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ABSTRACT. We study an increasing family of spaces {Bf }<p<eo by adapting
the techniques used in the study of Beurling algebras by Coifman and Meyer
(Au dela des opérateurs pseudo-différentiels, Asterisque 57(1978)). Also we
study the Schatten—von Neumann properties of pseudo-differential operators

with symbols in the spaces B,’Z .
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INTRODUCTION

Sobolev-Kato spaces H;; were introduced in [19] by Tosio Kato and are
known as uniformly local Sobolev spaces. These spaces are special cases of Wiener
amalgam spaces and play an important role in many areas of analysis. In addi-
tion to the original use, they were also used in the analysis of pseudo-differential
operators as more general classes of symbols (see [2], [5]-[7]). The uniformly lo-
cal Sobolev spaces can be seen as a convenient class of functions with the local
Sobolev property and certain boundedness at infinity. The same philosophy can
explain the notion of Wiener amalgam spaces: that is the local behavior is given
by the local component, while the global component (determines) sets out how
the local pieces behave together. Wiener amalgam spaces were introduced by
Hans Georg Feichtinger in 1980. In this paper we study a class of spaces which
generalizes the Sobolev—Kato spaces. As we noted in [2], Sobolev—Kato spaces are
particular cases of Wiener amalgam spaces with local component H* and global
component L. Allowing more general weight functions, in this paper we con-
sider as local component the spaces By = B, similar to those introduced by Lars
Hoérmander (see [18], vol. 2) and we preserve the global component LF. Concern-
ing the weight function k we shall make a hypothesis which ensures that B is
a module over BC™ (see the notations). Most of the results proved in the case
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of Sobolev—Kato spaces are preserved. In this paper we study some multiplica-
tion properties of Hormander-Kato spaces and we prove Schatten—von Neumann
class properties for pseudo-differential operators with symbols in the spaces B,’f .
Besides the properties of the spaces B, s, the main techniques we use in the study
of these spaces are inspired by those used in the study of Beurling algebras by
Coifman and Meyer [9]. In Section 1 we recall some properties of the spaces B,
and we establish the main technical result used in this paper by adapting the
techniques of Coifman and Meyer. In Section 2 we introduce and we study an in-
creasing family of spaces {l’)’f(j }1<p<eo- Here the Hormander-Kato spaces B,f are
defined as Wiener amalgam spaces with local component Bj and global compo-
nent L7, i.e. B,’f = W(B, L?). The Schatten-von Neumann class properties for
pseudo-differential operators with symbols in the spaces Blf are presented in the
last section.

As we mentioned above, Sobolev-Kato spaces Hfﬂ were used in the analy-
sis of pseudo-differential operators as more general classes of symbols. We try
to do the same thing with Hormander-Kato spaces that we have introduced.
A problem widely investigated was to determine conditions on the symbol of
a pseudo-differential operator which guarantees that this operator belongs to a
Schatten—von Neumann class. There are different sets of assumptions which give
an answer to this problem, see e.g. Arsu [1]-[3], Grochenig and Heil [16], Heil,
Ramanathan and Topiwala [17], Toft [22]-[25], etc. The Hormander-Kato spaces
B,f provide a new set of assumptions which gives a positive answer to this prob-
lem. Among others, we prove that a(X, D) € B,(L*(R")) ifa € Bf(R” x R") for
weight function k satisfying the condition % € LY(R" x R"). Here for a Hilbert
space H and 1 < p < oo, we denoted by B,(#) the Schatten ideal of compact
operators on H whose singular values lie in 7.

Note that in the papers of Bourdaud and Meyer [8] and of Boulkhemair
[4] it is proved that, for some particular weights k, pseudo-differential operators
with symbols in B{°(R" x R") are L? bounded. This is the case when the local
component is L®(R"). Therefore it is natural to study the case when the local
component is LP(R"), 1 < p < oo and this is done in the spirit of Coifman and
Meyer [9].

SOME NOTATIONS. Throughout the paper we are going to use the same notations
as in [18] for the usual spaces of functions and distributions.

il = F(u) is the Fourier transform of u.

“Cst” will always stand for some positive constant which may change from
one inequality to the other.

u ~ v means that £ and £ are bounded.

If m is an 1nteger 0orm = oo, then BC™(R") is the space of bounded
functions in R” with bounded derivatives up to the order m with the (semi)norms
I fll gor = max sup [0“f(x)] < oo, ] <m+1.

H\ xeR
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Coo (R") is the space of continuous functions vanishing at infinity.

CST)I(RH) is the space of smooth functions with derivatives of polynomial

growth.
x| denotes the integral part of the real number x.
gralp

(-) is the function (-) : R" — R, (&) = (1 + |&[?)2, & € R™.

1. THE SPACES By = By

The spaces B, x(R") are defined essentially as inverse Fourier transforms of
L? spaces with respect to appropriate densities.

DEFINITION 1.1. (i) A positive measurable function k defined in R” will be
called a weight function of polynomial growth if there are positive constants C and
N such that

(1.1) k@& +) <CEONVk(y), &neR™

The set of all such functions k will be denoted by Kp,q1 (R").
(ii) For a weight function of polynomial growth k, we shall write M(§) =
C(&)N, where C, N are the positive constants that define k.

REMARK 1.2. (i) An immediate consequence of Peetre’s inequality is that
M is weakly submultiplicative, i.e.

Mi(&+1) < M (G)Mi(n), & eRY,

where C;, = 2% C~! and that k is moderate with respect to the function My or
simply Mj-moderate, i.e.

k(G +m) < Mi(©k(n), & € R™
(i) Let k € Kpo1(R"). From definition we deduce that
1 “1;-N ¢ KE+7)
=)<
Mm@~ )
In fact, the left-hand inequality is obtained if ¢ is replaced by —¢ and # is replaced
by ¢ + n in (L.T). If we take 7 = 0 we obtain the useful estimates
(1.2) Clk(0)(2) N <k(2) < Ck(0)(@)N, GeR”

The following lemma is an easy consequence of the definition and the above
estimates.

LEMMA 1.3. Letk, ki, ko € Kpo1(R"). Then:
(1) k1 + ko, k1 - ko, sup(kl, kz) 1nf(k1,k2) € Kpol( )
(i) k° € Kpol(R") for every real s.
(iii) If k(€) = k(—¢€), & € R, then k is My-moderate hence k € Kool (R™).

SCEON =M(8), &neR"
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(iv) 0 < inf k(&) < supk(§) < oo for every compact subset K C R™.
ek Zek

DEFINITION 1.4. If k € K,q(R") and 1 < p < oo, we denote by B, x(R")
the set of all distributions u € S’ such that # is a function and kit € LP. For
u € By x(R") we define

[l = [lit]]p < o
In the next lemma we collect some properties of the the spaces B, x(R").
LEMMA 1.5. (i) B, x(R") is a Banach space with the norm || - ||, x. We have
S(R") C B,x(R") C S'(R")
continuously. S(R") is dense in B, (R") if p < co.
(i) If k1, k2 € Kpo1(R") and k() < Ck1(§), & € R”, it follows that
By i, (R") C By, (R").

(iii) The restriction of the isomorphism S'(R") > u — i € S'(R") to the space
B, x(R") induce an isometric isomorphism B, (R") > u — il € Bpjc(]R”). Here 1l is of
course the composition of u and x — —x.

(iv) If L is a continuous linear form on B, x(R"), p < oo, we have for some v €
B, 1 (R™), % + % =1, L(u) = (2m)"(v,u), u € S(R"). The norm of this linear form

'k
is ||o|| p,1- Hence B, 1 (R™) is the dual space of B, (R") and the canonical bilinear form

"k "k
in By x(R") x Bp,,% (R™) is the continuous extension of the bilinear form (27)" (v, u),
vE Bp, 1 (R"), u € S(R").
"k
W) Ifu € B, x(R") and ¢ € S(R"), it follows that pu € B, x(R") and that
[pullpe < 70) 7" | Myl 1 [[ul] -

(vi) If 1 € LP'(R™), b5+ =1 then By (R") € F LY (R") C Coo(R).

Proof. (i) The Fourier transformation reduces this part to the fact that
S(R") C L,’Z(R”) c S'(R")
continuously and densely, where Lf = JF By is the Banach space of all measur-

able functions v such that the norm ||kv|[, < co. That S(R") C LZ(R”) follows

from the second inequality in . To prove that L]’f (R") c §'(R") we note that
Holder’s inequality gives

[ toelaz < kol 7]

where % + % = 1. This proves our assertion since || % Hp/ is a continuous semi-

norm in S in view of the first inequality in lb To prove that S is dense in Llf
we use first Lebesgue’s dominated convergence theorem to show that LZ Nné&'is



ON HORMANDER-KATO SPACES 163

dense in L,’f , where &’ is the space of distributions with compact support in R".
Suppose now that v € &' NL!. Let ¢ € C°(R") be such that supp ¢ C B(0;1),
J ¢(x)dx =1.Fore € (0,1],we set 9. = ¢ "¢(:). Let K =suppv + B(0;1). Then
using the inequality (1.2) we obtain

k(e xv —0)|, < Ck(0) sup(-)NHq)g *v -0, =0, ase—0.
K

(if) and (iii) are easy consequences of the definition.
(iv) If F is the Fourier transformation in S’(R") then

L(u) = (27)"(v,u) = Q) (FF to,u) = 2n)"(F 1o, Fu) = (F3, Fu).

Hence the Fourier transformation reduces the theorem to the fact that a contin-
uous linear form on S(R") with respect to the norm |kU||,, p < oo, is a scalar
product with a function V such that % € L¥' and that the norm of the linear form

is 111
(v) The proof is identical to the proof of the Theorem 10.1.15 in Hérmander

[18] vol. 2.

(vi) Let u € B,x(R"). If £ € LV (R"), then ii € L'(R") since kii € LP(R")
and % + L = 1. Now the Riemann-Lebesgue lemma implies the result. For
x € R" we have

|u(x)] < )" [lll < (2) "Ik kil e = (277) "Ik

LEMMA 1.6. Let k € Kpo1(R") and C, N the positive constants that define k and
setmp = [N+ 5] +1andly = [N]+n+1. Let 1 < p < ooand é > 0.
(i) If x € HNT2H(R™), then for every u € B, (R") we have xu € B, (R") and

Ixullpx < CCm, 200 [l ko

where
Clk, 1, x) = (2m0) " Mixllh < C(C,m, 0) x| ng+ar
Here H™(IR") is the usual Sobolev space, m € R. If x € H™k(R"), then

ol < CENm) (X 10Kl 2) il

Joe] <

(i) If x € C(R") is Z"-periodic, then for every u € B, x(R") we have xu €
B, x(R") and

[xullpx < Cst(C, N, m) x| gt oy 14| p i

Proof. (i) Since S(R") is dense in HN*2+¢(R"), we can assume that y €
S(R™). We know that

Il < (270) 7" | M |l i
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Since My (&) = C(&)N, Schwarz inequality gives the estimate of C(k, 1, x)

Clkm,x) = (2m) " Mgl = 27) "¢ ([ N IR0n)ld)
< @) ") 2l g s = O 8) x| g

If we take 6 = my — N — 2% > 0, then HN*27¢ = H™ and ||X||HN+%+(5 R~
L (0%l e

[ <y
(if) We shall use some results from [18] vol. 1, pp. 177-179, concerning peri-
odic distributions. If xy € C'(R") is Z"-periodic, then

X: Z e27ﬁ<'r7>c
YEL"

with Fourier coefficients

¢, = [x(x)e 2 0Mdx, 1=[0,1)", ye 2,

satisfying
cq| < CStH?CHBCIk(]Rn)<27T’Y>_lk, yez.

—

Since eilu = #(- — 1), multiplying by k(&) and noting the inequality k(&) <

C<77>Nk( — 1), we obtain [k(¢)elu(g)] < C(n)N|k(Z — n)a(¢ — )| and
[|eif u||pk < C(N||u ul[p k- It follows that

lacullpie < Cst - Clxllgere sy ( X @707) 5 @)™ ) ]
YEZ

< Cst(C N, 1) L gt oy 1
sincely =N =[N]+n+1-N>n. 1

For any x € R" and for any distribution # on R", by 7,1 we shall denote the
translation by x of u, i.e. Tyu = u(- — x) = &y * u.

LEMMA 1.7. Let ¢ € S(R") and 6 € [0,27]|". If

= Y = ¥ (- —q) = Y &5 4,
yeZ" yeL! TEL"

then

Po =vo = (271)" ) §(27Y +0)d2zy 6.
YEL
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Proof. We have gg = ¢ * (e/(-9)S), where S = Y. 4,. We apply Poisson’s

YEL"
summation formula, F ( Y (57) = (2m)" ¥ 425y, to obtain
yeZ! YEZ"
Go =9 (l0S) = ¢ 1S =(21)"§- Y rnyt0
YyEL"
— @) ¥ 92y + 0o B
YEL"

NOTATION 1.8. For k in Ky (R") we denote by By (R") the Hilbert space
By x(R™). We shall use || - || 5, for the norm | - [| .

As we already said the techniques of Coifman and Meyer, used in the study

of Beurling algebras A, and B, (see pp. 7-10 of [9]), can be adapted to the case
spaces Bi(R") = By x(R"). An example is the following result.

LEMMA 1.9. Let k € Kpo(R"). Let {uy}yezn be a a family of elements from
Bi(R™) N D (R"), where K C R" is a compact subset such that (K — K) NZ" =
{0}. Put

u= Y Tuy= Y u(-—7y)= Y 6 xu, €D R").
YEZ! yezZn yezZn
Then the following statements are equivalent:
Hue Bk(Rn).
() L [luqllp, < oo
yeZ!

Moreover, there is C > 1, which does not depend on the family {M'},},},ezn, such

that

_ 2
(1.3) CMlulls, < (X llusl,)* < Clluls,:
YEZL

-

Proof. Let us choose ¢ € C§°(R") such that ¢ = 1 on K and supp ¢ = K’
satisfies the condition (K’ — K’) N Z" = {0}. For 6 € [0,271]" we set

Po= ), "z = )3 96, % g,

yeZ! yeZ!
— i(7,6 — i(7,0)
Upg = Ze >T7u7— Ze< Oy * Usy.
YEL YEL

Since (K’ — K')NZ" = {0} we have

Ug = QPoli, U = PoU_g.

Step 1. Suppose first that the family {u,},cz» has only a finite number
of non-zero terms and we shall prove in this case the estimate (1.3). Since 1,
u e &' (R") C §'(R") it follows that

g = (2m) Mg xil, U= (2m) "vg*ii_g,
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where vy = @p = (27)" L @27y + )25+ is a measure of rapid decay at co.
YEL"
Since ilg, Il € C;‘;l(R") we get the pointwise equalities

ig(Z) = Y. ¢2my+0)i(E —2my —0),
YL

0(g) =) ¢Qmy+0)i_g(¢—2my—0).
yeZ!

By using the inequality k(&) < C(27ty + 6)Nk(& — 271y — 0) one obtains that
k(@)1itg(2)] < C Y (2my +6)N|p(27ry +0) k(& — 27ty — ) |@(§ — 27ty — 6)]

YEL!
and
KOa@) < C Y @ry+0)N[@2my +60)[k(§ — 21y — 0)[i1_g( — 27y — 6)].
yezn
It follows that
lulls, = kel < C( X 2y + )N g2y +6)]) [kl 2 < Cogllulls,
YEL"
and

lulls, < Crpllu-olls,,

where G, = C sup ¥ (2my +60)N|§(2my 4 60)| < co. Here we can use
fe[0,2)" YEL"

Peetre’s inequality in order to estimate the sum uniformly with respect to 8 €
n+l n+l

[0,271)". If C(n) =22 (1+4mn) 2, then from
(2707)" 1 < 25 (0)" 1 27y + 6) ! < C(n) (270 + 6)" ]
one obtains that

L @ry+6)Nip@ry+0) < Co( T (2m7) ) sup()NH gl
YEZL" yeL"

Now the above estimates can be rewritten as
[ 1K@ (@) PdE < Cllully,  uly, < G, [ K@) o(2) Pz

On the other hand, the equality uy = ), ei<7f‘9>117u7 implies
YEL!

B(g) = Y 0 0a,(9)

YEL"
with finite sum. The functions 6 — ii14(¢) are in L2([0,27]") and

e [ @ P = ¥ 1a,@)P.

[0,272]" rezr
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Integrating with respect to 6 the above inequalities we get that
Y Myl < CRllulls, el <CEp 3 lunllf,
YEL" YEL"

Step 2. The general case is obtained by approximation.
Suppose that u € Bi(R"). Let ¢ € C5°(R") be such that ¢y = 1 on B(0,1).
Then ¢*u — u in B (R") where ¢°(x) = (ex),0 < e < 1, x € R". Also we have

lyulls, < Ck,p)[lulls, 0<e<1,

where
Clly) = (2m) € sup ([ Ne "I98l
= @re sup ([ (e §nla) = @m (o) golan).

Let m € N,m > 1. Then there is ¢,, such that for any ¢ € (0, &,,] we have
Yru= Y, Ty + ) (T ¥°)uy).
[y|<m finite
By the first part we get that

Y. lluyli, <Gk
ly|<m

yullf, < CiyClk,)?[lulg,.

Since m is arbitrary, it follows that Y. |[ju, ||%3k < oo. Further from
YEZ!

2 ||u7H%§’k g Cl%,(p |lp€u|IZBk’ 0 < € < 87’?1/

ly|<m

we obtain that

Y lugll, < CEyllullfy, meN.
ly|<m

Hence

Y lluyll, < CEylullg,-

YEL"
Now suppose that ) HM"VH%?:( < oo. Form € N,m > 1we putu(m) =
yeZ!
Y. Tyuq. Then

ly|<m
lu(m +p) —u(m)|f, <2, 3 luyllg,
m<|y|[<m+p
It follows that {u(m)},,>1 is a Cauchy sequence in Bx(R"). Let v € Bx(R") be
such that u(m) — v in Bg(R"). Since u(m) — u in D'(R"), it follows that u = v.
Hence u(m) — u in B (R"). Since we have

||u<m>||%gk<c,%,¢“z luq I3, < CFy 3 luyll, meN,
yl<m YEL!
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we obtain that

YEL"

To use the previous result we need a convenient partition of unity. Let m €
Nand {x1,...,xu} C R" be such that

0,1 C (x1+ 5,23 U---

-

(xm + 3, 31")-
Leth € CP(R™), h > 0,besuch that 7 = 1 on [}, 2]" and supph C [1,2]". Then

~ m ~ ~
@H=Y Y Tyyyh e BC*(R")is Z"-periodicand H > 1.
i=1yez

e
(b) hj = 2= € C(R™), by > 0, supph; C x;+ [}, 3]" = Ky, (Ki—Ki) N Z" =
{0},i=1,...,m.
m

(©xi= ¥ t/hi € BC®(R")is Z"-periodic,i =1,...,mand ¥ x; = 1.

YEZ! i=1

m
Dh=Y heC®),h>0, ¥ th=1

i=1 yEL!

A first consequence of previous results is the next proposition.

PROPOSITION 1.10. Let k € Kpo1(R") and C, N the positive constants that de-
fine k. Let m = [N+ 5]+ 1. Then BC™(R") - By (R") C Bx(R"). In particular
BC=(R"™) - BL(R"™) C Br(R").

Proof. Let u € Bi(R"). We use the partition of unity constructed above to
obtain a decomposition of u satisfying the conditions of Lemma We have

m
u =Y x;uwith x;u € By(R") by Lemma ii) and
i=1

xit =), Ty(hitqu), hTqu € By(R") NDy (R"),
YEZL

(Ki—Ki)ﬂan{O}, 1:1,,711

So we can assume that u € By(IR") is of the form described in Lemma 1.9}

Let p € BC™ (R"). Then yu = Y, ¢Tuy = L Ty(¢Pyu,) with ¢, =
YEZL" YEL"

¢(1-4y), where ¢ € C5°(R") is the function considered in the proof of Lemma
We apply Lemma 1.9/and Lemma [T.6{i) to obtain

HE”“”%’,( < C]%,(p Z ||¢'y”7”%ikr
YEL"

lsualls, < Cst( X 10" (@(—r®)) 12) s 15,

[oe] <

< Cstl @l gme 1@l peme [ty |5, v € Z7.
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Hence another application of Lemma|I.9|gives

lpuls, < Cstll@lEpm 9llEem Yo Nuyllg, < Cstllplfm l@lGen luls,. o
YEZ

2. THE HORMANDER-KATO SPACES B!

We begin by proving some results that will be useful later. Let ¢, ¢ €
C3°(R™) (or ¢, € S(R™)). Then the maps
f
RTXR" > (x,y) — ¢(x)p(x —y) = (¢79)(x) € C,

R" x R" 5 (x,y) -5 ¢(y)p(x —y) = o) (59)(x) € C,

arein C{°(R" x R") (respectively in S(R” x R")). Letu € D'(R") (oru € S'(R")).
Then using Fubini theorem for distributions we get

It follows that
( / 9)ug) = / {1, o7y p)dy

valid for ¢, € C°(R") and u € D'(R") (or ¢, ¢ € S(R") and u € S'(R")).
We also have

(u®1,g) = (u(x), (Ly), e(W)p(x —y))) = (u(x), (p ) (x)) = (u, ¢ ),
(uwel,g) = (1y), (ux), ey)p(x —y))) = / @(y)(u, yyp)dy.
Hence
(u, @ x9p) = / ¢(y)(u, Typ)dy
true for ¢, ¢ € CF°(R") and u € D'(R") (or ¢, € S(R") and u € S’(R")).

LEMMA 2.1. Let ¢, € CF°(R") and u € D'(R") (or ¢, € S(R") and u €
S'(R™)). Then

@) ([¢)we)= [ oy,
(2.2) (u, px1p) = / ¢(y)(u, 7y)dy.

n
Ifeq,..., e, is a basis in R”, we say that I’ = @ Zejis a lattice.
j=1
Let I' C R" be a lattice. Let p € S(R"). Then ¥ 7, = ¥ (- —7) is
yer yer

uniformly convergent on compact subsets of R”. Since 0"y € S(R"), it follows



170 GRUIA ARSU

that there is ¥ € C*(R") such that ¥ = ¥ 7,¢ in C*(R"). Moreover, we have
yel

7Y = ¥(- — ) = ¥ for any ¢ € I'. Consequently we have ¥ € BC®(R") and if
¥(y) # 0 forany y € R", then ¢ € BC®(R").
Let ¢ € S(R"). Then ¢¥ = Y ¢(7,¢) with the series convergentin S(R").
yerl’

n+1

Indeed, by applying Peetre’s inequality (7)"+! < 2”3 (x)"*+1(x — 4)"*1 one ob-

tains

() [0 p(x)aPp(x—y)| <23 (L (1) ") sup ()< o] - sup ) [Py

yer yer

and this estimate proves the convergence of the series in S(R"). Let x be the sum
of the series Y ¢(7y1) in S(R"). Then for any y € R" we have
yerl

XW)= 60,20 = (80, L o(mw)) = L0 0(m1)) = L oy =) ¥ (y).

yerl yer yer
S0 ¥ = ¥ g(t,p) in S(RY).
yel
If g, 9 € CF(R") and S(R") is replaced by C§°(R"), then the previous re-
marks are trivial.

LEMMA 2.2. Let ¢, ¢ € S(R") and u € S'(R") (or ¢, ¢ € CF(R") and u €

D'(R")). Then ¥ = Y. ©y¢p € BC®(R") is I-periodic and
yel'

(2.3) (u,¥o) =Y (u,(t,9)9).

yel'
LEMMA 2.3. (i) Let x € S(R") and u € S'(R"). Then xu € S'(R")N
™). In fact we have
Xi(§) = (e Pu,x) = (e 8y), ¢eRr™
(i) Let u € D'(R") (oru € S'(R")) and x € C*(R") (or x € S(R")). Then
R" x R" 3 (y,§) = utyx(8) = (w,e 8y (- —y)) e C
is a C®-function.

Proof. Let q : R} x RY = R, q(x,{) = (x,¢). Then e ¥(u®1) is in the

Schwartz space S’ (R? x R”) IfpeS (R") then we have

(u, X®) = (u(x), (1(§), e 1V x(x)p(£)))
= (e le(x®g)) = (18), (u(x),e “Ix(x)p(§))
1(8), 9(¢ )< T08x)) = (18), @) e, x))
/47 (e Tu, x)dg.

(R

(xu, ¢) =
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This proves that ii(&) = (e " %u, x), ¢ € R". a

COROLLARY 24. Let k € Kpoi(R"), u € D'(R") (or u € S'(R")) and x €
CS°(R™) (or x € S(R™)). Then

R" 3y — f(y) = |lutyxlls, € [0,00]

is a measurable function.

Proof. Let (Ky;) e be a sequence of compact subsets of R” such that K, C
I%m-&-l and JK;, = R". Then f,, " f, where f, is the continuous function on R"
defined by

fuly) = ([ ER@KEIE) n

Kin

Letu € D’( ") (oru € 8'(R")) and x € C°(R")\ 0 (or x € S(R")\0). Let
X € C(R") (or ¥ € S(R"))and ¢ € C°(R"). By using and Lemma iv)
we get

(e g) = Hlnz et ) w9y = o f e () ),

()] < ”2 [ Il | () gl
Let I' C R" be a lattice. Let u € D'(R") (oru € S'(R")) and let x € C5°(R")
(or x € S(R")) be such that ¥ = ¥r, = ¥ |5yx|> > 0. Then ¥, & € BC®(R")
yer

and both are I'-periodic. Let ¥ € C°(R") (or ¥ € S(R")). Using and
Lemmal([L.5(iv) we obtain that

(uex, @) = ZFWTWC/ %(W%)(sz{j ®),
Y€

(

[(utX, @) < (2m)7" ) lutyxlls,
yerl’

<Cy ), lumxls I (mX) (=X)els, -
yer k

In the last inequality we used the Proposition and the fact that & € BC™(R").
If (Y, p) is either R" with Lebesgue measure or I" with the counting measure,
then the previous estimates can be written as:

[(utX, ¢)| < Csf/ lutyx |5 (w) (g X) 9l 8, A (y)-
% k
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We shall use Proposition|1.10[to estimate ||(7:X) (TyX)¢|| 3, - Let us note that
k

M = g =y = [N + 3] + 1. Then we have

I(wX)(wX)¢lls, <Cst max ||((0"X)(50%)) |5, -
¥ |-+ B[ <y 4

There is a continuous seminorm p,, , on S(R") so that
(720 (40P %) (x)] < Pk (X) P (x) (x = 2) 20 (x — y) =20
<2 Pk (D pnk (026 =z =) " Hz -y
<2 k() puk () =)™ et Bl < my
Here we used the inequality
<X>72(n+l)<Y>72(n+l) <2FUX4+Y) T UX V)L XY e R™

which is a consequence of Peetre’s inequality (X + Y)"+1 < 2" (X)n+1(y)nt1,
Hence

max [|((z0"0) (50°%)) lleo < 2" (D pur(X)(z = )",
la+Bl<my
I(=X) (wX)els, < C'(nkx0)(z—y) " els,,
F K
(X, @)] < C’(n,k,m?)(/ lutyills, (2= )" du()) lglls, -
% k
The last estimate implies that

ey umdls, < Conk ) ( [ lumls, - v) " tdu)).
Y

Let1l < p < . If (Z, v) is either R"” with Lebesgue measure or a lattice with the
counting measure, then Schur’s lemma implies

'G\H

([ Il o) < Okl (1t ancn)’
Z

For p = oo we have

sup [u=X|5, < Clm K x X)) ™"l sup utyx||s,-
z Y

By taking different combinations of (Y, u) and (Z,v) we obtain the following
result.

PROPOSITION 2.5. Let k € Kpo(R") and C, N the positive constants that define
kand1 < p < oo. Let u € D'(R") (or u € S'(R")) and x € CP(R")\ 0 (or
x € S(R")\0).
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Q) If x € CF(R™) (or x € S(R™)), then there is C(n,k, x,X) > 0 such that

‘u\'—‘

1
([ Il a7)” < coukx ( [ lnmxlfdy)’,

sup HMT]?)?HB]{ < (nrerrX) sup ||”TyXHBk-
y y

(i) If I' C R" is a lattice such that ¥ = ¥r, = ZF |ty x> > 0and X € CF(R")
ve
(or X € S(R™)), then there is C(n k,T,x,xX) > 0such that

1
([ Il a7)” < couk T ( L luwxlf,) "
yer
SLlp ||MTng‘|Bk < C(n/k/ F/X/X) sup HuT’YX”Bk-
y v

(iti) If T C R" is a lattice and x € CP (R") (or X € S(R™)), then thereis C(n, k, I', x,X)
> 0 such that

‘3\»—'

1 ~
(X lwmsly,)” < conk Fxc) ([ Il dy)
yer :

s“ip ||MT7}7)€”Bk < C(I’Z,k, f/X/Xv) sup HuT]/XHBk'
Y ¥

(iv)IfI, T’ C R" are lattices such that ¥ = Yry= ¥ |tx* > 0and ¥ € CP(R")
yerl’

(or X € S(R™)), then there is C(n, k,I', I, x,X) > 0 such that
1
(X lwmsxlly, )" < coukl, i) (X lumadly, )
yel yer

sup [lutyX|| s, < C(n kI, T, x,X) sup |uty x| 5,
¥ Y

Let us introduce the space
Bl¢(R") = {u;u € D'(R"), pu € Bi(R") for every ¢ € C§*(R™)}.
The next result concerns the regularity of the map z — ut; x.
LEMMA 2.6. Ifu € BI°°(R") and X € CT(R"), then the function
R" 5z — ut,x¥ € B(R")

==

is locally Lipschitz.

Proof. Since local Lipschitz continuity is a local property and u & B}(OC (R™),
we can assume that u € B (R"). Let x € C°(R") \ 0. During the proof of the last
proposition we proved that there is C = C(n, k) such that

Rl < Coux(®Puk(0) ([ lumalls, (z = )~ dy).



174 GRUIA ARSU

Now if we replace x with 7, — X, || < 1, we can find a seminorm g, » on S(R")
such that pn,k(ThXV - Xv) < |h|qn,k(}€) and

. % = wTeRls, < Cnx (@ pax () [ lwmicls, =) ™"y ) 1]

< Cuk(X)Pur Ol Il meme 1) HI Bl o

DEFINITION 2.7. Let1 < p < o0,k € Kpoi(R") and u € D'(R"). We say that

u belongs to Hormander—Kato space B,f (R") if there is x € C°(R") \ 0 such that the
measurable function R" > y — [Jut,x||5, € R belongs to LF. We put

1
il = ([ lnmxlifdy)’, 1<p < oo,

[llooc = oty = sup [lutyx|l5,-
Y

PROPOSITION 2.8. (i) The above definition does not depend on the choice of the
function x € C°(R") \ 0.
(i) If x € C(R")\ O, then || - ||xp, is a norm on B,’f(R”) and the topology that
defines does not depend on the function x.
(iii) Let I' C R" be a lattice and x € C5°(R") be a function with the property that
¥Y=Yry= ¥ |tx|*>>0. Then
yer

1
(T llwmxlly, )" 1<p<oo
BY(R") > u— { el .

sup [[uty x|, p=co
g’

is a norm on B]f (R™) and the topology that defines is the topology of B,’: (R™). We shall
use the notation

1
( lumxlly)” 1<p <o
||u||k,p,1",)( = er
sup [umyxlls,  p=co.
v

(iv)If1 <p < g < oo Then
S(R") C B{(R") € BY(R") C B/(R") C BY(R") C S'(R").
(V) Ik, k € Kpot(R") and k' < Cst - k, then B} (R") C BL,(R").
(vi) (Bf(R”), |+ [x,p,x) is @ Banach space.
(vii) If § € L2(R"), then B (R™) C BC(R™).
Proof. (i), (ii), (iii) are immediate consequences of the previous proposition.
(iv) The inclusions B}(R") C BL(R") C B/(R") C BP(R") are conse-

quences of the elementary inclusions /! C [P C 11 C [®. What remain to be
shown are the inclusions S(R") C B} (R"), BP*(R") C S'(R").
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Letu € B (R"), x € CF°(R") \ 0and ¢ € C°(R"). We have

(1) = ||1||2 [t wp)e)ay,

(2m)—™" _
(9| < ”2 J 1 (sl < ST [ s (el dy
12 k

< g Ml f 0l o

We shall use Proposition [1.10]to estimate || (7,X)||5, - Let X € C5°(R"), X = 1 on

k
suppy. If my = my = [N + %] + 1, then we obtain that
(D) els, <C max [[(9"9)(%0"%) |l Tyxll5,
f |+l <mye ?

=C max [[(3*0)(1,9%%)|lell%] 5. .
|“+ﬁ\<mkH( ) (%9"x)| ||X||B%

Since x, ¢ € S(R") it follows that there is a continuous seminorm p,,  on S(R")
so that

1(0°9) (1,9P%) ()| < P (@) e (1) x — ) ~20+D) ) 720HD)
< 2" (@) Pk () (22 — )~ (D () (D)
<2k (@)pui () W)Y,k Bl <
Hence
)] <21 fz 1l 1)~ 1715, Pk COPs ().
k

Ifu e S(R"), x € C*(R") \0and ¥ € C§°(R"), X = 1 on suppy, then Propo-
sition and the above arguments imply that there is a continuous seminorm
Pnk on S(R™) so that

I(myx)ulls, < C max [ (@*u) (5P x) ol 7]l 5,
|ac+pB| <y

=C max [|(0%u)(1,9°x) ||l X
\a—i—ﬁKmkH( ) (797 x) lloo | X/ 3

< 2" Cpu k() pui (O W)~ Xl 5,
Hence u € B} (R") and
il < CstC) ™V IR 5Pk ()P (-
(v) is trivial.

(vi) Let x € C°(R™) \ 0. Then a consequence of Holder’s inequality and
is that there is C=C(#, k) and a continuous seminorm p, ; on S(R") such that

lutexlls, < CPak(0?max{ ()=, Dy, =z € R
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Let {u,} be a Cauchy sequence in B,’: (R"). Then for any z € R" there is u, €
Bi(R") such that u,T:x — u in Be(R"). Since B} (R") C S'(R") and S'(R") is
sequentially complete, there is u € S'(R") such that u, — u in §'(R") and this
implies that u, = ut;x forany z € R". Then [|u, — ul|,,, — 0by Fatou’s lemma.

(vii) If % € L?, then BP(R") C BC(R"). Let x € C°(R") be such that
x(0) = 1. Then for x € R"

E— a1
u(x)] = Jutex (v)] < (2m) " luTexllp < (270) 7% 2

L2||MTXX||Bk
1

f 2 —nyz
)|

REMARK 2.9. The spaces Bf (R™) are particular cases of Wiener amalgam

il

spaces. More precisely, we have B]f (R") = W(By, LP) with local component
By (R") and global component L? (R"). Wiener amalgam spaces were introduced
by Hans Georg Feichtinger in 1980.

Now using the techniques of Coifman and Meyer, developed for the study
of Beurling algebras A, and B, (see pp. 7-10 of [9]]), we shall prove an interesting
result.

THEOREM 2.10 (localization principle). By (R") = BI% (R™") = W(By, L?).

This theorem is a consequence of the next two lemmas where we prove the
inclusions that we need. In the proof of these lemmas we shall use the partition
of unity built in the previous section.

LEMMA 2.11. B3(R") C B(R").
Proof. Let | - [|x2 be a fixed norm on BZ(R"). Let u € BZ(R"). We have u =

m
xju with xju = Y (Tyhj)u. Since u € B} (R"), Proposition [2.5/implies that
j=1 YEZL"

Y (ryhyully, < CHullz, < oo
YEZ!

Using Lemmal(l.9]it follows that x;u € By(R") and

Ixjull, ~ Y I(myhpuly, < CHlulf,:
YEZL!

m
This proves that u = ) xju € Br(R") and that
j=1

m

m
Hw@<;mmm<(;qum '
= =

LEMMA 2.12. B(R") C B(R").

Proof. The following statements are equivalent:
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(i) u € Br(R").
(ii) xju € Bi(R"),j=1,...,m. (Here we use Lemmaii).)
(iii) {I|(vyhj)ull g, }yezn € P(Z"),j =1,...,m. (Here we use Lemma)

m
Now h = ‘Zlhj and ||(tyh)u|p, < Z ||(T7 ullg, v € Z" imply that
j=
{Il(zyh)ullg, }yezn € I*(Z"). Since h € C§° (R”), h>0and Y, t,h=1itfollows
YEL"

that u € BZ(R") and

(oyh)ulls Yyezn i) ZH{”(T’Y ull g, tyez 2 zn)
]7

m
~ Z Ixjulls, < Cstl|ullp. W

When 1 < p < oo the Hérmander—Kato spaces Bp (R™) can be obtained as
completion of S(R") with respect to the B} (R")-norm.

LEMMA 2.13. If1 < p < oo, then S(R") is dense in B (R").
Proof. Let x € CP(R") be such that ¥ = ¥z: , = ¥ [7,x[*> > 0 and let
yeZ!

| - llk,p,zn x be the associated norm in B,f (R™).
Step 1. Let p € C3°(R") be such that ¢y = 1 on B(0,1), ¢°(x) = p(ex),
0<e<1xeR"Ifu € B (R"), then ¢*u — u in Bx(R"). Moreover we have

[p*ulls, < Ckp)|ulls, 0<e<1,

where C(k, ) = (271)~"C(f (n)™ [ (1) |dn).
Step 2. Suppose that u € Blf (R™). Let F C Z" be an arbitrary finite subset.
Then the subadditivity property of the norm || - ||;» implies that:
1 1
I = ullepzny < (X Il umx—umxll)" + (L leurxly,)’
YEF yEZM\F
1

+( X lumall,)’

YEZ'\F

<( L Iyruwmx—umaly, ) +Chp)+0( L lumally,)"

Y€F YEZM\F

==

By making ¢ — 0 we deduce that
1
limsup |95 — ullp 2, < C ) +1)( L umaly,)’
e—=0 YEZ"\F
for any F C Z" finite subset. Hence liné Yfu = uin B (R"). The immediate
e—
consequence is that &' (R") N B}f(R”) is dense in B,’f (R™).



178 GRUIA ARSU

Step 3. Suppose now that u € &'(R") N B,’:(]R"). Let ¢ € C§°(R") be such
that supp ¢ C B(0;1), [ ¢(x)dx = 1. Fore € (0,1], we set ¢ = ¢ "¢(3). Let
K =supp u + B(0;1). Then there is a finite set F = Fg , C Z" such that (7, x)(¢e *
u—u) =0foranyy € Z" \ F. It follows that

1
e u = ullgpzny = (L I ma) (@exu—u)l, )’
Y€F

1

~ (L w0 (e xu—wllf,)’

v€EF
~||@exu—ulp —0, ase—0.

In contrast with the last result we have the following lemma.
LEMMA 2.14. If } € L%(R"), then S(R") is not dense in B (R").

Proof. Let || - ||k be a fixed norm on B{*(R"). Since By (R") C BC(R"),
there is C > 1 such that || - [l < CJ| - [[x,0 (here we apply Proposition 2.8[vii)).
Suppose that S(R") is dense in B;°(R"). Since we obviously have 1 € B°(R"),
there is ¥ € S(R") such that ||1 — ¢[j < C||1 — P[0 < 4. Let ¢ € CP(R")
be such that || — ¢plle < 3. Then 1 < |1 - @plloo < 1= ¢lleo + [1¢ — 9tplloo
< % + % = 1 which is a contradiction. I

PROPOSITION 2.15. Let 1 < p < oo, k € ICpol(R”) and C, N the positive
constants that define k. Let my = [N + 4] + 1. Then
(i) BC™(R™) - B (R") C BE (R™).
(ii) BC™* (R") C BE(R"),
Proof. (i) Letu € Bz(R”) and ¢ € BC" (R"). Let x € C°(R") \ 0. By using
Propositionwe obtain that Yut,x € Bi(R") and

lputyx|ls, < Cellwllsem lutyxlls,

This inequality implies that ”lpu”k,p,x < Cellwll gome ”“Hk,p,x-
(ii) Since 1 € By (R") it follows that

BC™(R™) = BC™ (R") -1 C BC™(R™) - BP(R") € BE(R"). u

3. THE SPACES B}f AND SCHATTEN-VON NEUMANNN CLASS PROPERTIES
FOR PSEUDO-DIFFERENTIAL OPERATORS

We begin this section with some interpolation results of Blf spaces. For
k € Kpol(R"), let L2 = {v € S'(R") : kv € L2(R")}, ||v||L£ = |kv||;2, v € L2.
Then the Fourier transform F is an isometry (up to a constant factor) from By (R")
onto L% and the inverse Fourier transform F~! is an isometry (up to a constant
factor) from L7 onto Bi(R"). The interpolation property implies then that F
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maps continuously [By, (R"), B, (R")]y into [LiO,L%l]g and F~! maps continu-
ously [L,%O,Lil]g into [By, (R"), By, (R")]g, so that [By, (R"), By, (R")]g coincides
with the tempered distributions whose Fourier transform belongs to [Lio, L%l]g
(and one deduces in the same way that it is an isometry if one uses the cor-
responding norms). Identifying interpolation spaces between spaces By (R") is
then the same question as interpolating between some L? spaces with weights.
The following lemma is a consequence of this remark and Theorem 1.18.5 in [26]].

LEMMA 3.1. Ifko, k1 € Kpot(R"), 0<0 <1 and k=k{ - k§ € Kpot (R"), then

pol

[Bi, (R"), By, (R")]o = Bi(R").

Using the results of Subsection 1.18.1 in [26] we obtain the following corol-

lary.
COROLLARY 3.2. Let ko, k1 € Kpol(R"), 1< pg <00, 1< p1 <00, 0<0<1and
119,898 k=K% K ¢ KR").
p Po p1
Then

(170 (Z", By, (R™)), IPH(Z", By, (R"))]o = IP(Z", B (R™)).
We pass now to the Hérmander-Kato spaces Bf . We choose xz: € C°(R")
sothat Y. xz«(-—7) = 1. For v € Z" we define the operator
yezZ!
S, : D'(R") = D'(R"), Syu= (tyxzn)u.
Now from the definition of B,’: it follows that the linear operator

S:BL(R") — IP(Z", Bk (R")), Su = (Syu)qezn

is well defined and continuous.
On the other hand, for any x € C7’ the operator
Ry : IP(Z", B (R™)) — Bp(R"),

Rx((”v)weZ") = Z (TwX)uw
YEL"

is well defined and continuous.
Let u = (uy)yezn € IP(Z", B (R")). Using Proposition we get

(T X2 ) (T X )1ty |3, < Cst - max  [|(Ty0xz0 ) (Ty9PX) |l ool || 3,
|oc—+ Bl <y
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where my = [N + 5] 4+ 1. Now for some continuous seminorm g = ¢, , on S(R")
we have

(1@ 1) (5,2 (5)] < g0 g () — 2/) 20D {x ) 20D
<2 (xzn)g(0) 2x = =) "Ny =)
<2"q(xz)a0) (Y =) e+ Bl <m

Hence

max [|(T,0"xz) (T,9PX) lleo < 2" g (xz0)a(X) (Y — 7)Y,
|oc+B| <y

(T xz) (T 20U |5, < Clnkxzn, ) = 1) " g |5,
The last estimate implies that
1Ty xze ) Ry ()|, < Clmkxzm, x) 3 (7 =207 iy | 5,
YEZL!

Now Schur’s lemma implies the result

1

( L l@xz)Rewly)" < Conkazn 01O Mo (L lully,)"

v ez YEZ!
If x = 1 on a neighborhood of suppxz:, then xxz» = Xxz» and as a conse-
quence Ry S = idB,f(R"):
RySu = Z (TyX)Squ = Z (TyX) (Ty Xz )1 = Z (Tyxzn)u = u.
YEL" YEL" o/
Thus we proved the following result.

PROPOSITION 3.3. Under the above conditions, the operator Ry is a retraction
and the operator S is a coretraction.

COROLLARY 3.4. Let ko, k1 € Kpor(R"), 1< pg <00, 1< py <00, 0<0<1and
1 1-6, 6

p_p0+a,k=¢%@emmw

Then
(B (R"), B (RM]g = B (R").
Proof. The last part of Propositioniv) shows that {Bfg (R"), Blfll (R™)} is
an interpolation couple (in the sense of the notations of Subsection 1.2.1 in [26]

one can choose A = S'(R")). If F is an interpolation functor, then one obtains by
Theorem 1.2.4 of [26] that

||u||p({glfg(Rn),Bfll @y = 1 (Syt)rezn |pqro @n B ) am @8 )1
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By specialization we obtain
el geny g eyl = 1(St0) vz oz i ey i Ryl

~ ((Sqtt)yezn llw @ B mry) = N1l gy ey W

In addition to the above interpolation results we need an embedding theo-
rem which we shall prove below. First we shall recall the definition of spaces that
appear in this theorem.

DEFINITION 3.5. Let 1 < p < co. We say that a distribution u € D'(R")
belongs to Sk, (R") if there is x € C(R") \ 0 such that the measurable function

uX/P ‘R — {0/ +°o)r
sup |y x(8)| if p = oo,
Upp(8) = (V<" N
( iyx (@) |Pdy) 7 if 1< p < oo,
belongs to L!(R").
These spaces are special cases of modulation spaces which were introduced
by Hans Georg Feichtinger in 1983. They were used by many authors (Boulkhe-
mair, Grochenig, Heil, Sjostrand, Toft ...) in the analysis of pseudo-differential

operators defined by symbols more general than usual.
Now we give some properties of these spaces.

PROPOSITION 3.6. (i) Let u € S,(R") and let x € C*(R"). Then the measur-
able function

Uy, : R" = [0, +00),
sup [T, x(%)| if p=oco,

Uyp(¢) = yeRn/\ .
([ lax(@)|Pdy)?  if1<p <oo,

belongs to L' (R™).
(ii) If we fix x € C*(R™) \ 0 and if we put
lullgp,, = [ Up(@)de = Nlpllis, u € Sw(®),

then || - || s, 18 anorm on S (R™) and the topology that defines does not depend on the
choice of the function x € C3°(R")\ 0.
(iif) Let 1 < p < g < oo. Then

SL(R™) c SE(R") c SL(R™) € S2(R") = Sp(R") € BC(R") c S'(R").
A proof of this proposition can be found for instance in [1] or [24].

THEOREM 3.7. Let k € Kpo(R") and 1 < p < 0. If% € LY(R"), then
By (R™) < Sk (R™).
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Proof. Letu € BE(R”). Let x, X € C;°(R") \ 0 be such that ¥ = 1 on suppy.
For y € R" we have

—

utyx = (utX)(tyx) = utyx = (271) "uTyX * X
Multiplying by k(&) and noting the inequality k(¢) < C(¢ — )Vk(17), we obtain
K@) (@) < @) C [ Kp)lagn)I(E - i)V IGx(& — )ldé

< (2m) "Cllkuty X 2 YNGR 12 = (270) " Cllumy & s, s,
hence
% ()] < (27) 7"Cllx |l ()HuTyXHBk
It follows that
Uy (@) < (27)"Clxl s g Iz
which implies that

1
- [ ||1/l||k,p,)‘€, uec Bl’; |

lllgp o = I Wpllnr < (270) " Clix]l

This embedding theorem allows us to deal with Schatten-von Neumann
class properties of pseudo-differential operators.
Let T € endg (R") = Myxn(R), a2 € S(R" x R"), v € S(R"). We define

Op.(a)v(x) = a™ (X, D)v( (2m)~ // =ma((1 - 1)x + 7y, 1)0(y)dydy.
If u,v € S(R"), then

(Op,(a)o,u) = 2) ™" [[[ e #a((1 = 0)x + 7y, m)u()o(y)drdydy
= (1@ F YHa)ocr,u®0),
where
R XR" 5 R"xR", cr(x,y)=((1—1)x+71Y,x—V).

We can define Op_(a) as an operator in B(S(R"),S’(R")) for any distribution
ae S (R" xR")

<OpT(a)U,u> = <ICOpT(u)/u ® U)/ ICOpT(u) = ((1 ® ]:71)[1) O Cr.
THEOREM 3.8. Letk € leol(R” x R™) be such that % € LY(R" x R").
(i) Let 1 < p < o0, T € endr(R") = Myxn(R) and a € B} (R" x R"). Then
Op.(a) =a"(X,D) € B,,(LZ(R”)),

where B, (L*(R™)) denote the Schatten ideal of compact operators whose singular values
lie in IP. We have

1Op(a) |5, (r2(Rr)) < Cstllall -
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Moreover, the mapping

endg(R") © T — Op_(a) = a"(X, D) € B,(L*(R"))
is continuous.

(ii) Let T € endg (R") = Myxn(R) and a € B (R" x R"). Then
Op,(a) = a"(X,D) € B(L*(R")).
We have
10p-(a) [l (22 (mr)) < Cstllal| g

Moreover, the mapping

endg(R") > T — Op,(a) = a"(X, D) € B(L*(R"))
is continuous.

Proof. This theorem is a consequence of the previous theorem and the fact
that it is true for pseudo-differential operators with symbols in S§,(R" x R") (see
for instance [1]] or [24] for 1 < p < co and [6] for p = 0). 1

THEOREM 3.9. Let k € Kpo(R" x R") be such that ¢ € L'(R" x R") and
1<p <o Ifteendr(R") = Myxn(R)anda € Bp‘]izl(R” x R") then
K7

Op,(a) = a"(X, D) € By(L*(R")).
Moreover, the mapping
endg(R") 57— Op (a) =a"(X,D) € Bp(Lz(R”))
is continuous.

Proof. The Schwartz kernel of the operator Op_(a) is ((1 ® F~1)a) o cz.
Therefore, a € B3(R" x R") = L2(R" x R") implies that Op_(a) € Ba(L*(R")).
Next we use the interpolation properties of Hormander-Kato spaces Blf and of
the Schatten ideals B, (L*(R")) to finish the theorem.

[BE(R" x R"), B{(R" x R")], | = B:%fl (R" x R™),

[Bz(Lz(R”»,Bl(LZ(R"))}%_l = By(L*(R"), 1<p<2,
[BI(R" x R"), B (R" x R")],
[Bz(LZ(R”)),B(L2(R”))h_% = By(L*(R")), 2<p<co W

We shall end this section by considering pseudo-differential operators de-
fined by

(3.1) Op(a)v(x) = // ei<x*y'9>a(x,y,G)U(y)dyd(), ve S(RY),
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with a € B (R%"), k € Kool (R3"), 1€ LY(R%) and 1 < p < c0. For a € ST (R")
such operators and Fourier integral operators were studied by A. Boulkhemair
in [6]. In [6], the author give a meaning to the above integral and proves L2-
boundedness of global non-degenerate Fourier integral operators related to the
Sjostrand class Sy, = Sg;. Therefore, by taking into account the embedding theo-
rem it follows that the above integral defines a bounded operator in L?(R™). Now
if we use Proposition 4.6. in [24] or Proposition 5.4. in [1] we obtain the following
result.

PROPOSITION 3.10. Let ke ICPOI(R3”) be such that € LY(R%"), 1< p < o0 and
ac B,f(RB’”). If Op(a) is the operator defined by , then Op(a) € B, (L*(R")) and

1Op(a) I3, (12(r)) < Cstllall -
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gestions that let me improve the paper.
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