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ABSTRACT. For 0 < p < co we let szl be the space of all functions f which
are analytic in the unit disc D and satisfy [(1 — |z[)P~}[f'(z)|PdA(z) < oo
D

It is known that, whenever p # g, the only multiplier from D;’_l to DZ—1
is the trivial one. However, if X is a subspace of the Bloch space and 0 < p <
g < oo, then XN D;Ll c XN szlf a fact which implies that the space of
multipliers M (D;L1 NnX, DLl N X) is non-trivial.

In this paper we study the spaces of multipliers M (’szl nx, 2);’71 N X)

(0 < p,q < o0) for distinct classical subspaces X of the Bloch space. Specifi-
cally, we shall take X to be H*, BMOA and the Bloch space B.
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1. INTRODUCTION AND MAIN RESULTS

LetD = {z € C: |z| < 1} denote the open unit disc in the complex plane
C and let Hol(ID) be the space of all analytic functions in D endowed with the
topology of uniform convergence in compact subsets.

If0<r<land f € Hol(D), we set

M,(r, /|f |pdt v 0<p<oo, and Meu(r,f)=sup |f(z)]

|z|=r

Whenever 0 < p < co the Hardy space H” consists of those f € Hol(D)

def

such that ||f||gr = sup Mp(r,f) < oo (see [10] for the theory of HP-spaces).
0<r<1
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If0O < p < coand a > —1, the weighted Bergman space A} consists of those
f € Hol(D) such that

1
Fly = (@t 1) [0 RDF@IaAE) " <
D

The unweighted Bergman space A} is simply denoted by AP. Here, dA(z) =
(1/m)dxdy denotes the normalized Lebesgue area measure in ID. We refer to [11],
[23] and [40] for the theory of these spaces.

The space DY (0 < p < o0, &« > —1) consists of those f € Hol(D) such that
f' € AE. Hence, if f is analytic in D, then f € D} if and only if

£y < QP + 1151, <o

If p < &+ 1 then it is well known that D} = Agfp (see, e.g. Theorem 6 of [12]).

On the other hand, if p > « + 2 then D} C H®. Therefore D} becomes a “proper
Dirichlet space” when &« +1 < p < a + 2. The spaces Dp _, are closely related

with Hardy spaces. Indeed, it is well known that D2 H2 We have also ([26])

(1.1) HP C Dp—l/ for2 < p < oo,
and ([12], [36])
(1.2) D;’_l CHP, for0<p<2

We remark that for p # g there is no relation of inclusion between D:jfl and 9371
(see, e.g., [5] and [21]]).
We recall that the Bloch space B consists of those f € Hol(DD) such that

Iflls = |+sup (1—|z]2)|f'(2)] < 0.

We refer to [2] for the theory of Bloch functions.
Next, we consider multiplication operators. For g € Hol(D), the multipli-
cation operator M, is defined by

My(f)(2) € 8(2)f(z), f € Hol(D),z € D.

If X and Y are two normed (or Fréchet) spaces of analytic functions in ) which are
continuously contained in Hol (D), M(X,Y) will denote the space of multipliers
from XtoY,

M(X,Y)={g € Hol(D): fgeY, forall f € X},

and || Mgl|(x—y) will denote the norm of the operator Mg. If X =Y we simply

write M(X). These operators have been studied on the Dirichlet type spaces DY
in [15]], [19]], [20], where among other results it is proved that

(1.3) M(D} ., D] ;) ={0}, 0<pg<co,p#q.
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The following simple observation plays an important role in the motivation
of this work.

LEMMA 1.1. Suppose that 0 < p < g < coand f € D}, N B. Then f € D ;.
Proof. Since f € B we have that sup(1 — |z|)|f'(z)| = M < 0. Using this

we obtain P
/(1 — 27 f' (2)|7dA(z) = /[(1 —zDIf' @771 = 2P (2)[PdA(2)
D D
<MTP /(1 —2)P 7 f (2)[PdA(z) < oo.
D

q
Hence, f € inl. 1

Consequently, we have:
If X is a subspace of the Bloch space then

(1.4) XND) , CXNDj ;, f0<p<g<oo,

a fact which, contrary to (1.3), implies that whenever 0 < p < q < oo, the space of
multipliers M(DZ_1 nXx, D_l N X) is non-trivial.
If X C B, the space X N D?fl is equipped with the norm

def
IFlxno_, WA+ Ifllgy -
Our aim in this paper is to obtain a characterization of the spaces of multipliers
M(D;’_1 nX, DZ—l NX) (0 < p,q < ) for some important subspaces X of the
Bloch space.
Let us start with X = B. For a« > 0, the a-logarithmic-Bloch space Bjyg 4

consists of those ¢ € Hol(D) such that
def %
pu(f) = sup(1 —|z|*)[g’ (z) | (log(e/ (1 — |2[*)))" < co.

zeD
It is clear that

(1.5) Blog,zx - Blog,ﬁ/ oz :B

For simplicity, the space Bjog,1 will be denoted by Bjog.
The multipliers of the Bloch space into itself were characterized indepen-
dently by several authors (see [3], [6], [38]). Namely, we have the following result:

(1.6) M(B) = Biog N H®.
Let us turn our attention to the spaces M (szl NnB, DZfl N B). Among

other results, we shall prove that, for p > 1, the space M(B N D;’_l) coincides
M(B). This is part of the following result.
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THEOREM 1.2. Let 0 < p,q < oo.
@ If1 <qand 0 < p < q < oo, then,

M(BnD!

L /BND] ) = M(B).

(i) If0 < g < p < oo, then

M(BND}

BN DZfl) = {0}.

The question of obtaining a complete characterization of the space of multi-
pliers M(B N DZ—l/ BN Dg_l) in the case 0 < p < q < 1 remains open. However,
we remark that the inclusion

M(BND!

b/ BND] ) C M(B),

is true for any p, g (see the proof of Theorem [1.2)in Section [3). Using this, the fact
that M(B N DZ—l/ BN Dg_l) c Bn Dg_l, and the following result we see that
part (i) of Theorem[I.2]does not remain true for 0 < g < 1.

THEOREM 1.3. If0 < g < 1, then M(B) \ D] _, # {0}.

Let us now consider the spaces M(H® N D’

pfl,H‘” N Dg—l)' It is easy to

prove the following result for the case p < 4.

THEOREM 1.4. If0 < p < g < oo, then

M(H®N D!

0 q __ Lgo© q
b LH®ND! )= H*ND!_ .

Regarding the case 0 < g < p, let us notice that if 2 < g < p then we have

that H® N 95-1 = H*®nN DZ-1 = H®. Then it follows that

(1.7) M(H*ND) ,H*ND] ;) =H®, 2<q<p.

When 0 < g < pand 0 < g < 2 the question is more complicated. It is well
known (see Theorem 1 of [17] and [36]) that, whenever 0 < g < 2, there exists a
function f € H® \ Dgil. We improve this result in our next theorem.

THEOREM 1.5. If 0 < q < min{p,2}, then there exists a function f such that
feH®ND) )\ (H*ND]_,).

The functions constructed in Theorem are used in a basic way in the
proof of part (i) of our following result.

THEOREM L.6. (i) I[f0 < g < 1and0 < g < p < cothen M(H®ND, 1, H® N
DI_,) = {o}.

(i) If1 < g <2< pthen M(H*ND) ,H*ND]_;) = {0}.
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In order to prove part (ii), we use strongly Theorem 1 of [17] which asserts
that, whenever 0 < g < 2, there exists a function f € H* such that

1
(1.8) /(1 — )77 £/ (re??)|9dr = 0o, for almost every 6 € R.
0

The case 1 < g < p < 2 of Theorem [I.6|remains open. However, if the answer to
the following open question were affirmative then it would follow that the space
M(H*® N DZ*l’ H*® N Dg—l) would be trivial also for this range of parameters.
(See the proof of Theorem [I.6{ii)).

QUESTION 1.7. Suppose that 0 < g < p < 2. Does there exist a function
feH®nN D;’fl satisfying 1i

We end up taking X =BMOA, the space of those functions f € H! whose
boundary values have bounded mean oscillation on the unit circle 0D as defined
by John and Nirenberg [24]. A lot of information about the space BMOA can be
found in [4], [16], [18]. Let us recall here that

H* CBMOA C B, and H® CBMOAC ()] H.
0<p<eo
We emphasize also that BMOA can be characterized in terms of Carleson mea-
sures. If I C 9D is an interval, |I| will denote the length of I. The Carleson box
S(I) is defined as S(I) = {rel : et € I, 1 —|I|/2m < r < 1}. If p is a positive
Borel measure in D, we shall say that u is a Carleson measure if there exists a
positive constant C such that

u(S(I)) < C|I|, forany interval I C JD.
We have (see, e.g. Theorem 6.5 of [[18]):
A function f € Hol(DD) belongs to BMOA if and only if the Borel measure ji¢ in
D defined by dp(z) = (1 — 2|2)|f'(z)|>d A(z) is a Carleson measure.
The multipliers of the space BMOA have been characterized in [28] (see also
[34] and [39]). Indeed, we have
(1.9) M(BMOA) = H® N BMOA.

Here, BMOA,, is the space of those functions g € H! for which there exists a
positive constant C such that

/ (1— |21)|¢'(2)]2dA(z) < C|I|(log(2/1]))~2, for any interval I C aD.
s(1)
Let us mention that BMOAlOg is called LMOA in [34]. Following the termi-
nology of [39], we have:
BMOA g is the space of those functions ¢ € H ! for which the Borel measure g in
D defined by djug(z) = (1 — |z|*)|g’ (z)[*dA(z) is a 2-logarithmic Carleson measure.
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In order to make a proper study of the spaces of multipliers M(D;_1 N

BMOA, szl N BMOA), we shall present in Sections [5|and |6 a series of results
concerning the space BMOA|,;, some of which are of independent interest.

In Sectlonlwe shall prove directly that BMOAo; C Bjog & BMOA and we
shall also find some simple conditions on a function f € Hol(ID) which implies
its membership to BMOA,;. As a corollary we shall prove the following result
about lacunary power series in BMOA.

PROPOSITION 1.8. Let f € Hol(ID) be given by a lacunary power series, i.e., f is
of the form

2 az"™ (z € D) with ngq = Any for all k, for a certain A > 1.

If Y |ax|?(logng)® < oo, then f € BMOA|,, N H™.
k=0

Section|6| deals with random power series of the form

[e¢]
= 2 rm(Hayz", zeD, 0<t<],
n=0

where f(z) = Z ayz" is analyticin D and {r, }5_, is the sequence of Rademacher
functions (see Sectlon. Among other results, we establish a sharp condition on
the Taylor coefficients a,, of f which implies the almost sure membership of f; in
BMOA .
THEOREM 1.9. (i) If ¥ |an|*(logn)3 < oo then for almost every t € [0,1], the
n=1

function

Z ra(H)ayz", z €D,

n=1

belongs to BMOA g N H.
(ii) Furthermore, (i) is sharp in a very strong sense: Given a decreasing sequence of
positive numbers {6} -1 with 6, — 0, as n — oo, there exists a sequence of positive

numbers {a, }5>_, with Z a2, (logn)® < oo such that, for almost every t the function
ft defined by fi(z) = ofj n(t)anz" (z € D) does not belong to Biyg.
n=1

Now we pass properly to study the multipliers from D; _1NBMOA to 2)27l N
BMOA (0 < p, g < o0).
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If A > 2 then BMOAC D/Q_l. Hence, trivially, we have

M(D}_, NBMOA, D] ; NBMOA) = M(BMOA)
(1.10) =BMOA,s NHY, 2<p,q<co.

This remains true for other values of p and .

THEOREM 1.10. If1 < g < coand 0 < p < g < oo, then

M(D}_, NBMOA, D] ; NBMOA) = M(BMOA) = BMOA,, N H.

When g < p then 0 is the only multiplier from szl N BMOA to 77271 N
BMOA, except in the cases covered by (1.10).

THEOREM 1.11. If0 < q < p < oo and q < 2, then

M(D}_, NBMOA, D] ; NBMOA) = {0}.

To deal with the remaining case, 0 < p < g < 1, we shall use the above
mentioned results about lacunary power series and random power series. Our
main results concerning random power series and multipliers are contained in
the following theorem.

THEOREM 1.12. Let {a,};>_, be a sequence of complex numbers satisfying
(1.11) Y |an|*(logn)? < co.
n=1
For t € [0,1] we set
(1.12) fi(z) = Z ra(t)ayz", z €D,
n=0

where the r,'s are the Rademacher functions. Then, for almost every t € [0,1], the
function f; satisfies the following conditions:

1
@ J(1—r)(log(1/(1—1)))*[Meo(r, fi')]?dr < co.
0
(if) fi € BMOAyo N H™.
(i) fr € M(DZ_1 NBMOA, Dg_l NBMOA) whenever 0 < p < gand g > 1/2.

Furthermore, if 0 < q < 1/2 then there exists a sequence {a,} which satisfies
1i and such that f; ¢ Dgil, for almost every t. Thus, for this sequence {ay } and for

almost every t we have:
(a) fi € M(BMOA).
B IfFO<p<Aand A > 1/2then f; € M(D;j_1 NBMOA, D} , NBMOA).

(c) fr ¢ M(D;’A NBMOA, Dgfl N BMOA) whenever 0 < p < g.

We remark that Theorem shows that Theorem [1.10]does not remain true
forqg < 1/2.
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Finally, let us consider multipliers in M(D},_; N BMOA, D] ; N BMOA)
given by power series with Hadamard gaps. We will show that whenever 0 <
p < g < 1 the power series with Hadamard gaps in M (szl N BMOA, 9371 N
BMOA) coincide with those in Dg_l N BMOA,, and will obtain also the analogue

of Theorem for lacunary power series in Theorem This will give another
proof of the impossibility of extending Theorem tog <1/2.

2. PRELIMINARY RESULTS

As usual, a sequence of positive integers {n;};> is said to be lacunar if
there exists A > 1 such that ny 1 > Any, for all k. Also, by a lacunary power series
(also called power series with Hadamard gaps) we mean a power series of the form

2 a iz (z € D) with ngq > Any for all k, for a certain A > 1.

For simplicity, we shall let £ denote the class of all function f € Hol(DD) which
are given by a lacunary power series. Several known results on power series with
Hadamard gaps will be repeatedly used along the paper, we collect them in the
following statement, (see [2], [7], [41]).

PROPOSITION 2.1. Suppose that 0 < p < oo, & > —1 and f is an analytic
function in D which is given by a power series with Hadamard gaps,

f(z) = f az™* (z € D) with ngyq = Ang forall k (A > 1).
k=0
Then:
W) feDl e ¥ nl gl < coand
k=0

1
If ~ O, = zn” gy,
(ii) f € H® ifand only if E lax| < oo, and
k=0
Fllme = ) lagl.
k=0
(iii) f € B < sup |a,| < oo, and
n

1£1l5 = sup |ax].
n

It is also well known that £ N H? = £ N H? for any p € (0,00) but
H®NLCH>NL.
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In spite of this, for any given lacunary sequence of positive integers {1 }7> ; and
any sequence of complex numbers {1}, € 2, Fournier constructed in [13] a

function f(z) = Z a,z" € H* with a,, = uy, for all k. Some properties of the
=0

bounded funct1on f which were not stated in [13] will play an important role in
the proof of some of our results. Due to this fact and for the sake of the com-
pleteness we present a complete proof of Fournier’s construction pointing out
some extra properties of the constructed function (for simplicity we shall restrict
to sequences {ny } satisfying ny,1 > 2ny).

Let start fixing some notation. The unit circle 0D will be denoted by T. If
¢ € LY(T) its Fourier coefficients g(n) are defined by

T
Sy — L 10, —inf
g(n) = = /g(e e "dl, neZ.

If n; < ny are integers we shall write |nq,1; | for the set of all integers n

with n; < n < ny. Also, for g(z) = ¥ bizk € Hol(D) and ny > ny > 0, we set
k=0

ny—1

Si’l],ﬂzg Z ka

kn1

PROPOSITION 2.2. Assume that {u;}>, € €2 and let {n;}3>, be a sequence

of positive integers such that ny1 > 2ny, for all k. Then, there exists a function ¥ €
Hol (D) of the form

[ee)
z) = 2 a,z", zeD,
n=0

with the following properties:
()Y e H™.
(ii) an, = uy, for all k.
(iii) If we define Ag = {no} and Ay = |ny — ng_q1,nx] for k > 0, we have that the
sets Ay are pairwise disjoint and satisfy Ay C [ny_1 +1,ng] forall k > 1. Furthermore,

a, =0ifn ¢ U Ay
k=0

(iv) There is an absolute constant C such that

||Snk+1,nk+1+11PHH°° < C|Lik|, fOT‘ all k.

Proof. The construction depends on the following equality ([13], p. 402):
(2.1) la+ob|® 4 |b—a)*> = (1+ |0*)(|a]* + |b]?), a,b,0 € C.
Let us define inductively the following sequences of functions on T

(2.2) $o(Z) = uol™, ho(g) =1, CeT,
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and, fork > 0,
23)  ¢k(Q)=pk—1(OHurl™ hy—1(8),  m(Q)=hg—1 (D)~ " p—1(Z), (C€T).

Since ny1 > 2ny, it is clear that the sets Ay, k = 1,2,..., are disjoint and
that Ay C [ng_1+1,n;) forallk > 1.
We claim that the sequences {¢y } and {I;} satisfy the following properties:

k
(2.4) ¢r(n) =0, wheneverk > 0andn ¢ U Aj;
j=0
N k
(2.5) h(—n) =0, wheneverk >0andn >1andn ¢ U Aj;
j=1

(2.6) or(n) = (f]-(n), whenever k > jand n < nj;

(2.7) qu(nj) =uj, wheneverk>j.

It is clear that and hold for k = 0, 1. Arguing by induction, assume
that and are valid for some value of k € N. Then,

K
(2.8) Pe1(0) = Pe(Q) + w1 T (D) = Y Y ge(n)T" + fe(2),

j:0 TIEA/'

where f;(0) = upy 10"+ (C). By the induction hypotheses j?k(n) =0ifn ¢
Ay 1, which gives for k + 1. The proof of is analogous. Now,
follows from (2.3), and the fact that the sets Ay are disjoint and (2.5). Using

again that the sets A are disjoint, (2.6), 2.3) and (2.2), we deduce 2.7).
We have that

[$o ()2 + 1o (D) ? = 1+ |uo?,

k
so if we assume that |¢(2)|? + | (Q)]> = T1(1+ \uj|2), bearing in mind 1i
j=0
and (2.3), it follows that

k+1
b1 (D) P+ 1 (D) = (U4 [ P) (9 (D1 + (@) ) = TTQ + [uyl?),
j=0
hence we have proved by induction that
k
k(@) + (@ =TT+ lwl?), €T, k=012,....
j=0

This and the fact that {u;}{>, € ¢2 imply that {h} , and {¢}>, are uniformly
bounded sequences of functions in L*(T). Then, using the Banach-Alaoglu the-

orem, (2.4), and (2.7), we deduce that a subsequence of {¢} converges in
the weak star topology of L®(T) to a function ¢ € L®(T) with ¢(n) = 0 for all
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n < 0,and ¢(n;) = uy for all k. Then if we set a, = ¢(n) (n > 0) it follows that
the function ¥ defined by

[e)
z) = Z a,z", zeD,
n=0

is analytic in D and satisfies (i), (ii) and (iii).
Finally, we shall prove (iv). Using and (2.8), we see that forany € T,
we have

Sntma Y@= L T = Y (i gu(n))C"
n=ny+1 m=ny+1
= Y P = fi(Q) = w1 T (Q),
n=ny+1

which, bearing in mind that sup ||/ ||ec = C < oo, implies
k

St +1¥ [l = Tt ||l Lo (1) < Clitgea |-
This finishes the proof. 1

Our work will also make use of the Rademacher functions {r;(t)}{>_, which
are defined by

1 fo<t<1/2,
Fo(t)z -1 if1/2<t<1, I’n(t):l’o(znt), n=12,....
0, ift=0,1/2,1;

See, e.g., Chapter V, Vol. I of [41] or Appendix A of [10] for the properties of these
functions. In particular, we shall use Khinchine’s inequality which we state as
follows.

PROPOSITION 2.3 (Khinchine’s inequality). If {c}$>, € (2 then the series

[e e}
Y. cxri(t) converges almost everywhere. Furthermore, for 0 < p < oo there exist
=1

positive constants Ay, By, such that for every sequence {ci }2, € €2 we have

1
AP(Z|Ck| /’ Y cri(t) SBP(Z|C1<|2)
k=0 ) =0

k=0
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3. MULTIPLIERS ON BN DZ—l

Proof of Theorem[1.2} (i) Assume that ¢ € M(B N ,szl’B N szl)‘ From
now and throughout the paper we shall denote by ¢, the Mobius transforma-
tion which interchanges the origin and a,

a—z

¢a(z) z € D.

T 1-—uaz’

A simple calculation shows that
sup ||(Pu||3m)7’ < o0.
aeD p-1

So, for any a,z € D

(1= 1zP)ea ()8 (@) = (1 = 1z |(¢a - 8)'(2) — ¢a(2)g'(2)]
< lgagliprpr , + 1= |2%)lga(2)g' (2)]

(3.1) < ”Mg||(BﬂD571—>BﬁD271) +11gllg < ce.
Since (1 — |a|?)|¢h(a)| = 1, taking z = a in we obtain
g(a)] S HM8”(BOD§_1HBQDZ_1) +1glls < oo,

for any a € . Thus, g € H*.

Next consider the family of test functions, fa(z) = log(1/(1 —ze %)), 8 €
[0,277). A calculation shows that {fa }9c (027 is uniformly bounded in BN D;’fl.
Therefore,

A= sup |gfylls < sup Hgff)HBm)‘?
6<[0,27) 6€[0,277) 91

< Mgl popr ) sup Wfellgapr | <o

P
6e[0,27) Pl

which implies that

(1= 1zP)Ig' @ fo(2)] = (1= 1218’ (2) fo(2) + 8(2) f3 (2) — 8(2)f3(2)]

<A+(1-2P)g@)f5(2) = A+ lIglm= sup |lfolls
0€(0,2)

< oo, forallz € Dand® € [0,2m).

Finally, given z € D choose e!’ = z/|z| to deduce that

sup [g'(2)[(1 — |z]) log(1/(1 — |z[)) < eo,

zeD

which together with the fact that g € H® gives that g € M(B).
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Suppose now that g € M(B) and take f € BN DZ—l' Then fg € B. Using
Lemmal(l.T|and the closed graph theorem, we obtain

/|fg (1= [2)1dA ()

S / 7z ~ 27 dA(z) + / @I~ [2P)1dA()

D

62 5 gl g+ / £(2) ~[2P)T1dA ().

We shall distinguish two cases to deal with the last integral which appears in
(32). First, if 1 < g < 2, bearing in mind and the fact that g € Bj,g, we
see that
1
)i q _p)a-1
/|f ~lzf)1 A 0/ 1—r qlogq e/(1— 1’))Mq(r'f)(1 ryidr

q 1 1
63) Sl 0/ e S

On the other hand, if 2 < g < oo, then using that ¢ € Bj,g and the well
known fact that

My(r, f) < C|flls(log(1/(1 )%, 0<r<1,
(see, e.g., [8]) we get

1

/'f(z)g/( —)TAAG /1 rﬂog” e/(1- r))MZ(r'f)(l_r)qildr
D 0

1
34 <IIfII7 / dr < co.
(34) 115 1) og2(e/(1—7))
]ommg and ) we see that in any case we have fg € Dq ; and, hence,

fge BN qu Thus, we have proved that g € M(BN DZ BN qu ) finishing
the proof.

(if) We borrow ideas from Theorem 12 of [15]. We shall distinguish three
cases.

Case1.2 < g < co.

Assume that g € M(BN DZ—l/ BN Dg_l) and g # 0. By the proof of Theo-
rem K in [15] (see also the proofs of Theorems 1.6 and 1.7 in [21]), it follows that
there exists a function f € DZ&/ given by a lacunary power series, with f(0) # 0,
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and such that its sequence of ordered zeros {z,} (that is, the z];s are ordered so
that |z1| < |z2] < |z3] < - - -) satisfies

1 12 # o(logN) 21/,

Since f is given by a lacunary power series, by Proposition . 2.1} the sequence of
its Taylor coefficients is in ¢P. This implies that f € BN D’ p—1- If {w,} is the

sequence of non-zero zeros of ¢f arranged so that |wy| < |wy| < |ws] < -+, we
have that |w,| < |z,|, for all n, which gives that

N1
i 1 Yent

hence
N

H 7&0 logN)l/Z 1/4)‘

This together with Theorem 1.6 of [21]] implies that fg ¢ Dg—l' This is a contra-
diction. Thus, g = 0.
Case2.0<g<2<p.

The proof is similar to that of the case 1. Suppose that ¢ # 0 and g €

M(BNn D ,BﬂDq_ Take v € (0, 7—7) Then, by the proof of Theorem K
p—1 q y P

of [15] and Proposition there is a functlon fe BN Dpil, represented by a
lacunary series, with f(0) # 0 whose sequence of ordered zeros {z, } satisfies

(3.5) 1—[ ‘ n| # o((log N)7).

Let {w;,}?> ; be the sequence of ordered non-zero zeros of fg. Since fg €
Dg_l and g < 2, itfollows that f¢g € H7and, hence, {w, };;_, satisfies the Blaschke
condition which is equivalent to saying that

N1
[[==0(1), asN — co.
|wgl

This is in contradiction with (3.5), because any zero of f is also a zero of fg.
Consequently, g = 0.

Case3.0<p<2
Suppose that ¢ # 0 and ¢ € M(BHDIKJ 1,BﬂDq 1). Take a, = 1/nl/p+e

with0<e<1/g—1/pand f(z) = Z a,z%" . Since Z ah < coand Z aj) = oo,
n=1 n=1
then by Proposition feBn D \D
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Let {ri(t)} be the Rademacher functions and let f;(z) = n
Proposition [2.1](iii)

I fllg < suplan| < [|ftlls t€0,1], and
n

rx(t)agz® . By

gk

2 - 4 = 2 2
©6) il = (X IP)" < (XL lael?)” < 1Al = A3t o1
k=0 k=0 p=
Then for any t € [0,1], it follows that

(3.7) /| (8ft)' @' (1=[z[*)T" dAG) S| f IIQ;;1 +fel = IIJ‘HZ,;L1 +HI £l <oo.

So, by Fubini’s theorem, Khinchine’s inequality and the fact that ¢ € D/ -1 W
obtain
1

/ / A1 |2 dA ()t

0

1
s [ [igfy@Pa-izP)ytdac dt+/ /Iftg (1= |zP)1 dA(=)de
0D

S Lk / f(2)7(1 ~ |2[2)i 1 did A(z)
D 0

Sy + [ I @M~ [2P)dACR)
D

68 SISy +IAy [ 18EF~ 1P 4AG) S 11y

D
On the other hand, since g # 0, there exists a positive constant C such that
Mi(r,g) > C,1/2 < r < 1. Using Fubini’s theorem, Khinchine’s inequality

and bearing in mind that f’ is also given by a power series with Hadamard gaps
(thus My(r, f') =< My(r, f')) we have that

1 1
| [1sfiz1a - 2R dAz)dt - / 81701 - |z|2>H( / Al (2)1dt)dA(2)
0D

= / 8(2)17(1 — 22)7 " MA(J2], £ dA(2)

>C / MZ r,g)MZ(r,f’)(l —r?)11dr
172
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q ! 2\g—1 _
>C/Mq(r,f)(1—r )1-1dr = +oo.

This is in contradiction with (3.8). It follows that g = 0. 1

We remark that the argument used to prove the inclusion M(B N DZ BN
DZ 1) € M(B) in the proof of Theorem 1.1(i) works for any values of p and g,
that is we have

M(BNDF_

., 1,BmD371) C M(B), 0<p,q<oce.

We do not have a complete characterization of the space M (BN DZ BN DZ—1>

in the case 0 < p < g < 1, however we find a sharp sufficient condition on
a function g to lie in this space of multipliers. We note that Theorem is a
byproduct of part (ii) of the following stronger result.
PROPOSITION 3.1. Let0 < p<g<la € (1,00) and g € Hol (D). Then,
(i) If § € Biog,e N H™, then g € M(B N D;j BN Dgfl).
(i) (Biog,(1/q) VH®)\ D) # {0}.
Proof. Part (i) can be proved arguing as in and (3.3), so we omit a de-

tailed proof.
(i) Assume first that 0 < g < 1. Consider the lacunary power series

k=1
By Propositiona g € H® \Dg_l. Since limsup(1/kY7)(log2¥)1/1 < oo
k—o0
(see p. 20 of [31]) § € Biog,(1/¢)-

Let us consider now the case g = 1. The proof in this case is a little bit more
involved. Set

= — = k =
uk—k+1 and 10 4,k 0,1,2,....

Let ¥ be the H*-function associated to these sequences via Proposition By
Lemma 1.6(i) of [36],

k _
11y 2 IHP (@l = Z k+1

Finally, we shall see that ¥ € Blog- Bearing in mind, p. 113 of [30], Lemma 3.1 of
[27], and Lemma.2(iv), we deduce

o0 (o)

P k

Moo (r, ) <|F (1) |+ Y Meo(r, Syt 1m V) SIF b+ Y 1St 1myy ot
k=0 k=0
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[ee]

k k

SI¥ e + Y 45 St tm ¥ llmr®
k=0

00 k
S+ )
k=0

4k
kr1

Since a standard calculation shows that

0<r«l,

ad 4k 4k
Yo" S ,
Par (1—r)log(e/(1—1))
this finishes the proof. 1

Next we provide a sufficient condition, which involves Carleson measures,
on a function g to lie in this space of multipliers. It turns out to be also necessary
if g is given by a power series with Hadamard gaps.

THEOREM 3.2. Assume that 0 < p < q < 1 and let g be an analytic func-
tion in . Let pg,, be the Borel measure in D defined by dpg,(z) = [g'(2)]|7(1 —
|2[?)7"1dA(2).

(i) If § € H® N Byog and the measure pg,q is a Carleson measure, then g € M(B N
p q
Dp_l, BN Dq_l).
(ii) If g is given by a power series with Hadamard gaps, then ¢ € M(B N Dgfl, BN
DZ—l) if and only if g € H* N Byog and the measure jig q is a Carleson measure.

Proof. Suppose that ¢ € H® N By, and the measure 4 4 is a Carleson mea-
sure. Take f € BN DZ—l'

Using (L.6), we see that ¢ € M(B) and, hence, fg € B.

Using Theorem 2.1 of [36] we deduce that g € M (szl) and, then it follows
that fg € DZ*T

Since szl NnB C DZ*1 N B, we have that fg € BN DZfl. Thus, we have
proved that g € M(BND!Y_., BN Dg—l)' This finishes the proof of part (i).

p-1
Suppose now that g is given by a power series with Hadamard gaps and

geEM(BN D;’fl, BN Dg—l)‘ Then g € 9371- Now, using Theorem 3.2 of [19], we
see that this implies that yg 4 is a Carleson measure. 1

4. MULTIPLIERS ON H* N D;Ll

Proof of Theorem[1.4, Suppose that 0 < p < g < 0.
Ifge M(H®N D;Ll,H"" N DZfl) then, since H® N szl contains the con-

stant functions, it follows trivially that g € H* N ng-
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On the other hand, if g € H* N DZ—] and f € H*N Dg_l, it is clear that
gf € H*. We also have

JI&f +8 @100 - 2R dAG)
D
S [IENE@IA-ZR)14AE) + [Ig@f @110 - 27 1dA()
D D

S IfIlglze  + IglhlIfllE "I 17," < eo.
q— pP—

Thus, gf € Dg_l and, hence, gf € H* N Dg_l. Consequently, we have

proved that ¢ € M(H® N D;’,l, H*N Dg,l)- 1

Proof of Theorem[1.5] Let p = min{p,1} and p* = min{p,2}. We shall split
the proof in two cases.

Case1.0 < g < 1.

Take a sequence {1}, € £7\ (7 and let f be defined by

flz) =) w22, zeD.
k=1

Then, using Proposition [2.1) and the fact that p < 1, we see that f € (ij_l N
H®)\Dj_,.

Case2.1<qg<2.

Let us consider a sequence {1y} such that {u;}2 | € ¢/" \ #1 and let choose

n; = 45, We claim that the function @ € H® associated to {uy} and {n;} via
Lemmasatisﬁes that ® € H* N szl \ H*N Dgfl.

Arguing as in the proof of Lemma 1.6(i) in [36] and bearing in mind Lem-
ma[2.2(ii), we deduce

[e9)

127, R lem)l" = e} fs = oo,
1= k=0

thatis, & ¢ Dj ;.
By (1.1), if p > 2 we are done. On the other hand, if 0 < p < 2 by Theo-
rem 1.1(ii) of [21], M. Riesz theorem and Lemma2.2]iv),

1 oo

12l S /(1 )P ME(r, @)dr S Y (1S5 k1 @ 2) P2
p= k=0
0

o0
N Z(||S4k+1,4k+1+1‘p||H2)p/2 < H{”k}”Zn <,
k=0

which finishes the proof. 1
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Proof of Theorem [L.6(i). Assume that0 < g < 1,0 < g < p and that g €

M(H®ND,_;,H*ND;_;)and g # 0. Take
e 2k
z
f(Z) = ](—21 /e

Then we use the Rademacher functions as in the proof of Case 3 of Theorem|T.2{ii)
to get a contradiction. Hence, g =0. 1

Proof of Theorem[1.6{ii). Assume that1 < g < 2 < p. By Theorem 1 of [17]
there is a function f € H* such that

1
/(1 — )17 f'(re'?)|7dr = 0 for every 6 € B,
0
where B is a subset of [0, 27t] whose Lebesgue measure |B| is 27.
Suppose that g € M(H* N Dgil,HOo N 73271) and g # 0. Notice that g €
H*®nN DZ—l' Since

4.1) /(1 = 21177 (2) f(2)|"dA(z) < Hfll}lpo||g||7{o<,m)gi1 < oo,
D
it follows that
@2) Ja= 12252 (2)dAG) < oo
D

Since ¢ € H* and ¢ # 0, there is a set A = A(g) C [0,27] with |A] > 0

and such that lil? g(rel®) # 0if @ € A. Then, for every § € AN B there is
r—1-

r0(8) € (0,1) such that K = inf |g(re®)| > 0. Then
ro<r<1

1 1
[Py glre) 117/ (re) idr > K9 [ (1= 1)1 £/ (re) fdlr = oo,
0 ]
since |A N B| > 0, this is in contradiction with (#.2). Thus ¢ must be identically 0.
This finishes the proof. 1

5. SOME BASIC RESULTS ON THE SPACE BMOA ¢

We shall start this section by proving some embedding relations between
BMOAog, Biog and BMOA. With this aim, we recall that g € BMOA,, if and
only if

log?(2/(1 — |a]))
sup -]

[ 18@P1-12P)dAR) < o,

aceD ${a)
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where S(a) is the Carleson box associated to the interval

. . 1—
I, = {elt €T:|arg(ae )| < ﬂ}, aeD\{0}, =T
PROPOSITION 5.1. If1 > B > 1/2, then BMOAog C Blog & Biogp & BMOA.

Proof. First, we prove that BMOA|o, C Bjog. Take f € BMOA|y,. Leta € D
and assume without loss of generality that |a| > 1/2. Seta* = ((3|a] — 1)/2)el2r8¢
so that the disc D(a, 1_2|”|) of center a and radius (1 — |a|)/2 is contained in the

Carleson box S(a*). This inclusion together with the subharmonicity of |f’|> and
the fact that (1 — |z|) < (1 — |a]) forz € D(a,l%la‘) gives
(log(2/ (1~ [a])))*(1 — [a)?|f'(a)[?
< (log(2/ (1~ a])))? / |f'(2)PdA(z)
D(a,5")
_ (log(2/(1—lal)))? LY ()2
< [ a-1zPIfEPrdAe)
D(a,5")
_ (log(2/(1—la*])))? L2V () 2
< | a=EPIfEPAR)
D(a,51)
< (log(Z/(l — |ﬂ*|)))2 / (1 _ |Z|2)|f/(2)|2dA(Z)
~ 1 _ |a*| S(' *) ’

s0 f € Biog.

Now, let us see that the inclusion is strict. We borrow ideas from Proposi-
tion 5.1(D) of [32]. Assume on the contrary to the assertion that BMOA g = Bjog.
By Theorem 1 of [22] (see also [1]) there are g1, g2 € Blog such that

/ / 1
|g1(Z)|+|g2(Z)‘ Z; (1*|Z|)10g(2/(17|2|))/ z e D.

Then, for any a € D

1

| R
S(a) &

S/ (181(2)| + 182(2))*(1 = |2[*)dA(z)

S(a)

(1—|a|)
NS({ |g1 —\z| YdA(z :({) |g2 (1— \z|2)dA(Z)§m,

A(z)
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so bearing in mind that

L _ (—ja)
S({) (1= e o2/ (1) ) Tog2/ 1~ aD)’

and letting |a| — 1~, we obtain a contradiction.
Assume now that € (2, )- Thenitis clear that Bj,; & Bjog g- Furthermore,

f(z) = 21( “ /KB € Biog g \ Biog (see p. 20 of [3T]).

The inclusion Blo p G BMOA, for p > 1/2, follows easily using the char-
acterization of BMOA in terms of Carleson measures (see p. 669 of [14]]). Finally,
we observe that f(z) = log(1/(1—z)) € BMOA \ By, 4 for any g > 0. This
concludes the proof. 1

Next we find a simple sufficient condition for the membership of a function
f € Hol(D) in the space BMOA.

PROPOSITION 5.2. Let f be an analytic function in D. If
1
(5.1) /1—rmgua—nWm%mem<w
0

then f € BMOA .

Proof. Suppose that f satisfies Let I be an interval in T of length £, say
I= {elt h <t < 90+h}. Then

(ogCAID [ (1~ p23) f'(2) Paae)
.
s(D)
loo(2 /112 1 Go+h 1
< W8I [ [ (1) f/(re) Ptr 5 (10g(2/))? [ (1-1) Mol )2l
“no6 “n

1 1

1
< [ =) M, £ (log(2/ (1 = )P

1-h
1
< [N Ma(r, )P 0g(2/ (1= 1)) . w
0

Now we turn to the question of finding conditions on the Taylor coefficients
of a function f € Hol(DD) enough to assert that f € BMOA|,,. We shall need two
lemmas. The first one estimates an integral which may be viewed as a general-
ization of the classical beta function (compare with Lemma 2 of [9]) and we omit
its proof.
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LEMMA 5.3. Whenever m = 1,2,3,... and a > 0, we have
1

(5.2) /x”(l —x)"(log(1/(1 —x)))*dx < (1;):%111)“, asn — oo.
0

LEMMA 5.4. Suppose that & > 0 and let g be an analytic function in D, g(z) =

e}
Y. anz" (z € D). The following two conditions are equivalent:
n=0

@) %(1 = 218’ (2)[* (log(2/ (1~ [2[)))*dA(2) < e
) 1 [as*llog )"
Proof. We have
/(1 — |28’ (2)[* (log(2/ (1 — |z)))*dA(2)

D

1
/r (1—r)Ma(r, ¢')2(log(2/ (1 — 1)))*dr
0

= Z n?|a,[? / r?“L(log(2/(1 —r)))*dr.

Using Lemma [5.3|with m = 1 we see that f(l —1r)r(log(2/(1 — |z])))*dr <
0
[log n)* /n?. Then it follows that

[ =12P)Ig () Pl1og(2/ (1 - [20))dA(z = 3 lanPllog(n + %8
2 =1
We close this section proving Proposition

Proof of Proposition[I.8] Suppose that Y. |ax|*(log i) < oo and
k=0

flz) = ¥ 2™ (z € D) withng,q > Ang forall k,and A > 1.
k_

Using the Cauchy—Schwarz inequality and the fact that Z 2 < log(2/(1—71))

(because the function h given by h(z) = ¥ z>"% is a Bloch functlon) we see that

[I”Moo(i’,f/)]z < (}i)nk|akr”k>2 < (Ig”%|ak|2r2nk) (kgoank)

o

< (log(2/(1—1))) Y. nf|ag>r?.

k=0
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Then, using Lemmawith m =1 and a« = 3, we obtain

1
[ (1=r)(108(1/ (1 = 1) PIMes(r, ') Pl
0

1
/1—r (log(1/(1—7)) (Zn2|ak|2 2”k)
0

1

= 3l [ (1 r)1og(1/ (1 =)' 5 1 [acflogn ) < o

=0 9 =i
Then Propositionimplies that f € BMOA,.

To see that f € H*™ observe that A¥ < ny and |a;|> < (logny) 3. Then it
follows that |a;| = O(k~3/2), as k — oo and the result follows. &

6. RANDOM POWER SERIES

In this section we shall consider random power series analytic in D of the
form
(e
Z €nanz”
n=0

where the €,,’s are random signs. More precisely, if f € Hol(D), f(z) = Y. a,2z"
0

(z € D), we set

[e)

filz) = Y ra(t)anz", 0<t<1,zeD,
n=0
where the r,’s are the Rademacher functions. Each function ft is analytic in D.

Littlewood [25] (see also Appendix A of [10]) proved that if Z |an|2 < oo then

ft € (1 HP almost surely, that is, for almost every t. On the other hand, the
0<p<oo

o
condition ¥ |a,|?> = co implies that for almost every ¢, f; has a radial limit almost
n=0
nowhere.

Paley and Zygmund [29] gave an example of an f with

(0]

6.1) Y |an|*logn < oo
n=1
such that f; ¢ H* for every ¢.
Anderson, Clunie and Pommerenke [2] used a result of Salem and Zyg-
mund [33] on the behaviour of the maxima of the partial sums of random trigono-
metric series to prove that implies that f; € B almost surely and that this
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condition is the best possible. Later on, Sledd [35] used also the Salem and Zyg-
mund theorem to show that actually implies that f; €EBMOA almost surely.
Duren proved in [9] the following result.
THEOREM 6.1. If0 < B < 1and Z |an|?(logn)P < oo, then for almost every
n=1
€ [0,1], the function

o
=Y r(t)az", zeD,
n=1

satisfies

1
©2) [ (1) (tog(1/(1 = 1) [Mas(r, f) Pl < o
0
Using this, Duren gave in [9] a new proof of Sledd’s theorem. Next we
prove an analogue of Duren’s theorem for = 3. This will allow us to obtain the

analogue of Sledd’s theorem for BMOA.

THEOREM 6.2. If ¥ |a,|>(logn)® < oo then for almost every t € [0,1], the
n=1

function
=Y ru(t)ayz", zeD,
n=1
satisfies
1
6.3) / (1— ) (log(1/(1 — 1)) [Mew(r, f1))2dr < co.
0

Another result of [33] yields that the condition Y |a,|*[logn]f < oo for
n=1

some B > 1, implies that for almost every t, f; has a continuous extension to
the closed unit disc. Using this, Proposition and Theorem [6.2| we obtain the
first part of Theorem Part (ii) of this theorem can be proved arguing as in
Section 3.4 of [2], and we omit the proof.

The proof of Theorem [6.2|follows the lines of that of Theorem [6.1]in [9]. We
shall use the result of Salem and Zygmund already mentioned ([9], Lemma 1),
Hilbert’s inequality ([9], Lemma 2) and Lemma[5.3|with m = 3 and & = 2.

Proof of Theorem Set

= Zk2|ak\2, n=1,2,...,
-1

and ¢(r) = (1—r) E B, +/lognr™ (0 < r < 1). Just as in p. 84 of [9], we have

n

-1
(6.4) Ifi'(z)| < Cy(r), |z| =7, 0<r <1, almostsurely.
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Using Lemma the simple fact that logx/x3/2 decreases as x increases in
[ez/ 3 o), and Hilbert’s inequality, we deduce

1
[ =r)(0g(1/(1 =)l Pr
0

1 [e9)
= /(1 —1)3(log(1/(1 — r)))z{ Y Buy/log nr”rdr
0

n=1

I
agk
agk

By \/lognBj\/log j / (1= 1)3(log(1/(1 —r)))?dr

n3

n=1j=1
= & Buy/lognBjy/logj
S 3 ¥ Y B g 12
n=1j=1 (”+])
© o B [log n]3/? B; [log j]3/2 > , [log n]?
(6.5) <L) nti B2 3~ ) Bl
n=1j=1 ] n=1
Now,
Z 1B, 2 logn _ i i logn]
(6.6) = Z |ay|? Z logn = Z |ax|*[log kJ® <

n=k

Then (6.4), and (6.6) imply that (6.3) holds for almost every ¢, finishing the
proof. 1

k=1

7. MULTIPLIERS ON D}’;_l N BMOA

In this section we shall prove our results about multipliers from szl N
BMOA to Dgfl N BMOA. Let start with the following result.

THEOREM 7.1. For any p,q with 0 < p,q < oo we have
M(Dr’j_1 NBMOA, Dg_l NBMOA) C BMOA|,; N H® = M(BMOA).

Proof. The proof uses arguments similar to those in that of Theorem [T.2{1)
and, hence, we shall omit some details.

Using that the family {¢, : a € D} is bounded in D} ;NBMOA for all
A > 0, we deduce that

M(D}_, NBMOA, D] ; NBMOA) C H®, 0< p,q < co.



184 CHRISTOS CHATZIFOUNTAS, DANIEL GIRELA AND JOSE ANGEL PELAEZ

Suppose now that0 < p,q < ccand g € M(DZ_1 NBMOA, DZ—l NBMOA).
Let us use the test functions f,; (2 € D) defined by

fa(z) =log(1/(1 —az)), zeD.

It is easy to see that the family {f, : a € D} is also bounded D} ;NBMOA for all
A > 0. On the other hand, there exists an absolute constant C > 0 such that for
any arc I C oD

Zlog(2/[1]) < Ifu(2)] < Clog(2/I1]), =€ 5(1),

where a = (1 — |I]/27)¢ with & the center of I.
Then we have

g [ (1~ )y () Paa(e)

1|
s(1)
Cc2 2
<|I| (1= zP)fa(2)P1¢'(2) PdA(2)
S(I)
2 2
S |CI| (1—IZ|2)|(fag)’(Z)sz(Z)JrCI /(1—IZI2)Ifé(Z)IZIg(Z)Isz(Z)-
S(I) 5(1)

Since g € M(D)_; NBMOA, D] ; NBMOA), the family {fog : a € D}

is bounded in BMOA and hence sup(C?/|I|) [ (1 —|z[?)|(fag)'(z)|*dA(z) <
I S(I)
co. Also, using that ¢ € H® and that the family {f, : a € D} is bounded in
BMOA, we deduce that sup(C?/|1|) [ (1— |z|?)|f4(2)|?|g(z)|*dA(z) < o0. Con-
I s(1)
sequently, we have that

log=(2/11])
sup R [ 1 g 2y Paace) <
S(I)

thatis, ¢ € BMOA|,;. 1

Proof of Theorem Suppose that 1 < g < ccand 0 < p < 0o.
In view of Theorem we only have to prove that M(BMOA) C M (szl N

BMOA, D;Ll NBMOA).
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Take ¢ € M(BMOA) and f € BMOA N DZ—l' Then, clearly, f¢ € BMOA.
Using Lemma|l.1|and the closed graph theorem, we obtain

/I(fg)’(Z)l"(l — |z})771dA(2)

< / 7z — P)dAR) + [ 1§ @RI - 2 dAR)

D
0D Sl fly ot [ IFE)F RN~ ZRHAC)
D

Now, Propositionimplies that ¢ € Bjog. Also, since BMOAC HY, we
have that f € HY9. Then we see that the last integral in is finite as in the
proof of . Thus, we have proved that g € M <D5—1 N BMOA, DZ—l NBMOA)
finishingt e proof. 1

Proof of Theorem Suppose that 0 <g<p <o, g < 2and g€ M(D;L1 N
BMOA, Dg_l NBMOA) with ¢ # 0. Take a, = 1/n* (n = 1,2,...) with

max(3, 1) <A <

==
= | =

and set f(z) = Z 1,z%" (z € D). We have that f € Dp 1 NBMOA \ Dq . Then
we use the Rademacher functions as in the proof of Case 3 of Theorem 1.2 .11) to

get a contradiction. Hence, g =0. 1

Now we turn to prove Theorem Let us notice that (i) follows from
Theorem|6.2]and (ii) from Theorem[1.9i). To prove (iii) we shall use the following
lemma.

LEMMA 7.2. Suppose that 0 < q < 2and « > 0. Let f be an analytic function in
D of the form f(z) = ¥ ayz" (z € D), with ¥ |ay|*[logn]* < 0. Iff € BMOA |,z N
n=0 n=0
H® then

f € M(D!_; NBMOA, D!_ N BMOA), whenever 0 < p < qand —zq_“q > 1.

For 0 < g < 1, (iii) of Theorem follows using (ii) and the lemma with
« = 3, while, for 1 < g < o, it follows from Theorem [I.10]

Proof of Lemma Suppose that f is in the conditions of the lemma and that
O<p<gandqa/(2—9g) > 1.

Take h € D;’fl NBMOA. Since BMOA)o; N H*® = M(BMOA), it follows
that fi eBMOA.
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We have also

/(1 = zD7 | (fR)' (2)"dA(2)
D

S/(1—|Z|)‘7_1|f(2)|"\h’(2)quA(Z)Jr/(l—IZI)‘HIf’(Z)I"Ih(Z)quA(Z):Il+lz-
D

D

The first summand I is finite because f € H* and h € D;A N BMOA C Dgfl N
BMOA. Let us estimate the second one I. Using Holder’s inequality with the
exponents 2/q and 2/(2 — g), we obtain

L= /(1 = D7 f (2) 7|1 (z) I"dA(z)
D

= [1F @170~ 2172 (loge/ (1 — [2))*/2
D
(log(e/ (1 = [21)))~™/2[(=)|7(1 — |2))"/*"'dA(z)
<[ [ @ P~ lel) togles 1 =) *dAG)] "

D
|h(z)[21/ 3~

[/ (log(e/ (1 — 2™/ &0 (1~ )

Using Lemma it follows that the first integral in the last product is finite.
Now, notice that f € H* for all A < co to deduce

|h(z)|2q/(2—q)

n)/(log(e/(l — |z])))/ 2= (1 |Z|>dA(Z)
1
20/(2—q) !
< ||fHH2q/2 q) ([ €/ 1 —1’ ))th/(2*q)(1 _r)dr'

and this integral is finite because qa/(2 —q) > 1. Thus I, < oo. Then we have
that fh ¢ Dgfl and, hence, fh € 73371 N BMOA. Consequently, we have proved

that f € M(D}_; N\BMOA, D] ; NBMOA). 1

To finish the proof of Theorem [1.12|take g € (0, 3) and let {a,} be defined
as follows:

ay = (k+1)7Y1, k=0,1,...
and a, = 0, if n is not a power of 2. Set

[e9)

flz) =Y a.z" = Z(k—l—l)*l/qzzk, zeD.
n=0

k=0
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It is clear that {a, } satisfies (1.11). Furthermore for almost every ¢, f; is given by

a lacunary power series, fi(z) = Y rx(t )azkz which does not belong to Dq
k=0

oo
because Y |ay|T = co.

Now we turn to consider multipliers in M(D},_; NBMOA, D] ; N BMOA)
given by power series with Hadamard gaps. First we show that whenever 0 <
p < g < 1 the power series with Hadamard gaps in M (szl N BMOA, 9371 N

BMOA) coincide with those in Dg_l NBMOAog.

THEOREM 7.3. Suppose that 0 < p < q < 1 and let g be an analytic function
in D given by a power series with Hadamard gaps. Then the following conditions are
equivalent:

(i)g e M(D;L1 N BMOA, D;Ll NBMOA).
(i) g € Dg_l NBMOA .

Proof. Since szl N BMOA contains the constants functions, it is clear that
the space M(D;;_1 NBMOA, Dg_l NBMOA) C Dg_l and the inclusion M(D;;_1 N
BMOA, DZﬁl NBMOA) C BMOAlog follows from Theorem Thus, the impli-
cation (i) = (ii) holds.

Let us prove next the other implication. So take g € DZ—l NBMOAj,; N L,

g(z) = ¥ agz™ (z € D) with g, > Any for all k, for a certain A > 1.
k=0

We have Z |ag|7 < co which, since g < 1, implies that Z |ax| < co. Thus g € H*.

Then g € BMOA1Og N H® = M(BMOA).
Take f € Dp_ N BMOA. Since ¢ € M(BMOA), we have that gf € BMOA.

/I(gf)’(Z)l"(l — |z)771dA(2)
D

S / 8@ (2)19(1 = [2[*)1 dA(2) + / f(2)|718' (2)7(1 = [z[)7~1dA(2)
D D
= 11 + Ip.

The first summand I is finite because g € H* and f € Dg_l

Let us estimate the second one. Using Theorem 3.2 of [19] we see that the
measure }ig  in D defined by dpg,(z) = (1 — |2|?)771[¢'(z)|7dA(z) is a Carleson
measure and (see, e.g., Theorem 1 of [37] or Theorem 2.1 of [36]) this implies
that p ; is a Carleson measure for DZ*l’ that is, Dg—l C L9(dpgq). Hence f €

L7(dpg,4) which is equivalent to saying that I < co. Hence, ¢f € D371
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So, we have proved that gf € DZ—l N BMOA for any f € DZ_l N BMOA,
thatis, g € M(D},_; NBMOA, D] ; NBMOA). 1

Finally, we obtain also the analogue of Theorem for lacunary power
series.

THEOREM 7.4. Let f € Hol(ID) be given by a lacunary power series, of the form
f(z) = ¥ ;2™ (ze€ D) with ngq > Ang for all k, for a certain A > 1,
k=0

and suppose that the sequence of coefficients {ay };2_, satisfies
(7.2) Z |{1k|2(10g I’lk)3 < ©o0.
k=1

Then the function f satisfies the following conditions:

(i) f € M(BMOA).

(i) f € M(Dg_1 NBMOA, Dg_l N BMOA) whenever 0 < p < qand q > 1/2.

Furthermore, if 0 < q < 1/2 then there exists a sequence {ay } which satisfies

and such that f ¢ DZA- Thus for this sequence {ay } the function f satisfies:

(a) f € M(BMOA).

G If0 < p < Aand A > 1/2 then f € M(D,_; NBMOA, Dy ;) whenever
0<p<A

(o f ¢ M(DZ_1 NBMOA, DZ_l N BMOA) whenever 0 < p < g.

Proof. Part (i) follows from Proposition Part (ii) follows from Theo-
rem for ¢ > 1 and from Lemma(7.2](with &« = 3) whenever 0 < g < 1.
Now, if 0 < g < 1/2 take

=k, k=12...
and
fz) =Y akZZk, z e D.
k=1
Clearly,

lag|?k® < co, and Y Jag]? = oo.
k=1 k=1
Then f satisfies conditions (a), (b) and (c) of Theorem[7.4 &

As we mentioned in Section [1} Theorem [7.4] also shows that Theorem [I.10)
does not remain true for g < 1/2.
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