J. OPERATOR THEORY © Copyright by THETA, 2015
73:1(2015), 211-242
doi: 10.7900/jot.2013nov11.2039

C*-ALGEBRA OF NONLOCAL CONVOLUTION TYPE
OPERATORS WITH PIECEWISE SLOWLY OSCILLATING DATA

YURI KARLOVICH and IVAN LORETO-HERNANDEZ

Communicated by Nikolai K. Nikolski

ABSTRACT. The C*-subalgebra B of all bounded linear operators on the space

L%(R), which is generated by all multiplication operators by piecewise slowly
oscillating functions, by all convolution operators with piecewise slowly os-
cillating symbols and by the range of a unitary representation of the group
of all translations on R, is studied. A faithful representation of the quotient
C*-algebra B = B/K in a Hilbert space, where K is the ideal of compact
operators on L?(R), is constructed by applying a local-trajectory method and
appropriate spectral measures. This gives a Fredholm symbol calculus for the
C*-algebra B and a Fredholm criterion for the operators B € ‘B.
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1. INTRODUCTION

Let B := B(L%(R)) be the C*-algebra of all bounded linear operators acting
on the Lebesgue space L?(R) and let K be the ideal of all compact operators in
B. An operator B € B is called Fredholm if its image is closed and the kernels
KerB and KerB* are finite-dimensional, or equivalently, the coset B™ := B + K is
invertible in the Calkin algebra B™ := B/ (see, e.g., [16]).

Let F be the Fourier transform,

(Fo)(x) = [ o(y)dy, xeR
R
Consider the unital C*-algebras of convolution type operators

(1.1) A := alg (al, WO(b) : a,b € PSO®) C B,
(1.2) Z :=alg (al, WO(b) : a,b € SO°) C 2,
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generated by multiplication operators al and convolution operators Wo(b) :=
F~1bF where, respectively, a,b € PSO® and a,b € SO°. Here SO° is the C*-
algebra of functions admitting slowly oscillating discontinuities at every point
A € RU{oo} and PSO° is the C*-algebra of piecewise slowly oscillating functions
(see their definitions in Section [2).

Let G denote the commutative group of all translations

(1.3) g:R—=R, x—x—h (heR),

with product g,9s = gu4s for all h,s € R. Given a shift g, € G, we define the
unitary shift operator Uy, acting on L?(R) by

(1.4) (Ug, f)(x) := f(x —h) forxcR.

The aim of this paper is to elaborate a Fredholm symbol calculus for the
C*-algebra of nonlocal convolution type operators

(1.5) B :=alg (A Us) C B

generated by all operators A € 21 and by all unitary shift operators Ug, (h €
R), or equivalently, to construct a faithful (that is, injective) representation of the
quotient C*-algebra B/ in an appropriate Hilbert space, where the C*-algebra
2l is given by and K C Z C 2 (see Lemma 6.1 in [23]).

The C*-algebra € C B(L?(T)) of nonlocal singular integral operators gener-
ated by the Cauchy singular integral operator St, by the operators of multiplica-
tions by piecewise quasicontinuous (PQC) functions [27], and by the unitary shift
operators U (g € G), where G is a discrete amenable [17] group of shifts acting
freely on T, was studied in [11]].

Recall that the group of shifts G acts freely on T if the points g(t) (t € T, g €
G) are pairwise distinct. The C*-algebra & C B(L?(T)) generated by all rotation
operators on T, by all multiplication operators by piecewise slowly oscillating
functions on T and by the operators ¢), ASTe};}I (h € R,A € T), where

epr(t) =exp(h(t+A)/(t—A)) forte T\ {A},

was studied in [4]. The C*-algebra® C B(L?(T)) generated by the Cauchy singu-
lar integral operator St, by the operators of multiplications by piecewise slowly
oscillating functions on T, and by the unitary shift operators Ug(g € G), where
G is a discrete amenable group [17] of shifts acting topologically freely on T and
having the same finite set of fixed points, was studied in [5] (for more general
actions of G see also [6], [7]).

On the other hand, more complicated C*-algebras B = alg (2, Ug) of non-
local convolution type operators were studied only in the case of piecewise con-
tinuous data (see [18], [19]).

In the present paper, applying results of [21]-[23] for the C*-algebra 2 of
convolution type operators with PSO® data, we study the C*-algebra B of non-
local convolution type operators with such data. Since 87 is an example of C*-
algebras associated with C*-dynamical systems and the action of the group G on
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the maximal ideal space of the central subalgebra Z7 := Z /K of the quotient
C*-algebra A" := /K is not topologically free, for studying the invertibility in
B we apply a version of the local-trajectory method combined with using spec-
tral measures (see [5], [18], and [20]). For other versions of the local-trajectory
method and their applications see [1]]-[3].

The paper is organized as follows. In Section [2| we define the C*-algebras
SO° and PSO® and describe their maximal ideal spaces.

In Section [3| we describe the Gelfand transform for the central subalgebra
Z7 of A and construct a faithful representation of the quotient C*-algebra 2™ in
a Hilbert space on the basis of [21]]-[23].

The local-trajectory method elaborated in [18], [20] to study the invertibility
in the abstract C*-algebra B = alg (2, Ug) generated by a unital C*-subalgebra 2
and a unitary representation U of an amenable group G is presented in Section 4}

In contrast to the local-trajectory methods developed in [1]-[3], the method
presented here is related to the Allan-Douglas local principle (see, e.g., [13]) and
delivers a convenient machinery for studying C*-algebras of nonlocal type oper-
ators with discontinuous data in case 2 has a non-trivial central subalgebra Z.
Applying this method, we establish in Section [5|an invertibility criterion for the
C*-algebra A of functional operators with PSO® coefficients.

In Section [f| we describe the spectral measure associated with a central C*-
subalgebra Z of A and a faithful representation 7r of the C*-algebra B” in a
Hilbert space, and which is applicable if the action of the group G is not topolog-
ically free. Such spectral measure allows us in Section [7] to decompose B into
the orthogonal sum of G-invariant C*-algebras By o, B g aNd Beo co-

In Sections 8} 0] and [10] we study the invertibility in the C*-algebras g co,
BRr o and B, g, respectively, where Ag . C BR . The faithful representations
for the C*-algebras Bp o, and B, g are qualitatively different. To study the in-
vertibility in the C*-algebra Bp ., we apply the local-trajectory method, while
studying the C*-algebra B, is based on the fact that the product of each coset
B™ € 87 and each coset [W°(v)]™, where v € SO° and xgllloov(x) = 0, belongs

to the C*-algebra 2.

In Section [L1| we show that the invertibility in the C*-algebra B fol-
lows from the invertibility in Bg ., and therefore a faithful representation for
the quotient C*-algebra B” is related only to the invertibility conditions for the
C*-algebras Bp o, and B k.

Finally, in Section [12} collecting the results of Sections we construct a
faithful representation of the quotient C*-algebra 87 in a Hilbert space. This rep-
resentation can be considered as a Fredholm symbol calculus for the C*-algebra
B. As a corollary, we obtain a Fredholm criterion for the operators B € ‘B in
terms of their Fredholm symbols.
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2. THE C*-ALGEBRAS SO°® AND PSO°

Let R := RU {co} and R := [—00, +c0]. For a bounded measurable function
f:R—=Candaset] CR,let

osc (f, 1) = ess sup {| () — £(s)| : £, € I}.

Similarly to [4], we say that a function f € L®(R) is called slowly oscillating at a
point A € R if for every (equivalently, for some) r € (0, 1)

lim osc (f, A+ ([—x, —rx] U [rx, x]) if A eR,
x—+0

) =
lim osc(f,[—x, —rx]U[rx,x]) =0 if A = oco.

xX—+00
For every A € R, let SO, denote the C*-subalgebra of L*(R) defined by
SO, == {f € C,(R\ {A}) : f slowly oscillates at A},

where G, (R \ {A}) := C(R\ {A}) N L®(R).

Let SO° be the minimal C*-subalgebra of L®(R) that contains all the C*-
algebras SO, with A € R, PC the C*-algebra of all functions in L*(RR) that have
one-sided limits at each point t € R, and let PSO® be the C*-subalgebra of L*(R)
generated by the C*-algebras PC and SO°. All these algebras contain C(R). El-
ements of the algebras SO® and PSO® are called, respectively, slowly oscillating
and piecewise slowly oscillating functions.

Identifying the points A € R with the evaluation functionals J, on R given
by 5A(f) = f(A) for f € C(R), we infer that the maximal ideal space M(SO°) of
SO° is of the form

(2.1) M(SO°%) = | Mx(SO°)
AeR
where M, (S0°) := {¢ € M(SO°) : (:|C(]R) = 0 } are fibers of M(SO?) over points

A € R. Similarly to 1), M(PSO®) = |J M, (PSO®). Applying Corollary 2.2 in
AER
[23] and Proposition 5 in [8], we infer that for every A € R,

M) (50°) = M) (50)) = Mo (S50w) = (clossor, R) \ R,

where clossoz R is the weak-star closure of R in SOZ,, the dual space of SO.

For each A € R, the characters ¢ € M, (SO,) are related to partial limits
of functions a € SO, at the point A as follows (see Proposition 3.1 in [21] and
Corollary 4.3 in [10]).

PROPOSITION 2.1. If {ay}> ; is a countable subset of SO, and & € M, (SO,),
where A € R, then there exists a sequence {gn} C R such that g, — coasn — o,
and for every t € R\ {0} and every k € N,

lim ae(A+g, ') =C(ax) fAER,  lim a(gnt) = (ax) if A= oco.
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In what follows we write a(¢) := ¢(a) fora € SO° and ¢ € M(S0O°).
The maximal ideal space M (PC) of the algebra PC of piecewise continuous
functions can be identified with R x {0,1} in the following way: for a € PC,

a(A,0)=a(A—0), a(A,1)=a(A+0) ifAeR,
a(A,0) = a(+o0), a(A,1)=a(—o0) ifA=o0.
The maximal ideal space M(PSO?) of the algebra PSO® has a similar description.

LEMMA 2.2 ([21], Lemma 3.4). For every A € R, the fiber M, (PSO®) can be
identified with M) (SO®) x {0,1}, and therefore M(PSO®) = M(SO°) x {0,1}.

Thus, identifying characters { € M, (PSO®°) for A € R with pairs (&, 1) €
M, (SO°) x M, (PC), where M, (PC) = {0,1}, we get the following characteri-
zation of the fiber M, (PSO°®) (see Theorem 3.5 in [21] and Theorem 4.6 in [4]).

THEOREM 2.3. If (& 1) € My (SO°) x {0,1} and A € R, then (&, 1)|so> = &,
(& Wlem) = A G m)lpc = (A, p).

For a € PSO® and ¢ € M(SO°), we put

(2.2) a(¢7):=a(&0) and a(¢h):=a(&1),
where a(& 1) = (& p)a for (&, u) € M(SO°) x {0,1}. In particular, if A € R,
a € PSO°NCy(R\ {A})and ¢ = limé, € M, (SO°), where limt, = A, then

a(g,0) =lima(A —[t, —A]), a(i1)= liorénu(/\—k |ty —A|) forA eR,

14

a(¢,0) = ligéna(|ta|), a(,1) = lil{na(—|t,¥|) for A = co.

The Gelfand topology on M(PSO?®) can be described as follows. If § € M, (SO°)

(A € R), a base of neighborhoods for (&, 1) € M(PSO®) consists of all open sets
of the form

[ (Uga x {0} U Uz, x{0,1}) ifu=0,
(2.3) U = {(ug,/\ < {1HUUg, x{0,1}) ifu=1,

where Uz, = Uz N M, (SO®), Ug is an open neighborhood of & in M(SO®), and
Ué?, I Ug/\ consist of all € Ué whose restrictions T = { |C(R) belong, respectively,
tothesets (A —¢, A) and (A, A +¢) if A € R, and (g, +o0) and (—oco, —¢) if A = oo,
wheree > 0if A € R,and ¢ € Rif A = 0.

3. FAITHFUL REPRESENTATION OF THE QUOTIENT C*-ALGEBRA 2™

Consider the C*-algebras 2 and Z given, respectively, by and (1.2). As
K C Z C A, from Theorem 4.4 in [23] it follows that the quotient C*-algebra
Z™ = Z /K is a central subalgebra of the quotient C*-algebra 2™ = /K.
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THEOREM 3.1 ([23], Theorem 6.2). The maximal ideal space M(Z™) of the com-
mutative C*-algebra Z'" is homeomorphic to the set

0 ::( L Mi(50°) x MOO(SOO)) U (MOO(SOO) < Mt(so<>))
(3.1) teR teR
U (Moo(SO°) X Mao(SO%))

equipped with topology induced by the product topology of M(SO®) x M(SO?), and the
Gelfand transform I’ : Z™ — C(Q), A™ — A(-, ) is defined on the generators A™ =
(aWP(b))™ (a,b € SO®) of the algebra Z™ by A(Z,17) =a(&)b(n) for all (&,17) €Q.

Given (A,7) € (y := (R x {c0}) U ({0} x R) we introduce the commuta-
tive Banach algebra DY = C B generated by the cosets I and [X |™, where

s JI=(xT1-W(xg))* if (A, 1) € R x {eo},
2 e = {1—<x31—w0<x3>>2 i (1,7) € {oo} X R,

where x,” and X;r for every t € R are the characteristic functions of (—oo, ) and
(t,+00), respectively. Then the maximal ideal space M(DY ) of DY _ coincides

with the spectrum spy.[X ;] of the element [X, ;] in the C*-algebra B™ (see,
e.g., Section 1.19 in [13]). Since p = 2, w = 1 and hence v(¢) = 1/2 for all
¢ € M(S0°), it follows (see, e.g., Corollary 2 in [26] and Section 7.4 in [9]) that

(3.3) 5P [Xnc) " = Pese Xar = L2112 = [0,1],
where Zp,w,v(f;) := {(1+ coth[rx + 7mi/v(Z)]) /2 : x € R}.

Fix (A, T) € Qg and consider the commutative Banach algebra Vi, gener-
ated by the cosets [aI]™ (a € SO°), [WO(b)]™ (b € SO°) and [X, (|7, where X, . is
givenby (8.2). Forevery (¢,7, ;1) € M) (SO°) x M(SO°) x [0,1], let Z7,  denote

the closed two-sided ideal of the commutative Banach algebra V[’ generated by
the maximal ideals

I == {[al]" 1 a € SO°,a(¢) = 0},

L3y = {[W°()]™ : b € SO°,b(y) = 0},

15, = {f([Xn:™) « £ € C01], f(u) = 0},
respectively, of the commutative Banach algebras

{[aI]™ : a € SO°}, {[W°(b)]" : b € SO°}, DX ..
Following Subsection 3.2 in [22] and taking into account (3.3), we define

(3.4) M, :={pel01]: 1" ¢ 17, }
for every (¢, 1) € Qp, where

Q= ( L Mi(S0°) x MOO(SOQ)) U (MOO(SOO) < Mt(so<>)).
teR teR
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Then it follows from and Theorems 3.2 and 3.5 in [22]] that
(3.5) {0,1} €M, C [0,1] forall (¢,7) € Q.
Consider the set
36 (= ( U {@n}x smm) U (Moo (SO%) X Mao(SO°) x {0,1}).
(Emeo
According to Section 4.4 in [22], for each (&, 1, 1) € O we define the mapping
¥eyu:{al :a € PSO°}U{W°(b) : b € PSO°} — C**2
given by
n
Fepplal) = {a(% ) a<§—>] ’
+ -\(1 — +y
0 = [ e s

b
where ¢(p) is any fixed value of /(1 — u), and ¢(&") = ¢(&, 1), ¢(&7) = ¢(&,0)
for c € PSO® and (¢, 1), (¢,0) € M(PSO®) in view of (2.2).
For the C*-algebra 2, Theorems 4.6 and 4.7 in [22] imply the following.

MUM%

THEOREM 3.2. The mappings ¥z, ,((3,17, 1) € Q) given on the generators of
the C*-algebra A by formulas extend to C*-algebra homomorphisms ¥z, ,, = A —

C2%2, An operator A € 2 is Fredholm on the space L?(R) if and only if
(3.8) det¥, . (A) #0 forall (¢,n,u) € Q.
To any operator A € 2 we assign the bounded matrix function
A:Q—C¥2, G npu) = A&, u) = Yé,r],y(A)/
which we call the Fredholm symbol of the operator A. Let B((2, C2*2) denote the
C*-algebra of all bounded C?*2-valued functions on Q.
THEOREM 3.3. The Fredholm symbol mapping
YA — B(Q,C¥2), A— A(-,-,),
is a C*-algebra homomorphism whose kernel Ker ¥ coincides with the ideal K of all com-
pact operators on the space L (R) and the image ¥ () is a C*-subalgebra of B(Q, C?*?).
Proof. For every A € 2, from Theorem 3.2]it follows that,
IAT|[? = r((AA")™) = max _r(A(E, 1y, 1) A" (1, 1)
(3.9) (&mp)en
= HlF(A)IH%g(LZ(_(”),CZ))I
where r(Y) is the spectral radius of Y. Equalities imply that Ker¥ = K.
Thus, by Corollary 1.8.3 in [15], the quotient map A™ — A(,-,-) is a C*-algebra
isomorphism of the C*-algebra 2 onto the C*-algebra ¥ (21) C B(Q2,C2*2). 1
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COROLLARY 3.4. The mapping

‘I’O:Ql”—>8( b (Cz), AT — P Al
(Enmen (Eqp)eQ
is a faithful representation.

4. THE LOCAL-TRAJECTORY METHOD AND A RELATED FAITHFUL REPRESENTATION

To study the nonlocal C*-algebra B of the form (L.5), we apply the local-
trajectory method. Let us recall its statements (see [18]], [20]).

Let Q be a unital C*-algebra, 2 a C*-subalgebra of Q with unit I of Q, and
let Z be a central C*-subalgebra of 2 with the same unit I. For a discrete group G
with unit e, let U : g — U, be a unitary morphism of G in Q, that is, a homomor-
phism of the group G onto a group Ug = {Ug : g € G} of unitary elements of Q,
where Ug, ¢, = Ug, Uy, and U, = I. We denote by

(4.1) B = alg (A, Ug)

the minimal C*-subalgebra of Q containing the C*-algebra 2 and the group Ug =
{Ug : g € G}. Assume that

(A1) for every g € G the mappings ag : a — Uga Uy are x-automorphisms of the
C*-algebras A and Z.

According to (A1), B is the closure of the set BY consisting of all elements
of the form b = }_a,U, where a, € 21 and g runs through finite subsets of G.

Since the unital C*-algebra Z is commutative, the Gelfand-Naimark theo-
rem (see, e.g., Section 16 in [25]) implies that Z = C(M(Z)) where C(M(Z))
is the C*-algebra of all continuous complex-valued functions on the maximal
ideal space M(Z) of Z. Further, if (Al) is fulfilled, then each x-automorphism
&g : Z — 2 induces a homeomorphism B¢ : M(2) — M(Z) given by the rule

4.2) z[Bg(m)] = [ag(z)](m), z€ Z,meM(2),8€G,
where z(-) € C(M(Z2)) is the Gelfand transform of the operator z € Z. The set
G(m) := {Bg(m) : g € G} is called the G-orbit of a point m € M(Z).
In what follows we also assume that
(A2) G is an amenable discrete group.

By [17], a discrete group G is called amenable if the C*-algebra [*°(G) of all
bounded complex-valued functions on G with sup-norm has an invariant mean,
that is, a positive linear functional p of norm 1 satisfying the condition

p(f) =p(sf) =p(fs) foralls € Gandall f € I”(G),

where (s£)(g) = f(s7'g), (fs)(g) = f(gs),g¢ € G. Finite groups, commutative
groups, subexponential groups and solvable groups are examples of amenable

groups (see, e.g., [11, [17], [20]).
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Let J;; be the closed two-sided ideal of 2 generated by the maximal ideal
m € M(Z2) of the central C*-algebra Z C 2. Then the Allan-Douglas local prin-
ciple (see, e.g., Theorem 1.35 in [13]]) gives the following criterion.

THEOREM 4.1. An element a € U is invertible in 2 if and only if for every m &
M(Z2) the coset a + [y, is invertible in the quotient algebra 21/ J,,.

Let Py be the set of all pure states (see, e.g., [14], [24]) of the C*-algebra A
equipped with induced weak* topology. By Lemma 4.1 in [12], if 4 € Py, then

Kerp O ],y where m := Z NKery € M(Z), and consequently Py = | {ve
meM(Z)
Py : Kerv D Jp, }. Furthermore, let us assume that

(A3) there is a set My C M(Z) such that for every finite set Gy C G and for every
nonempty open set W C Py there exists a state v.€ W such that Bg(my,) # m, for
all g € Gy \ {e}, where the point m, = Z N Kerv belongs to the G-orbit G(My) :=
{Bg(m) : g € G,m € My} of the set M.

If the C*-algebra 2 is commutative itself, then the set Py of all pure states
of A coincides with the set of all characters of 2 (see, e.g., Theorem 5.1.6 in [24]).

Therefore, choosing Z = 2 and identifying the set of characters of 2 with the
maximal ideal space M(2l) of 2, we can rewrite (A3) in the form:

(A3y) there is a set My C M(2L) such that for every finite set Go C G and every
nonempty open set W C M(L) there exists a point my € W N G(My) such that
Bg(mo) # mo forall g € Go \ {e}.

For every m € M(Z2), let 7T;, be an isometric (equivalently, faithful) repre-
sentation

(4.3) T = A/ Jm — B(Hm)

of the quotient algebra 2/, in a Hilbert space H,,. As is well known (see, e.g.,
Theorem 3.4.1 in [24] or Theorem 2.6.1 in [15]), every C*-algebra admits a faithful
representation in a Hilbert space H. Moreover, in view of (A1), the spaces H,
can be chosen equal for all m in the same G-orbit. Further, consider the canonical
*-homomorphism gy, : A — A/ J;; and the representation

(4.4) Ty A — B(Hm), A (7inoom)(A).

Let 2 be the set of G-orbits of all points m € My with My C M(Z) taken from
(A3), let H, = Hy where m = m,, is an arbitrary fixed point of an orbit w € (2,
and let I?(G, H.) be the Hilbert space of all functions f : G ~ H,, such that
f(g) # 0 for at most countable set of points ¢ € G and Y || f(g) ||%‘lw < oo. For

every w € () we consider the representation 71, : B — B(I2(G, H,,)) defined for
alla € 2, allg,s € Gand all f € I>(G,H,) by

(4.5) (770 (a) f1(8) = 7, (a5 (2)) (), [0 (Us)f1(8) = £(g5)-
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A slight modification of the proof of Theorem 4.12 in [20], where the super-
fluous condition of the closedness of the set My C M(Z) was imposed, gives the
following result.

THEOREM 4.2. If assumptions (A1)—~(A3) are satisfied, then an element b € B is
invertible in B if and only if for every orbit w € (2 the operator 71, (b) is invertible on
the space 12(G, He) and, in the case of infinite set (2,

sup{H(rfw(b))*lH fwE N} < oo,
We see that Theorem [4.2]is a nonlocal version of Theorem [4.1]

COROLLARY 4.3. Under the conditions of Theorem 4.2} the mapping
m:%B - B( @ EGHL)), b @ malb)

wen wen
is a faithful representation.

5. INVERTIBILITY OF FUNCTIONAL OPERATORS

Applying the local-trajectory method, we first study the invertibility of func-
tional operators being the elements of the C*-algebra

(5.1) A :=alg (PSO°,Uc) C B(L*(R))

generated by the multiplication operators by piecewise slowly oscillating func-
tions on R and by the shift operators Ug, (8n € G) given by (1.4), where G is the
commutative group G of all translations (L.3).

Let2 := {al : a € PSO°}, Z=9and B := alg (2, Ug) = A. AsA = PSO°,
we get M(2) = M(PSO®), where M(PSO®) = M(SO°) x {0,1} by Lemma
Let us check for B the fulfillment of all assumptions made in Section

Obviously, Ugall, ! = (aog)I forevery function a € PSO® and every trans-
lation g € G. Sinceao g € SO° foralla € SO° and all g € G in view of Lemma 4.2
in [4] and Lemma 2.1 in [23], we conclude that a 0 ¢ € PSO° for every a € PSO°
and every ¢ € G. Consequently, for every g € G, the mapping

(5.2) Gg: A= A, al = Ugally ' = (ao0g)I

is a x-automorphism of the commutative C*-algebra 20 C B(L?(R)). Since G is an
amenable group, we see that conditions (A1)—(A2) of SectionE]for the C*-algebra
A are satisfied.

For every shift g € G, we will use the same letter g for the homeomorphism
¢+ g(&) on M(SO°) given by

(5.3) a(g(Z)) = (aog)(¢) foralla € SO°and ¢ € M(SO°).

LEMMA 5.1. For every g € G\ {e}, the set of all fixed points of the homeomor-
phism g : M(SO°) — M(SO°) coincides with the set Mo (SO°).
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Proof. 1f & € M(SO°), then g(¢) € Mgy (;)(SO?), and therefore only points
& € Mo (SO°®) can be fixed points for g € G\ {e}. To prove that g(¢) = ¢ for all
¢ € M« (SO®) and all g € G, it is sufficient for these ¢ and g to show that

(54) a(g(¢)) =a(g) foralla € SO°.

Fixa € SO°, { € M (SO°), h € R, and take g = g;, € G\ {e}. By Proposition[2.1|
and (5.3), there is a sequence {x,} C R such that x, — 4oc0 and

65  a(@) = lim a(x), a(g(@) = (a0g)(€) = lim a(x, — ).

Taking r,, = x,,, we conclude that || < r, /2 for all sufficiently large n € N. Then

(5.6) %” < min{xy,, x, —h} < max{x,,x, —h} < 37’”
Since a € SO°, it follows from the definition of SO° that
(5.7) hm osc (a,[=3r,/2, =1, /2] U [ry/2,3r,/2]) =0

Because Xy, g;,(xn) € [rn/2,3rn/2] in view of (5.6), we infer from that
lim a(x,) = lgn a(g(xn)),
n—oo

n—o0

and hence (5.4) follows from (5.5), which completes the proof. 1
Each *-automorphism & given by (5.2) induces the homeomorphism

(5.8) By (PSOQ) — M(PSO?), (&, 1) = (8(8), 1),

where g(&) is given by (5.3). Hence, taking into account the topologlcally free ac-
tion of the group G on R, Lemmaﬂand the Gelfand topology (2.3) on M(PSO?),
we easily conclude that condition (A3p) for the C*-algebra A also holds, with
My := M(PSO°) \ M« (PSO?).

Let PSOY be the non-closed subalgebra of PSO° consisting of all functions
in PSO® with finite sets of discontinuities. Then the C*-algebra A is the closure of

the algebra A° C A consisting of the functional operators A = Y agU,, where
g€eF

ag € PSOP and F runs through the finite subsets of G.
With each maximal ideal (§, ) € M(PSO®) we associate the representation

(5.9) Iz, : A= B(%(G)), A Agy,
given for the operators A = ¥ agU, € A with coefficients a; € PSO° by
g€F
(510)  (Aguf)(h) = Y- [(agoh) (& w]f(hg) (h€G,f € (G)).
g€F

Then the operators Az, € B(I*(G)) for all (, 1) € Mw(SO°) x {0,1} are given
in view of Lemma/5.1] Eby

(5.11) (Aguf)(h) =Y ag(Z,u)f (he G, fel*(G)).
g€eF
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With every operator Az, given by (5.11) we associate the functional operator

(5.12)  Agui= Y ag(& Uy € B(LA(R)) ((& ) € Mw(SO®) x {0,1})

geF
with constant coefficients ag(g, u). Since the operators Az, € B (I>(G)) and
Zg/y € B(L*(R)) for all A € AY and every (& ) € Mw(SO°) x {0,1} be-
long to commutative unital C*-algebras and have the same Gelfand transform

Y ag, (g, #)e™ (x € R) due to (5.11) and (5.12), we conclude that these opera-
8n<
tors are invertible only simultaneously, which implies that

1Agull B2y = 1Aeull sy < 1Als@2w®)

for all (¢, 1) € Mw(SO°) x {0,1}. Hence the map A — gé‘,y for these (&, u)
extends by continuity to a C*-algebra homomorphism of A into A.
Fix T € R and consider the set

(5.13) R, 1= M (SO°) x {0,1} C M(PSO®).

The set 9; contains exactly one point in each G-orbit defined by the action of the
group G on M(PSO°) \ M (PSO?) by means of the homeomorphisms B¢ (¢ € G)

given by (5.8).

THEOREM 5.2. A functional operator A € A is invertible on the space L*(R) if
and only if for any fixed T € R and all ({, u) € Ry the operators Az, are invertible on

the space 12(G) and

(5.14) sup [(Agy) " lle(c)) < o
(FDISys:

Proof. Take the maximal ideal Té,y .= {al : a € PSO°,a(¢ u) = 0} of A
associated with each character (¢, 1) € M(PSO®). The mapping
I:[@ﬂ : ﬁ/ﬁ;y —C, al+ ]:f/# —a(é,u),

is an isometric representation of the C*-algebra 20/ ]}/H in C. Following ([#.3)-(4.5)
we construct representations of the C*-algebra A in the Hilbert space [*(G) by
formulas and (5.10). Since A satisfies conditions (A1), (A2), (A3p) of the
local-trajectory method, Theorem [4.2| immediately implies the statement of the
theorem. 1

Theorem[5.2]and Corollary 4.3|imply the following.
COROLLARY 5.3. The mapping

A-B( @ P©G), An D Ay
(Emeste (Em)este

is a faithful representation.
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REMARK 5.4. Replacing My = M(PSO®) \ Me(PSO®) by My = M(PSO®),
we immediately infer from Theorem [4.2)and Corollary §.3| that Theorem [5.2 and
Corollary[5.3|remain true with 9. replaced by M(PSO®).

Since for every (¢, 1) € Mo (SO°) x {0,1} themap A — A, A — gé# isa
C*-algebra homomorphism, we immediately obtain the following.

COROLLARY 5.5. Ifa functional operator A € Ais invertible on the space L?(R),
then for every (&, 1) € Moo (SO?) x {0,1} the functional operators Az, € A given by
(5.12) for A € A° are invertible on the space L*(R) as well.

6. SPECTRAL MEASURES AND THEIR APPLICATION

If conditions (A1)—(A2) of the local-trajectory method (see Section are ful-
filled, but condition (A3) does not hold, we need to use spectral measures to de-
compose the initial C*-algebra into an orthogonal sum of C*-algebras for which
either condition (A3) holds or these algebras can be studied by other methods
(see [5], [18] and [20]).

Let M be a compact Hausdorff space and H a Hilbert space. By p. 249 in
[25], a spectral measure P(-) is a map from the o-algebra R(M) of all Borel subsets
of M into the set of orthogonal projections in B3(H) such that for every ¢ € H the
function A — (P(A)g, §) is the restriction to Borel sets of a measure on M defined
by an integral on C(M). Hence, for all A1, A, € R(M):

(i) P(®) =0, P(M) = I (the identity operator in B(#));
(ii) P(A1 N Ay) = P(A1)P(A3);
(iii) P(A1 UA;y) = P(A1) + P(Ay) if A1 and A, are disjoint sets.

Consider now the C*-algebra B = alg (A, Ug) defined by under the
only condition (A1) of the local-trajectory method for the C*-algebras 2 and Z C
2. Let r : B — B(H) be an isometric representation of the C*-algebra B in
a Hilbert space H. According to Section 17 in [25], for the representation 7|z :
Z — B(H) of a unital commutative C*-algebra Z, there is a unique spectral
measure P (-) which commutes with all operators in the C*-algebra 77(Z) and in
its commutant 77(Z)’, and such that

n(z) = /z(m)dPn(m) forallz € Z,
M(Z)

where z(-) € C(M(Z2)) is the Gelfand transform of an element z € Z.
Let R(M(Z)) denote the o-algebra of all Borel subsets of M(Z), and let

6.1) Re(M(2)) = {A € R(M(Z)) : Bg(A) = Aforall g € G},
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where the homeomorphisms B are given by (#.2). Since az = za for alla € 2 and
all z € Z, it follows that

(6.2) 1(a)Pr(A) = Pr(A)m(a) forallA e R(M(Z))andalla € 2.
Moreover, since (A1) holds, we deduce from Lemma 4.6 in [20] that
(6.3) m(Ug)Pr(A) = Pr(A)t(Ug) forall A€ Rg(M(Z))andallg € G.
Given A € Rg(M(Z)) such that P (A) # 0, we define the Hilbert space
Hap = Pr(A)H = {Pr(A)¢: { € H}

and introduce the following three C*-subalgebras of B(,):

Bp:={Pr(A)t(b) : b e B}, Ap:={Pr(A)rt(a):aecA},

and Z,:={Pr(A)7t(z):z € Z}.

Since Z is a central C*-subalgebra of 2, we immediately conclude from that
Z is a central C*-subalgebra of 25, where A, C B,.

Given A C M(Z), let A denote the closure of A in M(Z). The next result
follows from Lemmas 5.1 and 5.2 in [20].

LEMMA 6.1. If Ais an open set of M(Z), then Pr(A) # 0and Z5 = C(A).
To study C*-algebras 2[5, we need the following (see Lemma 3.5 in [5]).

LEMMA 6.2. Let A be a unital C*-algebra and Z a central C*-subalgebra of A
with the same unit. Let 7w : A — B(H) be a representation of A in a Hilbert space H.
Given an open set A of the maximal ideal space M(Z) of Z, let Z(A) denote the subset
of Z composed by the elements z € Z whose Gelfand transforms z(-) are real functions
in C(M(Z)) with support in A and values in the segment [0,1]. Then

(6.4) HPH(A)”(Q)HB(H) = sup ||7r(az)||B(H) foralla € A.
zeZ(A)

Combining the properties of the spectral measure Py (-) with and
gives the next decomposition result (see Proposition 3.3 in [5]).

PROPOSITION 6.3. Let m : B — B(H) be an isometric representation of the
C*-algebra B = alg (A, Ug) in a Hilbert space H and let {A;} be an at most count-
able family of disjoint Borel sets in Mg (M(Z)) such that Pr(A;) # 0 for all i and
P (M(Z)\ U;A;) = 0. If condition (A1) is fulfilled, then the mapping

@:%_)@%Ai’ bH@Pn(Ai)T[(b)
i i

is an isometric C*-algebra homomorphism from the C*-algebra B into the C*-algebra
@ By, Then an element b € B is invertible if and only if for each i the operator
i

Pr(A;)7t(b) is invertible on the Hilbert space H,, and

sup || (Pz(A;)7t(b)) || < oo in case {A;} is countable .
i
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Thus, it is sufficient to study the C*-algebras B, separately, where it is
convenient to choose open subsets of R (M(Z)) in the capacity of A;. If these
algebras satisfy conditions (A1)-(A3), we can apply Theorem

7. DECOMPOSITION OF THE C*-ALGEBRA 87

We now consider the C*-algebra written in the form
B = alg (al, WO(b),Ug : a,b € PSO°, g € G) C B(L*(R)),

where G is the group of all translations g, : R — R, x — x — I (h € R).
Let 2A° be the non-closed subalgebra of 2 generated by the operators al
and WO(b), where a,b € PSO°. Then 2A° consists of all operators of the form

f Ty Ty - - - Tjj, where n, j; € Nand T € {al, WO(b) : a,b € PSOY}.
- Let BY denote the dense non-closed subalgebra of the C*-algebra B con-
sisting of all operators of the form i TnTp - Tjj; where n,j; € Nand Tjx €
{al, Wo(b), Ug:ab e PSOO,g € G}.lfflhen, by analogy with A € A0 where A is
given by (5.1), every operator B € B can be represented in the form

(7.1) B=) DU,
geF

where D, € 2° and F is a finite subset of G. Any operator B € B is the limit in
B(L2(R)) of a sequence of operators B, € 8°.
For all functions a,b € PSO® and each translation ¢ € G, we have

(7.2) Ugall, ' = (aog)l, UWO(b)Uy " = WO(b),

where ao g € SO° fora € SO° and aog € PSO® for a € PSO° (see Section [p).
Consequently, for every ¢ € G, the mapping

(7.3) ag s AT = UFAT(UT) !
is a *-automorphism of the C*-algebras 2™ and Z”. Thus, condition (A1) of the
local-trajectory method for the C*-algebra B is fulfilled.
From and Theorem B.1]it follows that
[F(UgZ(ug) 1, m) = [F(ZM)(g(C),n) forallZ e 2,8 € G, (1) €

where (2 is given by and I' : Z™ — C(Q) is the Gelfand transform described
in Theorem 3.1} Hence, each diffeomorphism ¢ € G induces on (2 a homeomor-
phism B, acting by the rule

(7.4) Pe: 2=, (&)= (8(8). 1),

where ¢(Z) is given by (5.3). Lemmal5.1|immediately implies the following.
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LEMMA 7.1. The set of all fixed points for each homeomorphism Bg (g € G\ {e})
coincides with the set M (SO°) x M(SO?).

Following Proposition let us decompose the quotient C*-algebra B
with B given by by making use of an appropriate spectral measure.

Fix an isometric representation
(7.5) ¢:B" — B(Hy), B"+— @(B")
of the C*-algebra 87 in an abstract Hilbert space H, and put

Qoo := | Mi(SO%) X Mo(SO°), Qe := Me(SO°) x | J M;(SO°),
teR teR

(7.6) Qoop0 := Moo (50°) X Meo(SO°),

where the sets (R o, and 2, g are open in (2, while the set (e 0 is closed in (2.
Along with H, we consider the concrete Hilbert space

Ho=( D Py, )o( @ PO, )

(€1 €k e (E1)€ 20
o @ Pdo1.0Y),
(6/77)6000,00
where the sets M, are given by and satisfy (3.5), and the Hilbert space

12(X,C?) for X € {OReo, Qoor, {0,1}} consists of all functions f : X — C?
such that f(x) # 0 for at most countable set of points x € X and the norm

1/2
Lfll = ( gx ||f(x)||éz) < oo. Further, we introduce the C*-subalgebra ¢(2"")
X

(7.7)

of B(H¢) consisting of the operators
pa=( B e @ F Al
(é,ﬂ)GO]R,oo (é/”)eQwR

o @ %y (a)l) forae
(81 €0

(7.8)

where for functions fz, € 1(Mg,, C?) given by fz, : Mz, — C?,pu — fz, (1)
the operators ¥z, .(A)I € B(I*(Mg,, C?)) act by

(7.9) [?C,W,A(A)fg’,iy](ﬂ) = Yfé‘,iy,y(A)fé,iy(V> for € Mz,

and for functions f, € I>({0,1},C?) givenby fz, : {0,1} = C% u ~— fz, (u) the
operators ¥z, .(A)l € B(I?2({0,1},C?)) act by

(Yo, (A) feyl() = ¥euu(A) fey () for p € {0,1}.
By Corollary [3.4] the homomorphism
(7.10) ¢: AT = B(Hy), AT — ¢(AT)

is an isometric representation of 2" in the Hilbert space H.p.
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Let 93(02) be the o-algebra of all Borel subsets of (2 and let
(7.11) Py R(0Q) = B(Hy), Pp:R(Q) — B(Hy)

be the spectral measures associated with the representations (7.5) and (7.10) of the
commutative unital C*-algebra Z™ in the Hilbert spaces H,, and Hy, respectlvely
By analogy with (6.1), let

(7.12) Re(Q) :={AeR(Q) : Bg(A) = Aforall g € G},

where the homeomorphisms B¢ : 2 — 2 for ¢ € G are defined by (7.4). Observe
that

(7.13) Q= OR oo U Rr U oo,c0,

where the distinct sets Qg o, Qoo g and Qoo o given by (7.6) belong to R ().
Furthermore, for the representation (7.10) it is easily seen that

(7.14)  Pp(Ore) =100@®0, Pp(Qur)=0@I100, Pp(Qwe) =000,

where O and [ are, respectively, the zero and identity operators on the Hilbert
spaces

p B, Cc) B P, C), @ *({01},C?).

(E1m)EQR (EmEQuR (&) €000

Introduce C*-subalgebras of ¢(B7) associated to the decomposition (7.13).
Let

(715) B = alg {Pp(Op)9(AT), Py(Opa)p(UF) : A€ 2 g € G}

denote the C*-subalgebra of the C*-algebra B(Py(Qr)Hy) generated by the
operators Py (g o) p(A™) (A € A) and Py(OQg ) 9(Uy) (g € G). Analogously
we define the C*-subalgebras

(716)  Boog 1= alg {Pp(Qur)P(A™), Pp(Qur)(Uy) : A €U, g € G},
(7.17) DBoo,eo 1= alg { Py (Qeo,0) P(A™), Pp(Qooi0) (UG ) : A €2, g € G},

of B(Py(Qer)Hy) and B(Py(Qeo,c0) Hy), respectively.

Since the sets in belong to the collection R () given by (7.12),
and since the sets (O ., 2o g are open and therefore the corresponding spectral
projections are not zero due to Lemma we immediately infer the following
abstract Fredholm criterion from Proposition

THEOREM 7.2. An operator B in the C*-algebra 5 given by is Fredholm on
the space L?(R) if and only if
(i) the operator Py( QR o) @(B™) is invertible on the Hilbert space Py( Qg o0) H s
(ii) the operator Py(Qeowr ) @(B™) is invertible on the Hilbert space Py( Qoo r ) H s
(iii) for Py(Qeo,c0) # O, the operator Py(Qeo,c0)(B™) is invertible on the Hilbert
space Py(Qoo0)H -



228 YURI KARLOVICH AND IVAN LORETO-HERNANDEZ
8. INVERTIBILITY CRITERION FOR THE C*-ALGEBRA g

In this section, using the property of spectral measures given in Lemma
we obtain an invertibility criterion for the C*-algebra

AR 00 := Pp(OR,00) 9(A™) C B,

consisting of the operators Py (Qp o) (A™) (A € ).
Take the Hilbert space H defined by and its subspace Py( Qg o) Hgp

which is isometrically isomorphic to the Hilbert space =~ @ 12(9315,,], C?) ac-
(g'ﬂ)enR,w
cording to (7.14). Along with the C*-algebra A o := Py(QR,)@(A™) we con-

sider the C*-algebra
Apo = Pp(Ome)@) CB( D 1M, C))
(ng)EOJR,oo

consisting of the operators Py(Qp 0 )P(A™) (A € 2A). Comparing the images of
spectral measures (7.11) we obtain the following.

THEOREM 8.1. The mapping given by
(8.1) Pyp(OQr,eo) P(A™) = Pp(Qroo)p(A™) forall A c A
is a C*-algebra isomorphism of the C*-algebra R , onto the C*-algebra ﬁlR,oo.

Proof. According to Lemma for the open Borel set (O o, C (2 and for
each A € 2, we have the equalities

(8.2) 1Po(Qr,c0) (A"l 5(1,) =  sup  [[@(ZTA™)|I5(n,),
ZEZ(QR,OO)

(8.3) 1P (o) (A" 53,y =  sup  [[9(Z7AT) || 5(3,),
ZEZ(QR,N)

where the set Z(Qp o) consists of the operators Z € Z for which the Gelfand
transform of the coset Z” is a real function z(-,-) € C(Q2) with values in [0, 1]
and with support in the closure of the set (Jg o,. Since ¢ and ¢ are isometric
representations of the C*-algebra A, the right-hand sides of and are
equal, and therefore

64 1Py () 9(AT) 5(30y) = I1Po( D) (AT, forall A €2,
which in view of implies that the mapping is a well-defined isometric
*-isomorphism of the C*-algebra 2 o, onto the C*-algebra g . 1

Let 2[@,00 denote the C*-subalgebra of ﬁR/m generated by all the operators
Pp(OQr,e0)P(Z7) (Z € Z). Since 2™ is a central C*-subalgebra of 2™, we deduce

from and Lemma [6.1|that the C*-algebra Zj, ,, is a central C*-subalgebra of
ﬁR,oo; and the maximal ideal space M(ZR « ) of Zp + coincides with the closure

(8.5) OR o = QR e U Qooo
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of the set (2R o, in 2. Along with the set (2 given by (3.6), we consider the set

Onei=( U @M} xMgy) U(Qme x {0,1}) € O,
(&) €EQR 00

LetB (ﬁle, (CZXZ) denote the C*-algebra of all bounded C2*2-yalued func-
tions on (O «, and let ¥'(A)| Ay, D€ the restriction to O o, of the matrix function

¥ (A) given for A € A by Theorem3.3]
LEMMA 8.2. The mapping

A oo — B(Droo, C%),  Pp(Qroo)p(AT) = ¥(A)l g,

is an isometric C*-algebra homomorphism.

Proof. By (7.8) and (7.14), the C*-algebra g ,, consisting of the operators

QP ‘f’g,n,-(A)IeB( b lz(zmg,,y,cz)) forall A € 2,
(grrl)GQ]R,oo (C’T])GQ]R,OO

where the operators ¥, .(A)I € B(I*(Mz,, C?)) act by the rule (7.9), is isometri-
cally *-isomorphic to the C*-algebra of the matrix functions

¥(A):  J {@En)} xM, — C>* forall A€,
(glﬂ)EQR,oo

which, in its turn, is isometrically *-isomorphic to the C*-algebra of the matrix
functions
7(4)

|(~2le : ﬁR,oo — (C2><2 (A S Q[)

Indeed, by (.7), ¥z, (A) is a diagonal matrix for every point (¢, 7, #) € Qo0 X

{0,1} and every A € 2, and its entries [z, ,(A)]1,1 and ¥z, (A)]2,2 can be ap-

proximated, in view of and the Gelfand topology on (2, by the correspond-

ing entries of the matrices ¥;, ,(A) where { € UR M (S0°) and T belong to the
T€

right semi-neighborhood of co in the case of [¥;, ,(A)]1,1 and to the left semi-
neighborhood of oo in the case of [z, (A)]22. Hence,

sup Feyu(Allsp = sup  [[Fu(A)llsp(A € 2A)
(C1) €m0 HEM (G, 1) € 0o
where || - ||sp is the spectral matrix norm. 1

Combining Theorem [8.1 Lemma [8.2]and (3.8), we obtain the following in-
vertibility criterion.

THEOREM 8.3. The mapping

SyMz 00 : Ar o = B0, C%), Pp( Qo) p(AT) = ¥(A) g5,
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is an isometric C*-algebra homomorphism. For every operator A € 2, the operator
Py(Op o) p(A™) is invertible on the space Py(Qr o) H if and only if

det(¥z ;. (A)) #0 forall (G, n,p) € QR oo

9. INVERTIBILITY CRITERION FOR THE C*-ALGEBRA B «

Applying the local-trajectory method expounded in Section [}, we establish
here an invertibility criterion for the operators in the C*-algebra B o.

Consider now the C*-subalgebra Zp o, of B(Py(QRr «)Hy) generated by all
the operators Py(Qpr ) 9(Z7) (Z € 2). By Theorem ZRoo = 2R,w. Hence
ZR « is a central subalgebra of A o, and M(Zr ) = O o, With Op o given

by 8.3).
Observe from (7.15) that By o, = alg (AR co, Ur o (G)), the C*-algebra gen-
erated by 2R -, and the range of the unitary representation

UR/DO G — B(P{P(QRloo)Hqg), g — Ug,R,m = P¢(QRIW)QD(U§T).
For each g € G, the mapping
Ko R,co P(p(QR,DO)q)(Aﬂ) = Ug,R,OO(PQD(QR,OO)(P(An)) ;,R,oo
is a *-automorphism of the C*-algebras Zp o, and A , because
Ug 00 (Pp(Or,0) 9(A™))Ug o = Py (o) (Ug A (Ug)")

and the mapping is a *-automorphism of the C*-algebras Z7 and ™. Thus,
condition (A1) of the local-trajectory method is satisfied for the C*-algebra B .
Condition (A2) also holds. Each *-automorphism agr « (¢ € G) induces on the

maximal ideal space M(Zg o) = O c the homeomorphism

(91) ,Bg,]R,oo : ﬁ]R,oo — ﬁR,ocr (Cr 77) = ;Bg(gl 1’]),
where B is given by (7.4).
Let Proo 1= Pay,, be the set of pure states of the C*-algebra 2p ... By
Section |} Pg o = U Pzy, where Pr, = {p € Pro : Kerp O Jz,}
(glrl)eﬁR,oo

and Jg , for (&n) € ﬁR,m is the smallest closed two-sided ideal of 2 , which
contains the set { Py(Qpr0)9(Z7) : Z € Z, [I'(Z27)](&,n) = 0}.

Since (2,00 is the set of fixed points of all homeomorphisms g (§ €
G\ {e}), to verify the fulfillment of condition (A3) of the local-trajectory method
for the C*-algebra B, ., we only need to prove the approximability (in the weak*
topology) of all pure states p € Pz, for (§,17) € Qw0 by pure states in Pz, with
(¢, 1) € QR . Then we may take My = O « in (A3).

Applying Theorem 8.3 we deduce the following two assertions:
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(i) For each (&,77) € QR «, the mapping

ey Po(Ore) 9(AT) + Jey = D Fepu(A)
]4693?@,1

is a C*-algebra isomorphism between the C*-algebras g o/ Jz; and the C*-sub-
algebra { D Feyu(A):Ac QI} of @ C*2
]1693?,;;7 yefmw
(ii) For each (&, 77) € Qo 00, the mapping

92) gy Pp(OQr o) (AT) + Je y > diag{ ¥z ;,0(A), ¥ 5,1 (A)},

is a C*-algebra isomorphism between the C*-algebras g «/ ]z, and the C*-sub-
algebra {diag{ ¥z, 0(A), ¥,1(A)} : A € A} of C4.

Since the set Pz, ((¢,77) € QR o) is in bijection with the set of pure states
of Ag o/ Jz, (see, e.g., Theorem 2.11.8(i) in [15]) and since the matrices ¥z, ,(A)
for A € Aand (¢, 1, 1) € Qoo X {0, 1} are diagonal, we conclude from that
for each (&, 77) € Qco,c0 the C*-algebra Ag /7, is commutative and therefore its
set of pure states consists of four multiplicative linear functionals whose values
coincide with the diagonal entries of the matrices ¥z, o(A) and ¥, 1 (A). Hence,
for every (¢,1) € Qo 00,

_ (2)
Pey = {quo' pério’pénl’ péril}

(J)

where the pure states p;, |, for j=1,2and y € {0,1} are given by

9.3) oY) Upe = € Py(Qreo)p(A™) = [Fey (A

and [¥,, . (A)]; is the (j, j)-entry of the matrix ¥, ,(A). Fix (,77) € Qoo and
u € {0,1}. By the proof of Lemma from (9.3) it follows that every open

(1) (2)
[/h /p

where { € M;(SO°) and T € R is on the right of —oco, and a pure

neighborhood of p

pure state pg;;#,

state p( ) where { € M:(S0°) and T € R is on the left of 4+00. Thus, condition
(A3) for the C*-algebra Bp,  is also fulfilled, with My = M;,(SO°) X M« (SO®)
and any point ¢y € R.

For each (&, 7, i) in the set

Mreo:= |J {(&n)}xMeg,,
(5/77)6-0]1{,00

and p in the weak* topology contains, respectively, a

we consider the representation

(9.4) ey i Breo — B(I*(G,C?))
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given on the generators of the C*-algebra By o, by

[”C,iy,y(P<P<QR,OO)¢(<“I)7T>)ﬂ (8) = [Wé‘,n,y((a og)D]f(g),
(9.5) (7011 (P (O 00) 0 (WO (0)) ™)) F1(8) = [Fe e (WO (D)) F(8),
(722 1,1 (P (Qr,00) 9 (UT)) f1(8) = f(85),

where a,b € PSO°, g,s € G and f € I?(G,C?).
Fix T € R and introduce the sets

(9:6) Qoo := M(SO°) X Mo(SO°), Moo= |J {(&n)} x Mg,
(&€
THEOREM 9.1. For each B € B, the operator

BRco := Pyp(OR,e0) 9(B") € By

is invertible on the space Py( QR o) H g if and only if for all (3,1, ) € Nr oo the opera-
tors 7tz ;11 (BR,eo) are invertible on the space 1(G,C?) and

9.7) sup || (g0 (Breo)) " ls(c,c2)) < o
(E11)ENre0

Proof. The set Mt given by contains exactly one point in each G-orbit
defined on the set Qg C O by the group {Bere : & € G} of homeo-
morphisms given by (9.I). Thus, following #.3)-{.5), we obtain the family of
representations indexed by the points (¢, 7, #) € M. Since assumptions
(A1)—(A3) for the C*-algebra By, , are fulfilled, Theoremimplies the assertion
of the theorem. &

10. INVERTIBILITY CRITERION FOR THE C*-ALGEBRA B4, r

In this section we will find an invertibility criterion for the operators in the
C*-algebra Boo g = Pyp(Qoor) 9(B7) represented in the form (7.16).

Since Qo r is an open subset of (2 and the C*-algebras ¢(2") and ¢(A™)
are isometrically -isomorphic, applying Lemmal6.2)and (6.4), we infer similarly

to that

10D [1Pp(Qer) (A 51,) = IPp(Qeui)(A™) I 531,) forall A € 2.
Following Lemma 6.2} we define the set

(102) Z(Qup):={Z € Z :suppz(,-) C D 2(& 1) €[0,1] for (&) €02},

where z(+,-) € C(Q) is the Gelfand transform of the coset Z7, supp z(-, -) is the
support of z(+,-), and Qe r = Qoo r U Qoo is the closure in O of the set Qg

given by (7.6).
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Let e}, be the function given by e),(x) = el"* for all i, x € R. Consider the
Hilbert space

Hor= € F(M,, C?)
(é,?])EQw’]R

and introduce the C*-algebra
(103)  Yor(B7) :=alg{¥or(A™) Yor(Us): A€A g€ G} C B(Hoor)
generated by the operators Yo g (A™) (A € 2A) and Yo r(Uy) (¢ € G) where

(104) Yor(AT)i= @B ¥y (AL YorUi):= € "L
(E1)EQR (1) EQw0R

Observe that the mapping g — ¥ g (Uy ) is a unitary representation of the group
G in the Hilbert space Ho, g, the adjoint operator ¥, g (Ug)* equals Y’W,R(Ug,l ),
and Yoo g (Ug) Yoo R (A™) Yoo g (Ug)* = Yoo r(AT) forall g € Gand all A € A due
to (10.4). Consequently, the C*-algebra ¥, g (B™) is the closure of the C*-algebra

composed by the finite sums of the form %‘erR(Ag )¥oor (Ug) where Ag € 2.

THEOREM 10.1. The mapping

(10.5) Pq;(Ooo,R)qo( Y AQUQ) = ) Yoo r(AD) Yoo (UT),
g€F g€eF

where F is a finite subset of G and Ay € A for ¢ € F, extends to a C*-algebra isomor-
phism of the C*-algebra B, g onto the C*-algebra Yoo g (B™) given by (10.3)—(10.4).

Proof. Consider the coset B = Y, Ag Ug € B, where F is a finite subset of
g€F

Gand Ag € Afor g € F, and put ¥, g (B”) := ggF Yoo R (AT ) Foo R (UY). Since the

set Qoo g is open and since Py (Qeo k) 9(B™) = ¢(B”)Pyp(Qoor), we infer similarly
to Lemma[6.2] that
(10.6) 1Pp(Qeor)(B)IB3,) =  sup  ll9(B"Z7)ll52,),
ZEZ(QOQ[]R)

where Z(Qqr) is the set (10.2).

Consider the set SO°(0) = {v € SO° . Lnf v(x) = 0}. If v € SO°(0)

X [ee]

and v(R) C [0,1], then W(v) € Z(Qr). Moreover, Z(Qur) = {W°(v) : v €
S0°(0),v(R) C [0,1]}. For every v € SO°(0) and every h € R, the operator

Ug, W°(0) = W2 (e, )W’ (v) = W(ey0)

belongs to the C*-algebra 2 because e,v € SO°(0). Hence, for each Z € Z(Qur)
and given B € ‘B, we conclude that the coset B"Z" belongs to the C*-algebra
2. Hence, for every Z € Z(Qu ), by and (10.4), we obtain ¢ g (B"Z™) =
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Yoo (B™)Poor(Z7) Where ¢poor @ A" — B(Hoor) is the restriction of the repre-

sentation ¢ (see (7.7)-(7.10)) to the space Hoor = @  [2(Mg,, C?) consid-
(ér’])GQmm
ered as an invariant Hilbert subspace of H 4. Therefore, applying (10.1) and (7.14),

we get

1P (Qoo ) P(B"Z7) | 5(34,) = 1 Pp(Qoo)$(B*Z7) | 5 34,,)
(10.7) = [[¥oo, R (B) oo R (Z7) | (0 0)-
Since forall Z € Z(QuRr),

Pyp(Qoo ) (BT Z7) = ¢(B")Pp(Qeor) 9(Z7) = 9(B"ZT),
we deduce from equalities (10.6) and (10.7) that

sup  [|¥eoR(B™) o (Z7) | B(#ar) = SUP  1Pp(Quor)P(B™Z7)| 531,

Z€Z(Qoor) Z2€Z(Qcor)
= sup  |[l@(B"Z7)llp3,)
ZGZ(QOO’]R)
(10.8) = [1Pp(Qeor)9(B™) I 5(31,)-

Consider the identical representation 71y of the unital C*-algebra Yo g (B7)
in the Hilbert space Hoor. By (104), ¢oor(Z7) is a central C*-subalgebra of
Yoo v (B7) with the same unit. Clearly, the maximal ideal space of ¢or(Z7)
coincides with 600,R. Since (), R is an open subset of 0o g and since the corre-
sponding spectral projection Py, (Qqr) is the identity operator on Hilbert space
Hoor, We conclude from Lemmathat

[¥oo & (B™) | B3 ) = | Prio (QooR) oo R (B™) | B34, 2)
= sup [[For(B")Poor(Z™) B0 z)

Z€Z(QcoR)
which together with (10.8) implies that
(10.9) 1Py (oo ) 9(B™) | 5(34,) = oo (B)l| (34 )
for all finite sums B™ = }. AgUy € B with A7 € 2™. Since the set of such

geF
finite sums is dense in B” and since (10.9) holds, the mapping (10.5) uniquely
extends to a C*-algebra isomorphism of B, g onto Foo g (B™). 1

Every coset B™ of the C*-algebra B” is the limit of a sequence of cosets of

the form Bjf = ¥ A7, Ug where A7, € ™ and g runs through finite subsets
g€k,

E, of G (n € N). Then according to Theorem (10.1| the operator ¥o, g (B™) in the
C*-algebra ¥, g (B7) has the form

Yor(B™) = lim Y Yor(A7) Yeor(UY),
gan
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where the *-homomorphism ¥, : B" — B(Her) is an extension of the -

homomorphism ¢ g : A" — B(Heo ) to the C*-algebra B7 in view of and
(10.4). Thus, setting he = h for shifts ¢ = g;, € G, we obtain

Yom(B") = @ Bup@nleB( @ P, ),

(10.10) (€1 €00 (@1 €N
Boo,R(Q n,): E)Jtm — (CZXZ, [T nh—r& Z [Yé,%‘u(Ag’n)]eihgﬂ.
g€E,

Thus, for every (&, 7, 1) in the set

Nopi= U {Em}xMgy,
(E1)EQeRr

we obtain the representation
(10.11) Ozt Boor — B(C?)
given on the generators of the C*-algebra B, r by

e ,u(Po(Qoor)9((al)™)) f = [¥eyu(al)lf,

(10.12) e 1 (Pp(Qoor) 9 (( Q0NN = [Fepu(WO )],
‘Tg,q,y(qu( or)P(UZ))f = €M f,

where a,b € PSO°, g, € G and f € C2.

Applying Theorem [10.T] and (10.10)—(T0.12), we immediately obtain an in-
vertibility criterion for the operators in the C*-algebra B, .

THEOREM 10.2. For each B € ‘B, the operator Bor = Py(Qer)@(B™) €
Boo R is invertible on the space Py(Qoor)Hg if and only if for all (3,1, 1) € Neow the
operators 0z, ,(Beo r) are invertible on the space C* and

sup || (‘TC,W(Boo,R))*l IB(c2y < e°.
(5/'7,]4) E{noo,R

11. INVERTIBILITY IN THE C*-ALGEBRA B «

In this section we will show that for every B € B the invertibility of the
operator Py(Qp )¢(B™) on the Hilbert space Py(Qp )H, implies the inverti-
bility of the operators Py(e,00)@(B™) on the Hilbert spaces Py(eo,00)H . This
means that condition (iii) in Theorem is superfluous.

Consider the C*-algebra Be,co = Py (Qeo,c0) 9(B™) (see (7.17)) where Qg oo
is given by (7.6). Since Qe 00 € R () and, by Lemma|7.1} Quo o is a set of fixed
points for homeomorphisms B¢ (¢ € G\ {e}), we infer that the C*-algebra B e
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is commutative. Consider its central C*-subalgebra Zu o := Pp(Qooc0) 9(Z7). If
Z" e Z™and
: 7T
min (r@IlEn] >0

then |[I'(Z™)](&,7)| > 0 in the closure V of an open neighborhood V of Q0
in 2. Hence, because P,(V)p(Z™) = C(V) and the isomorphism is given by
Py(V)ep(Z™) — z(-,-)|;; where z(-,-)|3; is the restriction of the Gelfand trans-
form I'(Z™) to V (see Lemma , we conclude that the operator P, (V)@(Z™)
is invertible on the Hilbert space Py(V)H,. This implies the invertibility of the
operator Py(Qeoc0)@(Z™) on the Hilbert space Py(e,00)Hy. Thus, we proved
the following.

PROPOSITION 11.1. M(Ze0,00) C Qoo,o0-

Let J: ,; be the minimal closed two-sided ideal of the C*-algebra B« that
contains the maximal ideal (¢,7) € M(Zc,), and let Boo,co/ Tz ;- By the Allan—
Douglas local principle applied with respect to M(Zw,00) (see Theorem (4.1), we
obtain the following.

LEMMA 11.2. The operator B oo = Py(Qeo00) @(B™) is invertible on the space
Py(Qoo,c0)H o if and only if for every (,17) € M(Zco00) the coset Boooo + Tz is
invertible in the quotient algebra Beo,co / Tz -

With every operator B = Y. DU, € B of the form (7.1), where Dg € 2°
g€eF

and F is a finite subset of G, and with every 7 € M« (SO®) we associate two
functional operators A,7i € A° given by

AS =Y [¥y1(D)lials = Y [¥.5,0(Dg)]22Us,

(11.1) g€F g€F
Ay =Y [¥00(D)]ialy = Y [¥.,1(Dg)l22Ug,
g€eF g€eF

where the functions

&= [Fep1(D)lt, & [Fey0(Dg)l2z,
&= [Fe0(Dg)la, & [Fey1(Dg)laa

defined for almost all ¢ € R, are in PSO° and for almost all & € R,

[Pey1(Dg)l11 = [¥e0(Dg)l22,  [Fey0(Dg)l1a = [Fey1(Dg)l22-

THEOREM 11.3. If B € B is written in the form (7.1) and the operator Bg o =
Py(Qr,eo) p(B™) is invertible on the Hilbert space Py( QR o) Hy, then for every i €
Moo (SO°) the functional operators A,7i given by (11.1) are invertible on the Hilbert space
L2(R).
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Proof. Fix T € R. Let the operator B € B be of the form (7.I) and let the
operator Bp o, be invertible on the Hilbert space Py(QR o) - Then, by Theo-
rem the operators 71z, ,(BRr,oo) for all (¢,7,4) € My are invertible on the
Hilbert space I(G, C?) and condition is fulfilled. In particular, the operators
7,51 (BR,eo) are invertible on the space I2(G,C?) for all § € Mw(SO®) and all
(&, u) € Re, where Ry = M (SO°) x {0,1} due to (5.13). It is easily seen from
©3), B2, and that there exists a permutation matrix T such that for
every 1 € M« (SO?) and every & € M(SO°),

7,0 (Breo) = Tdiag{(A; g1, (A7 )z0} T,
"

(11.2) ’i o
7z 1 (Breo) = Tdiag{(Ay )z1, (A )0} T

Consequently, the invertibility of the operators 77 ,, ,, (Br o) in the space 12(G, C?)
forall (¢, 1, 1) € Nr,o implies, by virtue of (11.2), the invertibility of the operators
(A )eu and (A; )z, in the space I2(G) for all (&, 1) € Ry and all 7 € Mo (SO®).
Moreover, we infer from and that condition for all functional op-
erators A,T defined by is also fulfilled. Then, by Theorem the functional

operators A;—L are invertible on the space L?(R) for all 7 € M« (SO®). &

Further, we infer from Theorem [11.3| that for every operator B € B9 with
invertible operator Bg o, and every 17 € MOQ(SOO)

1A I 12)) = (A (A7)") < 1(BreoBi )

Hence the mappings B — B A% extend by continuity to C*-algebra homo-
morphisms véﬁ :B — Bpro — A and therefore Theorem remains true for
all B € B. Thus, taking into account the relations

(ng]r)C,l =Y [¥ey1(Dg)l11Ug, (g;?)é,o =Y [¥e,0(Dg)l22Ug,

geF g€eF
(11.3) - _
(Ay)er = ZF[Yé,ﬂ,O(Dg)h,lug/ (Ay)zo = ZP[‘F@,M(Dg)]z,ngr
8¢ g€

for B € B and all &, € M« (SO®), which follow from ([T.I) and (5.12), we
obtain the next result from Theorem for B € B and Corollary 5.5

COROLLARY 11.4. If B € B and the operator Br o := Pyp(Qr o) @(B™) is in-
vertible on the Hilbert space Py(Qr o) Hy, then for every (€, 1) € Qoo and every
u € {0, 1} the functional operators (g,jf) & given by (T1.3) are invertible on the Hilbert
space L2(R), and therefore the operators P(P(Qoo,oo)(p((Ai) ¢ ) are invertible on the
space Py(Qeo,c0)H -
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THEOREM 11.5. If B € B and the operator B o = Py(QR o) @(B™) is invert-
ible on the space Py( QR oo ) H y, then the operator Beo o = Py(Qeo00) (B’ is invertible
on the space Py(Qeo,c0) H .

Proof. Letuy € C(R), uq(+00) =1, u;(—o0) =0,andletu_ =1—uy. By
Proposition M(Zc0,00) C Qo0 One can see that for every operator B € B
and every (§,77) € M(Zw,) the coset Beo o + Jz,; has the form

Beoco + Tz = Pp(Qeoo) p([(A) e (u-WO(u=)) + (A )0 (ur WO (=)
(11.4) + (A e (u-WOuy)) + (A )0 (uy WO D)) + Tz
By Corollary the invertibility of the operator Bg . on the Hilbert space
Py(Qp «)Hy implies the invertibility of all operators P(P(Qoo,oo)q)((gf][)gy) on
the space Py(Qw00)Hy. Taking a sequence of open sets A, C (2 such that

NA; = Qeo,c0, ONe can easily prove that
n

(115)  Py(Que0)@([u42t-1)) = Py(Qeo,0) (W' (u1-)]) = 0.
Since the operators
Py(Qeoco) ([11]7),  Py(Qeoo) (WO (1)), Pp(Qoro)@(Uy) (3 € G)
pairwise commute and the operators
Py (Qooco) ([ WO (2)]),  Pp(Qoo,e0) ([ WO (11£)]7)

are projections on the space Py(Qe,00)Hy, we infer from (I1.5) that for every
(&, 1) € M(Zs0,00) the coset

Py(Quo,00) p([((Af 1) ™ (= WO(u=)) + (A} )z 0) " (s WO(u-))
+ (A )en) H(=WO(ur)) + (A )eo) ™ (e WO (ui)))™) + Ty

is the inverse to the coset (11.4). Finally, applying Lemma we obtain the
invertibility of the operator Be oo on the space Py(Qco,c0)He. I

12. FAITHFUL REPRESENTATION OF THE QUOTIENT C*-ALGEBRA B7™

Let G be the commutative group of all translations g;, : x — x —h (h € R)
on R. Consider the C*-algebra
B := alg (al, WO(b), Ug : a,b € PSO°, g € G) C B(L*(R)),

generated by all multiplication operators al (a € PSO°), by the convolutions
operators W(b) (b € PSO®) and by all shift operators Uy (g € G).
Fix T € R and consider the sets

QT,OO = MT(SOO) X MOQ(SOO)[ mT,OO = U {(C! 17)} X 932@/’7
(Cfﬂ)en‘[/“
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For each (&, 7, ) € Nr,00, we introduce the representation
(12.1) Pg B — B(I2(G,C?)), B ey ,(Broo)
given on the generators of the C*-algebra B according to (9.4)-(©.5) by
[P y,u(al) f1(g) =diag{(acg) (G "), (a08)(E7)}f(g),
o o S0 N0,
[‘pé,n,y(US)f] (8)=1(gs),
where a,b € PSO°, g,s € Gand f € I2(G,C?).
We now consider the sets
Qwr = Mo (SO%) x | Mi(SO°), Ner= U {(&n)} x Mg,
teR () EQwr
For each (¢, 7, 1) € N r, we introduce the representation
(12.3) Pg B — B(C?), B 0g,u(Bor),
given on the generators of the C*-algebra B according to by
Dz (al) f = diag{a(Z™),a(C7)}f,
+ (1 — +\ _b(n—
I DI LA o S AL UL M
P (Ug,)f = €,
where a,b € PSO°, ¢, € Gand f € C2.

Finally, combining Theorems|[7.2} and we obtain the following
Fredholm criterion for the operators B in the C*-algebra 9.

THEOREM 12.1. An operator B € B is Fredholm on the space L*(R) if and only
if the following two conditions are satisfied:
() for any (equivalently, some) T € R and all (¢, 1,u) € MNro the operators
@z 1 (B) are invertible on the space 1*(G, C?) and

sup  [[(gyu(B) lzic ey < o0
(Emm)ENr00
(ii) for all (&, 1, u) € Neo w the operators P, ,,(B) are invertible on the space C* and
sup  [[(Peyu(B)) g(c2) < oo
(C1,1) €Neo e

Fix T € R and consider the operator function @(B) defined on N co U Neo r

by (&, 1, 1) = @¢ . (B), where the operators @z , ,(B) are given by (12.1)-(12.4),
and equip it with the norm

loB)| =max{ sup [Pg,uB)lspceny,  sup I@gu(B)liscr)-
(&11,1) €Nre0 (E1,1)ENeor
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The operator function @(B) is referred to as the Fredholm symbol of an operator
B € B. Clearly, the set ®(B) := {®(B) : B € B} is a C*-algebra, and the
mapping ¢ : B — ®(B) is a C*-algebra homomorphism of the C*-algebra B onto
the C*-algebra @(8) with kernel Ker @ = K. Hence B7 = ¢(B8). Making use of
this symbol calculus, Theorem[12.1can be rewritten in the following form.

THEOREM 12.2. An operator B € B is Fredholm on the space L?(R) if and only
if its Fredholm symbol @ (B) is invertible.

Consider the Hilbert space

Ho=( @ Pe)B( @ )

(E, 1) €N 00 (G, 1) ENeo
THEOREM 12.3. The mapping ®¢ : B — B(Hs) given by

BT = ( S%) ‘péﬂ,u(m) S%) ( S%) ‘péﬂ?,u(B))

(En.1)ENr00 (Enm)ENQR

is a faithful representation of the quotient C*-algebra B in the space Hys.
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