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ABSTRACT. Let (Py, ..., P;) be an n-tuple of projections in a unital C*-algebra
A. We say (Py,...,P,) is complete in A if A is the linear direct sum of the
closed subspaces Pi A, ..., P, A. In this paper, we give some necessary and
sufficient conditions for the completeness of (Py, ..., P,) and discuss the per-
turbation problem and connectivity of the set of all complete n-tuple of pro-
jections in A.

KEYWORDS: Projection, idempotent, complete n-tuple of projections.

MSC (2010): 46L05, 47B65.

INTRODUCTION

Throughout the paper, we always assume that A is a C*-algebra with the
unit 1. The theory of C*-algebras could be refered to Dixmier’s book [5]. It is well-
known that A has a faithful representation (¢, Hy) with ¢(1) = I (cf. Theorem
2.6.1 of [5] or Theorem 1.6.17 of [9] or Theorem 1.5.36 of [19]). Let H be a complex
Hilbert space with inner product (-, -) and B(H) be the C*-algebra of all bounded
linear operators on H. For T € B(H), let Ran(T) (respectively Ker(T)) denote the
range (respectively kernel) of T.

Let Vi, V, be closed subspaces in H such that

H=Vi+V=Vi+W,

thatis, V1 and V; are in generic position (cf. [7]). Let P; be the projection of H onto
V;,i=1,2. Then

H = Ran(P;) + Ran(P,) = Ran(I — P;) + Ran(P).
In this case, Halmos gave very useful matrix representations of P; and P, in
[7]. Following Halmos” work on two closed subspaces which are in generic po-

sition, Sunder investigated in [15] the n-tuple of closed subspaces (V, ..., Vy)
in H which satisfy the condition H = V; +--- 4V, (H is the direct sum of
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Vi,...,Vy), that is, for any { € H, there are unique ¢; € V;, i = 1,...,n such
that { = ¢1 + - 4+ §». Some natural generalizations of [7] were presented in
[15]. If we let P; be the projection of H onto V;, i = 1,...,n, then the condition
H=V;+---+V,isequivalent to H = Ran(P;) + - - - + Ran(P,).

Now the question yields: when does the relation H = Ran(P;) + --- +
Ran(P,) hold for an n-tuple of projections (Py,...,P,)? When n = 2, Buck-
holdtz proved in [3] that Ran(P;) + Ran(P,) = H if and only if P; — P, is in-
vertible in B(H) if and only if I — P; P is invertible in B(H) and if and only if
Py + P, — P P, is invertible in B(H). More information about two projections can
be found in [2]. Koliha and Rakocevi¢ generalized Buckholdtz’s work to the set of
C*-algebras and rings. They gave some equivalent conditions for decomposition
R=PR+QRorR =RP+RQ in[11] and [12] for idempotent elements P and
Q in a unital ring . They also characterized the Fredholmness of the difference
of projections on H in [13]. For n > 3, the question remains unknown so far. But
there are some works concerning this problem. For example, the estimation of the
spectrum of the finite sum of projections on H is given in [1] and the C*-algebra
generated by certain projections is investigated in [14] and [16], etc.

Let P,(.A) denote the set of n-tuples (n > 2) of non-trivial projections in A
and put

PC,(A) = {(P,,...,Py) €B(A): LA+ -+ P, A= A}

It is worth to note thatif A = B(H) and (Py,...,P,) € B,(B(H)), then (Py,...,P,)
€PC,(B(H)) ifand only if Ran(P;) + - - - +Ran(P, ) = H (see Theorem|[1.2]below).

In this paper, we will investigate the set PC,(A) for n > 3. The paper
consists of four sections. In Section 1, we give some necessary and sufficient
conditions that make (Py,...,P;) € P,(A) be in PC,(A). In Section 2, using
some equivalent conditions for (Py,...,P,;) € PC,(.A) obtained in Section 1, we
obtain an explicit expression of P; V ---V P for {iy,..., i} C {1,...,n}. In
Section 3, we discuss the perturbation problems for (Py,...,P,) € PC,(A). We

n
find an interesting result: if (Py,...,P,) € B, (A) with A = Y P; invertible in
i=1

i=
A, then ||[PATIP|| < [(n — 1)\|A*1\|||A||2]’1,i # j implies AP, = 0,1 # j,
i,j =1,...,n. We show in this section that for given ¢ € (0,1), if (Py,...,P,) €
P, (A) satisfies the condition ||P;P;|| < ¢, then there exists an n-tuple of mutually
orthogonal projections (P;, ..., P;) € P,(A) such that ||P; — P/|| < (n—1)e, i =
1,...,n, which improves a conventional estimate: ||P; — P/|| < (12)""nle, i =
1,...,n (cf. [9]). In the final section, we will study the connectivity of PC,(.A).

1. EQUIVALENT CONDITIONS FOR COMPLETE n-TUPLES OF PROJECTIONS IN C*-ALGEBRAS

Let A, denote the set of all positive elements in A and GL(.A) (respectively
U(.A)) denote the group of all invertible (respectively unitary) elements in \A. Let
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M (A) denote matrix algebra of all k x k matrices over A. For any a € A, we set
aA={ax:xec A} C A.

DEFINITION 1.1. An n-tuple of projections (Py, ..., P,) in A is called com-
pletein Aif (Py,...,P,) € PC,(A).

THEOREM 1.2. Let (Py,...,P,) € P,(A). Then the following statements are
equivalent:
@) (Py,...,DPy) is complete in A.
(ii) Hy = Ran(y(Py)) 4 - - - + Ran(y(Py)) for any faithful representation (1, Hy)
of Awith (1) = L.
(iii) Hy = Ran(y(Py)) + - - - +Ran(y(Py)) for some faithful representation (1, Hy)
of Awith (1) = L.
() A( £ Pj) + P € GL(A) for 1 <i < mand all A € C\{0}.
i#i
(V) L P+ AP, € GL(A),i=1,2,...,nand VA € [1 —n,0).
j#
(vi) A=Y P € GL(A) and PA" P =P, i =1,...,n.
=1

1

(vii) A= 3. P € GL(A) and AP, = 0,i # j,i,j =1,...,m.
i=1

1

n

(vii) A = Y P; € GL(A) and E; = P,A~! € A are idempotent elements with the

i=1
n

properties: E;Ej = 0,i # j,i,j=1,...,nand }_ E; = 1.
i=1

(ix) There is an n-tuple of idempotent elements (Eq,...,E,) in A such that E;P; =

n

Pz'/ P,‘Ei:E,‘,i::l,...,i’landE,'Ej:O, 175], i,j:1,...,1’l, ZEi:L
i=1

In order to show Theorem we need the following lemmas.

LEMMA 1.3. Let B, C € A \{0} and suppose that AB + C is invertible in A for
every A € R\{0}. Then there is a non-trivial orthogonal projection P € A such that
B= (B+C)"2P(B+C)Y?, C=(B+C)*(1-P)(B+C)V2

Proof. PutD = B4+ Cand Dy = AB+C,VA € R\{0}. Then D > 0, D and
D, are all invertible in A, VA € R\{0}.
Put By = D-V2BD~1/2,C; = D-V2CD~V2, Then B; + C; = 1 and

DV2D\D V2= ABi +Ci= A+ (1-A)C = (1-A) (A1 -2 +Cp)

is invertible in A for any A € R\{0,1}. Since A — A/(1 —A) is a homeomor-
phism from R\{0,1} onto R\{—1,0}, it follows that ¢(C;) C {0,1}. Note that
B; and Cj are all non-zero. So ¢(Cy) = {0,1} = ¢(By) and hence P = B is a
non-zero projection in A and B = D'/2PD'/2, C = DV/2(1 — P)D/2. 1

LEMMA 14. Let B, C € AL \{0}. Then the following statements are equivalent:
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(i) For any non-zero real number A, AB + C is invertible in A.
(i) B + C is invertible in A and B(B + C)~'B = B.
(iii) B + C is invertible in A and B(B+ C)~1C = 0.
(iv) B + C is invertible in A and for any B', C' € Ay with B < Band C' < C,
B'(B+C)"!C’=0.

Proof. (i) = (ii) By Lemma there is a non-zero projection P in A such
that B = D/2PD'/2,C = DV2(1 — P)D'/2, where D = B+ C € GL(.A). So

B(B+C)~'B = DY2pD2D"'D'/2ppY/2 = B.
The assertion (ii) < (iii) follows from
B(B+C)'B=B(B+C)'(B+C—-C)=B-B(B+C)"'C.
(iii) = (iv) For any C’ with 0 < C' < C,
0<B(B+C)"'C'(B+C) 'B<B(B+C)"'C(B+C)'B=0,

we have B(B + C)~!C' = B(B + C)~'C'V/2C’'/2 = 0. This implies that C'(B +
C)"'B=0.

In the same way, we also obtain that for any B’ with 0 < B’ < B, C'(B+
C)~'B' =0.

(iv) = (iii) is obvious.

(ii) = (i) Set X = (B+C)"V2Band Y = (B+ C)"V/2C. Then X, Y € A and
X*X = B, X+ Y = (B+ C)"/2. Thus, for any A € R\{0},

X +AY = (B+C)"V2(B+AC),
(X+AY)*(X+AY) = (1 =ANX+AB+CO)?)*(1-A)X+A(B+C)/?)
=(1-A)?B+2A(1-A)B+A*(B+C) =B+ A%C,
and consequently, (X +AY)*(X +AY) > B+ Cif |A| > 1and
(X +AY)* (X +AY) = A2(B+C)

when |A| < 1. This indicates that (X + AY)*(X 4+ AY) is invertible in .A. Noting
that B+C > ||(B+C)~!|~! - 1, we have, for any A € R\ {0},

(BH+AC)?> = (X +AY)*(B+C)(X+AY) = |(B+C) Y HUX +AY)* (X +AY).
Therefore, B 4+ AC is invertible in A, VA € R\{0}. &

LEMMA 1.5. Let P € A be a non-trivial projection and A € A,. If A+ P is
invertible in A, then A + AP is invertible in A for all A < —|| Al

Proof. Put
Ay =P(A+P)P, Ay=P(A+P)(1-P), Ay=(1-P)(A+P)(1-P),

A+ (A—1)P Ay

and express A + AP as the form A + AP = Ax Ayl



COMPLETENESS OF n-TUPLES OF PROJECTIONS IN C*-ALGEBRAS 53
Since A+ P > ||[(A+P)"!~!-1,wehave Ay > |[(A+P)~!||~'(1 - P) and
so that Ay is invertible in (1 — P).A(1 — P). Thus, from the following equation

P 0 } _ {Al — AMAJMA S+ (A=1)P Ay

(A+P) ~A'A; 1-P 0 Aq]’

we get that A + AP is invertible if and only if A; — AyA; ' A} + (A —1)P is in-
vertible in PAP. Since A; < P||A + P||P < (1+ ||A[])P, it follows that
Ayt A2 AT AL — (A= )P 3 (<Al — NP+ AsAT1A > (<A~ A)P >0
when A < —||A||. Therefore, A 4+ AP is invertible in A for A < —||A|. 1
The next lemma comes from Lemma 1 of [4] and Lemma 3.5.5 of [19]:

LEMMA 1.6. Let P € A be an idempotent element. Then
(i) P+ P* — 1€ GL(A).
(ii) R = P(P + P* — 1)~ is a projection in A satisfying PR = R and RP = P.
Moreover, if R' € A is a projection such that PR" = R’ and R'P = P, then
R' =R
Now we begin to prove Theorem[1.2]
Proof of Theorem (i) = (vi) Statement (i) implies that there are by, ..., b,

1 P, -+ P,
n - 0 o --- 0
€ Asuchthat1 = Y. Pb;. Putl = ) S X =1, .| and
i=1 . TR
0 0 0
by 0 0
Y=1|: ¢ . i|.Then
b, 0 0
n
P
i=1
T=XY = XYY*X* < ||Y)2XX* = ||Y|]? 0
0

n
and so that A = }_ P; is invertible in .A. Therefore, P; has two expressions
i=1

(1.1) P=PA P+ -+PA P+ + P,ATIP,
(1.2) =04 +0+P,+0+ - +0,
i-1 n—i

i=1,...,n Since A =P A+ -+ P,A, the expression of P; must be unique. So
we have P; = P,A~'P, from (T.T) and (T.2),i = 1,...,n.
(ii) = (iii) is obvious.
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(ili) = (iv) Set Q; = ¢(P;), i = 1,...,n. From Ran(Qq) + —i—Ran(Qn)
= Hy, we obtain idempotent operators Fj, ..., F, in B(Hy) such that Z FE=1,

FF =0,i #jand FHy = QiHy, i,j = 1,...,n. So FEQ; = Q;, QlFl = F; and
F]-Qi =0,i #j,1<1,j<n. Using these relations, it is easy to check that

(Era)(Eamn) =5r=r (Eamn)(£ae) =1k -

=1

for any non-zero complex numbers A;, i = 1,...,n. Particularly, for any A €

C\{0},
(A( y Q]-> n Qi> R Y F'F+F'F,

i i
in B(Hy). So A( .):. Qj) + Qs invertible in /(A), 1 < i < n by Corollary 1.5.8 of

[19] and so /\( Y P ) + P; € GL(A) since  is faithful and ¢ (i) =
J#i
(iv) = (v) Obviously.
(V)= (vi) Put A;(A\) = ¥ P+ AP, i=1,...,n,A € R\{0}, then
j#i

(A,»(A))zgz(ZP) +2A2P, < 2(n —1) Y P, + 27D,
i#i i
<2max{n—1,/\2}(P1+---—|—Pn).

So A;(A) is invertible in A, VA € [1 —n,0) means that A = Py + -+ + P, is
invertible in 4. Note that A;(A) > max{1,A}A when A > 0. Thus, A;(A) is
<

invertible in A for A > 0,V1 < i <n. WhenA <1—-n < fH Y P]H, A;(A) is
jEi

also invertible in A by Lemma|[1.5] Therefore, A()\) is invertible in A forall A €
R\{0}. Applying Lemmato Y. Piand P, i =1,...,n, we get the assertion.
j#
(vi) = (vii) Set C; = Y P;, i = 1,...,n. Since P;(C; + P;)~'P; = P; and
j#i

Pi<GCyj #1,i,j =1,...,n, it follows from Lemmathat PiA’le =0,i#],
i,j=1,...,n
(vii) = (viii) By the assumption, we have PA7! ( Y. P) =0,i=1,...,n
J#i
So BAT'Pi =P, i=1,...,n,by Lemma[l4} Set E; = BA~!,i=1---,n. Then
E; are idempotent elements in A and EiE; =0,i #1j,1,j=1,...,n Itis obvious

n
that Y F; = AA™1 =1.
i=1
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(viii) = (ix) Let (Py,..., Py) € By(A) with A = Y. P; € GL(A) such that

i=1

E; = PPA"! € Aare idempotent and EEE; =0, Y E;=1,i #jij=1,...,n
i=1
Clearly, BE; = E;,i =1,...,n. From PA™ = F = s = PATIPA7Y, we get
that P, = P,A!P; and hence EiP;=P,i=1,...,n
(ix) = (i) Let Ey, ..., E; be idempotent elements in A such that EiE; = b;iE;,

ZE =1land E;P;, = P, E; = E;,i,j=1,...,n. Then EEA =P A, i=1,...,n

and.A ElA—‘r —|—EnA=P1.A—|—"'-|—Pn.A.
(1x) = (ii) Let Ey,..., Ey be idempotent elements in A such that E;E; =

l,ZE—landEP—Pl,PE = E;, i,j = 1,...,n. Let (¢, Hy) be any
falthful representatlon of A with ¢(i) = I. Put El’ Y(E;) and Q; = ¢(P),
i=1,...,n. Then E E’ = 0;E}, ZlE{ = Iand Ran(E}) = Ran(Q;),i,j=1,...,n
Consequently, Hy = Ran(Q1) + - - -+ Ran(Q,). 1

REMARK 1.7. Statement (iii) in Theorem[I.2] cannot be replaced by “for any
ie{l,...,n}, P — Z P; is invertible".
j#i

For example, let H* EB H and put A = B(H®Y),

I I I
P =
0 0 I

Clearly, P; — ). P;is invertible, 1 < i < 3, but P, + P3 — 2P, is not invertible, that
j#i
is, (Py, P, P3) is not complete in A.

COROLLARY 1.8 ([3], Theorem 1). Let Py, P, be non-trivial projections in B(H).
Then H = Ran(P;) 4 Ran(P,) if and only if Py — P, is invertible in B(H).

Proof. By Theorem H = Ran(P;) + Ran(P,) implies that P} — P, €
GL(B(H)).

Conversely, if P — P, € GL(B(H)), then from

2(Py+Py) > (P — Py)?,
we get that Py + P, € GL(B(H)) and so that forany A > 1, Py — AP, P, — AP} €

GL(B(H)) by Lemma 1.5 Thus, for any A € (0,1], Py — AP, and P, — AP; are all
invertible in B(H). Consequently, H = Ran(P;) + Ran(P,) by Theorem([1.2] &
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2. SOME REPRESENTATIONS CONCERNING THE COMPLETE »n-TUPLE OF PROJECTIONS
We first state a lemma which is frequently used in this section and the later

sections.

LEMMA 2.1. Let B € Ay such that 0 € o(B) is an isolated point. Then there is a
unique element BY € A such that

2.1) BB'B=B, B'BB'=B', BB'=B'B.
Proof. Define a continuous function f(t) on o(B) by

0 t=0,
f(t):{1 t € o(B)\{0},

and set B = f(B) € A. Then B' € A, and itis easy to check that (2.1) is satisfied.
If there is another B’ € A, such that BB'B = B, B'BB’ = B’ and BB’ = B’B,
then we have

BB’ = BB'BB' = B'BB'B=B'B and B = B'BB’ = B'BB’ = B'BB' = B,
that is, such B is unique. 1

REMARK 2.2. The element B in the above lemma is called the Moore—
Penrose inverse of B. When 0 ¢ ¢(B), B is defined to be B~'. The detailed
information can be found in [19].

n
Let (Py,...,P;) € PCy(A) and put A = Y P.. By Theorem A e GL(A)
i=1

and E; = P,A~1,1 < i < n, are idempotent elements satisfying the conditions

n
EIE] = 0, i 7'é j; EiPi = Pi/ PiEi = Eir i= 1,. . n; and Z Ei =1

i=1

By Lemmam P; = E;(Ef +E; - 1)~1,1 <i < n. So the C*-algebra C*(Py, ..., P,)
generated by Py,..., P, is equal to the C*-algebra C*(E,..., E,) generated by
Ey,...,En.

Put Q; = A~V2P,A71/2,i = 1,...,n. Then Q;Q; = ;;Q; by Theorem[1.2}

n
i,j=1,...,nand '21 Q; = 1. Thus,
i=

(22) P=AY2QAY? and E;=PA '=AY2QAV2 i=1,...n

n
PROPOSITION 2.3. Let (Py,...,P,;) € PC,(A) with A = Y P;. Then for any
i=1

A\ £0i=1,...,n, (é/\ip,»)_l - A—l(é,\;lp,.)A—l.
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Proof. Keeping the symbols as above, we have

n n
Yo AP = AV (L hQ) A2,
i=1 i=1

Thus,
n -1 n n
(Empi) - A’1/2< ZA;lQi) A"V2 — 41 ( ZAZ.”PZ«)A*. .
i—1 i-1 i-1
Now for il,iz, i € {12, n} with iy < ip < -+ < i, put Ag =

Z cand Qp = Z Q;,. Then Ag,Qp € A and Qq is a projection. From

AO = Al/ZQoAl/2 Thus a(Ap)\{0} = U(QOAQO)\{O} (cf. Proposition 1.4.14
of [19]). Since AA~! =1 = AY2A"TAV2 and A~! < ||A7Y, it follows that
[A71|A > 1 and hence QyAQp > ||A~1||~1Qo. It implies that QyAQy is invert-
ible in Q9. AQyp. Thus 0 € ¢(QpAQp) is an isolated point and so that 0 € o(Ay)
is also an isolated point. So we can define P; V ---V P; to be the projection
AbAy) € Aby Lemma This definition is reasonable: if P € A is a projection
such that P > P, r = 1,...,k, then PAy = Ag and hence PA)AS = ApAl, ie.,
P=P, V---VP.Since Ag = P, we have

0= (1-AlAg)Ao(1— AfAg) = (1 - ASAy)P, (1 — Al Ap)

and consequently, P; (1 — AfAg) = 0, thatis, P, <P, V---V D

lk/

i=1,...,k

PROPOSITION 2.4. Let (Py,...,P,;) € PC,(A) with A = Z P;. Letiy,..., i
be as above and {j1,...,j;} ={1,...,.n}\{i1, ..., ix} with j; < - < ji- Then

ey mveve - a?[(Ya)a(re)] A
r=1 r=1
k 51 k

—(ze)[(xr)+xe] (1)

r=1 r=1 t=1 r=1
where K fl Qir>A( £1 Qi,)} ! stands for the inverse of ( £1 Qir)A( il Qir) in
(ré QiJA(ré Qir)'

Proof. Using the symbols P;, Q;, E; as above, and according to (2.2),

k k k k
Z Pi, — A1/2( 2 Qi,)Al/zl Z Ei,, — A1/2( Z Qi,)Ail/Z'
r=1 r=1 r=1

r=1
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k k k k k
Thus ( ¥ Eir)( Y Pl-,) =Y P and ¥ E, = ( 3 Pl-r)Afl. Then we have
r=1 r=1 r=1 r=1 r=1
k k k
(ZEir)Pil Ve VP =Py V- VB, By v"'vpik<ZEir) = ZEir,
r=1 r=1 r=1

according to the definition of P, V-~V P, .

k
Since ) E; is an idempotent element in 4, it follows from Lemma |1.6|that
r=1

k

(2.4) Py V.-V P, = (iEir) [ ;(E; +E) - 1] Tea

Noting that (r)él Qi,) A ( ré Qi,,> is invertible in ((ré Qi,) A ( ré Qi,)> and
(té th) A ( té th) is invertible in (té th) A( té th> and

k . .
;(Ei, +E,)-1=A Uz[(;Qi,)AJrA(;Qi,) —A}A 1/2
k k 1 I
— A2 [(r; Qiy)A(rzleir) - (t; Qf't)A(t:ZlQﬁ)}A_l/zf
we obtain that
[é(Ei’jJrEi,,)—q L H(éQ')AQéQZ)} -1 {(t_ilet)A<§th)} *1] nel

Combining this with (2.4), we can get (2.3).
k k 1 1
Note that ¥ P, = A1/2( y Qir)Al/Z, Y. P, = A1/2( Y Q]-t)Al/z and
r=1 r=1 t=1 t=1

( ré Pir)z = Al/2 ( ré Qi,) A ( ré Qz’,) A2 Therefore,

(Le)[(gn) +xn] (Ln)
—ar(va)([(Le)a(Ke)] s pe) (L)
=D, V---VP,

by @3).
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3. PERTURBATIONS OF A COMPLETE n-TUPLE OF PROJECTIONS

Let X be a Banach space and let C be a bounded linear operator acting in X.
According to Chapter IV, Section 5 of [10], the reduced minimum modulus 7 (C)
is given by

inf{||Cx|| : dist(x,KerT) =1,x € X} C#0,
7(C) =

We list some properties of the reduced minimum modulus in the lemma that
follows.

LEMMA 3.1 (cf. [19]). Let C be in B(H)\{0}. Then
() (C) = inf{||Cx|| : x € (KerC)", [lx|| = 1}.
(i) [|Cx[| = () |Jx], ¥ x € (Ker(C))*.
(iii) 7(C) = inf{A : A € ¢(|C|)\ {0} }, where |C| = (C*C)/2.
(iv) v(C) > 0 if and only if Ran(C) is closed if and only if 0 is an isolated point of
o(Icl) if0 € (|C]).
(v) 7(C) = ||C~ ||~ when C is invertible.
(vi) v(C) > ||B||~! when CBC = C for B € B(H)\{0}.

Fora € Ay, put f(a) = inf{A : A € ¢(a)\{0}}. Combining Lemma[3.]lwith
the faithful representation of .A, we can obtain

COROLLARY 3.2. Leta € A.. Then
(i) B(a) > O ifand only if 0 € o(a) is isolated when a ¢ GL(A).
(ii) B(a) = ||c|| =" when aca = a for some c € A4 \{0}.
Let £ be a C*-subalgebra of B(H) with the unit I. Let (Ty,..., T,) be an n-

~ n
tuple of positive operators in £ with Ran(T;) closed, i = 1,...,n. Put H = @ H,
i=1

n n
Hy = @ Ran(T;) and H; = @ Ker(T;). Since H = Ran(T;) & Ker(T;),i=1,...,n,
i=1 i=1

it follows that Hy ® Hy = H. Put Tij= TiT]-\Ran(Tj), i,j=1,...,nand set

(T2 T - TT,
r— | T 7 - T, € M, (E),
61) LT BT - h
Tn Ty -+ Ty
F_ |Ta T2 - Ton € B(Hp)
[ Ti1 T2 -+ Tun
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Clearly, H; C Ker(T) and it is easy to check that Ker(T) = H; when Ker(T) =

{0}. Thus, in this case, T can be expressed as T = {g 8} with respect to the

orthogonal decomposition H = Hy @& Hj and consequently, o(T) = o(T) U {0}.

LEMMA 3.3. Let (T, ..., Ty) be an n-tuple of positive operators in € with Ran(T;)
closed,i=1,...,n. Let Hy, Hy, H be as above and T, T be given in 1) Suppose that
T is invertible in B(Hy). Then

@) o(T) = o( £ T2)\(0)
(ii) 0 is an isolated point in 0'( 'i Tl-> if0 e 0’( il Tl->.

(iii) {Tyaq, ..., Tuan} is linearly independent for any ay, ..., a, € € with Tia; # 0,
i=1,...,n

T, - Ty

0o --- 0
Proof. () PutZ = | ., | .| € My(€). Then Z*Z = T and ZZ* =

0 0

¥, T2

i=1

0 &2 _ -
. Thus, (7( X )\{o} = o(T)\{0} = o(T).
.. 1=

0

(ii) According to (i), 0 is an isolated point of 0'( > T2) if Z T2 is not invert-
i=1
ible in £. So by Lemma 2.1} there is G € £, such that

(;TE)G(;TE):;TZZ, G(;TE)G:G, (i_fl:r})c—c(f )

=1
L)

Noting thatKer( Y Tl?) = Ker( Y Ti) n Ker(T,), z T2 € GL((I— Py)E(I -
i=1 i=1

PutPy=1— ( Z T2> G € £. Then P is a projection with Ran(Py) = Ker

/\

<isn

n
Py)) with the inverse G and ). T? < (1n<1ax I T; ||) Y. T;, we get that Z T; is
i=1 i=1 i=1
n
invertible in (I — Py)E(I — Py). Thus, 0 is an isolated point of (7( Y Ti) when
i=1
n
= (7( Y Ti).
i=1
(iii) By Lemma iii) and Lemma there is T;r € &4 such that T; TZ?LTi =

T, TT,TH = T!, T/T, = T,T}, i = 1,...,n. Thus, Ran(T;) = Ran(T;T}), i =
1,...,n.
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n
Let ay,...,a, € £ with Tia; # 0,i = 1,...,n such that ¥ A;T;a; = 0 for
i=1

n ~
some Aq,...,Ay, € C. Forany ¢ € H, putx = @ /\iT,-T;rai(',‘ € Hy. Then Tx =0
i=1

and x = 0 since T is invertible. Thus, /\iTiTlTaié =(0,V¢ € H and hence A; = 0,
i=1,...,n. 1

The following result due to Levy and Desplanques is very useful in matrix
theory:

LEMMA 3.4 (cf. [8]). Suppose the complex n x n self-adjoint matrix C = [cjilnxn
is strictly diagonally dominant, that is, ) |cij| < <¢j,i=1,...,n Then C is invertible
j#

and positive.

PROPOSITION 3.5. Let Ty,...,T, € A.. Assume that
(i) v = min{B(T1),...,B(Tu)} > 0and
(ii) there exists p € (0, 7] such that 1 = max{[|T;T;|| : i # j,i,j = 1,...,n} <
(n—1)""p%
Then for any § € [1, (n — 1)~ 1p?), we have

n
@0 ( L T7)\{0} € [0? — (1= 13,0+ (2 = 1)d],
- n Yl
(b) 0 is an isolated point of o Y. Tl) if0 e (7( 1)
i=1 i=1
n . .
(©) ( Y T,)A: TVA+- -+ T,A
i=1
Proof. (a) Let (1, Hy) be a faithful representation of A with ¢(i) = I. We
may assume that H = Hy and £ = (A). Put S; = ¢(T;), Sij = S;Sjlran(s ]
i,j = 1,...,n. Then max{||S;S;|| : 1 < i # j < n} = yand ¥(S;) = B(T;) by
Lemma 1<i<nSetHy = é Ran(S;) and

i=1

Si1 S12 -+ S p* — —[IS12ll - —[Stall
s= | 2 ey, o= ‘”Sﬂ” S e
Snl SnZ te Snn —H5n1|| _||Sn2|| e p2 —A

Then forany A < p? — (n —1)§, we have ¥ [|S;;]| < (n — 1)y < p* — A. It follows
j#

from Lemma [3.4]that S is positive and invertible. Therefore the quadratic form
2
fx1, %2, x0) = Z(P —A)xi =2 Z ”Sinxixj
i=1 1<i<j<n
is positive definite and hence there is & > 0 such that for any (x1,...,x,) € R",

Flxr, o xn) > a(x3 4 +x2).
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So for any ¢ = €B§1 € Ho, ISiGill = vS)llgill = pllgill, ¢ € Ran(Si) =
(Ker(S;))*,i=1,...,n,by Lemmaand

(S=ADE &) = Y lIsiGill* — DH@H2+ Y. (S &) + (SHE &)

i=1 1<i<j<n

n

=Y @ =MglF =2 Y Isyllizligl
i=1 1<i<]'<n

= fUIgall, -/ [1kl) = & Z 181>

Therefore, S — Al is invertible. ~
Similarly, for any A > p? + (n — 1)J, we can obtain that Al — S is invertible.
Soa(S) C [p? — (n—1)8,p% + (n—1)d] C (0,0*+ (n — 1)J] and consequently,

a(iTﬁ)\{O} - a(fls%)\m} C [ = (1= 1)8, 02+ (n— 1)3]

by Lemma
n n
(b) Since (7( > Ti) = (7( > Si), the assertion follows from Lemma [3.3(ii).
i=1 i=1

n t n n t
(c) By (b) and Lemma ( Y Tl-) € Aexists. Set E = ( > Ti>( > Ti) .
i=1 i=1 i=1
n n n
Obviously, EA = ( v TZ-)A c T1A+.~+Tn,4for£( v TZ-) — YT
i=1 i=1 i
From T; < i T;, we get that
i=1
n

(1-E)T;(1—E) < (ZTI) (1-E)=0,

=1
ie,T;=ET;,i=1,...,n.SoT,AC EA,i=1,...,nand hence

n
TA+-+ T ACEA= (L T)ACTIA+ + T,A
=1
Since for any a; € A with Tija; # 0,1 < i < n, {S19(a;),...,Snp(an)}
is linearly independent in £ by Lemma we have {Tyay, ..., Tha,} is linearly
independent in \A. Therefore,

(fTi)A:EA:T1A+-~+TnA. 1
i=1

Let Py, P, be projections on H. Buckholtz shows in [3] that H = Ran(Py) +
Ran(P) if and only if |} + P, — I|| < 1. For (Py, ..., P,) € P,(A), we have
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COROLLARY 3.6. Let (Py,...,P,;) € By(A)

1)=2. Then (Py,...,P,) is complete in A.
Proof. Forany i # j,

P,-(lgpk)P,- :'P

Thus ||PP;|| < (n — 1)~!. Noting that

PP |2 = [Py < |

(Lre)e <

. .. 1
p=min{B(P1),...,B(Px)} =1, n=max{||[PP]|:1<i<j<n}< PR

n
we have ( Y P,')A =PA+---4+ P, Aby Proposition

i=1

n

Yy P — 1H < (n—1)72, we have Z P; is invertible in A and so
i=1 i=1

A=PA+ -+ PyA Thus, (Py,...,P,)iscompletein A. 1

Combing Corollary [3.6) with Theorem [I.2[iii), we have

COROLLARY 3.7. Let Py, ..., P, be non-trivial projections in B(H) with

n
L P
i=1
—IH < (n—1)"2. Then H = Ran(P;) + - - - + Ran(P,).

Let (Py,...,Py) € Py(A). A well-known statement says: “for any ¢ > 0,
there is & > 0 such that if ||Pin|| <90,i#j,i,j=1,...,n, then there are mutually
orthogonal projections Pj, ..., P, € Awith [|P;— P/|| <¢i=1,...,n". It may ap-
peared first in Glimm’s paper [6]. By using the induction on #, he gave its proof.
But how 0 depends on ¢ is not given. Lemma 2.5.6 of [9] states this statement and
the author gives a slightly different proof. We can find from the proof of Lemma
2.5.6 of [9] that the relation between ¢ and e is § = ¢/ (12)("~Vn!.

The next corollary will give a new proof of this statement with the relation
d=¢/(n—1)foree (0,1).

COROLLARY 3.8. Let (Py,...,Py) € By(A)and e € (0,1). If Py, ..., Py satisfy
the condition ||P;Pj|| < 6 = ¢/(n—1),1 < i < j < n, then there are mutually
orthogonal projections Py,..., P, € Asuch that |P; — P/|| <ei=1,...,n

Proof. Set A = Z P;. Noting that v = min{B(Py), ..., B(P)} =1, [|P;Pj|| <

1/(n—1),1< z<]<nandtak1ngp—lwehave(7 N0} Cc[1—(n—1)5,1+
(n — 1)d] by Proposition Il) So the positive element A' exists by Lemma
Set P = A'A = AA' € A. From AATA = A and ATAAT = AT, we get that
P;<P,i=1,...,nand AP = PA = A, A'P = PA* = A*. So A € GL(P.AP) with
the inverse AJr € PAP.
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Now, by Proposition[3.5, PA = AA = PiA+- - -4 Py A. Thus, by using P; <
P,i=1,...,n,wehave PAP = P;(PAP) + ---+ P,(PAP), thatis, (Py,...,P,) €
PC,(PAP) and then PiA‘LPj = 6;jP;, i,j = 1,...,n by Theorem Put P/ =
(ANY2p;(ANY2 € A, i = 1,...,n. Then Pj,..., P, are mutually orthogonal
projections with P; = AV 2Pi’ AY2 and moreover, for 1 <i < n,

[P/~ Bil| < AP/ A2 — BLAV| 4 |[BLAY2 — B
(32) < (a2 + 1)) A2 - P,
By the spectrum mapping theorem, we get that

1AV < 1+ (n =102, ||P= AV2| < (14 (n = 1)8)!/2 — 1.
Thus |P/ - P|| < (n—1)6 =¢,i=1,...,n,by 32).

REMARK 3.9. Corollary 3.8| provides that § = O(n~!) when n — oo and
Lemma 2.5.6 of [9] showed that 6 = o(n~) for any k > 1 when n — co. We
do not know if 6 = &/(n —1) is the largest one that satisfies the assertion of
Corollary 3.8} but Corollary 3.8 actually provides a better 5. We also do not know
if the ¢ in Corollary can be improved as 6 = O(n~°) (n — o0) for certain
s€0,1).

Applying TheoremI.2]and Corollary [3.§|to an n-tuple of linear independent
unit vectors, we have:

COROLLARY 3.10. Let (ay,...,an) be an n-tuple of linear independent unit vec-
tors in Hilbert space H.
(i) There is an invertible, positive operator K in B(H) and an n-tuple of mutually
orthogonal unit vectors (7y1,...,7Yn) in H such that v; = Kaj, i =1,...,n.
(ii) Given e € (0,1), if [{a;, ;)| < e/2(n—1),1 <i < j < n, then there exists an
n-tuple of mutually orthogonal unit vectors (By, ..., Bn) in H such that |la; — B, <,
i=1,...,n.

Proof. Set H; = span{ay,...,a,} and P;¢ = (¢, a;)a;, V& € Hy,i=1,...,n.
Then (Py,...,P,) € B,(B(H;)) and Ran(P;) 4 - - - + Ran(P,) = H;.

By Theorem Ag = il P; is invertible in B(H;) and P;A; 1Pj = 6P,

i=
i,j=1,...,n. PutK = Ay + Pyand v, = A;"/%a;, i = 1,...,n, where Py is
the projection of H onto Hj-. It is easy to check that K is invertible and positive
in B(H) with 7; = Kaj, i = 1,...,n and (71,...,7x) is an n-tuple of mutually
orthogonal unit vectors. This proves (i).

(ii) Note that ||P;P;|| = [(a;,a;)| < e/2(n—1),1 < i < j < n. Thus, by
Corollary there are mutually orthogonal projections P;, ..., P, € A such that
|\P;—P/|| < e/2,i =1,...,n. Put B} = Plaj, i = 1,...,n. Then p,...,B},
are mutually orthogonal and ||a; — B|| < €/2,i = 1,...,n. Set B; = ||Bi|| !B,
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i=1,...,n Then (ﬁi,ﬁ]-) =6jBi,i,j=1,...,nand
o = Bill < [l = Bill + 11— [1Bill] < e
fori=1,...,n. 1

Now we give a simple characterization of the completeness of a given n-
tuple of projections in C*-algebra A as follows.

THEOREM 3.11. Let Py, ..., P, be projections in A. Then (Py,. .., Py) is complete
n
ifand only if A = Y, P; is invertible in A and
i=1

IBATP | < [(n=DIAT AP, Yi#jij=1,...n

Proof. If (Py,...,Py) is complete, then by Theorem A is invertible in A
and BAT'P; =0,Vi#ji,j=1,...,n
Now we prove the converse.
n
Put T;=A"12P,A=1/2 i=1,...,n. Then }.T;=1. Since T;=T;(AV/2P,AY?)T;,
i=1
we have B(T;) > |AYV2P,AY?||71 > ||A||7Y, i =1,...,nby Corollary Put
o= ||A||7!. Thenfori #j,i,j=1,...,n,

2

ITT < |ATHIPATP| < [(n = DA = np_l-

Thus by Propositioniii), A=TiA+ -4 T, A Notethat T, A = A~1/2(PA),
i=1,...,n.ThusPLA+ - -+ P, A= AY2A = A,ie, (P,...,P;) € PCy(A). 1

COROLLARY 3.12. Let (Py,...,P;) € PCy(A) and let (Pj,...,P)) € P,(A).
Assume that ||P; — P!|| < [4n?(n — 1)|A7Y2(m||A7Y| + )] 7L i = 1,...,n, where

A=Y P, then (P,,...,P,) € PC,(A).
i=1

n
Proof. Set B =Y. P!. Since n||A~Y|| > ||A||||A7Y|| > 1, it follows that || A —
i=1

B|| < 1/2||A~!||. Thus B is invertible in A with

1A~
1— (A=A - B

Note that BA™'P;j = 0,i #j,i,j=1,...,n, we have

IP{(B~" — AP/ + [|(Pf — P)A™"P]|| + | A~ (P, — P)) |
2|A7PIA Bl + AT IP — Pl + [l A [P — P |
< ! < ! .
2n2(n = DAY (n = 1) B-H]IB]]?
So (Pj,...,P}) is complete in A by Theorem[B.11}

1B~ < <2|al, Bt -ATH <2]A7!*lA - B

IP/B~1P/|| <
<
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4. THE CONNECTIVITY OF PC,(A)

Let A be a C*-algebra with the unit 1 and let GLy(.A) (respectively Up(.A))
be the connected component of 1in GL(.A) (respectively in U(.A)).

PROPOSITION 4.1. For P,(.A) and PC,,(.A), we have
(i) PC(A) is open in P, (A).
(ii) PC, (A) is locally connected. So every connected component of PC, (A) is path-
connected.

Proof. (i) Let (Py,...,Py) € PC,(A). Then there is § > 0 such that for any
(P{,...,P}) € B(A) with [P/ = P|| < J,i =1,...,n, we have (P{,...,P,) €
PC, (A) by Corollary [8.12] This means that PC,(.A) is open in P, (A).

(i) Let (Py, ..., P;) € PC,(A). Then by Corollary 3.12} there is 6 € (0,1/2)
such that for any (Ry,...,R,) € PB,(A) with ||P; — R;|| < J,1 < i < n, we have
(R1,...,Ry) € PC,(A).

Let (Ry, ..., Ry) € PCy(A) with |P; = Rj| < 6,i=1,...,n. Put P(t) = P,
Ri(t) = R; and ﬂi<t) = (1 — t)Pl' +tR;, Vt € [O,l], i=1,...,n. Then P, R;,a;
are self-adjoint elements in C([0,1],. A) = B and ||P; — a;|| = tm(e)nl(] |1P;—a; (1) <

€[,

6,1 = 1,...,n It follows from Lemm 6.5.9(1) of [19] that there is a projection
fi € C*(a;) (the C*-subalgebra of B generated by a;) such that ||P; — fi|| < ||P; —
ail| < 6,i=1,...,n. S0 ||P;— fi(t)|]| < 6,i =1,...,n and consequently, F(t) =
(fa(t), ..., fa(t)) is a continuous mapping of [0, 1] into PC,(.A). Since 4;(0) = P;
a;(1) = R; and fi(t) € C*(a;(t)), Vt € [0,1], we have f(0) = (Py,...,P,) and
f(1) = (Ry,...,Ry). This means that PC,(.A) is locally path-connected. 1

DEFINITION 4.2. Let (Py,...,Py), (P{,...,P;) € PC,(A). We say that
(Py,...,Py) and (P{,...,Py) are homotopically equivalent, denoted by (Py, ..., Py)
~n (Pj,...,P)), if there is a continuous mapping F: [0,1] — PC,(.A) such that
F(0) = (Py,...,Py)and F(1) = (P},..., P;).

Clearly, according to Proposition [4.1fii), two elements in PC, (A) are in the
same connected component if and only if they are homotopically equivalent.

LEMMA 4.3. Let (Py,...,P,) € PC,(A) and C be a positive and invertible ele-
ment in A with P,C?P; = P;,i = 1,...,n. Then (CPC,...,CP,C) € PC,(A) and
(Py, ..., Py) ~p (CPLC,...,CP,yC) in PCy(A).

Proof. From (CP,C)?>=CP,C>P,C=CP;C, 1<i<n, we have (CP,C,...,CP,C)

n
€ P,(A). (Py,...,P,) € PCy(A) implies that A= Y P; € GL(A) and P,A~'P; =
i=1
P;, 1 < i < nby Theorem([1.2} So
n -1
(CP:C) ( Z(CPiC)) (CP,C) = CRA"IP.C
i=1
and hence (CP,C,...,CP,C) € PC,(A) by Theorem|1.2]
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Put A;(t) = C'P,C!, Bi(t) = C™'P,C~" and Q;(t) = A;(t)B;(t), Vt € [0,1],
i=1,...,n. Then Q;(t) = C'P,C" is idempotent and A;(t) = A;(t)B;(t)A;(t),
Vte[0,1],i=1,...,n Thus A;(t)A = Q;(1)A,Vte [0,1],i=1,...,n

By Lemma Pi(t) = Qi(H)(Qi(t) + (Qi(t))* — 1)~! is a projection in A
satisfying Q;(t)P;(t) = P;(t) and P;()Q;(t) = Q;(¢), Vt € [0,1],i =1,...,n
Clearly, A;(t)A = Q;(t)A = Pi(t)A, Vt € [0,1] and t — P;(t) is a continuous
mapping from [0,1] into A, i = 1,...,n. Thus, from

(C'PCHAF -+ (CtP,CHA=A, VYtelo,1],

we get that F(t) = (Py(),...,Py(t)) € PC,(A), Vt € [0,1]. Note that F: [0,1] —
PC,(A) is continuous with F(0) = (Py,...,P,). Note that A;(1) = CPCisa
projection with A;(1)Q;(1) = CPCCP,C~! = Q;(1) and Q;(1)A;(1) = A;(1),
i=1,...,n. SoP(1) = Aj(1),i =1,...,nand F(1) = (CP,C,...,CP,C). The
assertion follows. 1

n
Set PO, (A) = {(Py,..., Pa) € Bi(A): ¥ P =1, BBy = Gy iy j = 1,...,n}.
i=1

n
Then PO, (A) C PC,(A). For (Py,...,P,) € PC,(A), A=Y P, € GL(A) and
i=1
Qi = A‘l/zPiA_l/2 is a projection with QiQ]- =0,1#j,ij=1,...,n (see
Theorem , that is, (Q1,...,Qn) € PO, (A). Since C = A~1Y2 satisfies the
condition given in Lemma [4.3] we have the following:

COROLLARY 4.4. Let (Py,...,P,) € PCy(A) and let (Q1,...,Qn) be as above.
Then (Pl,. . .,Pn) ~h (Ql/ ey Qn) in PCn(A)

PROPOSITION 4.5. Let (Py,...,Py), (Pf,...,P;) € PC,(A). Then they are in
the same connected component if and only if there is D € GLo(A) such that P; =
D*P/D,i=1,...,n

Proof. There is a continuous path P(t) = (Py(t),...,Py(t)) in PC,(A), Vt €
[0,1] such that P(0) = (Py,...,P,) and P(1) = (P{,..., P;). By Corollary 5.2.9 of
[17], there is a continuous mapping t — U;(t) of [0,1] into U(A) with U;(0) =1
such that P;(t) = U;(t) U (t), Yt € [0,1] and i =1,...,n. Set

- (57) (S ruore) (Suwruo)
Dt)z(iPi)il/z (Zu £ PU (¢ )1/2, Vte[01].

Using the relations

-1

t)(f%Pi(t)) Pi(t) =0, i,j=1,...,nt€e[01],
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we can obtain that W(t) € U(A) with W(0) =1, D(t) € GL(A) with D(0) =1
and W(t), D(¢) are all continuous on [0,1] with D*(¢)P;D(t) = P;(t), V¢ € [0,1]
andi=1,...,n.Put D = D(1). Then D € GLo(A) and D*P,D = P},i =1,...,n.

Conversely, if there is D € GLy(A) such that D*P,D = P/,i=1,...,n, then
U = (DD*)~2D € Uy(A) and P,DD*P; = P, UP/U* = (DD*)'/2P;(DD*)1/2,
i=1,...,n. Thus,

(Pl,...,P)) ~y (UPLU*, ..., UP,U*) and
((DD*)'2p(DD*)'/2,...,(DD*)V2P,(DD*)"/2) ~y, (P, ..., Py)
by Lemma[4.3] Consequently, (P{, ..., P}) ~h (P1,...,Py). B

As ending of this section, we consider the following example:

EXAMPLE 4.6. Let H be a separable complex Hilbert space and IC(H) be the
C*-algebra of all compact operators in B(H). Let A = B(H)/K(H) be the Calkin
algebra and 7r: B(H) — A be the quotient mapping. Then we have

(i) PC,(B(H) is not connected. In fact, choose non-trivial projections
Py,...,P,and Pj,..., P, in B(H) such that dimRan(P;) = 1, dimRan(P;]) = 2
and

Clearly, (Py,...,P,)and (P}, ..., P;) belong to PC,(B(H)), but they are not in the
same component by Proposition 4.5}
(ii) PC; (A) is path-connected. In fact, if (Py, ..., Py), (Py,...,P;) € PC,(A),
then we can find (Q1,...,Qn), (Q},...,Q)) € PO, (A) such that
(Plr- . .,Pn) ~h (Q11-~-/Qn) and (Pll, ,P,;) ~h (Q&,,Q;)

by Corollary Since B(H) is of real rank zero, it follows from Corollary B.2.2
of [19] or Lemma 3.2 of [18] that there are projections Ry,..., R, and R}, ..., R}, in
B(H) such that 77(R;) = Q;, m(R}) = Ql,i=1,...,nand

RIR] = (Sl'le‘, R;R; = (SIJR:, l,] = 1, R (¥
n n
YR =Y R =T
i=1 i=1
Note thatRy,..., Ry, R], ..., R}, € K(H). So there are partial isometries V3, ..., V,
in B(H) such that VV; = R;, V;V* =R, i=1,...,n.
n
PutV = Y} V;. Then
i=1

1

Ve U(B(H)) and VRV*=R,i=1,...,n
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Put U = (V) € U(A). Then (UQ:U*,..., UQ,U*) = (Qf,...,Qn) in
PO, (A). Since U(B(H)) is path-connected, we have (Q1, ..., Qn) ~h (Q}, ..., Q})
in PC,,(A). Finally, (Py,...,P,) ~n (P, ..., P;). This means that PC, (A) is path-
connected.
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