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ABSTRACT. The paper investigates the asymptotic behavior of (non-
normalized) traces of certain classes of matrices with non-commutative ran-
dom variables as entries. We show that, unlike in the commutative frame-
work, the asymptotic behavior of matrices with free circular, respectively with
Bernoulli distributed Boolean independent entries is described in terms of
free, respectively Boolean cumulants. We also present an example of relation
of monotone independence arising from the study of Boolean independence.
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1. INTRODUCTION

The fluctuations of traces of various classes of random matrices have been
studied in the last two decades in both physics (see, for example [1]], [4], [S]) and
mathematics (see [7], [8] [9]) literature. Extensive works (such as [18]], [19]) indi-
cate that free independence is best suited to describe the interaction of important
classes of independent ensembles of random matrices with respect to normal-
ized traces. It was shown that free independence and the corresponding Central
Limit Theorem laws (centered semicircular distributions) behave in a very regu-
lar manner when tensoring with algebras of complex matrices ([17]). In order to
address interactions of independent ensembles of random matrices with respect
to unnormalized traces (fluctuation moments, higher order trace-moments), recent
works, such as [7] and [8], introduced the notion of second order freeness or the
more refined real second order freeness ([9]). The present paper comes as an ad-
dendum to these works, more in the spirit of [15]. More precisely, while [7], [8]
and [9] study the behavior of important classes of random matrices with entries
in a commutative algebra, we present some similar results for the case when the
entries are not commuting,.
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The results presented here bring contributing evidence to the special na-
ture of second order independence relations. We show that although ensembles
of self-adjoint Gaussian random matrices can be well approximated at first order
level by ensembles of matrices with free semicircular entries, the second order be-
havior of these two classes is different. Also, classical cumulants are well-suited
to describe higher order independence relations of ensembles of random matri-
ces with commuting, independent entries; the results from Section respectively
Section {4} seem to indicate that free, respectively Boolean cumulants are appro-
priate to describe higher order independence relations of ensembles of random
matrices with free, respectively Boolean independent entries.

In what follows, the paper is organized in 3 sections. Section 2 contains
some preliminary notions and results on permutations and partitions of an or-
dered set and non-commutative notions of independence.

Section (3| presents some results in the study of higher order behavior of
ensembles of self-adjoint matrices with free circular entries. We first show (see
Theorem that the free cumulants of unnormalized traces of such ensembles
have a very similar behavior to the results presented in [§] concerning classical
cumulants of ensembles of random matrices with independent Gaussian entries.
We also show that, in this framework, a substitute for second order freeness from
[7] is Property (x) that we define in Section

The shorter Section [4| presents some results concerning Boolean indepen-
dence. This non-unital notion of non-commutative independence ([16]) is by far
less studied than freeness, but it was shown to be of relevance in some problems
from Theoretical Physics ([20]), Free Probability ([13]]), completely positive maps
([14]) or Real Analysis ([2]). We show that the Boolean cumulants of traces of en-
sembles of self-adjoint matrices with Bernoulli distributed boolean independent
entries and constant matrices have a similar behavior to the classical cumulants
of traces of Gaussian ensembles, as presented in [8], respectively to the free cumu-
lants of traces of semicircular ensembles, as presented in Section In addition,
Theorem [4.3| presents a new example of monotone independence relation, here
arising from the relations between constant matrices and matrices with Bernoulli
distributed Boolean independent entries.

2. PRELIMINARIES

2.1. PARTITIONS ON AN ORDERED SET. For a positive integer 1, we will denote
by [n] the ordered set {1,2,...,n}. By a partition 7t on [n] we will understand a

family By, B, .. ., Bq(n) of pairwise disjoint nonvoid subsets of [n], called blocks of

q()
7, such that |J B; = [n]. If each block of 7 has exactly 2 elements, then 7t will
I=1

be called a pairing. The set of all partitions, respectively pairings on [n] will be
denoted by P(n), respectively by P, (n).
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The set P(n) is a lattice under the partial order relation <, given by o < 7 if
any block of ¢ is contained in some block of 7r. The maximal element of the lattice
is 1, the partition with a single block. For 77, € P(n), define

cVa=inf{t: T>mn >0}

A partition 7t € P(n) will be called non-crossing if for any B, D disjoint blocks
of 7, there exists no 4-tuple i < j < k < I from [n] such thati,k € Band j,I € D.
The sets of all non-crossing partitions, respectively non-crossing pair-partitions
of [n] will be denoted by NC(n), respectively NCy(n).

A partition 7 € P(n) will be called interval partition if each block of 7t con-
tains only consecutive elements from [n]. We will denote the set of all interval
partitions, respectively pairings of [n] by I(n), respectively I;(n). Note that if n
is odd, then I,(n) = @; if n is even then I(n) has only one element, namely the
partition of blocks {(2k —1,2k) : 1 <k < % }.

A permutation ¢y € S, (the Symmetric group of order n) will be uniquely
identified with a partition on [n] by taking the blocks to equal (as sets) the cycles.
A pair partition 1 € P,(n) can be uniquely identified with a permutation from
S, by taking the cycles to equal the blocks of 7r. The following result connecting
partitions and permutations was proved in [6] (see [6], relation 2.9):

PROPOSITION 2.1. If T,0 € S, , then
#(1) +#(t 7o) +#(0) <n+2#(TV o)
where in the left hand side of the equation T, 0 are seen as permutations and in the right
hand side as partitions.

Foro € S and Aq,..., Ay some N x N complex matrices, we will define
Try (A1, ..., Am) as follows. If ¢ has the cycle decomposition

n

o=11(ig,1),i(q,2),...,i(q,1q))),

q=1
then we define

Trg’(Al, ey Am) = H Tr(Ai(q,l) . Ai(q,Z) e Ai(q,l(q))'
g=1

%
If j = ( jl,_.> ..,jm) is @ multiindex and o € S, is a permutation, we will
write that j = j ocif o(k) = I implies jy = jj.
We will use the following version of the Lemma 5 from [9]:

LEMMA 2.2. Suppose that Ay are N x N complex matrices with entries al(];) ,

where 1 <k < m. If t € Py(m) and o € Sy, are such that k + 7o (k) = 1 (mod 2)’for
allk € {1,...,m}, then there exists some T € Sy, such that
yooal o g = Tr(Ay, ..., A),

o = Jo()io(2) Joem—1)Jo(2m)
j=jono
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and if (iy, iy, ..., 1g) is a cycle of T, then 7o (iy 4 1) = iy4 .

2.2. NON-COMMUTATIVE PROBABILITY SPACES AND RELATIONS OF INDEPEN-
DENCE. Following [18], by a non-commutative C*-probability space we will un-
derstand a couple (A, ¢), where A is a unital C*-algebra and ¢ : A — Cisa
positive, linear, unital map. The elements of A will be called non-commutative
random variables.

For n > 1, the n-th classical, free, respectively Boolean cumulant are the
n-multilinear maps from A" to C denoted by k;, «,, respectively b, and given by
the following recurrence relations:

21  p(XiXp--Xn)= ), IT ks(Xp(1), Xo(2)r - - -+ Bu(s))
meP(n) Bem
B={b(1),b(2),...,b(s)}
(2.2) = ) I1 Ks(Xp(1), Xp(2)s -+ -+ Bp(s))
ceNC(n) Beo
B={b(1),b(2),...,b(s)}
(2.3) =) I bs(Xp(1), Xp(2)s - - -+ Ba(s))-
tel(n) Bet

B={b(1),b(2),...b(s)}
Two unital subalgebras A, Ay of A are said to be free independent if

p(arar---a,) =0

whenever a; (1 < i < n) are such that ¢(a;) = 0, a; € A,(;) with e(i) € {1,2},
(i) # €(i+1). An equivalent condition (see [18]) is that x,(ay,a2,...,a,) = 0
whenever a; € Ay;) such that notall e(1),€(2),...,&(n) are equal.

Two subalgebras A1, A; of A are said to be Boolean independent (see [20],
[12)) if

P(araz---an) = p(a1)p(az) - - - Pp(an)

whenever a; € A, with e(i) # €(i+ 1). An equivalent condition (see [12]) is
that by (a1,...,4,) = 0 whenever a; € A,; such that not all &(1),¢(2),...,&(n)
are equal.

We will say that a subalgebra .4 of A is monotone independent (see [[10], [11]],
[16]) from Ay, another subalgebra of A if, for all x1,x, € A, by,b, € Ay and
a € Ay we have that

P(x1b1a) = p(x1b1)¢(a)
¢(abyxz) = ¢(a)d(boxz)
P (x1b1abyxy) = P(x1b1b2x72)p(a).

A selfadjoint element x € A is said to be semicircular, respectively Bernoulli
distributed of mean 0 and variance ¢ > 0if x,(x,x,...,x) = 5,1,2(72, respectively
if by (x,x,...,%) = 8,002

The following result is known as the free Wick theorem (see [3]):
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PROPOSITION 2.3. Let H be a real Hilbert space with orthonormal basis {e; }ic;
and ¢ : H® C — A be a linear map such that {¢(e;) }ic is a free family of semicircular
elements of mean 0 and variance 1. Then, for any fi1,..., f» € H ® C we have that

¢lo(f)e(f) - ofa))= L II (fufy)
neNCy(n) (ij)en
A similar result holds true for the Boolean framework. More precisely, we
have the following proposition.

PROPOSITION 2.4. Let H be a real Hilbert space with orthonormal basis {e; };c|
and ¢ : H® C — A be a linear map such that {¢(e;)}ic; is a Boolean indepen-
dent family of Bernoulli distributed elements of mean 0 and variance 1. Then, for any
fi,--., fn € H® C we have that

0 if n is odd;

(2.4) Plo(f)e(f2) -~ o(fn)) = jflj<f2il/f2i> if n is even.

Equivalently,

Pple(f1)o(f2) - o(fu) = (fr f)P(p(f3) - o(fu)) = Y, TI (e fi)-
nelh(n) (kl)er
Proof. Since both sides of the equation are multilinear in f1, . . ., fy, it suffices
to prove the result for all f; from the orthonormal basis {e;};c;. For n < 2, the
equality follows from and the fact that ¢(¢(e;)) = 0.
Forn > 2,let m = max{p : fy = f1, 1 < k < p}. From equation we
have that

o(o(f1) - @(fn)) = pl@(f1) - @(fn)) - P(@(frnr1) - @(fn))-

If m is odd then ¢(¢(f1)™) = 0; also, the right hand side of will contain the
factor (fum, fm+1) which Cancels, hence in this case the equality holds. Suppose
than m is even. Equation (2.2) gives

=) IT  vp(elh) - e(f1):

tel(n) B=block of T

Since ¢(f1) is Bernoulli distributed of mean 0 and variance 1, all its Boolean cu-
mulants cancel, except the ones of order 2, which equal 1, therefore

m/2
Pp(f1) - o(fm) =0(e(f1)") =1=[p(p(f1))]"*={fr, )" *=T [ {fai-1, foi),

i=1

and the conclusion follows by induction. 1§
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2.3. ENSEMBLES OF RANDOM MATRICES. Throughout the paper, My (C) will de-
note the C*-algebra of N x N square matrices with complex entries and My (.A)
the C*-algebra My (C) ® A; by a random matrix with entries in A we will un-
derstand an element of My(.A). Throughout the paper, by an ensemble of ran-
dom matrices with entries in A we will understand a set { A; x }icr,nez, such that
Ain € My(A) for all i, N. The ensemble {A; y}icinez, is said to have limit
distribution if for any i1, ...,i, € I, the limit
Aim tr(Ap N - AN AiN)

exists and it is finite.

3. RANDOM MATRICES WITH FREE CIRCULAR ENTRIES

3.1. SEMICIRCULAR RANDOM MATRICES. Let H be a real Hilbert space and H =
H ® C be its complexification. Let {SN(f)}nez,, fen be an ensemble of random

matrices such that Sy (f) = [c;, (f)]fi:l with ¢; ;(f) € A such that:

@) p(cij(fleei(8)) = w0ikdia(f, 8):
(i) Sn (f)* = Sn(f);
(i) {Re; j(f), Scij(f) h<icj<n form a free family of semicircular elements of
mean 0.

Letly,...,I; >0and putly =ny =0,and, for 1 <k <r, put ng = ng_1 +I.
Letm=n, =L+ + - -+1;take f1, fo, ..., fu € H and let

N
) = XN(fnk,l-&-l)XN(fnk,lJrZ) to XN(fnk)~
THEOREM 3.1. With the notations above, we have that

i (T (YY), T (VN), L Te(v™Y)) = o(N2 ).

Y

,
Proof. Let y € S, with cycle decomposition ] (ng_1 + 1,11 +2,...,1).
k=1
Then the free Wick theorem gives:

N
P(Tr(1) -+ Tr(Yp)) = ) 147(‘71'11‘7(1)(](1)"‘Cimi,y(m) (fm))
1,edim=
- /2
= L NP T Sefdii i
il,...,imil UGNCz(H’l) (k,l)G(T
- Y NH#o)—(m/2) IT <fk’fl>§ik/i7(1)éilfiy(k)'
ceNCy(m) (kl)eo

The blocks of v V ¢ are unions of blocks of . Suppose that y Vo & NC(m),
that is there exit By, By, B3, B4 blocks of < in this lexicographical order such that
Bi,Bs € Dq and By, By € D, with Dy, D, distinct blocks of ¢ V 0. Hence there
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exist by € By (1 < k < 4 such that 0(by) = b3 and o(by) = b, which implies that
o & NCy(m). We have then tha ¢y V¢ € NC(m) and an inductive argument on r
gives us that

N N -
(3.1) Kr(Tr(Yl( )), e ,TI‘(Y,( ))) = Z N#('YU) (m/Z) H <fk’fl>§ik/i7(l)(sil/iy(k)
ceNCy(m) (k1)eor
yVo=1,
Since the number of cycles is the same in a conjugacy class of permutations and
02 is the identity permutation, we have that #(yc) = #(cyc?) = #(c~17). Also,
#(0) =m/2and #(y) = r, hence, for y Vo = 1, Propositiongives

r+#(70)+% <m+2. 1

DEFINITION 3.2. Let {A;n}iciNez, be an ensemble of random matrices
with entries in 4. We will say that the ensemble has second order free limit dis-
tribution if it has limit distribution and, for all iy,i,...,i; € I, and collection
{Pr}rez, of non-commutative polynomials in 1 variables, with the notation Y} =
pr(Ai N, - - ., Ai, N), we have that:

(@) I\E}r}” 2 (Te(Y1), Tr(Y2)) exists and it is finite;

(if) I\%im i (Tr(Yq),...,Tr(Y;)) = Oforall r > 3.
—00

(o]
Ensembles of matrices from [] M, (C) with limit distribution have second
n=1
order free distribution, since free cumulants with constant entries cancel (see, for

example [18]]); an immediate consequence of Theorem is that ensembles of
semicircular random matrices also have second order free limit distribution.

3.2.  The next notion can be seen as an analogue, in our framework, of the notion
of second order free independence from [6].

DEFINITION 3.3. Let K C Z, and foreach k € Klet E, = {Az‘(f;\)]}iel,l\leh be
an ensemble of random matrices that has limit distribution. We will say that the
family {Ey }« has Property (x) if the following hold true:

(i) {Ex }x is an asymptotically free family with respect to the map tr ® ¢.
(ii) Suppose that { P } xcx are non-commutative polynomials in p variables and
that ky, ... kst € Kwith k; # kj;q for j € [s+ 1]\ {s,s +t} . Suppose also that

{AEZ)\I, ceey A’(Ukl)\]} N are subensembles of E; with limit distribution such that
: (k) ) \y —
]%ligotr(Pk(Al,N"“’Ap,N)) =0

(N)
j

(kj) (kj)

and denoteby «; "’ = ij(Al,N' cee, Ap,N)' Then

S
I%Ego KZ(Tr(zng) .. 'ng)),Tr((ngi . aﬁfﬁ)) = és’tglx%iglo tr(lx]('N)’ngt)Hfj)
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(iii) Suppose that r > 3, m € Z., that {Q; }]_, are non-commutative polynomi-
als in m variables and thatky, ...,k € K.
Suppose also that {AgkI)\,, cee Agfl)\,}N are subensembles of E; with limit distribu-
tion and denote

K Ko i
BN = (ALY, AN AL AT,

Then
tim (8", BN) = 0.

N—oo

In the next two sections, that is Section [3.3]and Section we will prove
the following result.

THEOREM 3.4. Let {fi}kez, be an orthonormal set from H and let £ be an
ensemble of constant matrices with limit distribution. The family of ensembles £ and

{Sn(fi)}n , (k € Zy), has Property ().

Note first that property (1) from Definitionis satisfied, since semicircular
matrices are free from matrices with constant coefficients (see, for example, [18]).

3.3. Letsy,...,s4,j1,...,jm be positive integers and let AgN),. .., A,(1N), BiN), el

(N) be constant matrices that are either centered or identity, such that if s, =

Sk+1, respectively if jy = jiy1, then A 7& I, respectively B 7é I
Letkq,..., ku,11,...,1; be posmve integers and

PN = sk —w(sn(f)F)L QY = Sn(fi) = e (Sw(fi) )L

In order to show Property (ii) from Definition it suffices to prove the following
lemma:

LEMMA 3.5. With the notations above,

(N)

32 w(Tr(AY PN .. AN PN (N BN ~-Q,(nN)B,(ﬂN)))

—(5an’[1‘ (P(N)Q )

We will prove in several steps. First, to simplify the notations, we will
omit the index N, with the convention that only matrices of the same dimension
are multiplied.

Let us focus first to

Enn = 9(Te(AuS ()" -+ ArS(fi ) Te(S(f,) By -+ S5, Bu).

LetNy =n+ki+--+kp, No=m+hLh+---+lpand M = My + My, My =

M — m — n. Denoting by afj),bff) respectively c( ) the (i, j)-entries of Ay, By,
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respectively S(fp), and denotmg by 7 the multiindex (i1, 1, .. .1y ), we have that

(33) E Z(P 11’12 (sn (Sn) L. C(sl), C(jl) ) . (]m) b(m) )

Cin,iz Cis iy My AT Iy 1AMy 2 Cipi—1in IMAM; 1

From the free Wick theorem, the expression above is computed as a sum over all
(k)

non-crossing pair partitions acting on the factors of the type c; j
we can write

, more precisely

Epn = Z Z o(7)
ﬂENCz(Mo) i~

] o 0

where we write T o~ omif whenever 7 is pairing ¢; i to ¢; ", we have that
is = iy and iy = iy, and we denote v(7) for the expression (depending also on
A1,...,An, By, ..., By) that results by pairing the cg;)’s according to 7.

Denote P, = S(f;,)* and Q) = S(f;,)". Suppose that 7 pairs two con-
secutive entries of the type ¢}, from the same P! or Q;. Without affecting the
generality, we can suppose, to simplify the notations, that the development of P/
(si) ‘C(Si‘) C(Si) ‘ C(Si) ' (si)

contains the sequence - --c - and that 7 pairs c;

N y—1,00 todotl lo+1dv+2 lo+2/00+3 i ty41
with c( )11. e If i is such that i ~ 7, then i, = i,;+o, hence, eliminating
Si S . . . .
o) C( ) we will obtain a summand from a development as in equation

lo,ly41  lot1:4042

bl?t )ki is now replaced by k; — 2. Same argument works if the sequence
Si Si
c c

-1 ¢ is preceded or succeded by entries of constant matrices.
Lo dp4+1 to+1do42

Denote by NC5(Mjy) the set of all pair partitions acting on cgl;)’

i (si) (si)
airing ¢/ and c¢:™ .
P g Lo, ly+1 Ly+1,042

s that are

— .. i .
, denote by i ? the set of indices i w1thout iy and by

NC3(My — ) the set of pair-partitions acting on cl(’;)

Since 4)( cls) ) = (1/N)||fs;|*> = 1/N, we have that

iv, lv+1 lv+1 iyt2

(34) 2 2 U(T() = 2 2 2 (P 1v/1v+1 lv-.i—)lrll”rl)]

MENCY(Mo) 7 ~rt TENCY(My—2) ?vw

s without {c o) }.

fv, iy 1’ Tpr1dvt2

= Y Y. o(0).
cENCY(Mo—2) oy

Consider now N Cg] (Mp) the set of all 7t as above such that P/ is invariant

(st)

under 7t (that is all ¢, j are paired only among themselves; in particular, k; must

be even). The restriction of 77 to P is then again a non-crossing pairing; since any
non-crossing partition has at least one interval block, iterating (3.4) we obtain

(3.5) ) Z =tr(P) - ) Y. (o)

neNCll(Mo) 7~ ceNcll(My—ki+2) T e



80 YONG JIAO AND MIHAI POPA

— —
where i !l is the multiindex formed by the set of all indices from i~ that are not

contained only in the factors from P/ and where N Cg] (Mo — k¢ + 2) denotes the
(%)

set of all non-crossing pairings acting on all ¢; j except the ones in P/.
Let us now go back to the computation of the second order free cumulant
K2 (Tr(AnPy - -+ A1P1), Tr(Q1By - - - QuBum)). As seen in the proof of Theorem 3.1}

it develops (following the free Wick theorem) as a sum over pair partitions action
on the factors of the type cg;) and connecting P, - - - P; with Q- - - Q. Note that
here the partitions are acting on sets of different lengths, due to the presence
of terms of type tr(S(f;.)*)I in the expressions of Py’s (and the analogues for
Qs’s). But, according to , the factors of the type tr(S(f;,)*) and the partitions
leaving invariant Ps cancel each other, hence, with the notations from (3.3))

K2 (Tr(AnPy -+ A1Py), Te(Q1By -+ QuBw)) = Y. v(n)
TeNCY (Mp)

where v(7) = ¥— _o(m) and NC3'(Mo) is the set of all non-crossing pairings 77
acting on the factors of type c(k) such that'

(i) 7t connects Py, - - - P; w1th Q- Qs

(ii) no P} or Q; is left invariant by mT.

Suppose 7 € NC5 (M) is such that v(7r) # 0. First note that, by equation
(3.4), we can suppose that 77 does not connect elements from the same P} or Q.
Second, note that if 71 connects two P/’s, then, from the non-crossing property, it
may also connects two consecutive ones, say P; and Py, ;. Using again the fact
the 77 is non-crossing, the last factor of P/ must be connected to the first factor of
Pt/ 1 Let clgsi)l i be the last factor of Pt’ . Then the development of E;;; contains the
sequence

C(St) a(f) C(St+1)

iy 1lo lyly41 lyp1lo42

(st)

Since ¢ (St“)

i, and ¢ i i, are connected by 7, it follows that iy = i,11 hence v(7)

contains the factor Z a; l) = Tr(A¢) = 0, therefore v(7r) cancels. It follows that
=1

7 connects only P;’s with Qs

We will show next that each P/ can be connected to exactly one Q]. Suppose
that P/ is connected to more than one Q;. Since 7 is non-crossing and does not
connect two different Q}’s, it follows that P/ is connected to two consecutive Q)’s,
say with Q; and Q; ;. Since we can suppose, by that 7t does not connect
factors of P/ among themselves, it follows that two consecutive factors of P/ must
be connected to the last fact of Q;, and to the first factor of Q, ;. Let cs* iy cf; -
be the two consecutive factors of P/ connected to the last factor of Q) respectlvely
to the first factor of Q;U 41 If By = I, then f]-w * fjw 17 therefore f;, is orthogonal
to at least one of the vectors f;,, fj,,,, hence v(7r) = 0. Therefore we must have
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tr(By) = 0 and the sequence o) p®@) L)

(WY TRt 71 S g PR T A}
of E;u, contains the last, respectively the first factors of Q)

appearing in the development

, .
w1 Theniy, =i, =

N
i,+1 and v(7r) will contain the factor Y, bi(‘z?) = Tr(By) = 0, therefore v(7r) must
=1 vly

cancel.

We proved that 77 must connect each P; to exactly one Q; and no P’s and
Q’s among themselves, particularly that n = m. Moreover, since 7t is noncrossing
and does not connect two different P’s or Q ’s, it follows that P,i is connected to
Qi forallk =1,...,n.

We will now finish the proof for equation (3.2). From the argument above,
the relation hold true if n # m and if n = m, then

K2 (Tr(ApPy - - - A1Py), Te(Q1By -+ QuBw)) = ). v(n)
TENCS (Mp)

Fix 1 € NC5'(Mp), and let us denote by a](t]f;it, respectively by b,(ji)tut the
entries of Ay,..., Ay, respectively By, ..., B, that appear as factors in the cor-
responding development. We will show that j; = u; and j_; = u_, therefore,
from Lemma the factors from v(7t) concerning the constant matrices will be

m
[T Tr(AgByg). Since the summands in E,;, have trace-type developments, the in-
k=1

dices of j;, j_t, ut, u—; from above are determined by the indices of the first and
last factors of P/, P/, ; and Qj, Q; . From the argument in equation (3.4), we can
suppose, in what concerns indices, that 7r does not connect factors from the same
P/ or Qj, hence it may suppose that each factor from P} is connected to a factor
from Q;v Since 7t is non-crossing, the last, respectively first, element from P,i must

be connected to the first, respectively last, factor from Q}, and i ~ 7 gives the
result.

Fix not t € {1,...,m}. From the argument above, if 1 € NC;'(My) such
that v(7r) # 0, then the set C; = {cl(l;) : ci(,l;) is a factor in P/ or in Qj} } is invariant
under 7t. Hence, denoting by 71; the restriction of 7 to C;, the free Wick theorem
implies that v(7t;), respectively v(7;) factors in v(7r), respectively in v(7r). Let us
also denote by i (f) the set of indices from i that appear as lower indices for
elements of C;. Let us write

Pl —c) ) (se) Q) = G GG

lv+kt—1iv+kt’ lw+lt—liw+lt :

BRI PEE g SR | P

fwip+1 Tw+1iw+2

Then, the previous argument gives that i, = i, and i,,, = iy. Since 71; con-
nects P/ to Q}, equation (3.3) gives that

v(m) = ¢(Te(Pr Q1)) — ¢(Te(P;))P(Tr(Qr)) = ¢(Tr(PrQr)).
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Remark now that the indices iy, and respectively i, are counted both in Tr(P;Q;)
and in Tr(A¢By), respectively Tr(As41Bi41), henceforth

Y, v(m) = Im‘[ %Tr(AtBt)Tr(PtQt) = Im—[tr(AtBt)tr(PtQt),

meNCy (M) t=1 =1
hence the proof of is concluded.

REMARK 3.6. Lemma[3.5|can be seen as a free analogue of Theorem 5.3 from
[7]; yet, the results are different in nature, Theorem 5.3 from [7] is an asymptotical
result, more in the spirit of part (ii) from Property ().

3.4. VANISHING OF HIGHER ORDER FREE CUMULANTS. Suppose that {f;}icz, is
an orthonormal system in H, let iy,...,i,; € Z4 and let Sy(f;) be as defined in
Section3.1]

Let I1,...,I; > 0 and put M(0) = 0, M(k) = M(k—1) + 1, for k €
{1,...,r =1}, and M = M(r).

Suppose that {AgN),. .., AgVIN) }N is an ensemble of constant matrices with
limit distribution (some of them may be identity matrices) and, fork = 1,...,7,
define

N N i
Yk( ) _ SN(fiM(k—])+1)A§VI()k—1)+l .. SN(ﬂwm)Ag\/I()k).

THEOREM 3.7. With the notations from above, if v > 3, we have that
lim o (Te(YM), (Vi) (V).
—00

Proof. As before, we will omit the index N, with the convention that only

(k)

matrices of the same size are multiplied. Also, we will denote by a; e respectively

cg;) the (i, ) entry of Ay, respectively Sy ( fx)-

Let 7y be the permutation with r cycles (M(k—1)+1, M(k—1)+2,..., M(k))
and 7 be the permutatiogwith rcycles (2M(k—1) +1, ZA/I(k -1)+2,...,2M(k))
for1 <k <r.Denote i = (it,...,im) € ZMandby j = (j1,...,jm) € [M]N
Then

n M)
; ]1]2 ]ZM 1sz) (a ]2]7() ajzm]‘a(zM))'
]

Tr(Y1) -
Let m1 € NCy(M). We will put 67, to be 1 if 77(I) = k implies i; = iy and 0
1

otherwise. The pairing 77 induces a pairing = € NC(2M) as follows: if 7t(I) =k,
then put 77(2] — 1) = 2k and 77(21) = 2k — 1.

Since ¢(c; (a )c,(;)) = Oap0jxdi1, the free Wick theorem implies that

= m N~ (M/2) M)
P(Tr(Y1) - Tr(Y,)) = ), 65N ) Bhjaey " iz

TeENCy (M) ?:?OTL’
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Denoting by p (1) = 6% N~ (M/2) 2777 W ™ an inductive argu-
; =

-4 ceea;
o7t J2]7(2) J2MJ75(2Mm)
ment on r gives that

k(Te(Yq),..., Te(Y,)) = Y. u(n).
TENCy (M)
NVy=1pm
We will show Theorem [3.7|by proving that if 1 € NC(M) is such that TV ¢y =
1p, then u(mr) = O(N™).

Fix 7t as above. Applying LemmaR.2to 7 € NC;(2M) and 0 € Sy given
by 0(2k) = ¥(2k — 1) and ¢(2k + 1) = 2k + 2, we have that there exist some
T € Sy such that

A L) -
. Z i Vi Tr (A, ..., Apm)-
j=7jon

Since lower indices of factor of type al(;() are from th same block of %, we have

that (k) is a singleton of T only if 77(k) = k + 1 and both k and k + 1 are from the
same block of . As seen in Section in this situation we can simply remove

Sni( fik)A,((N)S N(fi,,) from the product without affecting the order of magnitude
of the product. Henceforth, we can suppose that T does not have singletons and
that 7 does not connect elements from the same block of +.

(N)
1o

Since the ensemble { A ., A](é[\]) }~ has limit distribution, we have that

Tre(Aq, ..., Ay) = O(N*T)

so Theorem [3.7]is proved if we show that, under the asumptions above, T has a
cycle with at least 3 elements.

Let By, ..., B, be the blocks of . Since V¢ = 1), there is at least one
block of 7 connected by 7r with more than one other block. Suppose that By =
(M(K—=1)+1,...,M(k)) is such a block and that w(M(k)) € B;. If m(M(k —
1) +1) € By, since 7 is non-crossing, we would have that 77(By) C Bj, therefore
m(M(k—1)+1) & B,.

Letv = —1+inf{t: t € By, () € B;},let t(v+1) = w € B; and take u,s
such that 7(v) = u € Bs # B.. If j = j o7, then jo, = joy+1 and jopr1 = jow,
which implies that A, Ay Ay are in the same cycle of 7, hence the conclusion. 1

4. RANDOM MATRICES WITH BOOLEAN INDEPENDENT BERNOULLI-DISTRIBUTED ENTRIES

4.1.  As in Section [3} we will consider H to be a real Hilbert space, H = H ® C.
Let {BN(f)}nez,, fen be an ensemble of random matrices such that By(f) =

(B3 ()IN_y with bj(f) € A such that;

M 961 (bR (2)) = (1/N){f, 8)8ix0;
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(i) BN (f)* = Bn(f);
(iii) {3%1(7) (f), Sbf,jN) (f)}1<ij<n form a Boolean independent family of
Bernoulli distributed random variables of mean O.

REMARK 4.1. (i) By(f) is Bernoulli distributed of variance || f||> (with re-
spect to the functional tr ® ¢).
(ii) If {fi}icz, is an orthonormal family in #, then {Bn(f;)}; form a Boolean
independent family.

Proof. Consider my,...,my € Zy, m = my + --- + mp and the multiindex

T = (iriz,...,im) € [N]™.

To simplify the writing we will omit the upper-index (N), with the conven-
tion that only matrices of the same size are multiplied.

For part (i), note that

tr® ‘P(BN Zﬁb iip 1213 : Zmll)
If m is odd, Proposition[2.4]gives that all summands cancel. If 1 is even, Proposi-

tion 2.4 gives that
tr®¢(BN(f)m) = ;N_(m/Z)_l||f||m511,1351315 : 51m 31m 1 lm 111 Hf”m
i

For part (ii), it suffices to prove that, if j # jx.1, then

tr @ ¢(Bn(fj,)™ -+ -Bn(fj,)"™")
= [tr@ ¢(Bn(fj,)™)] - [tr @ ¢(Bn(f;,)™ - Bn(fj,)"")]-
On the other hand,
tr @ ¢(Bn(fj,)™ -+ Bn(£j,)"")

_ZN¢ ity f]l) 1213(f]1) ’ 1m11n11+l (f]l) 1ml+11m1+1(f]2) : bimil(-fj}’))'

If my is odd, then, from part (i), tr @ ¢(Bn(f;,)™) = 0; also, applying Proposi-
tion 2.4 to the equation above, we obtain

4)(bi1i2(fj1)) ( 1213(f]1) : lmllml+1 (f]l) 1”11“1’”1*1 (f]z) : bimil (f]p))
-3

= (P(bl;n11m1+l (fh) 1m1+11m1+1 f]z H (P Ikt f]l) ikt 142 (fll))
"P(bimﬁlimﬁz <f]2> -+ iy (f];ﬂ))

Since fh 1 sz , we have that

O (bii,, (Fi )i rinn (i) = {firr fia) Gii, = 0
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hence the equality holds true.
If m; is even, Proposition 2.4 gives

9B, (1)) - Bty (1) =B i 0 i Wi i1 () i ()

mq -3
= IT (b )b (D] * @By i, 2 Fi) =B (£))-
Since ¢ (biyiy,, (fi)bip i (fi1) = 1Ifiy Hz(Sikin, the right-hand sid: of the
equation above cancels unless iy = i3 = --- = iy, 11, hence, denoting i (m; +

1) = (imy+1,imy+2, - - -, im), We obtain

tr @ (B (fi,)™ - By (f;,)"™)

_2N¢ i1ip f]1) lzls(f]l) ) lmllm]+1(f]1) lm]+11m]+1(f]z) ’ biml&(f]'p))

= N (ml/Z) ! ’ le/z”—f]'l ||m1 ’ Z qb( 1n11+]1m1+2 (f]Z) : 1mlm1+1 (f]P))
i (m141)

= [r@ ¢(Bn(f;,)"™)] - [tr @ p(Bn(fj,)"™ - - - Bu(fj,)"™)]
hence the conclusion. &
Since the results in the next two sections are not asymptotic in nature, we

will omit the index N from the notation By (f), with the convention that all ma-
trices involved here are of size N for some N > 2.

4.2. MONOTONE INDEPENDENCE AND MATRICES WITH BERNOULLI DISTRIBUTED
BOOLEAN INDEPENDENT ENTRIES. As presented in [16]], the relation of Boolean
independence is not unital, that is C is not Boolean independent from any alge-
bra. In this section we will show that, when tensoring with matrices, the relation

of monotone independence appears connecting Boolean independence to the alge-
bra My (C).

LEMMA 4.2. Let Ay, ..., Ay be a set of matrices from Mn(C), { fi}kez, beaset
_>
of vectors from H and i = (i1,ip,...,ipy41) € [NJMFL Then

(tr @ ¢) (HB fok—1)AxB(far) ) H’fr Ar){fax—1, fox)
& k
= ( ; lj[ lllk+1 ka 1 l(kjlilH»l bik+1i1 (f2k)> *

Proof. Denote X = [xl]]l] 1= H B(fax—1) AkB(fax)- Then

(tr @ ¢)(B(f1)A1B(f2)X) N Z P(b ivin fl) 1213 1314(f2)x1411)

ipipiz=1
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Since for all 1 < i,j < N, x;j is in the unital algebra generated by by (f,), Propo-
sition2.4] gives that

3 (1) N
. ,.2_14)(171'11'2(fl)aiziabi3i4(f2)xi4i1):' 2 1 ¢(biyi, (f1)b 1314(f2)) 1213 ¢ (xi,i,)
18213 1 213 ( )
- Z ‘N <f1’f2> iriyOinis 1213¢(xi4i1)
Z (fi, fa)a 1212 ¢(xiyi,) =tr(Ar)(f1, f2) Tr(X),

hence the conclusion. 1

THEOREM 4.3. Let B be the (non-unital) algebra generated by {B(f)AB(g) :
A € MN(C), f,g € H}. Then B is monotone independent from My (C) with respect
to the functional tr ® ¢.

Proof. 1t suffices to show that, if A,D € My(C), f1, fo € H and X is in the
algebra generated by My (C) and {B(f) : f € H}, then

tr © ¢(AB(f1)DB(f2)X) = tr(A)(f1, f2)[tr ® p(AX)]

and the conclusion follows appling Lemma
Denoting i = (i1,ip,...,i5), we have that

tr® (P(AB(fl)DB(fZ Z(P 611112 ipi3 (fl) i3iy 1415 (fZ)xl511)
But, since all x; ; are in the unital algebra generated by {by(f) : f € H}, Propo-

sition[2.4] gives:
;4’(%1'2191‘21‘3 (f1)disi,biyis (f2)Xisi,)
i

Z ini3 fl 1415(f2)) 1314¢(ai1i2xi5i1)

; N fl/ f2 5131451215dl3l44)(ai1i2 xi5i] )
1

N

= ) <f1/f2> Aizin®(aii, Xiyiy ) = tr(A)(f1, f2) Tr(AX),

i1,0p,iz3=1
hence the conclusion. 1
43. Letfi,...,f;m € M, leth,..., I, > 0and put M(0) =0, M(k) = M(k—1) +

Iy, forke {1,...,r —1},and M = M(r).
Suppose that Ay, ..., Ay € My(C) and, fork =1,...,r, define

Yi = B(fmk—1)+1) Amk—1)+1 " BU M) ) Amp)-
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THEOREM 4.4. With the notations above,
b, (Tr(Yy),...,Tr(Yy)) = O(NZ”).

é
Proof. Let i = (i1,...,iom) € [N]*M and 7 € Syp be the permutation with
rcycles 2M(k—1)+1,2M(k—1) +2,...,2M(k)), for 1 < k < r. Proposition[2.4
gives

¢(Tr(Yr) - - Tr(Yr))

M
k
= ; (I) ( H bzzk 11k fk l(zk)iy(zk))

7 k=l

= Z {;{{ H lzk 112k(fk) ip) 1121fl } {ﬁa;lq }}}

nel (M) (kl)er 5=

Induction on r gives that b, is a sum as above but over m € (M) such that
VY = 1y, for 4/ € P(M) the partition with r blocks of type (M(k — 1) +
1,M(k—1)+2,...,M(k)), where 1 < k < r. In particular, since I(M) has at
most one element, b, (Tr(Y7) - - - Tr(Y;)) = 0 unless such a pairing exists, that is if
r =, then l; is odd, and if » > 2, then /; and [, are odd and I, ..., l,_q are even.

Let us suppose that there exists 77 € (M) satisfying the conditions above.
In this case, from the expansion (3), we also have that

b, (Tr(Yr) - Te(Yy)) = ¢(Tr(Yy) - - - Tr(Yr)).

Suppose now that I; > 2 and let & = Tr(Y3) - Tr(Yy) (if r =1 weputa = Iy)
and Yll =Y Ay, whereY = B(f3)Az - (fM ) [%]]1] 1 (iflp =2, we

Then, for 7 = (j1,..-,j5) € [N]°, Propositiongives

(Tr(Yr) - Te(Yr)) Z‘P 12 fl) ]2]3 ]3]4(f2) ]4]5%5]1 9)
]

2
- Z¢ ]1]2 f1 ]3]4(f2)) ]2]3 (y]S_]la](4])5 ’ 0().

Since ¢(b]1]2 (fl)b]‘3]'4 (f2)) = (1/N) <f1,f2> i ja ]'2]'3, it follows that

@y p(T(n)-a) = Z<f1,fz>N” P(yjay; )

i,jk=1
= (fi, )t (A)P(Te(Y]) - &) = O(NO)P(Tr(Y7) - ).
If r = 1, iterating equation (4.1), we obtain
4.2)
m

P(Te(B(f)Ar -~ B(fan) Aan)) = | [[{ ok, fudte( A 1)] - (Tr(HAz]))

k=1
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which implies the theorem for r = 1.

For v > 2, a similar argument to aplied to the last two factors of the
type b; (fx) of Y; (if I, > 1) and to the second and third such factors from Yj (if
I > 2 for 2 < k < r — 1) gives that it suffices to prove the theorem for /y =1, =1
andh=---=1,_1=2.

Let Y1 = B(f1)A1 and let Y, = B(f2)X with X = A, if r = 2, respectively
X = ApB(f3)Asif r > 3. puta = Iy if r = 2, respectively a = Tr(Y3) - - - Te(Y;) if
r > 3. With these notations, we have that

N
¢(T1‘(Y1)Tr(Y2)'“)= Z ( z]fl bkl(fz)xlk o)

=1

/

P (b1 (f1)bir (f2))P (11003 ).

Il
MZ ‘N

X

ijkl=1

Since gb(bl,] (fl)bk,l (fz)) = (1/N) <f1, f2>5i,15]',kr it follows that

(4.3) P(Tr(Y1)Te(Y2) - &) = <f1]’\]f2 21¢ xijal) )
L]
_ L h)
e 1]214) (Tr(X A1) - ).

If r = 2, equation (4.3) implies that ¢(Tr(Y1)Tr(Y2) = (f1, fo)tr(A2A1) = O(ND),
and induction on r, using again equation (4.3) gives the result forr > 3. 1
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