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ABSTRACT. We say that a sequence of operators (T;;) possesses hereditarily
hypercyclic subspaces along a sequence (1) if for any subsequence (my) C
(ng), the sequence (Ty,, ) possesses a hypercyclic subspace. While so far no
characterization of the existence of hypercyclic subspaces in the case of Fréchet
spaces is known, we succeed to obtain a characterization of sequences (T,)
possessing hereditarily hypercyclic subspaces along (1), under the assump-
tion that the sequence (T,) satisfies the hypercyclicity criterion along (11). We
also obtain a characterization of operators possessing a hypercyclic subspace
under the assumption that T satisfies the frequent hypercyclicity criterion.

KEYWORDS: Hypercyclic operators, hypercyclic subspaces.

MSC (2010): 47A16.

INTRODUCTION

Let X, Y be Fréchet spaces and L(X,Y) the space of continuous linear op-
erators from X to Y. A sequence (T,),>0 C L(X,Y) is said to be hypercyclic if
there exists a vector x € X (also called a hypercyclic vector) such that the orbit
{Tux :n >0} is dense in Y. We denote by HC((T},)) the set of hypercyclic vectors
for the sequence (T,;). An operator T € L(X) is said to be hypercyclic if the se-
quence (T") is hypercyclic and we denote by HC(T) the set of hypercyclic vectors
for T. Given a hypercyclic operator T, one can wonder whether T possesses a lot
of hypercyclic vectors and which is the structure of HC(T). At the beginning of
the twentieth century, Birkhoff proved that if an operator T is hypercyclic, then
the set HC(T) has to be a dense G; set. Bourdon and Herrero [7], [11] have then
complemented this result by showing that if an operator T is hypercyclic, then
the set HC(T) U {0} contains a dense infinite-dimensional subspace.

We say that (T, ), >0 possesses a hypercyclic subspace if there is an infinite-
dimensional closed subspace in which each non-zero vector is hypercyclic. Bernal
and Montes [3] remarked in 1995 that non-trivial translation operators on the
space of entire functions possess a hypercyclic subspace, and in 1996, Montes [[15]
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proved that the scalar multiples of the backward shift ABon I” (1 < p < c0) donot
possess any hypercyclic subspace. Therefore, one can wonder which hypercyclic
operators possess a hypercyclic subspace.

In the case of complex Banach spaces, the answer to this big question was
obtained by Gonzélez, Leén and Montes [9] in 2000 for weakly mixing operators,
where an operator T is said to be weakly mixing if T x T is hypercyclic.

THEOREM 0.1 ([9]]). Let X be a separable complex Banach space and T € L(X).
If T is weakly mixing, then the following assertions are equivalent:
(i) T has a hypercyclic subspace;

(ii) there exist an increasing sequence (ny) of positive integers and an infinite-
dimensional closed subspace My of X such that T"x — 0 for all x € My;

(iii) there exist an increasing sequence (ny) of positive integers and an infinite-
dimensional closed subspace My, of X such that sup || T" |y, || < oo;

k

(iv) the essential spectrum of T intersects the closed unit disk.

The key of the proof of this theorem is the notion of essential spectrum.
However, this notion loses almost all its properties in the case of real Banach
spaces and in the case of real or complex Fréchet spaces. Some criteria for the ex-
istence or the non-existence of hypercyclic subspaces in the case of Fréchet spaces
have been obtained by Bernal, Bonet, Grosse-Erdmann, Martinez, Peris, Peters-
son and the author [1]], [5], [10], [14], [16]. Nevertheless, we do not know a com-
plete characterization of operators with hypercyclic subspaces on these spaces.

Question 1. How can we characterize operators on Fréchet spaces possessing hypercyclic
subspaces?

The goal of this paper is to introduce a new approach to this problem thanks
to the notion of operators possessing hereditarily hypercyclic subspaces and to
bring a partial answer to Question 1.

In 1999, Bés and Peris [4] showed that an operator T is weakly mixing if
and only if T is hereditarily hypercyclic, i.e. there exists an increasing sequence
(ng)k>1 such that for any subsequence (11 )r>1 C (1 )k>1, the sequence (T )~
is hypercyclic (see [2] for an extension to sequences (Ty)). In view of this notion
of hereditary hypercyclicity, we say that a sequence (T,) C L(X,Y) possesses
hereditarily hypercyclic subspaces if there exists a sequence (1) such that for any
subsequence (my) C (ny), the sequence (Ty, )k>1 possesses a hypercyclic sub-
space.

Obviously, if T possesses hereditarily hypercyclic subspaces (i.e. if the se-
quence (T") of iterates possesses them), then T possesses a hypercyclic subspace
and T is hereditarily hypercyclic. On the other hand, it is interesting to remark
that if X is a complex Banach space and T € L(X), then we can deduce from The-
orem and from the equivalence between hereditarily hypercyclic operators
and weakly mixing operators that T possesses hereditarily hypercyclic subspaces
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if and only if T is weakly mixing and T possesses a hypercyclic subspace (Theo-
rem[1.6). We do not know if this equivalence remains true if T is an operator on
real or complex Fréchet spaces. However, it motivates us to study the sequences
of operators possessing hereditarily hypercyclic subspaces.

We say that a sequence (T,) C L(X,Y) possesses hereditarily hypercyclic sub-
spaces along (ny) if for any subsequence (my) C (ny), the sequence (Ty, )k>1 pos-
sesses a hypercyclic subspace. While so far no characterization of the existence
of hypercyclic subspaces in the case of Fréchet spaces is known, we succeed to
obtain a characterization of sequences (T,) possessing hereditarily hypercyclic
subspaces along (1;), under the assumption that the sequence (T;) satisfies the
hypercyclicity criterion along (1) (Section[I). In particular, our approach differs
from the approach of Gonzalez, Leén and Montes [9] by the absence of the use of
spectral theory. The proof of our characterization is given in Section [2}

In Section [3] we use the ideas of the above characterization to characterize
operators possessing a hypercyclic subspace under the assumption that T satis-
fies the frequent hypercyclicity criterion. If T satisfies the frequent hypercyclicity
criterion, then T is weakly mixing. Our assumption is thus stronger than the as-
sumption of Theorem In return, the obtained characterization works for any
real or complex Fréchet spaces with a continuous norm and can be extended to
Fréchet spaces without continuous norm through the notion of hypercyclic sub-
spaces of type 1. This result is a partial answer to Question 1.

1. CHARACTERIZATION OF SEQUENCES POSSESSING HEREDITARILY HYPERCYCLIC
SUBSPACES

We will use the following vocabulary:

DEFINITION 1.1. Let X, Y be Fréchet spaces, (T,) C L(X,Y) and (1 )x>1 an
increasing sequence of integers.

(i) The sequence (T}),>0 possesses a hypercyclic subspace along (ny) if the se-
quence (T}, )x>1 possesses a hypercyclic subspace.

(ii) The sequence (T,) possesses hereditarily hypercyclic subspaces along (ny) if
for any subsequence (m;) C (1), the sequence (T}),>0 possesses a hypercyclic
subspace along ().

(iii) The sequence (T,) possesses hereditarily hypercyclic subspaces if there ex-
ists a sequence (1) such that (T,) possesses hereditarily hypercyclic subspaces
along (n).

If T € L(X), the above definitions extend to T by considering the sequence
(T")nz0-

Obviously, if T possesses hereditarily hypercyclic subspaces, then the oper-
ator T is hereditarily hypercyclic and possesses a hypercyclic subspace. We start
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by showing that if T is an operator on a complex Banach space then the converse
is also true. We first recall the well-known hypercyclicity criterion.

THEOREM 1.2 (Hypercyclicity criterion [10]). Let X be a Fréchet space, Y a
separable Fréchet space and (Ty)n>0 C L(X,Y). If there are dense subsets Xy C X,
Yo C Y, an increasing sequence (ny)i>1 of positive integers and maps Sy, : Yo — X,
such that for any x € Xo, y € Yy,

(i) Ty x — 0,
(i) Swy — 0,
(iii) T Sny — v,
then (Ty) is weakly mixing and thus hypercyclic.

In fact, if T is an operator on a Fréchet space, we have the following equiv-

alences.

THEOREM 1.3 ([4]). Let X be a separable Fréchet space and T € L(X). The
following assertions are equivalent:
(i) T satisfies the hypercyclicity criterion;
(ii) T is weakly mixing;
(iii) T is hereditarily hypercyclic.

REMARK 1.4. There exist some hypercyclic operators that are not weakly
mixing [8].

On the other hand, we have at our disposal the following criterion for the
existence of hypercyclic subspaces.

THEOREM 1.5 (Criterion My ([5], Theorem 3.5), see also Lemma 2.3 of [1]]).
Let X be a Fréchet space with a continuous norm, Y a separable Fréchet space and (T,) C
L(X,Y). If (T,) satisfies the hypercyclicity criterion along a sequence (ny) and if there
exists an infinite-dimensional closed subspace My of X such that T,y x — 0 for all x €
My, then (T),) possesses a hypercyclic subspace.

We can now prove the desired result.

THEOREM 1.6. Let X be a complex Banach space and T € L(X). The operator
T possesses hereditarily hypercyclic subspaces if and only if T is weakly mixing and T
possesses a hypercyclic subspace.

Proof. If T possesses hereditarily hypercyclic subspaces then T is heredi-
tarily hypercyclic and T possesses a hypercyclic subspace. Therefore, since T is
weakly mixing if and only if T is hereditarily hypercyclic (Theorem [I.3), we de-
duce the first implication.

On the other hand, if T is weakly mixing and T possesses a hypercyclic
subspace, then we first deduce from Theorem that there exists an increasing
sequence of integers (n;) such that T satisfies the hypercyclicity criterion along
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(ny). Therefore, since T possesses a hypercyclic subspace and T satisfies the hy-
percyclicity criterion along (1), we deduce from the proof of Theorem |0.1| that
there exist a subsequence (my) C (n;) and an infinite-dimensional closed sub-
space My such that for any x € My, T"kx converges to 0 as k tends to infinity.
Finally, since T satisfies the hypercyclicity criterion along (1), we get that for any
subsequence (m;) C (my), the sequence (T"™);. satisfies the hypercyclicity crite-
rion along the whole sequence (k) and we conclude that, for any subsequence
(m}.) C (my), the sequence (T’”L) possesses a hypercyclic subspace by using Cri-
terion My (Theorem[L5).

Concerning Fréchet spaces or real Banach spaces, we do not know whether
every weakly mixing operator with a hypercyclic subspace possesses hereditarily
hypercyclic subspaces. However, we can obtain a characterization of sequences
of operators possessing hereditarily hypercyclic subspaces along a sequence (1y).
This characterization is the main result of this paper and its proof will be given
in Section 2

THEOREM 1.7. Let X be an infinite-dimensional Fréchet space with a continuous
norm, Y a separable Fréchet space and (T, )n>0 C L(X,Y). If (Ty) satisfies the hyper-
cyclicity criterion along (ny.), then the following assertions are equivalent:

(i) the sequence (T,,) possesses hereditarily hypercyclic subspaces along (ny);
(ii) for any subsequence (my) C (ny), there exists an infinite-dimensional closed
subspace M C X such that for any continuous seminorm q on Y, we have

li;ninfq(kax) < oo foranyx € M;
—00

(iii) for any subsequence (my) C (ny), there exist an infinite-dimensional closed sub-
space My C X and an increasing sequence of integers k(n) such that for any continuous
seminorm q on 'Y, we have

lim inf Tw.x) =0 foranyx € M.
n—00 k(n1—1)<k<k(i) (T %) for any 0
In the case of Fréchet spaces without continuous norm, Theorem|[I.7]and its
proof can easily be generalized to hypercyclic subspaces of type 1. A hypercyclic
subspace M C X is said to be of type 1 if there exists a continuous seminorm p
on X such that M Nker p = {0}. This notion has been introduced in [13].

DEFINITION 1.8. Let X, Y be Fréchet spaces, (T;) C L(X,Y) and (1y)x>1
an increasing sequence of integers. The sequence (T;,) possesses hereditarily hy-
percyclic subspaces of type 1 along (ny) if for any subsequence (my) C (ny), the
sequence (Ty, )x>1 possesses a hypercyclic subspace of type 1.

THEOREM 1.9. Let X be an infinite-dimensional Fréchet space, Y a separable
Fréchet space and (T,) C L(X,Y). If (T,) satisfies the hypercyclicity criterion along
(ny), then the following assertions are equivalent:

(i) the sequence (T, ) possesses hereditarily hypercyclic subspaces of type 1 along (ny);
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(ii) for any subsequence (my) C (ny), there exist an infinite-dimensional closed sub-
space M C X and a continuous seminorm p on X such that
(a) M N ker p is of infinite codimension in M,
(b) for any continuous seminorm q on Y, we have

lilgninfq(kax) < oo foranyx € M;
— 00

(iii) for any subsequence (my) C (ny), there exist an infinite-dimensional closed sub-
space My C X, a continuous seminorm p on X and an increasing sequence of integers
k(n) such that

(a) Mo Nker p is of infinite codimension in My,
(b) for any continuous seminorm q on 'Y, we have
lim inf Tyx) =0 forany x € M.
n—>00k(n71)<k<k(n)q( " ) f y 0
Before starting the proof of Theorem we introduce some classic results
about the notion of basic sequences.

DEFINITION 1.10. Let X be a Fréchet space. A sequence (uy)x>1 C X is basic
if for every x € span{uy : k > 1}, there exists a unique sequence (ay)>1 in K

(K =RorC)suchthat x = ¥ apuy.
k=1

We can easily construct a basic sequence in any infinite-dimensional closed
subspace thanks to the following two lemmas.

LEMMA 1.11 ([10], Lemma 10.39). Let X be a Fréchet space, F a finite-dimen-
sional subspace of X, p a continuous seminorm on X and ¢ > 0. Then there exists a
closed subspace E of finite codimension such that for any x € Eand y € F,

p(x) p) )
24¢ 1+¢/°

LEMMA 1.12 ([12]). Let X be a Fréchet space with a continuous norm, (pn) an
increasing sequence of norms defining the topology of X and (e,),>1 a sequence of posi-
tive numbers with TT(1 +€,) = K < oo. If (uy)x>1 is a sequence of non-zero vectors in

p(x +y) > max (

n
X such that forany n > 1, forany j < n, forany ay, ..., 0,41 € K,
n+1

(1.1) p]( Z akuk) (1+e¢, p]( Z akuk)
then this sequence is basic in (X, pn) forany n > 1 and thus in X.

REMARK 1.13. If (uy)>1 satisfies (L.I) and p;1(ux) = 1 for any k > 1, then,

for any convergent series ), ajug, anyn > 1,
k=1

lan| = p1(anun) < p1 (Ziikauk) +n (knziakuk) < 2Kp1 (:il“kuk)-
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[e9)
In other words, for any convergent series ). ay, the sequence (ay) is bounded.
k=1

The construction of hypercyclic subspaces will rely on the perturbation of
basic sequences.

LEMMA 1.14 ([12]]). Let X be a Fréchet space with a continuous norm, (pu)n
an increasing sequence of norms defining the topology of X and (e,),>1 a sequence of
positive numbers with T](1 + e,) = K < co. Suppose that (uy),>1 is a basic sequence

n
in X satisfying (L.T) for the sequence (e, ) and that for any n > 1, we have p1(u,) = 1.
If (fn)u=1 C X is a sequence satisfying

Z ZKpn(un _fn) < 1,
n=1

then (fu)n>1 is a basic sequence in X equivalent to (1), i.e. for every sequence (xy)x>1

(9] (e )
in K, the series Y ay fy converges in X if and only if the series ) ayuy converges in X.
k=1 k=1

2. PROOF OF THEOREM[T.7]

In order to prove the equivalences of Theorem we add the following
assertion:

(ii") for any subsequence (my) C (ny), there exists an infinite-dimensional closed sub-
space M C X such that for any continuous seminorm q on Y, there exists a continuous
norm p on X such that for any kg > 0O, there exist k > ko and a closed subspace E of
finite codimension in M such that for any x € E, there exists kg < j < k satisfying

4(Tux) < plx).

We will then prove that — (ii") = — (ii) = — (i) and (ii") = (iii) = (i) in
Theorem|[I.7} The proof of these implications will be obtained thanks to following
three lemmas. The first two lemmas will allow us to deduce that = (ii") = — (ii)
and (ii’) = (iii) in Theorem[1.7}

LEMMA 2.1. Let X be an infinite-dimensional Fréchet space with a continuous
norm, Y a Fréchet space, (T,) C L(X,Y), (ny) an increasing sequence of positive in-
tegers and M an infinite-dimensional closed subspace in X. If there exists a continuous
seminorm q on Y such that for any continuous norm p on X, there exists an integer
ko > 0 such that for any k > ko, any closed subspace E of finite codimension in M, there
exists a vector x € E satisfying for any kg < j <k,

q(Tu;x) > p(x),
then there exists a vector x € M such that

khi& q( T x) = co.
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Proof. Let q be a continuous seminorm on Y such that for any continuous
norm p on X, there exists an integer kg > 0 such that for any k > ko, any closed
subspace E of finite codimension in M, there exists a vector x € E satisfying for
any ko < j <k,

q(Tu;x) > p(x).

We seek to construct a vector x € M such that
lim q(T}, x) = co.
k—o0

The idea of the construction of this vector x is similar to the construction given in
Theorem 1.13 of [14]. (Our hypotheses are in fact the minimal conditions so that
the proof of Theorem 1.13 in [14] works.)

Let (pn)n>1 be an increasing sequence of norms inducing the topology of X.
For each continuous norm n3pn, there exists an integer k;, > 1 such that for any
k = ky, any closed subspace E of finite codimension in M, there exists a vector
x € E satisfying for any k, <j <k,

q(Tn;x) > 13 pu(x).

Without loss of generality, we can assume that the sequence (ky,),,>1 is increasing.
We can then construct recursively a sequence (e,,),>0 C M with ey = 0 such that
forany n > 1, we have

(i) pnlen) = 1/n%;
(ii) for any ky < j < kuy1, 4(Tnien) > n’pulen) = n;

(iii) for any j < k41, Tnjen € ) Lyj where Ly; is the closed subspace of
k<n—1
finitg codimension given by Lemma u for F; = span(Tn].eO, o, Tnjek), g and
e > 0.

[e¢]
We thenlet x := ) e, sothatx € Mand foranyn > 1, any k, < j < k41,
=1

q(Tnjx) = q( Z Tn].eu) 1 +8 ( Z Ty, ev> (because Z Tnjev € Lyj)
v=1

v=n+1

=

1

Z T+o2+e
n

ZUtoe+e

LEMMA 2.2. Let X be an infinite-dimensional Fréchet space with a continuous
norm, Y a separable Fréchet space and T,, : X — Y a sequence of operators satisfying the
hypercyclicity criterion along (ny). Let M be an infinite-dimensional closed subspace of
X. If for any continuous seminorm q on Y, there exists a continuous norm p on X such
that for any ko > 0, there exist k > ko and a closed subspace E of finite codimension in
M such that for any x € E, there exists kg < j < k satisfying

q(Tw;x) < p(x),

q(Tnjen) (because Ty en € Ly—1,)
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then there exist an infinite-dimensional closed subspace My C X and an increasing
sequence of integers k(n) such that for any continuous seminorm q on'Y, we have
lim inf Tyx) =0 forany x € M.
=0 k(n—1)<k<k(n) (T ) for any 0
Proof. Let (g,) be an increasing sequence of seminorms inducing the topol-
ogy of Y. There exists by hypothesis a sequence (p,) of norms on X such that
forany n > 1, any kg > 0, there exist k > ko and a closed subspace E of finite
codimension in M such that for any x € E, there exists kg < I < k satisfying

n (T x) < pul(x).
Without loss of generality, we can assume that the sequence (p;) is an increasing
sequence inducing the topology of X.
Let X be a dense subset of X given by the hypercyclicity criterion for (ny)
o
and (&,),>1 a sequence of positive numbers such that [T (1+¢,) < 2. We con-
n=1
struct recursively a sequence (E,), of closed subspaces of finite codimension in
M, a basic sequence (u,),>1 C M, a basic sequence (f,),>1 C Xo equivalent to
(1tn)n>1, an increasing sequence of positive integers (k(1n)),>1 with k(1) =1 and
a sequence of integers (I,;) such that forany n > 1,

(i) for any x € E,, any k < n, there exists k(n) < [ < k(n) + I, such that

k(T x) < pr(x);
(i) uy € N Erand p1(uy) =1;

k<n
(iif) forany m <n —1,any ay,...,a, € K,

n—1 n
Pm( Y “k”k) <(1+ €n—1)Pm( Y “kuk) (n>2).
k=1 k=1
(Av) pn(un — fn) < 1/2n+2;
(v) for any m < n, any k(m) <1 < k(m) + L,
1
qm(Tnz(fn —up)) < W?
i) k(n +1) > k(n) +1,;
(vii) forany m < n,any ! > k(n+1),

1
qn+1(Tn,fm) < mnl”

We start by explaining the base case of this construction by induction. We know
by hypothesis that there exist an integer /; > 0 and a closed subspace E; of finite
codimension in M such that for any x € Ej, there exists k(1) < I < k(1) +1;
satisfying

71 (T x) < p1(x).
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We choose u; € Ej such that p;(11) = 1 and we choose f; € X close enough to
17 so that (iv) and (v) are satisfied. Finally, we choose k(2) > k(1) + [; sufficiently
large so that (vii) is satisfied.

Suppose that we have already fixed the elements Eq, ..., E,_1, u1,...,Uy_1,
fi,eoosfum1, l, oo Ipm1 and k(1), ..., k(n). By hypothesis, for any m < n, there
exists I, = 0 and a closed subspace E,, ;; of finite codimension in M such that
for any x € E, ,, there exists k(n) <1 < k(n) + I, satisfying

Gm (T x) < pm(x).

n
Welet E, = () Eymand [, = max l,,,. We select u, € [\ Ej such that
m=1 1<msn k<n

p1(uy) =land foranym <n—1,any ay,...,a, € K,

Pm(’;“kua <1+ Sn)pm(éakuk)

Such a choice is possible thanks to Lemma We then choose f,;, € X close
enough to u, so that (iv) and (v) are satisfied. We finish by fixing k(n + 1) >
k(n) + 1, sufficiently large so that (vii) is satisfied.

By Lemma and Lemma the sequences (u),>1 and (fy),>1 are
equivalent basic sequences. We let My := span{f, : n > 1} and we show that for
any x € Mp,any k > 1,

2.1 li inf T, =0.
2.1) nglgok(n)gllgk(n)ﬂnqk( )

This will conclude the proof because forany n > 1, [k(n), k(n) +1,] C [k(n), k(n+
1)[ and (g ) is an increasing sequence of seminorms inducing the topology of Y.
Letx = ¥ anfy € My. Since for any n > 1, p1(uy) = 1 and (uy),>1 is
n=1
equivalent to (f,),>1, we know that the sequence («),>1 is bounded by some
constant K (Remark|1.13). Let k > 1. For any n > k, any k(n) <1 < k(n) + I, we
deduce from (v) and (vii) that

k(T x) = gk (Tn,( il txmfm>>
< m;n |0€m‘Qn(Tn1fm)+Qk(Tnl( ; “m”m)) + g |“nz“]n(Tn1 (fm —Um))

< m;nKznim + gk (Tnz( 2 "‘mum>) + mgn Kzn%

mz>=n

< 2511 + gk (Tnl( Z “m”m))

m=n
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andas ) apnu, € E,, we deduce from (i) that
m>=n

inf gy (Ty,x) <£n+ inf gy (Tnl < szmum)) <2£n+pk< szmum)—m.

k() <I<k(n) +1n 2% k(m)<i<k(m)Fls NSy mon n—eo
We conclude that (2.1) is satisfied. 1

The following technical lemma will be used to prove that (iii) = (i) in The-

orem[L.7]

LEMMA 2.3. Let X be an infinite-dimensional Fréchet space with a continuous
norm, Y a separable Fréchet space and (T,) C L(X,Y). Let (pn) be an increasing
sequence of norms inducing the topology of X and (q,) an increasing sequence of semi-
norms inducing the topology of Y. Let (y;);>1 be a dense sequence in Y. If (T, ) satisfies
the hypercyclicity criterion along (ny), then there exists a subsequence (my) C (ny) such
that for any i < k < j, there exists x € X such that:

(M) pr(x) < 1/25
(ii) for any | € [k, j[, qi(Tmx — y;) < 1/2K1;
(iii) for any 1 ¢ [k, j[, q1(Tyx) < 172K+,

Proof. Let Xy (respectively Yp) be the dense subset in X (respectively Y)
and (S;, ) the sequence of maps given by the hypercyclicity criterion along (7).
We start by proving the existence of a subsequence (m;) C (ny) and a family
(xi1)i<1 C Xo such that for any i <1,

(@) pr(x;p) < 172

() q1 (T, i1 = yi) < 1/21%%;

(c) for any k < I, g (T, x;;) < 1/28142;

(d) forany j <k < I, q;(Tpxjx) < 1/28F7142,
Suppose that my and x;; € Xo have already been chosen for any j < k < 1—1.
We first remark that if we choose m; € (1y)r>1 sufficiently large, then for any
j<k<],

‘JI(Tmlxj,k) < zkjw

On the other hand, if m; € (n)>1 is sufficiently large, then for any i < I we can
find a vector x;; € Xy satisfying (a), (b) and (c). Indeed, if we consider y; € Yy
such that q;(y} — y;) < 1/2!*3, there exists an integer m such that if m; > m with
my € (g)k>1, then for any k < I,

1 1 1
pi(Smyi) < 51’ 91 (T, Smyyi — yi) < 5153 and g (T Smy;) < Skrla
It then suffices to consider x;; € Xy sufficiently close to Sy, y/.
We remark that it follows from (c) and (d) that forany i < I/, any [l # I,

1
2.2) (T i) < Sz
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We now prove that for any i < k < j, there exists x € X such that (1), (2) and (3)

j—1
hold. Leti < k <jand x := ) x;;. We have
I=k

j—1 j—1
1) pe(x) < Ek pi(xip) < Ekl/le < 1/2% (by (a));
(2) forany I € [k, j[,
QT x —yi) < q(Twxip—vyi)+ Y. qi(Twxip)

relki\{1}

1 1 1
elkj\{1}

(3) forany ! ¢ [k, j[,

j—1 =1 1
ql(Tm]x) < l;kql(Tmzxi,l’> < l;{ S+ 12 < ok +I+1 (bY ) 1

PROOF OF THEOREM[1.7} — (ii) = — (i) By hypothesis, there exists a subsequence
(my) C (ny) such that for any infinite-dimensional closed subspace M C X, there
exist a vector x € M and a continuous seminorm g on Y such that

klggo q( T, x) = oo.

We deduce that the sequence (T,;) does not possess any hypercyclic subspace
along (my) and thus that the sequence (T;,) does not possess hereditarily hyper-
cyclic subspaces along (ny).

- (ii") = - (ii) This implication directly follows from Lemma

(ii") = (iii) Since (Ty) satisfies the hypercyclicity criterion along (1), the
sequence (T,) satisfies the hypercyclicity criterion along any subsequence of ().
We can then deduce the implication (ii") = (iii) from Lemma

(iii) = (i) We remark that it suffices to prove that if (T,) satisfies the hyper-
cyclicity criterion along (1) and if for any subsequence (my) C (ny), there exist
an infinite-dimensional closed subspace My C X and an increasing sequence of
integers k(n) such that for any continuous seminorm g on Y, we have

nh_r)ro\o k(n—1;2£<k(n) q(Tmx) =0 forany x € My,
then (T,) possesses a hypercyclic subspace along (1;). To this end, we will work
with a special subsequence (1) C (1) given by the Lemma2.3]

Let (pn) be an increasing sequence of norms inducing the topology of X
and (g,) an increasing sequence of seminorms inducing the topology of Y. Let
(vi)i>1 be a dense sequence in Y and (1) the subsequence given by Lemma
By hypothesis, there then exists an infinite-dimensional closed subspace My C X
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and an increasing sequence (k(1)), such that for any continuous seminorm 4 on
Y, we have

1111_1}130 k(n—1§2£<k(n) q(Tmx) =0 forany x € My.

Let (u,) be a basic sequence in My given by Lemma for K = 2 such that
p1(un) = 1forany n > 1. Let N the set of positive integers and ¢ be an injective
function from N x N to N such that for any n,j > 1, we have ¢(n,j) > n+j+2
and such that for any n > 1, (¢(n,])); is increasing. We remark that for any
(n,) # (m,i), the intervals [k(@(n, j)), K(¢(n, ) +1)[ and [k(¢(m, 1)), k(g(m, i) +
1)[ are disjoint. Thanks to the properties of the sequence (1), we can then select,
forany n,j > 1, a vector x,, ; € X such that:

(@) Pr(p(nj)) (¥nj) < 17280000
(b) forany I € [k(¢(n,))), k(¢(n,j) +1)[,

1
() T nj = Yi) < St

(c) forany I & [k(¢(n, /), k(¢(n, j) +1)[,

1
BT ) < Segtmpyer
For any n,j > 1, since ¢(n,j) > n+ j+ 2 and k(-) is increasing, we know

that k(¢(n,j)) > n +j + 2 and thus by definition of x, ; that

1
Pt j(xn) < S

[e9)

We deduce that each element f, := u; + ), Xp,j 18 well-defined. Moreover, the
j=1

sequence ( f,,) is a basic sequence equivalent to (1, ) because

Y Apu(fu—un) < Y 24pn(xn,]') <) 2427%% =1 (Lemmal(l.14).

n=1 nz1j>1 nz1j>1

We let My = span{f, : n > 1} and we show that My is a hypercyclic subspace
along (my) and thus a hypercyclic subspace along (7).
We first show that for any i,n > 1, any k(¢(n,i)) <1 < k(¢(n,i) +1)

1

(2.3) qi(TmI (fu —un) —yi) < i
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Indeed, for any i,n > 1, any k(¢(n,i)) <1 < k(¢(n,i) + 1), we have

(T (fr = ) = Y1) < Y Ar(pmiy) (T Xn ) + Ge(p(n,iy) (T X — i)
7
<Y 01(Toy X ) + Gr(p i) (T X — i)
i
1 < 1 1 < 1
< 2 n]) )+HI+1 + 2k(¢p(ni))+1 = oldn + onti+l E

We also remark that for any i > 1, for any n # m, for any k(¢(n,i)) < | <
k(p(n,i)+1)
1

(24) i (T, (fn — um)) < Sitm
because
Qi(Tml(fm ZQk (n,i) (Tmzxm]) qu(TWIxm,j)
j>1 j=1

1 1 1
< ]; ok(¢p(m,j))+14+1 = ol+m S 2i+m’

Letx = ¥ amfm € Mfg\{0}. There exists n > 1 such that a, # 0 and
m=1

without loss of g/enerality, we can suppose that a;, = 1. Moreover, we know that
the sequence (&) is bounded by some constant K (Remark|1.13). Therefore, for
any k < i,any k(¢(n,i)) <1 < k(p(n,i)+1),

(0 K i) )

m=>1
< qk<Tm1( Z amum)> + l]k(Tm, (fn - un) _]/i) =+ Z qu<Tml (fm - um))
mz1 m#n
< (T (Bt ) ) 86T =) =)+ 35 KT fn = )
< gk (Tml( txmum>> + % + ; ziljm (by and (2.4))
m m#n
(e« 15

Since Y ayuym € My, we know that for any k > 1, there exists an increasing
m

sequence (I;);>1 such that k(¢(n,i)) <1; < k(¢(n,i) + 1) and gy (Tm,_ (Zamum))
E\m
tends to 0 as i tends to infinity. Therefore, we deduce that gy (T, x —y;) converges

to 0 as i tends to co and thus that x is hypercyclic along the sequence (). This
concludes the proof of Theorem[1.7] 1
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3. CHARACTERIZATION OF THE EXISTENCE OF HYPERCYCLIC SUBSPACES FOR OPERATORS
SATISFYING THE FREQUENT HYPERCYCLICITY CRITERION

By using the ideas of Theorem we can obtain a characterization of op-
erators T with a hypercyclic subspace under the assumption that T satisfies the
frequent hypercyclicity criterion.

DEFINITION 3.1 (Frequent hypercyclicity criterion, [6]). Let X be a Fréchet
space, Y a separable Fréchet space and (Ty,),>0 C L(X,Y). We say that (T},)
satisfies the frequent hypercyclicity criterion if there are a dense subset Yy of Y
and maps S, : Yo — X such that, for each y € Y,

k
(i) ¥ TxSk—_ny converges unconditionally in Y, uniformly in k € Z,
n=0

(i) Y TkSksny converges unconditionally in Y, uniformly ink € Z,
n=0

e}
(iif) ). Spy converges unconditionally in X,
n=0
(iv) TuSny — v,
where Z is the set of non-negative integers.

o
REMARK 3.2. A collection of series } x,, k € I, is said to be uncondition-
n=0
ally convergent uniformly in k € I if for any € > 0, there exists N > 0 such that
for any k € I, any finite set F C [N, co[,

|5

neF

<&

REMARK 3.3. If T € L(X) satisfies the frequent hypercyclicity criterion,
then T satisfies the hypercyclicity criterion along the whole sequence ().

The characterization that we obtain can be stated as follows.

THEOREM 3.4. Let X be an infinite-dimensional separable Fréchet space with a
continuous norm and T € L(X). If T satisfies the frequent hypercyclicity criterion, then
the following assertions are equivalent:

(i) the operator T possesses a hypercyclic subspace;

(ii) there exists an infinite-dimensional closed subspace M C X such that for any
continuous seminorm p on X, we have

li{ninfp(Tkx) < oo foranyx € M;
—00

(iif) there exist an infinite-dimensional closed subspace My C X and an increasing
sequence of integers k(n) such that for any continuous seminorm p on X, we have

. . ko
nlgr(}o k(n_1;r<1£<k(n) p(T*x) =0 forany x € My.
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Proof. As for the proof of Theorem we consider the following interme-
diate assertion:

(ii") there exists an infinite-dimensional closed subspace M C X such that for any
continuous seminorm q on X, there exists a continuous norm p on X such that for any
ko = 0, there exist k > ko and a closed subspace E of finite codimension in M such that
forany x € E, there exists kg < j < k satisfying

q(T'x) < p(x).

We know that — (ii) = — (i) and in view of Lemma[2.TJand Lemma we
deduce that — (ii") = — (ii) and (ii") = (iii). It remains to prove that (iii) = (i).

(iii) = (i) Let (pn) be an increasing sequence of norms inducing the topology
of X. Let Yo C X be the dense subset and S, the maps given by the frequent
hypercyclicity criterion. Let (y;);>1 be a dense sequence in Yo.

By hypothesis, there exist an infinite-dimensional closed subspace M, and
an increasing sequence (k(n)), such that for any continuous seminorm p on X,
we have

. . ko
nh_rggo k(n—1}2£<k(n) p(T*x) =0 forany x € M.

Let (u,) be a basic sequence in My given by Lemma for K = 2 such that
p1(un) = 1forany n > 1. Let ¢ be a function from N to N x N x N such that
forany n,j,N > 1,#{l € N: ¢(I) = (n,j,N)} = oco. We construct an increasing
sequence (1]);>1 such that forany I > 1, if (1) = (n,j, N), then

(@) k(n; +1) + N < k(n11),

(b) for any k> k(i’ll), pH_j(TkSkyj — ]/]) < 1/2l+j+1,

K
and the vector x; := Y. Sg(,,)4inYj, Where
i=0

K=max{i > 0:k(n;) +iN € [k(n;),k(n; +1) + N[},
satisfies
(©) pryn(x1) < 1/272,
(d)forany !’ # L if (') = (n',j/,N'), then forany k € [k(ny),k(ny+1)+ N'[,
1
k
prp (Thxp) < STy

If (1) = (n,j, N), we start by choosing 17 sufficiently large so that p1,(x1) <
1/2% and for any k > k(n1), p14;(T"Sxy; —y;) < 1/2*7. This is possible be-

cause ), Spy; converges unconditionally in X and TkSky]- tends to y; as k tends
=0

n=

to infinity. If we now suppose that ny,...,n; are fixed, we can choose n;q suf-
ficiently large so that (a), (b) and (c) are satisfied and so that for any I’ < [, if
(') = (n',j,N"), then for any k € [k(ny), k(ny +1) + N'[,

1
k
(31) Pl+1+j/(T xl+1) < 2l+1+l’+n’+j/
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and if (I +1) = (n,j,N), then for any k € [k(n;,1),k(n;41 +1) + NJ,

1
k
(32) Pl’+]<T XZ/) < W

Indeed, if 11 is sufficiently large, we know that (b) is satisfied because TkSkyj
tends to y; as k tends to infinity, and that inequalities (c) and (3.1) are satisfied
because the series Z Sny; converges unconditionally and thus x; is as small as

0
desired. Finally, (3.2) is satlsfled if n;1q is sufficiently large because for any k >

any j/ > 1, the series E T*S)_ nYj converges unconditionally in X. Indeed, for
n=
any !’ <l,any k > k(nl+1) ifp(l')y = (n',j’,N’), we have

Thxy = Y TFS, iy with F C [k(n4q) —k(ny) — K'N',c0].
ieF
Let Ay = {l =2 1:y() = (nxx} Welet fy := u, + Y. x;, which
€Ay,
clearly converges thanks to (c). Moreover, the sequence (f) is a basic sequence

equivalent to (u,) because

e}

ﬁllpn(fn —uy) < i Z 4py(x) < Z Z 21+2 = (Lemma [I.14]).

n=1IleA, =1l€A,

We let My = span{f, : n > 1} and we show that M is a hypercyclic subspace.
K
We deduce from (b) that if (1) = (n,j, N) and thus x; = } Sy, )1iny;j then
i=0
forany i > 0, if k(n;) +iN € [k(n;),k(n; +1) + N[, we have

pi(TH TN —yp)

< Pj(Tk("l)HNSk(n,)HNyj*}/j)H’j( )3 Tk(nl)+iNSk(n1)+i’Nyj)
0<i/ <K,i' #i
1 .
< ST +6(j,N)

where 6(j, N) = sup {p]-( ) Tk+iNSk+i/Ny]-> :k>0,FCZy ﬁnite} and
i €F, il #i
thanks to conditions (i) and (ii) of the frequent hypercyclicity criterion, we know
that forany j > 1,
(3.3) 5(j,N) —— 0.
N—oo

Therefore, forany n,j, N > 1,if ¢(I) = (n,j, N) and the integer k(n;) +iN €

[k(n;),k(n; + 1) + N[, we have

(3.4) pi(TEOFN (£ — ) — ) < 5= +6(j, N)

2l+j
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because
pi(TFFNE — )y —y) < Y prg (TR TN ) opy (TR TNy —
reAn{l}
< 1 1 0(i, N d
= lg Tint ol (,N) by (d)
1 .
< 577 HOGN)-

We also remark that for any I > 1 with (I) = (n,j,N), for any m # n, for any
k(n;) <k <k(n;+1)+ N, we have

1

(3.5) pi(T (fn — 1m)) < Py R

because

Pi(T (for = um)) < Y pj(Toxp) < Y pog(Tx)
VEAn V7]

> 1
< l; ST +jm (by (d))

1
S l+j+m’

Let x = Y amfm € Mf\{0}. There exists n > 1 such that a;, # 0 and
m>=1

without loss of generality, we can suppose that a;, = 1. Moreover, we know that
the sequence (a, ) is bounded by some constant K (Remark|1.13). Therefore, for
any j,N > 1, if ¢(I) = (n,j,N) and if k(n;) +iN € [k(n;),k(n; +1) + N[, we
have

pj<Tk(n1)+iN(Zocmfm) - y]-)
m
< pj(Tk(”l)“N(Zamum» + py(THEN(f ) — )
m

+ Y Kpp (TN (£ — )
m#n
1

. K
. k(np)+iN 1 4
< py(THO (;amum))+2I+].+5(],N)+m§nzl+j+m (by @4) and B3))

' 1 K
< pj(Tk(nz)-l-lN(;zxmum)) + 577 00, N) + 5757

By continuity of T, for any j, N > 1, there exists m;y > 1 and C > 0 such
that forany k < N

p]-(Tkx) < Cpmyy(x) foranyx € X.
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Since ) ayum € My, we know that for any j, N > 1, there exists an increasing
m

sequence (k;);>1 such that k; € [k(n;), k(n; +1)[ and p, (Tkl (ermum)) tends
m

to 0 as [ tends to infinity. Let i; > 1 such that k; € [k(n;) + (i — 1)N, k(n;) +i;NJ.
We have k(n;) +iN € [k(n;),k(n; +1) + N[ and thus for any I > 1, if () =
(n/j/ N)/

pj (i (;wmfm) )

< py (00N () ) + K+l 56N

2l+j
K+1 . .
< Cpmj,N (Tkl (thmum)> + W +5(], N) H—m> (5(], N)
m

We deduce that for any x € Mf\{O}, any ¢ > 0,any j,N > 1, there exist | > 1
and i > 1 such that ‘

pi(THIHN G — ) < 5(7,N) +e.
In view of (3.3), we therefore conclude that x is hypercyclic. 1

We can generalize this result to hypercyclic subspaces of type 1 as follows.

THEOREM 3.5. Let X be an infinite-dimensional separable Fréchet space and T &
L(X). If T satisfies the frequent hypercyclicity criterion, then the following assertions are
equivalent:

(i) the operator T possesses a hypercyclic subspace of type 1;
(ii) there exist an infinite-dimensional closed subspace M C X and a continuous
seminorm p on X such that:
(a) M N ker p is of infinite codimension in M,
(b) for any continuous seminorm q on X, we have

lilgninfq(Tkx) < oo foranyx € M;
— 00

(iii) there exist an infinite-dimensional closed subspace My C X, an increasing se-
quence of integers k(n) and a continuous seminorm p on X such that:
(a) Mo N ker p is of infinite codimension in My,
(b) for any continuous seminorm q on X, we have
. . k
lim k(n—l}rgcgk(n) q(T"*x) =0 forany x € My.

In conclusion, we have obtained a characterization of sequences of opera-
tors (T,) possessing hereditarily hypercyclic subspaces of type 1 under the as-
sumption that (T,) satisfies the hypercyclicity criterion and a characterization of
operators with hypercyclic subspaces of type 1 in the case of operators satisfying
the frequent hypercyclicity criterion. In view of the characterization of operators
possessing hereditarily hypercyclic subspaces, it would be interesting to know
whether there exists an operator T on some Fréchet space such that T possesses
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a hypercyclic subspace but T does not possess hereditarily hypercyclic subspaces
and if such an operator can be weakly mixing.
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