, a,b € C*.

Proof. According to Theorem [3.3| we have the following alternative: either
there exists a circle intersecting every component of the spectrum of T or we can
decompose X = F ® X, with F and Xy, F being of dimension at most 2 and
S := Tf being diagonal and there exists a circle intersecting every component of
the spectrum of Ty := Ty, .

If dim(F) = 1then T = (& 2) for some a € C*.

We can suppose that L = Span ((1), (})) is a strongly 2-supercyclic sub-
space for T. Let z € Xj. Since T is strongly 2-supercyclic, there exists an increas-

, , : . AL A
ing sequence (71 )kcz, and an invertible matrix Ay := (‘u}qk ‘u%k such that
1 2

ng
Ay <Sn x) (0 T 8 ) where sq — 0Oand 82 — 0, and
Sy z+ £ k—+o0 k——+o00

A a\ _ 1+5¥k where 67— Oandé" — 0
K\ o 0+5§k b teo k——oo

Thus, considering the inverse of Ay we get Sy = —
the last equality by a* to obtain:
aF(AJE s — AD ) Sy = —aF kel + aFATH (2 + €)F)
_ (Snk nk (1+51 )(Z+£2)kjmz
Hence § is supercyclic on Xj.
If dim(F) =2then T = (é g 8), for some a,b € C*.
It suffices to apply Theorem [3.1|to conclude that % @ % is hypercyclic. 1

REMARK 3.5. Actually, these three conditions are necessary, and we give an
example for each one.

The first point is easy, simply consider an operator satisfying the super-
cyclicity criterion: the circle exists because the operator is supercyclic and it is
strongly 2-supercyclic thanks to Corollary [2.7]

The second one is trickier: let ¢ € H*(D) be defined by ¢p(z) = 1+1+z,
and let us denote by M, the multiplication operator associated to ¢ on H?(DD). Set

n—1 .
alsoRy, := ). (M;,‘,)l. Then, one may prove following Exercise 1.9 in [3] that there
i=1
exists a universal vector for R,;: u € H?>(D) and u ¢ Im(M;, — I) and that (3, Aﬂ;)
is supercyclic and is not similar to an operator of the form I @& S. Noticing also
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that {R, ® (Mg)" }n>2 satisfies the universality criterion, then one can prove that

a 0 O
T:= [0 1 0 | isstrongly 2-supercyclic on C? @ H?(D) and is not similar to
0 u Mj
¢

any operator of the form bl @ cI ® Ty and does not even admit a circle intersecting
every component of its spectrum for a well-chosen complex number a.

-1 0 0
Finally, the third caseissimple:T=[ 0 —1 0 | isstrongly 2-supercyclic
0 0 M;
¢

on C?> @ H?(D) with ¢(z) = 1+ z by Theorem but its spectrum is ¢(T) =
{-1,-3}yuD(11).

4. OTHER CLASSES OF INTERESTING EXAMPLES

Until now, we proved several properties of strongly n-supercyclic opera-
tors and we came across different classes of examples but links between strong
(n —1),n,(n + 1)-supercyclic operators are not well understood yet. This part
provides some answers but also some interesting questions on the subject.

4.1. A CLASS OF STRONGLY k-SUPERCYCLIC OPERATORS WITH k > n. The fol-
lowing proposition generalises Corollary It has been proved in [6] and [8]
that strong n-supercyclicity is purely infinite dimensional. We are going to make
use of this fact to construct an operator being strongly k-supercyclic if and only if
k> n.

PROPOSITION 4.1. Assume that S satisfies the hypercyclicity criterion on a Ba-
nach space Y and define T =1d @ Son X = K" @Y. Then T is strongly k-supercyclic
ifand only if k > n.

Proof. We first prove that if T is strongly k-supercyclic, then k > n. Assume
to the contrary that k < n, then restricting T to K", one obtains that Id is strongly
k-supercyclic on K" with k < n. This is impossible by [6] for the complex case
and [8] for the real case.

Let us prove now that for every p > n, T is strongly p-supercyclic. The
following lemma is the key of the proof.

LEMMA 4.2. Let p > 1. Then, there exist p vectors yy, ..., yp belonging to Y such
that for any invertible matrix A = (A;;)1<ij<p € GLp(K), the set

{s( ZP;AM%) ®- o5 iAW-yi) }keZ+ is dense in Y?.
1= 1=
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Proof. Since S satisfies the hypercyclicity criterion, then L := S&---® S
N——

p times
is hypercyclic too [5]. Let (y1,...,yp) € Y? is a hypercyclic vector for L. Since
(y1,-..,yp) € Y is hypercyclic for L. Then (S¥(y1), ..., S¥(y,))i=0 is dense in Y?.
Since A is invertible, some simple computations imply the result of the lemma. 1

We come back to the proof of the proposition.

Let p > nand {ey, ..., ey} be a generating family of K" with p elements and
(y1,...,Yp) given by the previous lemma and denote x; = (e;, y;) € X, for every
ie{l,...,p}

It is easy to show that M := Span(xy, ..., xp) is strongly p-supercyclic for T.
Actually, it suffices to prove that |J T¥(M) x - -- x T¥(M) is dense in X? thanks

keZy
p times
to Proposition 2.3]
The use of the definition of M reduces the proof to the following assertion:
! p
U IBUHCEENDERIEDD Ap,i(ei ® Sky;) is dense in X?.
k€Z+,(Aijhi<ij<pEMp(K) i=1 =

For this purpose, let ¢ > 0, (t1,...,tp) € (K")? and (zy,...,2zp) € Y?. Since
GLp(K) is dense in M (K), there exists A = (A;;)1<ij<p € GLp(K) so that

e 1
Al =1 [I<

N[ ™

ep tp

On the other hand, Lemma[4.2]implies that there is k € Z satisfying:

HSk(éALﬂ/i) P--- @Sk<ié)xp,i]/i) - (21,...,ZP)H < %

Hence,

P 4 4
H Y Avilei @ Syye @ 2/\,;,1(61' @ Shy;) — Pt ®z) ’ <é&
i=1 i=1

i=1

This is the relation we were looking for. Thus, T is strongly p-supercyclic. 1

REMARK 4.3. In the same spirit, one may easily prove that strongly n-su-
percyclic operators given by Theorem 3.1]are not strongly k-supercyclic for k < n.

Building on the same ideas as in the previous example but using proper-
ties of rotations, one may easily construct an operator being n-supercyclic from a
particular rank and being strongly n-supercyclic from a strictly greater rank.
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4.2. A SUPERCYCLIC OPERATOR WHICH IS NOT STRONGLY #-SUPERCYCLIC FOR
SOME n > 2. We already noticed in the previous part that strong n-supercyclicity
does not imply strong (n — 1)-supercyclicity. It is a natural question to ask
whether the contrary is true or not: does strong n-supercyclicity imply strong
(n + 1)-supercyclicity? In the following, we prove that it is not the case for
n = 1. To do so, we will construct a supercyclic operator which is not strongly
p-supercyclic for p > 2. Operators satisfying the supercyclicity criterion are use-
less in this context because we noticed in Corollary [2.7] that these operators are
strongly n-supercyclic for any n > 1. Thus, we are forced to consider operators
that are less handy. Actually, we are modifying the construction of a hypercyclic
operator which is not weakly mixing from Bayart and Matheron [3] to achieve it.

THEOREM 4.4. Assume that X is a Banach space with an unconditional nor-
malised basis (e;)icz,, for which the associated forward shift (e;);cz, is continuous and
let p > 2. Then, there exists a supercyclic operator which is not strongly h-supercyclic
forany2 < h < p.

The proof of this theorem is long and is based on the work of Bayart and
Matheron ([3]], Section 4.2). The proof is a succession of intermediate results lead-
ing to the final proof. The main idea is to construct an operator and to create a
criterion to check that this operator is not strongly h-supercyclic. We will refer
the reader to the book [3] for certain proofs.

Let us define some material we need in the sequel.

Assume that T is a linear bounded operator on a topological vector space X
and let ¢y € X, then we set:

K[T](eo) = {P(T)(e0), P € K[X]} = Span{T'(e0), i € Z}.

Since two polynomials with variable T always commute, we can also define a
product on K[T](eg) by

P(T)eo - Q(T)eo = PQ(T)eq
We first give a technical lemma proving the convergence of a sequence of
unit spheres if there is a sequence of basis converging to another basis.

LEMMA 4.5. Assume that X is a normed vector space, h > 2, and that E =
Span(uy,...,uy) is a subspace of dimension h. For every 1 <i<hlet (v})ez, be
a sequence ofelements of X such that ||[v" — u;|| < L and set F, = Span(vl, e, U

Then,  sup inf  |Jx—z| — O
ZGFM,HZH:})(EE'HXH:l n—too

h
Proof. Letn > N, and T, : X — X be defined by T,,(x) = ¥ uj(x)(u; — v}')
i=1
for every 1 < i < h. Remark that

n h % n Mh
\|Tn|—Hs1H1p qu —o)|| < Xl s — o)) < = <
x||=1"i= i=1

N —
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Thus, it follows that the operator S, := I — Tn : X — X satisfies S, (u;) = vf

for any 1 < i < h and is invertible with S, 1 = Z Ti. Moreover, we deduce the
i=0
following upper bound for S;; !:

—+o0 . —+o0 —+o0 1
ISt = || LTl < STl < IR
i=0 i=0 i=0

Setz, = {JITUT +---+allvl € F, with ||z,|| = 1. Then, we notice that ||S, ! (z,)|| =
lafui + - - -+ ajuy|| < 2. Thus, uy, ..., uy, being a linearly independent family, we
deduce that the sequences of coeff1c1ents (al')nen are bounded and upon passing
to a subsequence, we can suppose that z, converges to some vector on the unit
sphere of E. This proves the lemma. 1

To provide an operator as claimed in Theorem we need to be able to
check the non-strong h-supercyclicity for the operator T we are going to construct.
The following lemma gives such a criterion.

LEMMA 4.6. Assume that X is a topological vector space and T € L(X) is cyclic
with cyclic vector ey and set h > 2. Assume that there exist 2h linear forms ®s :
K[T](eg) — K for 0 < 6 < 2h — 1, such that the maps

(P(T)eo, Q(T)eo) = @5((PQ)(T)eo)
are continuous on K[T|(eg) x K[T|(eg) and satisfy
®5(TPe) =1 and Ps(T'eg) =0 for0<i#6<2h—1.

Then T is not strongly h-supercyclic.

REMARK 4.7. In particular, T does not satisfy the supercyclicity criterion.

Proof. Assume that T is strongly h-supercyclic on X and n € N. Set also
(4.1) E=Span(ep,...,T" 'e) and E,e€m,(B((leo, ..., T" ep); 1)NES,(T).
Then, there exists m, € N, x,,y, € E, linearly independent such that T""x, €

1 1 Xul| [yl
B(eg; 5-) and T"ny,, € B(T"eq; 5-). Let ey = min(2, T 2\\111\\1, Ly, then e

being cyclic for T and there exists P,, Q, € K[X] such that
Py(T)eg € B(xp;en) and  Qn(T)eg € B(yn; €n).

Thus,
T""(Py(T)eo) € Beg; 1) and  T™(Qu(T)eo) € B(T"ep; 1).
Pick also ageg + - - - + aZﬁlTh’leO € E such that
|alteg +---+al T"leg| =1 and

Py (T)eo w(T)e H

aleg 4+ -+ all_ Th1e —7’: inf Hx
H 0%0 =15 0 T B(Teo)l |~ xek x)=1 HPn (T)eol|
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Then,
. P (T)EO
inf [lx— LelDeo
x€eE||x||=1 [P (T )eol|

n——+00
Let us prove this last point. First, we split the norm:

H Py (T)egy

it = et | < ety - |+ I |
et | < et = el I ~

x€E,||x||=1

and it suffices to prove that each part tends to 0 when n grows. In fact, the first
convergence to 0 is given by Lemma 4.5/ (with u; = T""1(ep) and (o7,...,0}) =
the basis of E, given by [@.1)) and let us deal with the second part:

I =i~ e * TR il
EX ||Pn 60” [xall  IPa(T)eoll * [[Pu(T)eo]l HPn 60”
1 |1 — Pa(T)eol|
< | = - |+
S xall [Pa(T)eol| [P (T)eo|
1
< En En < — by definition of ¢,.

_|_
Jxull —&n ~ llxnll —€n = 7
Thus we have the expected convergence.
Doing the same thing, we also pick blieg + - - - + b, T"1eg € E such that
|Blieg + - -+ b T" lep| =1 and

Qn( _ . Qn( )
1Qn(T) eOIIH et Til= 1HX [[Qn(T)eoll

Moreover, extracting an appropriate strictly increasing subsequence (si ey from
the sequence of natural numbers, we get

— 0.

n—-+oo

oo+ 61T -

aé"eo +-- 4+ ﬂsk Th 160 k—+) apep + - -+ ﬂh_lTh_leo and also
—+oo

b(s)k(Z() +--+ bzlilTh_leo — boeg + -+ bh_lTh_leo
k—40c0

where (ay, ..., a,_1), (bo, ..., by_1) € K"\ {0}.
It follows that

PSk 60 h—1
o day T H — 0 and
H [P, (T €0|| — (ageo + - - +ap_q eo) koo an
T
k boeo + - - - + by " H ——t
HHQSk T OH ( 080+ + h—1 60) ks oo

Since the vectors ageg + - - - + aj,_1T" leg and boeg + - - - + b1 T" ey have norm
one, we can choose two integers 0 < i,j < h — 1 such that aj # 0and b; # 0. Then,
we define two linear forms which are continuous for the product on K[T]e

¥, =®+®Pyy; and ¥ ;=D +2P.;.
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Thus, thanks to the continuity for the product, we have
. Q 0
#,(T"eo - Py (Teo Sl Tt ) = (T Py (T) M)

105, (T)eo] Qs (Deoll

(4.2) e ¥;i(eo - (boeo + - -+ + by—1 T" eg))

= b; by definition of ¥; ;
and also
Ps, (T)eg P, (T)eg
¥, (TMey - 300 =¥ (T"% Qs (T)ep - —di—
(700 TR gy @ (Ten) = (T QMo Rty

— Y (The() - (ageg + -+ - + ah_lTh_leo))

k—+-o00

(4.3) =¥ i(aoTeg + -+ + a1 T leg) = a;.

Doing the same thing with the second linear form ¥ j» we obtain similar results:

o Qs (T)eo
4.4 lim ¥ ;( T™keq - Ps, (T)eg - —=-—~——) =b; and
44 Jim B (T"xe0 - Po(Theo- 20y 7)

. G . Mg . PSk(T) — .
(4.5) klgxgo‘f’l,](T ‘0 oty QT Jeo) = 2a;.

We now consider the quotient of equations (4.2) and (4.3) and of equations (4.4)
and (4.5). This gives

[1Qs (T)eo|
[[Ps;. (T)eoll

P

m Ps; (T)eg
¥ij (T SkeohHPSk(T)eOH st(T)EO> Y,z]( *keg- Hps fOH st(T) )
sy, Qs (T)eg Qs (Thep
#ij (T eo-Psy (T)eo" g, Teol #j (T e Py (T)eo- 1T
k—+o0 lkﬁﬂm
] 2
b; hi

This equality contradicts the fact that a; # 0 and b; # 0. This contradiction proves
the lemma! 1

Assume now and for the following that X is a Banach space having a nor-
malised unconditional basis (¢;);cz, for which the associated forward shift is con-
tinuous.

We set:

coo = Span{e; :i € Z }.
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Since Lemma [4.6| gives a criterion for checking non-strong h-supercyclicity,
the proof of Theorem [4.4] reduces to the proof of the following points:

(4.6a) Span{Tiey:i € Z,} =Span{e; : i € Z }.

(4.6b) K[T)eo C {ATieo : i € Z+, A € K.

(4.6¢) T is continuous.

(4.6d) There exist 2 linear forms &; : K[T](ep) — K such that

forevery § =0,...,2h — 1, the maps (P(T)ey, Q(T)ep) — Ps((PQ)(T)ep)
are continuous on K[T](ep) x K[T](ep).
(4.6e) Forevery2 < h < p,every é € {0,...,2h — 1} and every
0<i#6<2h—1,05(T%) =1and ®s(T'ey) = 0.

4.2.1. CONSTRUCTION OF T. Our construction of T is a modification of the con-
struction of Bayart and Matheron ([3]], Section 4.2). We will give the definition of
the operator and theorems leading to the continuity of T but we will omit some
proofs because they are the same as in [3] up to some details.

Let us begin with a few terminology.

Set a countable dense subset Q of K. A sequence of polynomials P =
(Pu)nez, is said to be admissible if Py = 0 and P contains all polynomials whose
coefficients are in Q. Let also deg(P) denote the degree of P, |P|; the sum of the
moduli of its coefficients and cd(P) its leading coefficient. We are going to con-
struct T as an almost weighted forward shift in order to satisfy (4.6a). Actually,
we need two sequences to construct T: the first one is the sequence of weights
(wn)nez, and the second one is a strictly increasing sequence (b, ),cz, indexing
the iterates of ey for which the shift will be perturbed.

We define T such that the iterates of ¢y corresponding to the perturbation

satisfy:

4.7) foreveryn € N, Tlney = Py(T)eg + ey,

and we also define:

4.8) foreveryi € [by,_1,bp —1[and n € N, T(e;) = wit1€i41.
Thus we can express the vectors Te,, _1:

Tbneo — Tbn*bnfl Tbn—leo — Tbn*bn—l (Pn—l(T)eo _|_ ehnfl)

= TPt 1 (T)eo +wp, 41+ Wh,—1Tep, 1.
And replacing TP eq with P, (T)eo + ey, yields to:

Tebn_l = gneyp, —|—fn



446 ROMUALD ERNST

where
1

Wh,_q+1 " “Wp, 1
1 -
= o 1(Pn(T)eO*Tb" P11, _1(T)eo).
n—1 n—

4.9 &y =

Obviously, this definition is non-ambiguous if deg(P,) < b, — 1. Thus, from now
on we assume that deg(P,;) < b, — 1 forany n € N.
We also make the following choices for the values of (b ) ez, and (0, ),ez, :

bp=1, b,=(2p+1)" foreveryneN,

wy = 4(1 - for every n € N.

1
2i)
The choice of b, is motivated by the fact that we will need b; > 2p to check (4.6¢).
We denote also d,, = deg(Py).

Defined in this way, one can quickly check that T : co9 — cqp satisfies
and by definition.

4.2.2. CONTINUITY OF T. We are now checking (4.6c). We introduce the follow-
ing terminology: one will say that P is controlled by a sequence of natural num-
bers (cy)nez, if foralln € Z,, deg(P,) < cy and |Py|q < ¢, This is an easy fact

that if limsup ¢, = oo then there exists an admissible sequence which is con-
n—o0

trolled by (cn),ez, - We also denote

Y xel = ¥ |x| the £ norm on cgp.
i€Zy 1 ez,

To check (#.60), we need the following lemma which is almost the same as
Lemma 4.20 from [3]. The reader should refer to it for a proof.

LEMMA 4.8. The following properties are satisfied:
() eqn <1foralln € N.
(i) If n € Nand if || fi|l1 < 1 for every k < n then

P,
[Puly + |Py—1]1exp(—c \/bn—l))

x(dy,dy_1)+1
fully < 4™ K <2b 1

where ¢ > 0 is a numerical constant.

The following lemma proves that (4.6c) is satisfied for an appropriate choice
of P. For the same reasons as before, see p. 88 of [3] for a proof.

LEMMA 4.9. There exists a control sequence (un)ycyz,, tending to infinity such
that the following holds: if the sequence P is controlled by (uy )ncz, then T is continuous
on cop with respect to the topology of X.

4.2.3. CONSTRUCTION OF @;. Since we have completed the construction of T
and proved that it is continuous, we need to focus on the functionals @; satisfying

(4.6d) and (4.6€). We have to define 2p maps @5, 6 € {0,...,2p — 1} continuous
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for the product on K[T]ey. The following lemma from p. 89 of [3] permits to check
the continuity of such functionals more easily.

LEMMA 4.10. Let ¢ be a linear functional on coo. Suppose that Y |p(er - eg)| <
rq

co. Then, the map (x,y) — ¢(x - y) is continuous on cop X Cop.

Let us construct the functionals @;. In the following, a vector x € ¢ is
said to be supported on some set I C Z if x € Span{T'ey,i € I}. We want to
construct @; satisfying Lemma Thus, we have to be able to give an upper
bound of |¢(e; - e5)].

Take r < g, and writer = by +uand g = by + v withu € {0,..., b1 — b —
1}and v € {0,...,b; 1 — b — 1}. By definition of T, we can re-express:

1 1

b= Tbk—PkT Tueo, = — Th[_PlT Tveo.
e (TR @), &= e (TR (e

Hence, for any linear functional ¢ : cjp — K, we have:

1
[9(er - en)| < Sz 19 Wik, 10010

where Y .) (10) = (TP — P(T))(T? — P(T))T**eq because w; > 2 for every
i€Zy.
To ensure the convergence of the summation from Lemma we set:

1 ifi =9,

5(Tiey) = 0 ' ifi € {0,by —1}\ {6},
@s(Py(T)Tibrey) ifi € [by, 3bu[U[204, 3b4],
0 otherwise.

Moreover, ®; is well defined on ¢y because deg(P,) +i — b, < i, hence
P, (T)Ti"brey is supported in {0,...,i —1}.

To ensure the continuity of @5, we need the following lemma which can be
essentially found in p. 90 of [3].

LEMMA 4.11. Assume that deg(P,) < % forall n € Z.. Then, the following
properties hold whenever 0 < k < I:

, b
(4.10) Ds(Y (k) (1,0) =0 Hfut+v< gl
141
A1) @5y, 10)| < Mi(P) = max (1 + [Fy|y)* [ Tmax(1, [Bif2)*
X/X ]:1

The next proposition ([3]], p. 91) makes use of the two previous lemmas to
ensure the continuity of (x,y) — ®s(x - y) if P is suitably chosen.
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PROPOSITION 4.12. There exists a control sequence (vn)yez, such that the fol-
lowing holds: if the enumeration P is controlled by (vy)ncz, , then the map (x,y) —
D (x - y) is continuous on coy X Cop.

Thus, by Lemmas and with a well-chosen control sequence, T is
continuous and &5, 6 € {0,...,2p — 1} are continuous for the product defined on
K[T]ep and therefore (4.6d) is satisfied. Then, a simple computation proves that
1 ifi=¢
0 else,

The combination of Lemma 4.6 Lemma[4.9/and Proposition completes
the proof of Theorem 4.4}

Y satisfies (4.6e) because @5(Tieo) = "forevery 0 <i< b —1=2p.

4.3. A SUPERCYCLIC OPERATOR WHICH IS NOT STRONGLY p-SUPERCYCLIC FOR
ANY p > 2. The previous example of a supercyclic operator which is not
strongly h-supercyclic for a fixed i answers the question of the existence of
strongly h-supercyclic operators which are not strongly (h + 1)-supercyclic in the
particular case h = 1. In fact, we can improve this result.

THEOREM 4.13. There exists a supercyclic operator which is not strongly h-super-
cyclic for any h > 2.

To achieve this construction, we take a direct sum of some previously con-
structed operators to ensure the non-strong h-supercyclicity of this operator. The
first part of this section is devoted to the construction of infinitely many operators
T, which are supercyclic but not strongly h-supercyclic for 2 < h < p. Moreover,
we want that these operators satisfy some more properties to be able to “match”
them later. For that purpose we have to modify the parameter (b,),cz, and the
admissible sequence of polynomials P that we used in the previous section. From
now on, we take b, = 5" for every n € Nand by = 0.

4.3.1. CONSTRUCTION OF MANY OPERATORS WITH DIFFERENT PARAMETERS.
Given infinitely many increasing control sequences (u;, )¢z, satisfying lirf ul,
n——+0o

= +oo for every i > 2, then it is possible to consider an enumeration (S,),cz N
not necessarily bijective of (Q[X])*! x {0}%+ for every i € Z, with the following
properties: for every i, k,n € Z;,and 0 < j < b;1, S;»(k) =0, deg(S (k) < uk*?
and |Si (k)|; < ukt2. These enumerations will be useful to construct infinitely
many admissible sequences (P);c7, ., providing a construction of the desired op-
erator, with the procedure explained below.

i), gy

For every j € Z, and every n € | , we define:

_ g ()2 _
Qu = S(ijia)) 2 and Qo= Sg.

We set also for every k > 2 and every n € Z, PX := Q,(k — 2). The construction
of (Qu)nez, is made with two purposes in mind: on the one hand every element
from Q[X] must appear once as the k-th component of some Q,, where the other
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FIGURE 1. Construction of the sequence (Qn)ncz, -
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components are all zero and this has to be satisfied for any k. This property allows
T to be cyclic. On the other hand, to turn cyclicity into supercyclicity, for every
element P from Q[X], we need to be able to find infinitely many Q, containing
repetitions of AP on their firsts components and zeros elsewhere where A and the
number of repetitions grow with n.

Coming back to the previously defined sequences P¥, we state that such
sequences are admissible and controlled by (uX),c7 . for every k > 2. Indeed,
for every n € Zy and k > 2, PX = Q,(k — 2) hence there exists 4,7 < 1 such
that PX = S](k —2). Then, deg(S/(k —2)) < uf by definition and therefore
deg(S7(k —2)) < uk because (1uX),cz, is increasing. The same argument shows
that [PX|; < uk.

For the admissibility, we first notice that S)(i) = 0 for all i € Z.. Moreover
for every k > 2, P¥ is an enumeration of Q[X] because Q[X] = {SK2(k —2),n €
Zy} C{Py n € Ly},

CLAIM. These sequences have the additional property that P;‘ = 0 for every
k>2and 0 <j <2k
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Proof. Letk > 2and 0 < j < 2k, P;‘ = Qj(k—-2) = S1(k — 2) for some
q,r € Z4 with g +r < j by definition of Q. By definition, if 0 < 7 < byy1,
STk —2) =0.

Then, if qu < r,we have qu +g <r+g<j< 2k, giving W# <k-—
2. In addition, if g4 > 1, an easy computation yields to g4 +1 < 5‘7“%_4' Hence,
we get g +1 < k — 2 and thus S] (k — 2) = O because S} € (Q[X])7+! x {0}%+.

It remains to study the case with g = 0 and 5 = by < rbut S} (k—2) = 0
if k—2 > 1 < k # 2. Furthermore, if k = 2, then g # 0 because otherwise we
would have the inequality 5 = b; < r < j < 2k = 4 which is obviously false. 1

Assume that X is a Banach space with an unconditional normalised basis
(ei)iez, for which the associated forward shift is continuous. For every p > 2, set
Xp = X, (ef)iez+ := (e;)icz, the unconditional basis of X}, and define an oper-
ator T, on Xj, in the same way we did it in the last section but with parameters
P, (bn)nez, and with admissible sequence P? constructed above. The changes on
some parameters do not interfere with conditions #.6a), (4.6b) and (.60 which
are still satisfied, thus T} is well-defined and continuous on X. In addition, it
appears from the proof of Lemma that | Tyl < sup(4C||F,||,2Cl) where CJ;
is the unconditional constant of (e} );cz, and F, is the forward shift on X,,.

The delicate part is the construction of the linear forms because we use the
condition by > 2p to construct the functionals @5 and check . Here we have
chosen to take b, = 5" for every n € N, then we have changed the admissible se-
quence P? to be able to construct the functionals @;. Indeed, the first components
of PP contains only zeros to compensate for the fact that b; < 2p. Let m € N be
such that b,,_1 < 2p < by,. Then, we define for every § € {0,...,2p — 1}:

ifi =0,
0Ty — | ifi € {0,by —1}\ {5},
U @y (P(T) T breg) i i € [by, 3ba[U2by, Sba[ forn > m,
0 otherwise.

Then, @5 is well-defined thanks to the claim and and are also
satisfied. As a consequence, despite some changes on the parameters T is super-
cyclic and not strongly h-supercyclic for 2 < h < p on X, for a suitable choice of
increasing control sequences.

4.3.2. CONSTRUCTION OF A SUPERCYCLIC OPERATOR BEING NOT STRONGLY h-
SUPERCYCLIC FOR i 2> 2. The next step is to consider the direct sum of previously
constructed operators to get rid of the strong h-supercyclicity. Hence, define T =

@® Ty an operator on B = @ X, for p > 2. Then, considering on the first part the
éz EZ
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weighted forward shift part R of T and then the perturbation part K, we get:

P
IT(I < [IR[| + [[K]| < 4sup(CLI|Ey||) +2sup(CF) < +oco
p=2 p=2

because for every p > 2, X, = X. So, T is continuous on B and is not strongly
p-supercyclic for p > 2. Thus, it suffices to prove that T is supercyclic with su-

P
percyclic vector @ %0 For this purpose we are going to prove that T satisfies the
02

two following conditions:

P %Y ..
412)  {(0,...,0,e,0,...):i € Zy,p > Z}CSpan{ (?p):lEZJF}.

P 14

. e . 4

(413)  Span{T'(EP-2):i€Zyf CIAT (P L) :ieZ,AeK].

(F(@%) ez < (@) )

The condition (@.13) is satisfied with our construction of admissible sequences.
, p

Indeed, it suffices to prove (4.13) for Spang {Tl ( ® %U),i € Z+ } Let P € Q[X],

then by definition of the sequence (Qy)kez,, there exist three strictly increas-
ing sequences of integers (1y)rez, (M )kez, and (Ax)kez, such that for every
k, Qu, = (AP, ..., AP,0,...).

_\/_/

my times

p
This provide the following expression for TV ( ga %0) ,
2

1 2
2 e? my+1 el:"k et

(AkP(T)(EO)+ gk""’AkP(T)(rZH)+mkn11’mink+z’”')

and thus
[ (@%) -rn(@%)
/\k ls p 0, p b
mk+1 my+2 mp+2
_ hnk h}lk hnk _ eO
H(ZA]{ ’ mk—i—l)/\k (mk—|—2)/\k P(T)(mk—l—Z)/) ly k:}w ’
This proves ({4

We now focus on @#12). Leti € Z, and q > 2. The definition of Qj and
the supercyclicity of T, implies that there exists a strictly increasing sequence of
integers (1 )kez, such that Q,, = (0 .,0,P,0,...) forall k € Z where Py is a

polynomial such that P,(T)e} = )\ke + & where (Ay)kez, is a strictly increasing
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sequence of positive real numbers tending to +oco and ||e|| N 0. Thus,
—r+00

H)Z(Thn"(é?f) —(0,...,0,¢1,0,...)

123
6]—1 q 6]+1
9e; ¢y €p 1 €
ny Ny g P T l] 7@ ‘e
H(z;&k TSI T (T eg) DA ) ly
q—1 q q+1
H (q b”k qebnk ehnk I 7€ buy, ) 0
= , e, ... .
20 (g =DM A Mg DA, l k—too

This proves (4.12). So T is supercyclic on X without being strongly h-super-
cyclic for any h > 2 proving Theorem [4.13]

QUESTION 4.14. Are strongly n-supercyclic operators also strongly (1 + 1)-
supercyclic for n > 2?

QUESTION 4.15. Does T automatically satisfy the supercyclicity criterion if
it is strongly n-supercyclic for any n > 1?
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