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ABSTRACT. We compute the multipliers (two-cocycles) of the free nilpotent
groups of class 2 and rank n and give conditions for simplicity of the corre-
sponding twisted group C*-algebras. These groups are representation groups
for Z" and can be considered as a family of generalized Heisenberg groups
with higher-dimensional center. Their group C*-algebras are in a natural way

isomorphic to continuous fields over T27("=1) with the noncommutative 7-

tori as fibers. In this way, the twisted group C*-algebras associated with the
free nilpotent groups of class 2 and rank n may be thought of as “second or-
der” noncommutative n-tori.
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INTRODUCTION

The discrete Heisenberg group may be described as the group generated by
three elements 11, 13, and vy satisfying the commutation relations

[u1,v12] = [up,v12] =1 and [ug, up] = vyo.

The group has received much attention in the literature, partly because it is one
of the easiest examples of a nonabelian torsion-free group. Moreover, the contin-
uous Heisenberg group (see below) is a connected nilpotent Lie group that arises
in certain quantum mechanical systems.

As a natural consequence of this attention, several classes of generalized
Heisenberg groups have been investigated. For example, in [12], [13] Milnes
and Walters describe the four and five-dimensional nilpotent groups, and in [9],
[10] Lee and Packer study the finitely generated torsion-free two-step nilpotent
groups with one-dimensional center.
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In this paper, on the other hand, we will consider a family of generalized
Heisenberg groups, denoted by G(n) for n > 2, with larger center. The groups
G(n) are the so-called free nilpotent groups of class 2 and rank n and will be
defined properly in Section [l Here we also provide further motivation for our
investigation of these groups. Inspired by the work of Packer [17] we compute
the second cohomology group H?(G(n), T) of G(n) and study the structure of the
twisted group C*-algebras C*(G(n), o) associated with multipliers o of G(n).

Section [2]is devoted to multiplier calculations, where we decompose G(n)
into a semidirect product and apply techniques introduced by Mackey [11]. In
particular, we will see that

H2(G(1’l),T) o~ T%(H-‘rl)n(n—l),

and in Theorem [2.6| we give explicit formulas for the multipliers of G(n) up to
similarity.

Next, in Section [3| we describe C*(G(n),0) as a universal C*-algebra of a
set of generators and relations. Then we construct the algebra that in a natu-
ral way appear as a continuous field over the compact space H2(G(n), T) with
C*(G(n),0) as fibers. We also explain that for n = 2, this algebra is the group
C*-algebra of the free nilpotent group of class 3 and rank 2.

In Section 4| we investigate the center of C*(G(n), ) and give conditions for
simplicity of these twisted group C*-algebras in Theorem [4.4]and Corollary [4.6|

Finally, in Section[5|we study the automorphism group of G(n) and discuss
isomorphism invariants of C*(G(n), ) coming from Aut G(n).

1. THE FREE NILPOTENT GROUPS G(n) OF CLASS 2 AND RANK n

For each natural number 1 > 2, let G(n) be the group generated by elements
{uit1<i<n and {0k f1<j<k<n subject to the relations

(1.1) [©jk, V1) = [ui,vp] =1 and  [uj,ue] = v

forl<i<n1<j<k<nandl <! < m < n. Clearly, G(2) is the usual discrete
Heisenberg group. For some purposes, it can be useful to set G(1) = (1) = Z.
Note that G(n) is generated by n + 1n(n — 1) = 1n(n + 1) elements.

The group G(n) is called the free nilpotent group of class 2 and rank n.
Indeed, G(n) is a free object on n generators in the category of nilpotent groups
of step at most two. To see this, note first that G(n) is the group generated by
{u;}"_, subject to the relations that all commutators of order greater than two
involving the generators are trivial. Let G'(n) be any other nilpotent group of
step at most two and let {u}}" ; be any set of 1 elements in G’(n). Then there is
a unique homomorphism from G(n) to G'(n) that maps u; to u for 1 < i < n. Of
course, every free object on n generators in this category is isomorphic to G(n).
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For a more extensive treatment of free nilpotent groups, see the article on Terence
Tao’s website [23] (see also (II) in the list below).

Furthermore, we will need the following concrete realization, say é(n), of
G(n). For n > 2, we denote the elements of G() by

r=(r, .t 2,113 Taen),
where all entries are integers, and define multiplication by
ros=(r+s1,...,tntsn, M2+51247152, 113 +513 47183, - -, Tn—1,n+Sn—1,nFTn—-15n)-

To be absolutely precise, the entries with double index are colexicographically
ordered, thatis, (i,j) < (k,I)if j < lorif j = I and i < k. By letting u; have 1
in the i’th spot and 0 else and v, have 1 in the jk’th spot and 0 else, the relations
are satisfied for these elements. Next, we define the map

G(n) — G(n), r+— v -v;”ji/;z Ul

and then it is not difficult to see that G (1) is isomorphic to G(n). Henceforth, we
will not distinguish between G(n) and the realization G(n) just described, but
this should cause no confusion.

Denote by V(n) the subgroup of G(n) generated by the vj’s. Then V(n)
coincides with the center Z(G(n)) of G(n) and

V(n) = Z(G(n)) = 22",

Indeed, both this and the next observations follow after noticing that

-1
res 1 = (S1,...,50,512 1152 — 5172, ..., Su—1,u + 'u—15n — Sp—1"n)-

Moreover, consider the subgroups G(n — 1) and H(n) of G(n) defined by
Gn—1)=(uop:1<i<n—-11<j<k<n-1),
H(n) = (un,vj, : 1 <j<mn).
Note that G(n — 1) sits inside G(n) as a subgroup and that H(n) = Z" is a normal

subgroup of G(n). Clearly, we have G(n)/V(n) = Z" and G(n)/H(n) = G(n —
1). Therefore, there are short exact sequences

1 > V(n) > G(n) - 7" -1

and

1 » H(n) »G(n) — G(n—1) —— 1
where the second one splits and the first does not. In particular, G(n) is a central
extension of Z" by 73"(1=1) and consequently, G(n) is a two-step nilpotent group.
To motivate our investigation of G(1), we present a few aspects about these
groups and some appearances in the literature.

(I) Consider in the first place the continuous Heisenberg group. We will rep-
resent this group in two different ways, Gmatrix and Gyedge, both with elements
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(x,x') = (x1,x2,x") € R3, ie. x = (x,x2) € R?, and with multiplication as
follows. For Gpatrix we define

(x1,%2, X" ) (y1,v2,¥") = (1 + y1, 2+ y2, X' + ¥ + x192),
and for Gyeqge We set
(x1, %0, XY (y1,y2,9) = (01 +y1, 2+ y2, " +y' + %(xwz - X2y1))-

One can deduce that Gy apix = Gwedge- 10 motivate the notation, note that G atrix
can be represented as matrix multiplication in M3(R) if one identifies

0 0 1
and that the multiplication in Gyegge may be written as
(0 x)(y,y) = (x+y,x" +y + 3(x Ay)).

In general, the wedge product on R" is defined as a certain bilinear map
(see e.g. p. 79 of [21]])

1 x
(x1,x2,X) = |0 1 x|,

R" x R" — AZ(R"),
where A?(R") is a 4n(n — 1)-dimensional real vector space. The elements of
A?(R™) are called bivectors and if {¢;}! ; is a basis for R", then {e; A ejti<j is
a basis for \2(R"). For every n > 2, define the group G(n,R) with elements

(x,x") € R" D A%(R"), wherex = (x1,...,%,), X' = (x]y, xiS,...,x;_lrn),

and where multiplication is given by

(0 x)(y,y) = (x+y,x" +y + 3(x Ay)).
This group is of dimension n + 3n(n — 1) = $n(n + 1). Remark especially that if
n = 3, the wedge product can be identified with the vector cross product on R>.
That is, the product in G(3,R) is given by

(0 X)(yy) = (x+y,2" +y + 3(x xy)).

It is not hard to see that G(n, R) is isomorphic to the group consisting of the same
elements, but with multiplication given by

(12) () (wy') = (x+y, 2 +y + (v, x1ys, -, Xn1Yn))-
Let G(n,R) denote the group defined by ([.2). Then G(n) is the integer version
of G(n,R).

We also mention that Nielsen [15] has classified all the six-dimensional con-
nected, simply connected, nilpotent Lie groups. In this setting, G(3,R) is the
group denoted by Gg 15.

(IT) One may define the free nilpotent group G(m, n) of class m and rank n for
every m > 1. Indeed, G(m,n) is the group generated by {u;}! ; subject to the
relations that all commutators of order greater than m involving the generators
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are trivial. More precisely, for m = 1,2,3 and n > 2, we have that G(m, n) can be
described as the groups with presentations

G(1,n) = ({uibiig « [wiu] =1) =27,
(1.3) G(2,n) = ({uitizy : [[wi,uj], w] =1) = G(n),
GG, n) = ({uitiiq ¢ [[[wi wjl uiel,w] = 1),

and it should now be clear how to define G(m, n) for allm > 1 and n > 2. Finally,
we set G(m, 1) = (u1) = Z for each m > 1. Moreover, for all m,n > 1, the group
G(m,n) is the free object on n generators in the category of nilpotent groups of
step at most m. In particular, notice that G(m, n) is m-step nilpotent and that

(1.4) G(m,n) =2 G(m+1,n)/Z(G(m+1,n)).

Again, we refer to [23] for additional details.

In Section 4 of [13] Milnes and Walters describe the simple quotients of the
C*-algebra associated with a five-dimensional group denoted by Hs4. One can
check that H; 4 is isomorphic to the group G(3,2). See Remarkfor more about
this group.

(IT) The group G(3) is briefly discussed by Baggett and Packer ([4], Exam-
ple 4.3). The purpose of that paper is to describe the primitive ideal space of
group C*-algebras of some two-step nilpotent groups. However, G(3) only serves
as an example of a group the authors could not handle.

(IV) Let n > 2. It is well-known that the group C*-algebra A = C*(G(n)) may
be described as the universal C*-algebra generated by unitaries {U;}1<i<, and
{Vik }1<j<k<n satisfying the relations

Vik, Vim] = [U;, Vil = 1 and  [U;, Ux] = Vi

foralll<i<n l<j<k<nandl <l <m<n
For A = (A1, A1z, Au—1p) € 'H‘%”(”’l), let A, be the noncommutative n-

torus. It is the universal C*-algebra generated by unitaries {W;}""_; and relations
[Wi, Wj] = Ajil for 1 < i < j < n. The universal property of A gives that for each

Ain T27("=1) there is a surjective *-homomorphism
Ty A— AA
satisfying 7r) (U;) = W; for 1 <i <nand my (Vi) = Aplfor1 <j <k <n.
Furthermore, A has center Z(A) = C*({Vix }1<jck<n) = C*(V(n)). Indeed,

this is the case since G(n) is amenable and its finite conjugacy classes are precisely
the one-point sets of central elements (see Lemma[4.T|below). Therefore, we set

T = Prim Z(A) = Z(A) = T2"(=1),

Let A be a primitive ideal of Z(A) identified with an element of T27(1=1) Let Ty
be the ideal of A generated by A, that is, the ideal generated by {Vjx — Ajl: 1 <
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j < k < n}. Itis clear that Z, C ker 7). By the universal property of A,, there is
a *-homomorphism

o: A/\ —)A/I)\

such that p(W;) = U; 4+ Z, for 1 < i < n. Hence, p o 71 coincides with the quotient
map A — A/Z) and consequently, ker ty C Z,. Therefore, Ay = A/T) and 7,
may be regarded as the quotient map A — A/Z,.

For an element a of A, let @ be the section T — | |7 A, givenby d(A) = 7, (a)
and let A = {@ | a € A} be the set of all such sections. Then the following can be
deduced from the Dauns-Hofmann Theorem [5].

THEOREM 1.1. The triple (T, {A,}, A) consisting of the base space T, C*-algebras
A) for each A in T, and the set of sections A, is a full continuous field of C*-algebras.
Moreover, the C*-algebra associated with this continuous field is naturally isomorphic

to A.

This result may be obtained as a corollary to Theorem 1.2 of [20] which
employs tools of Williams [25] related to Fell bundle theory, by taking G = G(n)
and ¢ = 1 in that theorem. It is also a special case of Corollary 2.3 in [3]. Our
proof is more direct and partly inspired by Theorem 1.1 of [1] which covers the
case where n = 2.

From the above discussion it now follows that G(n) is a representation group
for Z" in the sense of Moore [14]. In this case, that means G(n) is (up to isomor-

phism) the unique central extension of Z" by H?(Z", T) such that the ordinary ir-
reducible representation theory of G(1n) coincides with the projective irreducible
representation theory of Z".

This fact plays an important role in [6], where the noncommutative prin-
cipal torus bundles over locally compact spaces are classified up to equivariant
Morita equivalence. As explained in Section 2 of [6], the group C*-algebra of G(n)
serves as a “universal” bundle in this classification.

We refer to Section 4 of [7] for more information on representation groups,
where the groups G(1,R) and G(n) are treated particularly in Example 4.7 of [7].

2. THE MULTIPLIERS OF THE FREE NILPOTENT GROUPS G(n)

Let G be any discrete group with identity e. A function oc: G x G — T
satisfying

o(r,s)o(rs, t) =o(r,st)o(s,t), o(re)=oc(er)=1,

for all elements r,s,t € G is called a multiplier of G or a two-cocycle on G with values
in T. Moreover, two multipliers c and 7 are said to be similar, written ¢ ~ T, if

©(r,s) = B(r)B(s)B(rs)o(r,s)
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for all ,5 € G and some function §: G — T. The set of similarity classes of
multipliers of G is an abelian group under pointwise multiplication. This group
is the second cohomology group H?(G,T).

Fix n > 2. To compute the multipliers of G(n) up to similarity, we will
proceed in the following way. Consider G(n) as the split extension of G(n — 1)
by H(n) as described in Section[1] We will identify the elements

a=(0,...,0,a,,0,...,0,a1,...,80-1n),
b= (bll ceey bnfl/ 0/ b12/ ey bn—z,n—lr 0/ ceey 0)/
of H(n) and G(n — 1), respectively, with ones of the form
a<— (an, a1, ..., 0n_1n),
b+— (bl,. . .,bnfl, b12, .. .,bn,Z,nfl).
By properties of the semidirect product, the elements of G(1) can be uniquely
written as a product ab, where a belongs to H(n) and b belongs to G(n — 1).
Define the action « of G(n — 1) on H(n) by
ap(a) = bab~! = (an, a1y +b1an, ..., 0y_1, + by_1a5).

One often writes G(n) = H(n) xo G(n — 1), but to simplify the notation, we
will still denote the elements of G(n) by ab instead (a,b) and write the group
product in G(n) as (ab)(a'b’) = any(a’)bb’ for a,a’ € H(n) and b, b’ € G(n —1).
Hopefully, the reader is familiar with semidirect products so that this does not
cause any confusion.

Next, we apply Mackey’s theorem ([11], Theorem 9.4) and obtain the fol-
lowing result.

THEOREM 2.1. Every multiplier of G(n) is similar to a multiplier o, of G(n) of
the form

(2.1) on(a'b,ab’) = oy, (@', ap(a))gn(a, b)o,—1(b,0'),
where oy and 0y, are multipliers of H(n) and G(n — 1), respectively,
gn: Hn) xG(n—1) - T
is a function such that g,(a,e) = gn(e,b) = 1foralla € H(n), b € G(n —1), and
O (n) and gn satisfy
gn(a+a',b) = opn (ap(a), ap(a))opyny (a,a") - gn(a,b)gn(a’,b),
gn(a,bb") = gn(ay (a),b)gn(a,b').

Moreover, for every choice of Oyy(y,), §n, and o,y satisfying the conditions above, 0, is a
multiplier of G(n).

(2.2)

PROPOSITION 2.2. Let (Cpi(n), &n,0n—1) and (U;_I(n),g;, 0], _) be triples satisfy-

ing the conditions of Theorem 2.1|and let o, and o}, be the corresponding multipliers of
G(n). Then oy, ~ 03, if and only if the following conditions hold:
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(i) op—1 ~0,_;.
(ii) There exists a function B: H(n) — T such that
Thi(my (@,0") = B(a)B(a")B(a + ')y (a,a"),

8n(a,b) = P(ay(a))p(a)gn(a, b).

REMARK 2.3. If (ii) holds, then o,y ~ O';i(n). If Oy ~ (f;{(n) and B and
B’ are two functions implementing the similarity, then g’ = f - B for some homo-
morphism f: H(n) — T.

Proof of Proposition Suppose 0, ~ 0y,. Then there exists some y: G(n) —
T such that
(2.3) on(a'b,ab’) = y(a'b)y(ab')y(a'bab’)o),(a’b,ab’)
foralla,a’ € H(n) and b,b' € G(n — 1). In particular, if s = a’ = 0, then

Tn-1(b,b") = y(b)y(b")y(bV');, 4 (b, 1)
forall b,b' € G(n—1),s0 0,1 ~ 0],_;. Moreover, the formula from Theo-
rem[2.Tjwith a = 0 and b = e gives that
on(a, b)) =1=0)(d,b)
for all ' € H(n) and V' € G(n —1). Applying this fact to (2.3) shows that
y(@'bt') = y(a')y(¥') for all @ € H(n) and b’ € G(n —1). Define B on H(n)
by B(a) = y(a). Then, by letting b = b’ = e in and (2.3), we get
U;—I(n)(a,’a) = IB(H/)‘B(LZ)‘B(LII + a)UH(n) (61/, LI)

for all a’,a € H(n). Furthermore, by letting o’ = 0 and b’ = e in and 2.3),
we compute
gn(a,b) = p(a)B(ay(a))g(a,b)
foralla € H(n)and b € G(n —1).
Assume next that B is such that (ii) holds, and that (i) holds through 4,
that is,

0u-1(b,b") = 8(b)6(b" )6 (b)), (b, 1").
Define y on G(n) by 7y (ab) = B(a)é(b). Then calculations show that
on(a'b,ab’) = y(a'b)y(ab')y(a’bab’ )0, (a'b,ab’).

REMARK 2.4. Clearly, a similar result may be shown to hold for any semidi-
rect product.

The result can be deduced from Appendix 2 of [20], but in any case it may
be useful to give a proof by a direct computation.

Let 7, be a multiplier of G(n) coming from a pair (g (,), gx), that is,

(2.4) Tu(a'b,ab") = oy (a', ap(a))gn(a,b),
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where (01, §n) satisfies (2.2). By Theorem 2.1]and Proposition every mul-
tiplier of G(n) that is trivial on G(n — 1) is similar to one of this form. Denote the
abelian group of similarity classes of multipliers of this type by H?(G(n), T).

COROLLARY 2.5. The second cohomology group of G(n) may be decomposed as
H%(G(n),T) = H*(G(n),T) & H*:(G(n —1), @Hz

Proof. 1t follows from Theorem 2.7 and Proposmon (see our comment
above) that

H%(G(n),T) = H>(G(n),T) ® H*(G(n — 1), T).
Thus, the second inequality is proven by induction after noticing that
{1} = H*(Z,T) = H?(G(1),T) = H?(G(1),T).
THEOREM 2.6. We have
H2(G(n),T) = T%(H-&-l)n(n—l),
and for each set of 1(n + 1)n(n — 1) parameters
Mip:1<i<k1<j<k<n}CT,
the associated [¢] in H*(G(n), T) may be represented by

H A° ]k]:l+5krl’)t lk;j+sk(rlr]7r1])
i i
i<j<k / !
2.5) )
A + 357 (r; 1)Afk( siktrise)+ 3 sk (sk— 1)
Hk j.jk k,jk
i<

The proof of this theorem will be given in Section 2.1}

EXAMPLE 2.7. For G(1) = Z there are no nontrivial multipliers. The mul-
tipliers of the usual Heisenberg group G(2) are, up to similarity, given by two
parameters (as computed in Proposition 1.1 of [17]):

1 1
_Saritgsary(r1—1) y r2(s1p+r1s2) +57152(52—1)
(2.6) o(r,s) A1 Ao

The multipliers of G(3) are, up to similarity, given by eight parameters:

__ AS37r1+53712 3 S1372+83(r172—712)
o(r,s) = A5s AYSs

) A512f1+%5271 (71*1)/\72(512+7152)+%7152(52*1)

1,12 2,12
) A51371+%5371 (71*1)/\73(513+7153)+%7153(53*1)
1,13 3,13

so3ra+383ra(ra—1) , r3(s33+7253)+ 37253 (s3—1)
A 3 /\3,23

%
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REMARK 2.8. One may associate a Lyndon-Hochschild—Serre spectral se-
quence with the extension (see e.g. 6.8.2 of [24]):

1 ~ V(n) > G(n) - 7" > 1

By applying Theorem 4 of [8] to this sequence, one can compute the second ho-
mology group of G(n) (which is recently also done more generally for G(m, n) in
Proposition 2.1 of [22]]), and deduce that

Hz(G(I’l),Z) ) Z%(n+1)n(nfl)’

which gives that H?(G(n), T) = T3+ Dn(n=1) after dualizing, using the univer-
sal coefficient theorem for cohomology. However, this does not give an explicit
description of H?(G(n), T).

2.1. PROOF OF THEOREM We will in this proof first compute H?(G(n),T)
through several lemmas and then use Corollary 2.5/to conclude the argument.

LEMMA 2.1.1. Every element of H*(G(n), T) may be represented by a pair (THn),
gn), where oy, is a multiplier of H(n) given by

n-1 .,
(2.7) Ty (a’,a) = [T A
i=1

forsome Ay, ..., A1 €T, and g, satisfies

n—1 P
(2.8) gn(a+a,b) = ( I Afi””””)gn(a, b)gn(a',b)
i=1

foralla,a’ € H(n)andb € G(n —1).

Proof. Every element of H?(G(n), T) may be represented by a multiplier of
the form (2.4), that is, by a pair (0y(,,), gu) satisfying 2.2).

Moreover, it is well-known (see e.g. [2]) that every multiplier of H(n) = Z
is similar to one of the form

n

a’ agy

oney(aa) = TT A [T wy
1<i<n—1 1<j<k<n—1
for some sets of scalars {A;}1<i<n—1, {#jk 1<j<k<n—1 C T. Since H(n) is abelian,
gives that
ri(n) (ap(a), 8 (")) Opr () (a,0") = gn(a+ a', b)gu(a, b)gn(a’, b)
= gn(a' +a,0)gn(a’,b)gn(a,b)

= p (ap(a’), ay(a))op () (', )
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foralla,a’ € H(n) and b € G(n — 1). Furthermore, we have

/
o (ap(a), ap(a’))on(a,a’)
. an(al,+biay)—anaj, (aju+bjan) (ar, +bxay) —aj,ap,
- H /\1 ’ H Hik
1<i<n— 1<j<k<n—1
. h i), biay, an+biaj, ay4-b;branay,
= 11 2 IT #i :
1<i<n— 1<j<k<n—1

This is equal to oy (ay(a'), ap(a))oy(a’,a) forall a,a’ € H(n) and b € G(n — 1) if
and only if the expression remains unchanged under the substitution a +— 4/,
that is, if and only if all the p’sare 1. &

LEMMA 2.1.2. For every element of H*(G(n), T) there is a unique associated pair
(TH(n), §n) satisfying the conditions of Lemma such that

(2.9) Sn(un,u;)) =1 foralll<i<n-—1

Proof. Suppose that (cyy(,), gn) satisfies 2.7) and 2.8). Let f: H(n) — T be
the homomorphism determined by f(u,) = 1 and f(vj,) = gu(ttn, u;) forall 1 <
i < n—1and define ¢, by g/,(a,b) = f(ay(a))f(a)gu(a,b). Then, ¢, (1, u;) = 1
forall 1 < i < n—1 and by Proposition (TH(n), &) determines a multiplier
on H(n) in the same similarity class as the one coming from (o), gn)-

Suppose now that there are two pairs (0g(,,), §n) and (Ul’q(n), g,) both satis-
fying the conditions of Lemma Then o7, (n) = CH(n)s SO by Proposition
and the succeeding remark, there is a homomorphism f: H(n) — T such that

$n(a,b) = f(ay (@) F(@)gn(a,b) (vam ) ) g (a,b)

foralla € H(n) and b € G(n — 1). In particular,
gn(tn, ;) = f(0in)gn(tn,u;) forall 1<i<n—1,
so that ¢}, = gn if g, (ttn, u;) = gn(tp,u;) foralll <i<n—1. 1

In the forthcoming lemmas we fix an element of H2(G (1), T), and let CHn) 8
be the unique associated pair satisfying (2.7), 2.8), and for some set of scalars
{)\,’ :-1;11 C T.

For computational reasons, we introduce the following notation. For a =
(An,a1p, .., 0n—1,)in H(n), we writea = w(a) +z(a), where w(a) = (a,,0,...,0),
and z(a) is the “central part”, i.e. z(a) = (0,41,,...,4,y-1,). Similarly, for b =
(b1,...,by—1,b12,..., by_2,_1)inG(n—1), we write b = w(b)z(b), where w(b) =
(bl,. ..,b,_1,0,.. .,0) and Z(b) = (0,. ..,0,b12,...,b,_ 21— 1) Note that ocb(a) =a
if either w(a) or w(b) is trivial, i.e. if either a or b is central
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LEMMA 2.1.3. Foralla € H(n) and b € G(n — 1) we have

8(a,b) = g(w(a),w(b))g(w(a),z(b))g(2(a), w(b)).
The proof of this is a straightforward computation that we leave to the
reader.

LEMMA 2.14. Foralla € H(n)and b,b’' € G(n — 1) we have
n—1
g(z(a),w(b)) = T &(vin )
ij=1

g(w(a),z(b)) = H g(un/vij)anbij — H (Wg(vjn,ui)>anhij,

1<i<j<n 1<i<j<n

and

(2.10) g(a,bb') = ( ]‘[ ¢(i, 1 hbi”") g(a,b)g(a,b).

Proof. Let z(H(n)) = {z( )| a€ Hn)}and z(G(n —1)) = {z(b) | b €
G(n—1)}. Then g is a bihomomorphism when restricted to z(H(n)) x G(n —
1) or H(n) x z(G(n — 1)). Therefore, the first two identities hold. Indeed, this
follows directly from after noticing that since z(a) and z(b) are central,

ayp) (2(a)) = z(a) and a4 (w(a)) = w(a).
Moreover, for i < j we have u;u; = vjju;u;. By and the previous lemma, one
calculates g(un, uiuj) = g(tn, u;)g(Vju, u;)g(un, u;) and g(un, vijuju;) = g(un, vij)
S (up, u])g(vm, u])g(un, u;), so that
(2.11) 8(vju, u;) = g(un, vij) g (Vin, uj),
which gives the last identity in the second line of the statement. Finally, we com-
pute

g(a,bb) = (H (Hg Vi, 1) ) b )g(a,b)g(a,b’). ]

LEMMA 2.1.5. Foralla € H(n)and b € G(n — 1) we have

biay (a,— a _ b
g(w(a),w(b)) (H/\z D o (w0, 1) bnbib 1)), TT  g(om u)tto.

1<i<j<n—1
Proof. First we see from (2.10) that if bj > 1, then

b; bi—1 L bi—1
g(un,u/>=g<un,u/ ) = §(0jn, 1)) glown, ) (u, 5)

1y (o .
= = (0, 1)) 250V g (1, 1)
and then it is not hard to see that

3bi(b;—1)

b. .
g(”m”]‘j) = g(vjn/uj) g(u”’u/)b]
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for negative b; as well, for example by applying (2.10) again.
b,

ne 1 .- ulfl, so that by a concatenation of the

Moreover, note that w(b) = u
above, one obtains

S(up, w(b)) = ( H g(vin,u]-)b"bi) (ﬁg(un,u?)>.

Similarly, using (2.8) for a, > 1, one computes

g(w(a),w(b)) = (ﬁ/\%biﬂﬂ(ﬂn—l)> . ( H g(vin,uj)h,-bja,,)

1€i<j<n—1
= Lanb;(b—1 b
. (Hg(v],n,uj)jﬂn i (bj— )g(un,uj)”” j).
j=1
Again, it is not hard to see that a similar argument also works for negative a;,.
Finally, recall that we have chosen g so that g(u,, ;) = 1 by 29). 1
LEMMA 2.1.6. We have
H?(G(n),T) = T,
and for each set of n(n — 1) parameters
{Ai,jnzlgign,lgjgn—l} CT,
the associated [t] in H?(G(n), T) may be represented by
aiybi+anb;; | ay,bi+a, (bibi—b;;) apbi+1 anbj(b;j—1)
)= T AR TG
1<i<j<n—1

) ﬁ )\u; (aj,,—&-bjan)—&-%bju,, (an—1)
n,jn :
il

Proof. If one puts A; j, = g(vj,, u;) fori, j < nand A, ;, = Aj for j < n, then
this is a consequence of the preceding lemmas. Indeed, by we can represent
Tasa pair (CH(n), §)- Here oy, is of the form (2.7) and g can decomposed as in
Lemma 2.1.3 with factors computed in Lemma[2.1.4/and Lemma[2.1.5 1

To complete the proof of Theorem we set ¥ = a’band s = ab’ and recall

n
that by Corollary we can compute 0, inductively as [0,] = [T [T].

Finally, we can also check that i k(k—1) = $(n+1)n(n—1).
k=2
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3. THE TWISTED GROUP C*-ALGEBRAS C*(G(n), o) OF G(n)

Again, let G be any discrete group, ¢ a multiplier of G and H a nontrivial
Hilbert space. A map U from G into the unitary group of H satisfying

U(r)U(s) = o(r,s)U(rs)

forallr,s € G is called a o-projective unitary representation of G on H.

We recall the following facts about twisted group C*-algebras and refer to
Zeller-Meier [26] for further details of the construction.

To each pair (G,0), we may associate the full twisted group C*-algebra
C*(G, o). Denote the canonical injection of G into C*(G, ¢) by i,. Then C*(G, o)
satisfies the following universal property. Every o-projective unitary represen-
tation of G on some Hilbert space H (or in some unital C*-algebra A) factors
uniquely through i,.

The reduced twisted group C*-algebra C; (G, o) is generated by the left reg-
ular o-projective unitary representation A, of G on B(¢?(G)). Consequently, A,
extends to a x-homomorphism of C*(G, o) onto C; (G, ). If G is amenable, then
Ao is faithful. Note especially that every nilpotent group is amenable, so that
C*(G(n),0) = Cf(G(n), o) through A, for every n > 1 and all multipliers ¢ of
G(n).

Finally, we remark that if T ~ ¢ through some function f: G — T, then the
assignment i;(r) — B(r)i,s(r) induces an isomorphism C*(G, 1) — C*(G, 0).

REMARK 3.1. Fix n > 2, let ¢ be a multiplier of G(n) of the form (2.5),
and set

(3.1) Akii = A ik
i ik

Just as the irrational rotation algebra A, can be viewed as the universal C*-
algebra generated by unitaries U, V satisfying UV = AVU, the twisted group
C*-algebra C*(G(n), o) is seen to be the universal C*-algebra generated by uni-
taries {U;}1<i<n and {Vjx f1<j<k<n satisfying the relations

(3.2) Wik, Vim] = L [Ui, Vie] = Aijel,  and - [Uj, Uy] = Vi
forl<i<nl<j<k<nandl <l <m<n
The above relation is a consequence of (2.11) in the proof of Theo-

rem and is the reason why A; i for i > k is not involved in the expression

2.5).
REMARK 3.2. For n > 2, let w be the dual two-cocycle of G(n), that is,
w: G(n) x G(n) — HZ(E(;),T) o~ 7,5(n+1)n(n=1)

is determined by w(r,s)(c) = o(r,s) for a multiplier o of G(n). Let the group
R(G(n)) be defined as the set 73+ Dn(n=1) G(n) with product

(j,r)(k,s) = (j+k+w(r,s),rs).
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It is not entirely obvious that w and R(G(n)) are well-defined and we refer to
p- 689-690 of [20] and Section 4 of [7] for details on this and the fact that R(G(n))
is a representation group for G(n). Moreover, according to Corollary 1.3 of [20]
we may construct a continuous field A over H?(G(n),T) with fibers A, =
C*(G(n),0y) for each A € H?(G(n), T). Then the C*-algebra associated with
this continuous field will be naturally isomorphic to the group C*-algebra of the
group R(G(n)).

Next, we briefly consider the group G(3,2) generated by uy, up, v1, w1, wy
satisfying

[ui,u] = v1p, [u1,012] = w1, [uz,v12] = wa, Wy, Wy central.

Then we have Z(G(3,2)) = Z? and Z(C*(G(3,2))) = C(T?).

The following statement can also be deduced from Theorem 1.2 and Exam-
ples 1.4 (3) of [20], but we include the analysis that follows, because it is similar
to that used in Theorem [L.1]

Let i denote the canonical injection of G(3,2) into C*(G(3,2)). For each
A = (A1, A2) € T?, let C*(G(2),0,) be generated by unitaries satisfying (3.2). By
a similar argument as in Theorem [I.1} there is a surjective *-homomorphism

my: C*(G(3,2)) = C*(G(2),0%)

such that i(u;) = Uj;, i(v1p) = Vip, and i(w;) = A for i = 1,2. Moreover, the
kernel of 7t) coincides with the ideal of C*(G(3,2)) generated by

A € Prim Z(C*(G(3,2))) = Z(C*(G(3,2))) = T2 = H2(G(2), T).

Again, similarly as in Theorem (1.1} we define a set of sections and apply the
Dauns-Hofmann Theorem. In this way, the triple

—_~—

(H*(G(2),T), {C*(G(2),01)}1,C*(G(3,2)))

is a full continuous field of C*-algebras, and the C*-algebra associated with this
continuous field is naturally isomorphic to C*(G(3,2)).

It is not difficult to see that R(G(2)) is isomorphic to G(3,2). We conjecture
that R(G(n)) = G(3,n) also for n > 3, where G(3, ) is the free nilpotent group of
class 3 and rank 7 as described in (L.3), so that A is isomorphic to C*(G(3,n)). For
n > 3, the complicated part is to construct a homomorphism R(G(n)) — G(3,n),
find an isomorphism 73+ Dn(n=1) o Z(G(3,n)), and then use to produce a
commuting diagram:

1 73+ n(n=1) _, R(G(n)) — G(n) 1
1 Z(G(3,n)) — G(3,n) —— G(n) 1
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In fact, Proposition 2.2 and Remark 2.3 of [22] indicate that the representation
group R(G(m,n)) for G(m,n) defined similarly as above may be isomorphic to
G(m+1,n) forall m,n > 1.

4. SIMPLICITY OF THE TWISTED GROUP C*-ALGEBRAS C*(G(n),0)

Let o be a multiplier of any group G. An element r of G is called o-regular
if o(r,s) = o(s,r) whenever s in G commutes with r. If r is o-regular, then every
conjugate of r is also o-regular. Therefore, we say that a conjugacy class of G is
o-regular if it contains a o-regular element.

Let n > 2. The conjugacy class C, of r € G(n) is infinite if r ¢ V(n) =
Z(G(n)). Indeed, for any s € G(n) we have

(srs 1), =r; and (srsfl)jk = Tjk +jTk — ISk

Hence, |C;| = coif 1; # 0 for some i. Of course, C, = {r}if r € V(n).
Now, we fix a multiplier ¢ of G(n) of the form (2.5).

LEMMA 4.1. Let S(G(n)) be the set of o-reqular central elements of G(n), that is,
S(G(n)) ={reV(n)|o(r,s) =0c(s,r)foralls € G(n)}.

Then S(G(n)) is a subgroup of G(n) and Z(C*(G(n)), o) = C(S(E(?)))

Proof. It is not hard to check that S(G(n)) is a subgroup of V(n).

We identify C*(G(n),0) with C}(G(n),o) C B(¢?(G)). Let , in £>(G) be
the characteristic function on {e} and for an operator T in B(¢*(G)), set fr =
Té, € (*(G). If T belongs to the center of C*(G(n), o), then fr can be nonzero
only on the finite o-regular conjugacy classes of G(n), thatis, on S(G(n)) (see e.g.
Lemmas 2.3 and 2.4 of [16]]). Then, it is not difficult to deduce that

Z(C*(G(n)),0) = C*{As(s) | s € S(G(n))} = C*(S(G(n)),0) = C*(S(G(n)))
>~ C(S(G(n))).

REMARK 4.2. If S(G(n)) is nontrivial, we can describe C*(G(n), o) as a con-
tinuous field of C*-algebras over the base space S(G(n)). The fibers will be iso-
morphic to C*(G(n)/S(G(n)),w) for some multiplier w of G(n)/S(G(n)) (see
Theorem 1.1 of [9] and Theorem 1.2 of [20] for further details).

EXAMPLE 4.3 ([9], Lemma 3.8 and Theorem 3.9). Fix a multiplier o of G(2)
of the form such that both A 12 and A; 15 are torsion elements. Let p and g
be the smallest natural numbers such that /\f,u = /\g,12 = land setk =lem(p, q).
Clearly, V(2) = Z and S(G(2)) = kZ. Moreover, G(2)/S(G(2)) can be identified
with the group with product

(r1,72,112)(51,52,512) = (r1 + 51,72 + 52, 12 + 512 + 1152 mod kZ)
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forry,r,81,50 € Zand r1p,8120 € {0,1,...,k—1}.

Then C*(G(2),0) is a continuous field of C*-algebras over the base space
S(G(2)) = T. The fibers will be isomorphic to C*(G(n)/S(G(n)),w,), where
A€ Tand

wx(r,s) = o(r,s)u"">
for some u € T with p* = A

Characterizations for simplicity of twisted group C*-algebras of two-step
nilpotent groups have been given in Corollary 1.4 of [9] and Corollary 1.6 of [20].
For the groups G(n), the necessary and sufficient conditions for simplicity are
somewhat easier to provide.

THEOREM 4.4. The following are equivalent:
(i) C*(G(n),0) is simple.
(ii) C*(G(n), o) has trivial center.
(iii) There are no nontrivial central o-regular elements in G(n).

Proof. By Theorem 1.7 of [18] C*(G(n), o) is simple if and only if every non-
trivial o-regular conjugacy class of G(n) is infinite. Since every finite conjugacy
class of G(n) is a one-point set of a central element, then (i) is equivalent with (iii).

Moreover, (iii) is the same as saying that S(G(n)) is trivial, so therefore, (ii) is
equivalent with (iii) by Lemma This also follows from Theorem 2.7 of [16]. 1

LEMMA 4.5. A central element s = (0,...,0,512,513,...,5.—1,n) of G(n) is o-

reqular if and only if
ik
H /\z]k =1
1<j<k<n
foralll<i<n
Proof. Clearly, an element s = (0,...,0,512,513,...,54-1,) € V(n) is o-

regular if and only if o(s,r) = o(r,s) for all r € G(n). By a direct calculation
from the multiplier formula 2.5), we get that

kh Sik!'j kT 5 TkSjk “TkSij 4 TkSi
(7(7” 5 ( H A,]]k j.ik ) (HA]j]k]Akﬂi )( H A,]k ]/\],zk]>
i<j<
- H ( I1 Azs'j]]'(k) "
1<j<k<n
is equal to 1 for all r € G(n) if and only if the inner parenthesis is 1 for each

1<ig<n 1

COROLLARY 4.6. We have that C*(G(n), o) is simple if and only if for each non-
trivial central element s = (0,...,0,512,513,...,5q—1,n) there is some 1 < i < n such

that
[T Mi#1

1<j<k<n
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EXAMPLE 4.7. In particular, C*(G(3),0) is simple if and only if for each
nontrivial central element s = (0,0,0,5s12,513,523) at least one of the following
holds:

S S S S S S: S S S
MibMiMs 7L Aprisdn 7L AhAsidsss # 1.

Next, set A; j = e?Mlijk for tijx € [0,1) and consider the n x in(n —1)-

matrix T with entries ¢; ji in the corresponding spots. Then T induces a linear map
R2"(1=1) _y g

COROLLARY 4.8. Let T be the matrix described above. Then following are equiv-
alent:
(i) C*(G(n), o) is simple.
(i) T-1(z") N z2"(-1) = {0}.
(iii) T(z2"("=D\ {0}) N 2" = .

REMARK 4.9. Clearly, condition (ii) above is equivalent to that T restricts to
an injective map

ALICRRS LYY/~

Furthermore, for 1 < j < k < n, define
k = {tl]k €01),1<i<n]| e¥hijk = z]k}
and for 1 < i < n, define

A ={tijr€[01), 1<j<k<n|eMik =2}

PROPOSITION 4.10. If there exists i such that all the elements of A; are irrational
and linearly independent over Q, then C*(G(n), o) is simple.

Proof. It follows immediately from Lemma that “equation i” cannot be
satisfied unless s = 0. Hence, no nontrivial o-regular central elements exists. 1

PROPOSITION 4.11. If there exists j < k such that Aji consists of only rational
elements, then C*(G(n), o) is not simple.

Proof. Let g be the least common multiplier of the denominators of the ele-
ments of Aj;. Then quj; is central and o-regular. Indeed, for all r € G(n),

o (r, qui)o(quj, 1) H /\'j?}< =1. 1

REMARK 4.12. In the case where C*(G(n), ) is not simple, some more in-
formation about the primitive ideal space can be deduced from Proposition 1.3
of [9].
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5. ON ISOMORPHISM INVARIANTS OF C*(G(n), )

Fix n > 2 and let 0 be a multiplier of G(n). If ¢ is an automorphism of G(n),
define the multiplier ¢, of G(n) by

(5.1) 0p(r,8) = a(e(r), ¢(s))-

Then it is well-known that the associated twisted group C*-algebras C*(G(n), o)
and C*(G(n),0,) are isomorphic. Indeed, the map

i(Go) (1) 7 i(Gay) (971 (1))

extends to an isomorphism C*(G(n),0) — C*(G(n),0,). Moreover, for any au-
tomorphism ¢ of G(n), it is easily seen that two multipliers ¢ and 7 of G(n)
are similar if and only if 0, and 7, are similar. Hence, there is a well-defined
group action of the automorphism group AutG(n) on H?(G(n), T) defined by
0[] = [0y

Therefore, we will now briefly investigate Aut G(n). Let V(n)" be the sub-
group of AutG(n) consisting of the automorphisms G(n) — G(n) of the form
u; — zju; for 1 < i < nand elements z; € V(n) = Z(G(n)). In particular, these
automorphisms leave all the v;’s fixed, i.e. V(n)" is the subgroup of AutG(n)
leaving V(n) fixed. Clearly, V(n)" contains Inn G(n). In fact, in the case n = 2,
we have V(2)2 = Inn G(2).

PROPOSITION 5.1. There is a split short exact sequence:

1

V(n)" — AutG(n) — GL(n,Z) 1

Proof. Assume that ¢ is any endomorphism G(n) — G(n). The image of
a central element under ¢ must be central, so ¢ restricts to an endomorphism
¢1: V(n) — V(n). Therefore, ¢ also induces an endomorphism ¢,: G(n)/V(n)
— G(n)/V(n) determined by ¢2(q(r)) = q(¢(r)). Consider now the following
commutative diagram:

1 V() — e Gn) — T g -1
(Pll ' fl’l lqu
1 - V() —— G(n) — 1+ 71 -1

Assume that ¢, is an automorphism. Since ¢, is surjective, then for all u; there is
some s; € G(n) such that ¢(s;) = z;u; for some z; € V(n). Hence, for all j < k,
we have gol(s]'sks; s;l) = vjr and therefore, ¢ is surjective. Every surjective
endomorphism of Z" is also injective, so ¢; is an automorphism as well. Thus,
by the “short five lemma”, ¢ is an automorphism.

The converse obviously holds and hence, ¢ is an automorphism if and only

if ¢ is an automorphism.
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Furthermore, the construction of G(n) in terms of generators and relations
means that every endomorphism G(n) — G(n) is uniquely determined by its
values at {u;} ;. In particular, we let ¢: G(n) — G(n) be determined by the
pair of matrices given by its entries

(g(ue)), (9(ui)je) € Ma(Z) X M, 1, 1) (Z)

so that the induced endomorphism ¢, is coming from a matrix in M, (Z).
By the above argument, the map between endomorphism groups defined by

(52) End G(n) = EndZ",  (@(u;);), (9(ui)j) = (@(u);)

restricts to a surjective map Aut G(n) — AutZ" = GL(n,Z).
Before concluding the argument, we need the following.

LEMMA 5.2. If ¢ and ¢’ are two endomorphisms of G(n), then

n

(pog)( Z (ui)ro( Mk

If ¢ and ¢' are two endomorphisms of G(n) that both induce the trivial map on
G(n)/V(n), then

(9o @) (ui)jx = ¢ (ui)jk + @(1i) ji-
Proof. For the moment, set ¢(u;); = r;; and ¢'(u;); = s;;. Then

(go o )(u ) q)(uilln . uizlz) (u;n11 .. u’inl )sm . (u;m . u;“)s“zl

for some elements z,z’ € V(n). Moreover, we can change the order of the u;’s in
the expression just by replacing z’ by another central element z”’ and thus,

n
(pog)(u i)j = TnjSin + Tu_1,jSin—1+ -+ 11801 = kZ SikTkj-
=1

If both ¢, and ¢/, are trivial, then ¢(u;) = z;u; and ¢’ (u;) = zju; forall1 <i < n
and some elements z;,z; € V(n). Hence, ¢(vjx) = ¢'(vjx) = vj forall j < k and
thus,

(9o 9)(w) = g(ziui) = ziziu;.

Therefore, (5.2) restricts to a surjective homomorphism Aut G(n) — GL(n,Z)
with kernel 1somorph1c to the group M nhn(n— 1)(Z) under addition, that is, to
V(n)".

Moreover, if A is a matrix in GL(n, Z) with entries a; i then one can define an
automorphism ¢4 of G(n) by ¢4 (u;); = a;;. Thus, it should be clear that GL(n, Z)
sits inside Aut G(n) as a subgroup so that the sequence splits. 1

PROPOSITION 5.3. If ¢ belongs to V(n)", then o, is similar to 0. Thus, the action
of V(n)" on H*(G(n),T) given by is trivial.
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Proof. It is not hard to see that

o (ui, V)0 (Vjk, i) = 0 (ui, V)0 (Vi i),
that is,
[i(G,0) (1) 1(G,0) (V)] = li(G o) (i), (G 0, (Vjk)]

foralll <i<mnand1 < j <k < n. It then follows from the universal property of
C*(G(n), o) described in Remark[3.1]that o ~ 0. 1

To describe the GL(n,Z)-action on H?(G(n), T) requires more work. To
any A in GL(n,Z) we may associate a square matrix A of dimension In(n — 1),
with entries coming from the determinant of all 2 x 2-matrices inside A. More
precisely, if A = (a;), A is given by entries a;;j for i < j,k < [ such that
Ajj = Aiaj — aydjx. Then A acts on the matrix T defined prior to Corollary
by A-T = ATA. Tedious computations of commutation relations and use of
the universal property of C*(G(n), o) from Remark[3.1lnow lead to the following
result.

PROPOSITION 5.4. Let o and o’ be multipliers of G(n) of the form and let T
and T’ be the associated matrices of Corollary[4.8) If there exists a matrix A in GL(n, Z)
such that A-T = T', then C*(G(n), o) and C*(G(n),c”") are isomorphic.

For n = 2, it is shown by Packer Theorem 2.9 of [18] that C*(G(2),0) and
C*(G(2),0"), where ¢ and ¢’ are of the form (2.5), are isomorphic if and only if
there is a GL(2, Z)-matrix A taking ¢ to ¢’. Note in this case that A = det A = +1.

For n > 3, it is at the moment not clear whether the GL(n, Z)-action on
H?(G(n), T) described above is such that the orbits represent different isomor-
phism classes of twisted group C*-algebras. Therefore, the problem of determin-
ing the isomorphism classes of C*(G(n), o) remains open for future investigation.

REMARK 5.5. Every multiplier o of G(n) is of the form ™ for some
multiplier 7 on G(n,R). Moreover, any to multipliers ¢) and ¢, of the form
described above are homotopic in the sense of Packer and Raeburn Section 4 of
[19]. Hence, one may use Theorem 4.2 and Corollary 4.5 of [19] to deduce that

Ki(C*(G(m), 0) = Ki(C*(G(n)), ) = Kt 2"V (G(n, R) /G (n)).

Acknowledgements. The author would like to thank Erik Bédos, first for suggesting
the problem of computing the multipliers of the group G(3), and then for providing valu-
able comments throughout this work. The author would also like to thank the referee for
several valuable comments and suggestions.

A comprehensive summary of this paper was part of the author’s PhD dissertation
at Norwegian University of Science and Technology (NTNU) submitted in May 2013.

This research was partially supported by the Research Council of Norway:.



24 TRON ANEN OMLAND
REFERENCES

[1] J. ANDERSON, W. PASCHKE, The rotation algebra, Houston J. Math. 15(1989), 1-26.

[2] N.B. BACKHOUSE, C.J. BRADLEY, Projective representations of space groups. I.
Translation groups, Quart. J. Math. Oxford Ser. (2) 21(1970), 203-222.

[3] L. BAGGETT, J.A. PACKER, C*-algebras associated to two-step nilpotent groups, in
Selfadjoint and Nonselfadjoint Operator Algebras and Operator Theory (Fort Worth, TX,
1990), Contemp. Math., vol. 120, Amer. Math. Soc., Providence, RI 1991, 1-6.

[4] L. BAGGETT, J.A. PACKER, The primitive ideal space of two-step nilpotent group C*-
algebras, J. Funct. Anal. 124(1994), 389-426.
[5] J. DAUNS, K.H. HOFMANN, Representation of Rings by Sections, Mem. Amer. Math.
Soc., vol. 83, Amer. Math. Soc., Providence, R.I. 1968.
[6] S. ECHTERHOFF, R. NEST, H. OYONO-OYONO, Principal non-commutative torus
bundles, Proc. London Math. Soc. 99(2009), 1-31.
[7] S. ECHTERHOFF, D.P. WILLIAMS, Locally inner actions on Cy(X)-algebras, J. Operator
Theory 45(2001), 131-160.
[8] YU.V.KUZ'MIN, YU.S. SEMENOV, On the homology of a free nilpotent group of class
2, Mat. Sb. 189(1998), 49-82.
[9] S.T. LEE, J.A. PACKER, Twisted group C*-algebras for two-step nilpotent and gener-
alized discrete Heisenberg groups, J. Operator Theory 34(1995), 91-124.
[10] S.T. LEE, J.A. PACKER, The cohomology of the integer Heisenberg groups, J. Algebra
184(1996), 230-250.
[11] G.W. MACKEY, Unitary representations of group extensions. I, Acta Math. 99(1958),
265-311.
[12] P. MILNES, S. WALTERS, Simple quotients of the group C*-algebra of a discrete 4-
dimensional nilpotent group, Houston J. Math. 19(1993), 615-636.
[13] P. MILNES, S. WALTERS, Simple infinite-dimensional quotients of C*(G) for discrete
5-dimensional nilpotent groups G, Illinois |. Math. 41(1997), 315-340.
[14] C.C. MOORE, Extensions and low dimensional cohomology theory of locally compact
groups. II, Trans. Amer. Math. Soc. 113(1964), 64-86.

[15] O.A. NIELSEN, Unitary Representations and Coadjoint Orbits of Low-dimensional Nilpo-
tent Lie Groups, Queen’s Papers in Pure and Appl. Math., vol. 63, Queen’s Univ.,
Kingston, ON 1983.

[16] T.A. OMLAND, Primeness and primitivity conditions for twisted group C*-algebras,
Math. Scand. 114(2014), 299-319.

[17] J.A. PACKER, C*-algebras generated by projective representations of the discrete
Heisenberg group, J. Operator Theory 18(1987), 41-66.

[18] J.A. PACKER, Twisted group C*-algebras corresponding to nilpotent discrete groups,
Math. Scand. 64(1989), 109-122.

[19] J.A. PACKER, I. RAEBURN, Twisted crossed products of C*-algebras. II, Math. Ann.
287(1990), 595-612.



C*-ALGEBRAS GENERATED BY PROJECTIVE REPRESENTATIONS OF FREE NILPOTENT GROUPS 25

[20] J.A. PACKER, I. RAEBURN, On the structure of twisted group C*-algebras, Trans.
Amer. Math. Soc. 334(1992), 685-718.

[21] M. SP1VAK, Calculus on Manifolds. A Modern Approach to Classical Theorems of Advanced
Calculus, W.A. Benjamin, Inc., New York-Amsterdam 1965.

[22] M. SzyMIK, Twisted homological stability for extensions and automorphism groups
of free nilpotent groups, K-Theory 14(2014), 185-201.

[23] T. TAO, The free nilpotent group, http://terrytao.wordpress.com/2009/12/21/
the-free-nilpotent-group/

[24] C.A. WEIBEL, An Introduction to Homological Algebra, Cambridge Stud. Adv. Math.,
vol. 38, Cambridge Univ. Press, Cambridge 1994.

[25] D.P. WILLIAMS, The structure of crossed products by smooth actions, J. Austral. Math.
Soc. Ser. A 47(1989), 226-235.

[26] G. ZELLER-MEIER, Produits croisés d'une C*-algébre par un groupe d’auto-
morphismes, |. Math. Pures Appl. (9) 47(1968), 101-239.

TRON ANEN OMLAND, DEPARTMENT OF MATHEMATICAL SCIENCES, NOR-
WEGIAN UNIVERSITY OF SCIENCE AND TECHNOLOGY (NTNU), NO-7491 TRONDHEIM,
NORWAY

E-mail address: tron.omland@math.ntnu.no

Received March 6, 2013; revised June 20, 2013 and September 17, 2013.


http://terrytao.wordpress.com/2009/12/21/the-free-nilpotent-group/
http://terrytao.wordpress.com/2009/12/21/the-free-nilpotent-group/

	INTRODUCTION
	1. THE FREE NILPOTENT GROUPS G(n) OF CLASS 2 AND RANK n
	2. THE MULTIPLIERS OF THE FREE NILPOTENT GROUPS G(n)
	2.1. Proof of theorem 2.6

	3. THE TWISTED GROUP C*-ALGEBRAS C*(G(n),) OF G(n)
	4. SIMPLICITY OF THE TWISTED GROUP C*-ALGEBRAS C*(G(n),)
	5. ON ISOMORPHISM INVARIANTS OF C*(G(n),)
	REFERENCES

