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ABSTRACT. The transition probability P4(f, g) of positive linear functionals
f and g on a unital *-algebra A was defined by A. Uhlmann, Rep. Math. Phys.
9(1976), 273-279. In this paper we study this notion in the context of unbounded
Hilbert space representations of the *-algebra A and derive a number of basic
results. The main technical assumption is the essential self-adjointness of the
GNS representations 71¢ and 7g. Applications to functionals given by den-

sity matrices or by integrals and to vector functionals on the Weyl algebra are
given.

KEYWORDS: Transition probability, non-commutative probability, unbounded rep-
resentations.

MSC (2010): 46L50, 47160, 81P68.

1. INTRODUCTION

Let f and g be states on a unital x-algebra A. Suppose that these states are
realized as vectors states of a common *-representation 77 of A on a Hilbert space
with unit vectors ¢ and ¢, respectively, that is, f(a) = (7(a)@, ¢) and g(a) =
(rt(a)y, p) fora € A. In quantum physics the number | (g, )|? is then interpreted
as the transition probability from f to g in these vector states. The (abstract) tran-
sition probability P4 (f,g) is defined as the supremum of values |{¢, )|?>, where
the supremum is taken over all realizations of f and g as vector states in some
common *-representation of A. This definition was introduced by A. Uhlmann
[18]. The square root \/P(f, g) is also called fidelity in the literature [3], [11].

The transition probability is related to other important topics such as Bu-
res’ distance [9], Sakai’s non-commutative Radon-Nikodym theorem [6], and the
geometric mean of Pusz and Woronowicz [13]. There are an extensive literature
about the finite dimensional case (see e.g. the monograph [8]) and a number of
results for C*-algebras and von Neumann algebras (see e.g. [1l], [2], [3], [4], [6],
[7], [20])). In contrast it seems that the case of unbounded representations has been
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not yet studied. The aim of the present paper is to fill this gap and to study the
transition probability P4 (f, g) for positive linear functionals f and g on a general
unital *-algebra A.

Since the *-representations of A act by unbounded operators on Hilbert
spaces, a number of technical problems of unbounded representation theory [[16]
come up. Dealing with these difficulties in a proper way is a main purpose of this
paper.

In Section [2 we collect all basic definitions and facts on unbounded Hilbert
space representations that will be used throughout this paper.

In Section 3| we state and prove our main theorems about the transition
probability P (f,g) for a general *-algebras. The crucial assumption for these re-
sults is the essential self-adjointness of the GNS representations 71¢ and 7t¢. This
means that we restrict ourselves to a class of "nice" functionals. Let 7t be a fixed
biclosed *-representation 7t of A such that the functionals f and g are realized
as vector functionals by vectors ¢ and 1, respectively. (The assumption that 7 is
biclosed is no restriction of generality, since any *-representation has a biclosed
extension.)

Our first main result (Theorem [3.5) states that the transition probability
P4(f,g) is the supremum of |(T¢,)|* taken over all operators T in the com-
mutant 77(A)., with norm ||T|| < 1.

The second main result (Theorem says that the supremum in the defi-
nition of P4 (f, g) is always attained, that is, there are vectors ¢’ and ¢’ in the do-
main of 77 representing the functionals f and g, respectively, such that P4(f,g) =
(@', ¢

The third main result (Theorem gives a generalization of Uhlmann’s
formula P4 (f,g) = h(ctb)? for positive functionals of the form f(-) = h(b* - b)
and g(-) = h(c* - ).

In Sectiond| we apply Theorem[3.7)from Section[3|to generalize two standard
formulas and for transition probabilities to the unbounded case; these
formulas concern trace functionals fi(a) = Trp(a)t and functionals of the form
fy(a) = [andu on x-algebras of functions. A simple counter-example based
on the Hamburger moment problem shows that these formulas can fail if the
assumption of essential self-adjointness of GNS representations is omitted.

In Section 5| we determine the transition probability of positive functionals
on the Weyl algebra given by certain functions from C§°(R). In this case both GNS
representations 77y and 7tg are not essentially self-adjoint and the corresponding
formula for P4 (f, g) is in general different from the standard formula (&.2).

Throughout this paper we suppose that A is a complex unital *-algebra. The
involution of A is denoted by @ — a™ and the unit element of A by 1. Let P(A)
be the set of all positive linear functionals on A. Recall that a linear functional
f on A is called positive if f(aTa) > 0foralla € A. Let Y A% be the set of all
finite sum of squares a*a, where ¢ € A. All notions and facts on von Neumann
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algebras and on unbounded operators used in this paper can be found in [12] and
[17], respectively.

2. BASICS ON UNBOUNDED REPRESENTATIONS

Proofs of all unproven facts stated in this section and more details can be
found in the monograph [16], see e.g. [5]. Proposition [2.2]below is a new result
that might be of interest in itself.

Let (D, (-, -)) be a unitary space and (#, (-, -)) the Hilbert space completion
of (D,(-,-)). We denote by L(D) the algebra of all linear operators a : D — D,
by Ip the identity map of D and by B(#) the x-algebra of all bounded linear
operators on H.

DEFINITION 2.1. A representation of A on D is an algebra homomorphism 7
of A into the algebra L(D) such that (1) = Ip and 7t(a) is a closable operator on
H fora € A. We then write D(7r) := D and H(m) := H.

A x-representation 7t of A on D is a representation 7t satisfying

1) (m(a)g, ) = (p,m(a")y) forac A, ¢,y € D(n).

Let 7z be a representation of A. Then

22) D(n*):= () D(n(a)*) and n*(a):=n(a")"[D(n*) forac A,
acA

defines a representation 71* of A on D(71*), called the adjoint representation to 7.

Clearly, 7 is a *-representation if and only if T C 7r*.

If 7t is a *-representation of A, then

23) D(@):= () D(n(a)) and 7(a):=n(a)[D(7T), acA,
acA

4) D(r**):= (| D(n*(a)*) and 7**(a):=n"(a")"[D(7*), acA,
acA

are *-representations 7" and 7t** of A, called the closure respectively the biclosure
of 7. Then

T C7wC ™ Crt.

If 7t is a *-representation, then H(71) = H(7*). But for a representation 7t it may
happen that the domain D(7*) is not dense in H(7t), thatis, H(7t*) # H(m).

PROPOSITION 2.2. Let 7t and p be representations of a *-algebra A such that
o C 7. Then:

(i) Pyyp)e*(a) € p*(a)Py(p), where Py is the projection of H(7r) onto H(p).
(i) If H(p) = H(m), then T* C p*.
(iii) p** C 7+,
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Proof. (i) Let P denote the projection Py (,) and fix ¢ € D(7t*). Let ¢ € D(p)
anda € A. Usmg the assumption p C 7t we obtain

(o(a™)g, Pp) = (Pp(a™ ), ) = (p(a®) g, ) = ((a™ )@, )
= (o, m(a*)*y) = (9, " (a)p) = (Po, " (a)y) = (¢, P1*(a)y).

From this equality it follows that Py € D(p(a™)*) and p(a™)*Pyp = Pr*(a)i.
Hence ¢ € N D(p(b)*) = D(p*) and p*(a)Pyp = Pr*(a)y. This proves that
beA

Pr*(a) C p*(a)P.
(ii) follows at once from (i), since P = I by the assumption H(p) = H(n).
(iii) Let & € D(p**) and ¢ € D(7*). Since H(p**) C H(p*) C H(p) by
definition, P¢ = ¢. By (i), Py € D(p*) and p*(a)Pyp = Pr*(a)yp. Therefore, we
derive

(7% (a)y, &) = (" (a)y, P) = (Pr*(a)y, {)
= (0"(a)Py, ) = (, Pp"(a)"C) = (¢,p™"(a")E)

fora € A. Hence ¢ € D(7t*(a)*) and 7t*(a)*¢ = p**(a™)¢ for a € A. This implies
that ¢ € D(n**) and n**(a™)¢ = n*(a)*¢ = p**(a")¢. Thus we have proved
that p** C r**. 11

DEFINITION 2.3. A x-representation 7t of a *-algebra A is called
(i) closed if T = 7, or equivalently, if D(rr) = D(7),
(ii) biclosed if 7t = 7t**, or equivalently, if D(7r) = D(7r**),
(iii) self-adjoint if 1 = 7t*, or equivalently, if D(7r) = D(7¥),
(iv) essentially self-adjoint if 7t* is self-adjoint, that is, if 7* = 7**, or equiva-
lently, if D(7t**) = D(7r*).

REMARK 2.4. It should be emphasized that the preceding definition of es-
sential self-adjointness is different form the definition given in [16]. In Defini-
tion 8.1.10 of [16], a *-representation was called essentially self-adjoint if 77 is
self-adjoint, that is, if 7 = 7*.

Let 7t be a *-representation. Then the *-representations 77 and 7t** are closed,
T** is biclosed and (77)* = 7*. It may happen that 7 # 7**, so that 7 is closed,
but not biclosed. The locally convex topology on D(7r) defined by the family of
seminorms {|| - ||, := ||7w(a) - ||;a € A} is called the graph topology and denoted
by t;(4). Then the x-representation 7 is closed if and only if the locally convex
space D(7) [t (4)] is complete.

PROPOSITION 2.5. If 71 is a self-adjoint x-subrepresentation of a x-representation
7t of A, then there exists a x-representation 7t of A on the Hilbert space H () © H (1)
such that T = 11 & 5.

For the proof see Corollary 8.3.3 of [16].
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For a *-representation of A we define two commutants:
n(A), ={T € B(H(n)): Ty € D(n),
Tr(a)p = m(a)Tpforae A, ¢ € D(m)},
n(A)ss ={T € B(H () : Tre(a) C 7t(a)T, T*r(a) C 7(a)T*}.

The symmetrized commutant 77(A); is always a von Neumann algebra. If 7 is
closed, then

(2.5) m(A)s = m(A)s N (7(A))".

If 711 and 717 are representations of A, the interwining space 1(7ty, 712) consists
of all bounded linear operators T of H (7r;) into H(7;) satisfying

(2.6) T € D(rrp) and Tmy(a)p = mp(a)Te fora e A, ¢ € D(m).

The *-representation 7t in the following proposition is called the GNS rep-
resentation associated with the positive linear functional f.

PROPOSITION 2.6. Suppose that f € P(A). Then there exists a x-representation
7t ¢ with algebraically cyclic vector ¢, that is, D(rts) = 7t¢(A) @y, such that

f(a) = (mg(a)gs, @f), a€ A,

If 7t is another x-representation of A with algebraically cyclic vector ¢ such that f(a) =
(rt(a)@, @) for all a € A, then there exists a unitary operator U of H(rr) onto H(7y)
such that UD(7t) = D(rty) and 7ie(a) = U*rt(a)U fora € A.

For the proof see Theorem 8.6.4. of [16]].
We study some of the preceding notions by a simple example.

EXAMPLE 2.7 (One-dimensional Hamburger moment problem). Let A by
the polynomial *-algebra C[x] with involution determined by x* := x. We de-
note by M(R) the set of positive Borel measures y such that p(x) € L'(R, u) for
all p € C[x]. The number s, = [ x"dp(x) is the n-th moment and the sequence
s(#) = (sn)nen, is called the moment sequence of a measure u € M(R). The
moment sequence s(j¢), or likewise the measure y, is called determinate, if the mo-
ment sequence s() determines the measure y uniquely, that is, if s(¢) = s(v) for
some v € M(R) implies that v = p.

For u € M(R) we define a *-representation 77, of A = C[x] by 7,(p)q =
p-qforp € Aand g € D(m,) := Clx] on the Hilbert space H(7,) := L*(R, p).
Put f,(p) = [ p(x)du(x) for p € C[x]. Obviously, the vector 1 € D(7m,) := Clx]
is algebraically cyclic for 7. Therefore, since f,(p) = (mu(p)1,1) for p € Clx],
7y is (unitarily equivalent to) the GNS representation 74, of the positive linear
functional f, on A = C[x].

STATEMENT 2.8. The *-representation 1, is essentially self-adjoint if and only if
the moment sequence s() is determinate.
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Proof. By a well-known result on the Hamburger moment problem (see e.g.
Theorem 16.11 of [17]), the moment sequence s(y) is determinate if and only if
the operator 7, (x) is essentially self-adjoint. By Proposition 8.1(v) of [16], the
latter holds if and only if the *-representation (71, )* is self-adjoint, that is, if 7, is
essentially self-adjoint. 1

By Proposition 8.1(vii) of [16], the closure 77, of the *-representation 71, is
self-adjoint if and only if all powers of the operator 7, (x) are essentially self-
adjoint. This is a rather strong condition. It is fulfilled (for instance) if 1 is an
analytic vector for the symmetric operator 77, (x), that is, if there exists a constant
M > 0 such that

|70 (x)"1| = s3/* < M"n! forn € N.

From the theory of moment problems it is well-known that there are examples of
measures ¢ € M(R) for which 77, (x) is essentially self-adjoint, but 77, (x?) is not.
In this case 71, is essentially self-adjoint (which means that (77,,)* is self-adjoint),
but the closure 77, of 71, is not self-adjoint.

3. MAIN RESULTS ON TRANSITION PROBABILITIES

Let RepA denote the family of all *-representations of A. Given 7 € RepA
and f € P(A),let S(m, f) be the set of all representing vectors for the functional f
in D(rr), thatis, S(7t, f) is the set of vectors ¢ € D(7) such that f(a) = (7t(a)g, ¢)
for a € A. Note that S(71, f) may be empty, but by Proposition 2.6 for each f €
P(A) there exists a *-representation 7t of A for which S(7, f) is not empty. If f is
a state, that is, if f(1) = 1, then all vectors ¢ € S(7, f) are unit vectors.

DEFINITION 3.1. For f,g € P(A) the transition probability P4 (f,g) of f and
g is defined by

(3.1) Pa(f,g) = sup sup (o )%
nERepA peS(r,f)peS(m,g)

If A is a unital *-subalgebra of B and f, g € P(B), it is obvious that
(3.2) P5(f,8) < Pa(flAg[A),

because the restriction of any *-representation of B is a *-representation of A.
Let G(f, g) denote the set of all linear functionals on A satisfying

(3.3) |F(b*a)]? < f(ata)g(bth) fora,b e A.

Any vector ¢ € 5(m, f) is called an amplitude of f in the representation 77 and any
linear functional of G(f, g) is called a transition form from f to g. If ¢ € S(m, f)
and ¢ € S(7,g), then the functional F, ;, defined by

(34) Fyp(a) := (t(a)p,¢), acA,
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is a transition form from f to g. Indeed, for a,b € A we have
|Foy(b7a)]? = [(n(b¥a)g,9)* = |(m(a) g, w(b)y)?
< |lm(@) @l (b)pl* = f(a*a)g(b™b)
which proves that F,y € G(f,g). By Theorem (3.2 below, each functional F ¢
G(f,g) arises in this manner. The number |Fyy(1)[> = [(¢,9)|? is called the
transition probability of the amplitudes ¢ and ¢ and by definition the transition
probability P4(f,g) is the supremum of all such transition amplitudes.

The following description of the transition probability was proved by
PM. Alberti for C*-algebras [1] and by A. Uhlmann for general *-algebras [19].

THEOREM 3.2. Suppose that f,g € P(A). Then

(3.5) Pa(f,g) = sup |F(1)*
FeG(f.8)

There exist a x-representation 7t of A and vectors ¢ € S(m, f) and ¢ € S(m,g) such
that

(3.6) PA(f,8) = (@, 9)|*.

Next we express the transition forms of G(f,g) and hence the transition
probability in terms of intertwiners of the corresponding GNS representations.
This provides a powerful tool for computing transition probabilities. Recall that
¢ denotes the GNS representation of A associated with f € P(A) and ¢y is the
corresponding algebraically cyclic vector.

PROPOSITION 3.3. Suppose that f,g € P(A). Then there a one-to-one corre-
spondence between the sets G(f, g) and I(7y, (71g)*) given by

(3.7) F(bta) = (Tree(a)gs, g (b)pg) forab € A,
where F € G(f,8) and T € I(7ty, (1g)*). In particular, F(1) = (Ty, gg).
Proof. Let F € G(f,g). Then

[F(t"a)? < f(a*a)g(b"D) = |75 (a) gy (|7 (B) g I fora,b € A.

Hence there exists a bounded linear operator T of H(7Tg) into H(7T¢) such that
IT|| <1and holds. Leta, b,c € A. Using we obtain

(Tre(a) s, mg(c™)mg(b)g) = F((c"b) " a) = F(b™ (ca))
= (Trg(c)mp(a)py, g (b) gg)-

Hence T7is(b)gs € D(mg(c)*) and mg(c)* Trg(a)gs = Trp(ct)ms(a)@s. Be-
cause ¢ € A was arbitrary, T7ts(a)pf € D(( ¢)*). Then
)

(71g)* (") Trs(a)ps = Trep(cT)mp(a)gs forae A,
which means that T € I(7y, (7g)").
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Conversely, let T € I(7tf, (77g)*) and || T|| < 1. Define F(a) = (T7ts(a) @y, ¢g)
fora € A. It is straightforward to check that holds and hence (3.3), that is,
Feg (f '8 ) :

Clearly, by , F = 01is equivalent to T = 0. Thus we have a one-to-one
correspondence between functionals F and operators T. 1

Combining Theorem and Proposition and using the formula F(1) =
(Tes, pg) we obtain

COROLLARY 3.4. Forany f,g € P(A) we have

(38) Pa(f,8) = sup (Tos gg) .
Tel(ry,(mg)*) I TI<1
If the GNS representations of f and g are essentially self-adjoint, a number
of stronger results can be obtained.

THEOREM 3.5. Suppose that f and g are positive linear functionals on A such
that their GNS representations 7ty and 1ty are essentially self-adjoint. Let 7t be a biclosed
s-representation of A such that the sets S(7t, f) and S(7t, g) are not empty. Fix vectors
¢ €S(m, f)andp € S(mt,g). Then

(3.9) P(f,g) = sup [Ty
Tem(A)s, | T(I<1
Proof. Let T € m(A).; and ||T|| < 1. Similarly, as in the proof of Proposi-
tion[3.3) we define F(a) = (T7t(a)g, ¢), a € A. Since 7t(A)%, C 7(A)!, we obtain

[F(t™a)? = |
= |

Tr(b*a)g, ) = (n(0")Tr(a)g, )|
(Tr(a

(a)g, ()p)* < (@) @l*l|7(B)y||* = f(a*a)g(b7b)

fora,b € A, thatis, F € G(f,g). Clearly, we have (Tp,¢) = F(1). Let pf and
pg denote the restrictions 7t[77(A)¢p and 7[7(A)y, respectively. Since py C 7
and pg C 7 and 7 is biclosed, it follows from Proposition iii) that (p f)** C
% = mand (pg)** C " = 7. Since ¢ € S(7, f) and ¢ € S(7,g), the repre-
sentations pr and pg are unitarily equivalent to the GNS representations 77y and
7tg, respectively. For notational simplicity we identify p with 7t¢ and pg with 7.
Since ps and pg are essentially self-adjoint by assumption, (os)** and (pg)** are
self-adjoint. Therefore, by Proposition [2.5] there are subrepresentations p; and p,
of 7w such that 7 = (o)™ @ p1 and 7T = (pg)*™* @ p2.

Conversely, suppose that F € G(f,g). By Proposition there is an inter-
twiner To € I(pf, (0g)*) = I(7y, (75)*)) such that || To|| < 1and holds with
T replaced by Tp. Define T : H(ps) © H(p1) — H(pg) © H(p2) by T(Sr,61) =
(Togy,0). Clearly, T* acts by T*(1g,12) = (Ty15,0). Since (og)™* = (pg)* and
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(o) = (pf)* by assumption and Ty € I(py, (og)*), it follows from Proposi-
tion 8.2.3(iii) and (iv), in [[16] that

To € I((op)™", (pg)") = I((pf)™" (0g)™),
To € I((pg)™, (pf)") = I((pg) ™ (0f)™)-

From these relations we easily derive that the operators T and T* are in 77(A)/, so
that T € 7(A), by .5). Then we have | T|| = || To|| < 1and F(1) = (Tog, ¢) =
(T, ). Together with the first paragraph of this proof we have shown that the
supremum over the operators T € 7(A)L, || T|| < 1, is equal to the supremum
over the functionals F € G(f,g). Since the latter is equal to P4(f, g) by Theo-

rem 3.2} this proves (3.9).

REMARK 3.6. A slight modification of the preceding proof shows the fol-
lowing: If we assume that the closures 77y and 7tg of the GNS representations 77¢
and 77 are self-adjoint, then the assertion of Theorem remains valid if it is
only assumed that 7t is closed rather than biclosed. A similar remark applies also
for the subsequent applications of Theorem 3.5 given below.

=1
=1

Theorem[3.5]says that (in the case of essentially self-adjoint GNS representa-
tions 77¢ and 77¢) the transition probability P(f, g) is given by formula in any
fixed biclosed *-representation 7t for which the sets S(7, f) and S(7, g) are not
empty and for arbitrary fixed vectors ¢ € S(m, f) and ¢ € S(7,g). In particular,
we may take 77 := (71)** @ (74)"™, ¢ := @y, and ¢ := @q.

THEOREM 3.7. Suppose that f,g € P(A) and the GNS representations 75 and
Ttg are essentially self-adjoint. Suppose that 7t is a biclosed *-representation of A and
there exist vectors ¢ € S(7t,f) and ¢ € S(m,g). Let Fy and Fy denote the vector
functionals on the von Neumann algebra M := (71(A)%)" given by Fy(x) = (x¢, ¢)
and Fy(x) = (x¢, ¢), x € M. Then we have

(3.10) Pa(f,8) = Pm(Fy, Fy).
Further, there exist vectors ¢' € S(m, f) and ¢ € S(m,g) such that (x¢',¢') =
(x@, @) and (xy’,¢') = (xip, ) for x € M and

(3.11) PA(f,8) = (¢, 9")[*.

Proof. Since m(A)l; is a von Neumann algebra, we have T € m(A); if
and only if T € (w(A)l)" = M’ . Therefore, applying formula to the *-
representation 77 of A and to the identity representation of the von Neumann
algebra M, it follows that the supremum of |(T¢,{)|? over all operators T €
m(A)ls = M, |IT|| < 1,is equal to P4(f,g) and also to Pu(Fyp, Fy). This yields
the equality (3.10).

Now we prove the existence of vectors ¢’ and ¢’ having the desired prop-
erties. In order to do so we go into the details of the proof of Appendix 7 in [2].
Besides we use some facts from von Neumann algebra theory [12]. We define a
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normal linear functional on the von Neumann algebra M’ by h(-) = (-¢, ). Let
h = Ry|h| be the polar decomposition of i, where u is a partial isometry from M’.

Then we have |h| = R,«h and hence ||h|| = [||h]|| = |k|(1) = h(u*) = (u* e, P).
Therefore, we obtain
(3.12) Pr(Fp, Fp) = sup  [(To,p)* = [|n]* = (u"p, y)?,

TeM!,|T|<1

where the first equality follows formula applied to the von Neumann alge-
bra M. In the proof of Appendix 7 in [2] it was shown that there exist partial
isometries v, w € M’ satisfying

(3.13) (u g, ¢) = (v'we, ),
(3.14) w'w = p(e),v'v = p(y),

where p(¢) and p(y) are the projections of M’ onto the closures of M¢ and M1,
respectively. Set ¢’ := wg and ¢’ := vy. Comparing with and
we obtain (3.11).

From (3.14) it follows that (x¢’, ¢') = (x¢, ¢) and (xy',¢') = (xyp, ) for
x € M and that w*w¢ = ¢ and v*vy = . Since w,w* € M’ = n(a)l, and 7
is closed, we have w, w* € 7'[({1); by . Therefore, w and w* leave the domain
D(r) invariant, so that ¢/ = we € D(rt) and ' = vyp € D(n). Fora € A we
derive

(m(a)g',¢') = ((a)xp, we) = (W n(a)we, ¢)
= (n(a)w we, ¢) = (n(a)g, ¢) = f(a).
Thatis, ¢’ € S(r, f). Similarly, ¢' € S(77,g). 1

Theorem allows us to reduce the computation of the transition proba-
bility of the functionals f and ¢ on A to that of the vector functionals F, and F
of the von Neumann algebra M = (71(A)L,)". In the next section we will apply
this result in two important situations.

The following theorem generalizes a classical result of A. Uhlmann [18] to
the unbounded case.

THEOREM 3.8. Let f,g € P(A) be such that the GNS representations 7ty and
Ttg are essentially self-adjoint. Suppose that there exist a positive linear functional h on
A and elements b,c € A such that f(a) = h(b*ab) and g(a) = h(ctac) fora € A.
Assume that ctb € Y. A%, Then

Pa(f,8) = h(c*b).
Proof. Recall that 77y, is the GNS representation of & with algebraically cyclic
vector ¢y,. By the assumptions f(-) = h(b™ -b) and g(-) = h(ct - ¢) we have
(b)) € S(my, f) and 7t;,(c) @y, € S(71y, §). Therefore,

h(c™b)? = (m,(b) on, i (c) @)* < Pa(f, 8).
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To prove the converse inequality we want to apply Theorem [3.5|to the biclosed
representation 7t := (71,)**. Suppose that T € 7(A)); and ||T|| < 1. Set R :=
7(c*b). Since c*b € ¥ A% by assumption, R is a positive, hence symmetric, oper-
ator. Since 7t := (71,)** is closed, we have T € 7(A)}. Using these facts and the
Cauchy-Schwarz inequality we derive

[{T 7t (0) @n, 7T () i) > = {T7(0) g, 72(c) ) |2 = {2 (0) T oy, 7e(c) )
= [(RT @y, gn)|* < (RT@y, Ton) Ry, @n)

(3.15) = (RTgy,, Top)h(cTh).
Since T € 7t(A)l,, we have TR C RT. There exists a positive self-adjoint exten-
sion R of R on H(7r) such that TR C RT ([17], Exercise 14.14). The latter implies
that TRY/2 C RY/2T and hence

(RToy, Tpy) = (RTey, Tey) = (RV2Tgy, RY2Toy,)

< Rl/z(l’h TR1/2q0h> <R1/2¢h/ﬁl/24)h>
(3.16) = <R(Ph/‘l’h> = (Ron, ¢n) = (t(c"b) gy, ) = h(c™D).
Inserting (3.16) into ( we get
|<T7Th(b)§0h/ Tu(c)pn) | < h(c D).

Hence P4(f,g) < h(c*b) by Theorem[3.5]

REMARK 3.9. (i) The assumption ¢*b € Y. A% was only needed to ensure
that the operator R = 7t(c*b) = (71,)**(cb) is positive. Clearly, this is satisfied if
F(ctb) = 0 for all positive linear functionals F on A.

(ii) If the closures of the GNS representations 7 and 774 are self-adjoint, we can

set 71 := 77, in the preceding proof and it suffices to assume that h(a*ctba) > 0
forall a € A instead of cth € ¥ A2

4. TWO APPLICATIONS

To formulate our first application we begin with some preliminaries.

Let p be a closed x-representation of A. We denote by B1(p(A)) the set of
positive trace class operators on H(p) such that tH(p) € D(p) and the closure of
p(a)tp(b) is trace class for all a,b € A.

Now lett € B1(p(A))+. We define a positive linear functional f; by

fi(a) :==Trp(a)t, a€A,
where Tr denotes the trace on the Hilbert space H(p). Note that fi(a) > 0 if
p(a) = 0 (thatis, (p(a)¢, ¢) > 0for all ¢ € D(p)).
In unbounded representation theory a large class of positive linear function-
als is of the form f;. We illustrate this by restating the following theorem proved
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in [15]. Recall that a Frechet—Montel space is a complete metrizable locally convex
space such that each bounded sequence has a convergent subsequence.

THEOREM 4.1. Let f be a linear functional on A and let p be a closed x-repre-
sentation of A. Suppose that the locally convex space D(p) [tp( )l is a Frechet-Montel

space and f(a) > O whenever p(a) > 0 for a € A. Then there exists an operator
t € B1(p(A)) 4 such that f = fi, that is, f(a) = Trp(a)t fora € A.

Further, let M be a type I factor acting on the Hilbert space H(p) and let
trp¢ denote its canonical trace. In particular ¢ is of trace class, so F(x) = Trxt,
x € M, defines a positive normal linear functional F; on M. Hence there exists a
unique positive element € M such that tr () < co and

(4.1) Fi(x) = Trxt = tryxt  for x € M.

The element ¢ can be obtained as follows. Since M is a type I factor, there exist
Hilbert spaces Ho and 7 such that, up to unitary equivalence, H(71) = Ho ® H
and M = B(Ho) ® C- Iy,. The canonical trace of M is then given by tr(y ®
A - Ip,) = TriAy, where Tr; denotes the trace on the Hilbert space ;. Now
Fi(y) := R(y® I,), y € B(Hy), defines a positive normal linear functional F; on
B(#Ho). Hence there exists a unique positive trace class operator  on the Hilbert
space H such F(y) = Tryt fory € B(Ho). Sett := t® I;,. Then we have
tryt = Trqt < oo and (4.1 . holds by construction.
Note that tr, = Tr and t = tif M = B(H(p)).

THEOREM 4.2. Let p be a closed x-representation of A such that the von Neumann
algebra M := (p(A)L;)" is a type 1 factor. Fors,t € By(p(A))+, let fs, f denote the
positive linear functionals on A defined by

fs(a) =Trp(a)s, fi(a) =Trp(a)t forac A

Suppose that the GNS representations 7y, and 7y, are essentially self-adjoint. Then
(4.2) Pa(fs, ft) = (trpg |§‘1/2§1/2|)2 = (try (31/2%1/2)1/2)2_

Proof. Let pe be the orthogonal sum @ pon He = EB H(p). Since p is

biclosed, so is the *-representation pe, of A. We want to apply Theorem. 3.7 First
we will describe the GNS representations 7y, and 71y, as *-subrepresentations
of Poo-

The result is well-known if H (p) is finite dimensional [18], so we can assume
that #(p) is infinite dimensional. Since s € B1(p(A))+, there are a sequence
(An)nen of nonnegative numbers and an orthonormal sequence (¢,),en of H(p)
such that ¢, € D(p) forn € N,

s =Y (@, on)Anpn for ¢ € H(p),
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and (p(a)AY 2@ ey € Heo forall a € A. Further, for a € A we have

[ee)

(4.3) Z a) P, An@n).

All these facts are contained in Propositions 5.1.9 and 5.1.12 in [16]. Hence

po(a)(p(D)A 2 pu) = (p(ab) A,/ %gn), a,b € A,

defines a *-representation pg of A on the domain

D(po) := {(p(a) Ay *n)nen;ia € A}

with algebraically cyclic vector @ := (AL/?¢,,),en. From we derive

(9]

fo@) = Y (p(@) 32 gu, A2 pn) = (po(a)®, @) =: fo(a), a€ A,
n=1
that is, f; is equal to the vector functional f¢ in the representaton pg. Therefore,
by the uniqueness of the GNS representation, 7y, is unitarily equivalent to pg.
Likewise, the GNS representation 71, is unitarily equivalent to the corresponding
x-representation py, where tp = Z(q), ) UnPn is a corresponding representation

of the operator t and ¥ := (p, 1/ Zv,bn)neN Clearly, since pp C peo and py C poo, We
have @ € S(poo, fs) and ¥ € S(poo,ft)

Let Mo denote the von Neumann algebra (p«(A)%)". Then, by Theo-
rem[3.7) we have

(4.4) Pa(fs, ft) = Pa(fo, fy) = Pum,, (Fo, Fy).

Let x € B(Hoo). We write x as a matrix (xj;); ken with entries xj € B(H(p)).
Clearly, x belongs to pe(A);, if and only if each entry xj is in p(A)g,. Further, it
is easily verified that x is in (peo(A)%)" if and only if there is a (uniquely deter-
mined) operator xo € (0(A)%)" such that xj = djxp for all j,k € N. The map
7(xp) := x defines a x-isomorphism of von Neumann algebras M := (p(A)L,)’
and Mo = (po(A)%,)’, thatis, 7 is a x-representation of M.

As above, we let F; and F; denote the normal functionals on M defined
by Fs(x) := Trxs and F(x) := Trxt, x € M. Repeating the preceding reasoning
with p and A replaced by 7t and M, respectively, we obtain F;(-) = (mp(-) @, @) =
Fp(-) and F; = Fy. Hence Py (F;, Ft) = Paq,, (Fo, Fy), so that

(4.5) Pa(fs, ft) = Pp(Fs, Fr)
by (#.4). It is proved in Corollary 1 of [3] (see also [18]) that
Pr(Fs, Fr) = (trp[£1/781/2])%.

Combined with this yields and completes the proof. 1
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Let us keep the assumptions and the notation of Theorem In general,
Pa(fs, fi) is different from (Tr (s'/2ts/2)1/2)2 as simple examples show. How-
ever, if in addition p is irreducible (that is, p(A).; = C-I), thens = §and t = t as
noted above and therefore by (4.2),

(4.6) Pa(fs, fr) = (Tr (s/2s1/2)1/2)2,
We now apply the preceding theorem to an interesting example.

EXAMPLE 4.3 (Schrodinger representation of the Weyl algebra). Let A be
the Weyl algebra, that is, A is the unital *-algebra generated by two hermitian
generators p and g satisfying

pq—qp = —il,
and let p be the Schrodinger representation of A, that is,

(4.7) (p(9)9)(x) = x9(x), (o(p)@)(x) = —i¢'(x), ¢ € D(p) := S(R),

on L?(R). Since p is irreducible, pe(A)’s = C-I. Hence M = B(H(p)) and
trpg = Tr. Therefore, if s,t € B1(71(A))+ and if the GNS representations 7r;, and
75, are essentially self-adjoint, it follows from Theorem[d.2/and formula that

48) PAfor ) = (T [£1/261/2])2 = (Tr (s1/2451/2)1/2)2,

Let us specialize this to the rank one case, thatis,lets = ¢ @ pandt = ¢p Q¢
with @, € D(p), so that f;(a) = (p(a)p, @) and fi(a) = (p(a)y,¢) fora € A.

Then formula yields
(49) Pa(for fi) = o ¥

Recall that (4.9 . ) holds if the GNS representations 71, and 7y, are essentially self-
adjoint. We shall see in Section [5|below that (4.9) is no longer true if this assump-
tion is omitted.

Now we turn to the second main application.

THEOREM 4.4. Let X be a locally compact topological Hausdorff space. Suppose
that A is a %-subalgebra of C(X) which contains the constant function 1 and separates
the points of X. Let u be a positive reqular Borel measure on X such that A C L' (X, u)
and let 17,G € L (X, u) be nonnegative functions. Define positive linear functionals f;
and fz on A by

@100 fy@) = [a@ndu), f0) = [a@i@dn), ae

X X
Suppose that the GNS representations 7ty and 7cs, are essentially self-adjoint. Then

@) Patif) = ( [0 (0" 2du(x))
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Proof. We define a closed *-representation 7t of the x-algebra A on L?(X, )
by 7(a)¢ = a- ¢ fora € A and ¢ in the domain

D(n):={pec L2(X,u):a-¢ € L*(X,u) fora c A}.

First we prove that w(A)l, = L®(X, ), where the functions of L®(X, i)
act as multiplication operators on L?(X, ). Let 2 denote the *-subalgebra of
L*(X,u) generated by the functions (a 1i)~!, where a = a™ € A. Obviously,
L®(X,u) C m(A)L. Conversely, let x € m(A)L. It is straightforward to show
that for any @ = a* € A the operator 7(a) is self-adjoint and hence equal to
the (self-adjoint) multiplication operator by the function 4. By definition x com-
mutes with 77(a) , hence with (7r(a) +1I)~! = (a +1i)~!, and therefore with the
whole algebra 2. The x-algebra A separates the points of X, so does the *-algebra
2. Therefore, from the Stone-Weierstrass theorem ([10], Corollary 8.2), applied
to the one point compactification of X, it follows that 2 is norm dense in Co(X).
Hence x commutes with Cy(X) and so with its closure L* (X, i) in the weak oper-
ator topology. Thus, x € L®(X, ). Since L*(X, u)" = L®(X, i), we have shown
that 1(A)L, = L®(X, u). Therefore, M := (1t(A)%) = L®(X, n).

Let F; and F; denote the positive linear functionals on M defined by
with A replaced by M. For M = L®(X, u) it is well-known (see e.g. formula (14)

2
in [T) that Py (F,, Fz) = (fn 1/25 UZdy(x)) . Since Pa(fy, fr) = P (Fy, Fe)
by Theorem 3.7, we obtam 1

In the following two examples we reconsider the one dimensional Ham-
burger moment problem (see Example and we specialize the preceding theo-
rem to the case where X = Rand A = C[x].

EXAMPLE 4.5 (Determinate Hamburger moment problems). Let p; and pg
be the positive Borel measures on R defined by du,; = ndu and duz = ¢du. Since
Clx] € LY(R, ) and 7, & € L*(R, u) by the assumptions of Theorem ty and
pe are in M(R). If both measures pi; and iz are determinate, then the GNS rep-
resentations 4 and 7, are essentially self-adjoint (as shown in Example

and hence formula (#.TT) holds by Theorem 4]

EXAMPLE 4.6 (Indeterminate Hamburger moment problems). Suppose v €
M(R) is an indeterminate measure such that v(R) = 1.

Let V, denote the set of all positive Borel measures 4 € M(R) which have
the same moments as v, thatis, [ x"dv(x) = [ x"du(x) for all n € Ny. Since v
is indeterminate and V, is convex and weakly compact there exists a measure
u € V, which is not an extreme point of V,, that is, there are measures i1, yp €
Vi, pj # pfor j = 1,2, such that p = 3(u1 + pz). Since u;(M) < 2u(M) for
all measurable sets M and pq + po = 2y, there exists functions 7, € L*(R,v)
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satisfying
412) n(x)+¢(x) =2, |8l <2, |yllo <2, dp1=ndp, duz =Zdp.

Define f(p) = [ p(x)du(x) for p € C[x]. Since py, pip, p € V,, the function-
als fy and fz defmed by are equal to f. Therefore, since f(1) = u(R) =

v(R) =1, we have PA(f,Z,fé) = PA(f,f)Z: 1.
Put] := (fn )12 (x) 1/2d‘u(x)) .From (4.12) we obtain #(x)¢(x) = 1(x)

(2—-7n(x)) <1 and hence | < 1, since u(R) = 1. If ] would be equal to 1, then
17(x)(2 —1(x)) = 1 p-a.e. on R which implies that 77(x) = 1 y-a.e. on R by (4.12).
But then 1 = po = pu which contradicts the choice of measures 1 and pp. Thus
we have proved that | # 1 = P4(fy, f¢), that is, formula does not hold in
this case.

The classical moment problem leads to a number of open problems concern-
ing transition probabilities. We will state three of them.

Let M(R%), d € N, denote the set of positive Borel measures u# on R? such
that all polynomials p € C[xy,...,x4] are p-integrable. For u € M(R?) we define
a positive linear functional g;, on the *-algebra A := C[x, ..., x4] by

:/pdy, p € Clxy,..., x4

Then the main problem is the following:
Problem 1. Given p,v € M(RY), what is P4 (g, gv) ?

This seems to be a difficult problem and it is hard to expect a sufficiently
complete answer. For d = 1 Example [4.5| contains some answer under the as-
sumption that both measures p; and g are determinate. This suggests the fol-
lowing questions:

Problem 2. What about the case when the measures py and/or pg in Example
are not determinate?

Problem 3. Is formula (4.11)) still valid in the multi-dimensional case d > 1 if p,
and pg are determinate ?

It can be shown that the answer to Problem 3 is affirmative if all multi-
plication operators 71,(x;), j = 1,...,d, are essentially self-adjoint. The latter
assumption is sufficient, but not neccessary for u being determinate [14]. In the
multi-dimensional case determinacy turns out to be much more difficult than in
the one-dimensional case, see e.g. [14].



TRANSITION PROBABILITIES OF POSITIVE FUNCTIONALS ON *-ALGEBRAS 459
5. VECTOR FUNCTIONALS OF THE SCHRODINGER REPRESENTATION

The crucial assumption for the results in preceding sections was the essen-
tial self-adjointness of GNS representations 7ty and 7. In this section we consider
the simplest situation where 777 and 7y are not essentially self-adjoint.

In this section A denotes the Weyl algebra (see Example and 7t is the
Schrédinger representation of A given by @7). For 5 € D(7) = S(R) let f,
denote the positive linear functional f, on A given by

fy(x) = {re(x)m, ), x € A
Consider the following condition on the function #:

(%) There are finitely many mutually disjoint open intervals J;(n) = (a;, 1), | =
1,...,r, such that y(t) # 0 fort € J(n) := UJ;(y) and 3" (t) = 0 for t € R/](n)
and all n € Ny. l

The main result of this section is the following theorem.

THEOREM 5.1. Suppose that ¢ and  are functions of C° (R) satisfying condition
(%). Then

2
(5.1) Pa(for fy) = (Z [ ewa])
RENACINAT
(If T (@) N T () is empty, the corresponding integral is set zero.)

Before we turn to the proof of the theorem let us discuss formula (5.1) in
two simple cases.
Case 1. If both sets J (¢) and J (i) consist of a single interval, then

Pa(fp fy) —!/(p s =19l

that is, in this case formula (£.9) holds.

Case 2. Let ¢,1p € C3°(R) be such that 7 (¢) = J(¢), Jk(¢) = Ti(¢) and
¢(x) = exp(x) on Ji(¢) fork = 1,...,r, where ¢ € {1, —1}. Then formula
yields P4 (fy, fy) = ||@||*. Itis easy to choose ¢ # 0 and the numbers € such that
(¢, 9) =0, so formula does not hold in this case.

The proof of Theorem [5.1|requires a number of technical preparations. The
first aim is to desribe the closure 77y, of the GNS representation 77y, for a function
1 € C5°(R) satisfying condition (*).

Let p;, denote the restriction of 77 to the dense domain

{5669(? [, B1]) : €0 (a z)zé(")(ﬁl):o,keNo,zzL...,r}

in the Hilbert space L?(.7 (77)). The following lemma says that p, is unitarily
equivalent to 7y, .
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LEMMA 5.2. There is a unitary operator U of H(7y,) onto L%(J (1)) given by
U(ry, (a)n) = py(a)y, a € A, such that py = Uty U*.

Proof. From the properties of GNS representations it follows easily that the
unitary operator U defined by U(7y, (a)n) = py(a)y, a € A, provides unitary
equivalences 7, = Uy, U* and T, = U7y, U*, where T, denotes the restriction of
mto D(p;) = m(A)y. Clearly, T, € p; and hence T, C p;, since p; is obviously
closed. To prove the statement it therefore suffices to show that p, is the closure
of T, that is, 71(A)y is dense in D(p;) in the graph topology of p,(A). For this
the auxiliary Lemmas5.3|and [5.4 proved below are essentially used.

Each element a2 € A is of a finite sum of terms f(q)p", where n € Ny and
f € Clg]. Since 4 € C§°(R), the set J (1) and hence the operators 7o (f(q)) are
bounded. Therefore, the graph topology t, (4) is generated by the seminorms
lley(p)™ - [l, n € No, on D(py). Let ¢ € D(py).

First assume that i vanishes in some neighbourhoods of the end points
«;, B;. Then, by Lemma for any m € N there is sequence (fy),en of poly-
nomials such that

Lim oy ((ip)*) (py (f ()71 — ) = im((fury) ™ — ) =0

in L?(7 (n)) for k = 0,...,m. This shows that ¢ is in the closure of p, (A)y with
respect to the graph topology of p, (A).

The case of a general function ¢ is reduced to the preceding case as follows.
Suppose that e > 0 and 2¢ < mlin |B1 — a;|. We define

pe(x) = p(x —e+2e(x —y — &) (B —ay —2¢) ") forx € (wy, By)

and ! =1,...,r and ¢¢(x) = 0 otherwise. Then 1, vanishes in some neighbour-
hoods of the end points &;, B;, so ¢ is in the closure of p;(A)7 as shown in the
preceding paragraph. Using the dominated Lebesgue convergence theorem it
follows that

lim_p, ((ip)*) (e — ) = lim (pF) — @) =0

e—=+0 e—=+0

in L2(J (7)) for k € Ny. Therefore, since 1, is in the closure of p, (A)#, sois ¢. 1

LEMMA 5.3. Suppose that ¢ € C)([a, B]), where &, € R and k € N. Then
there exists a sequence ( fy),en of polynomials such that f;ﬂf ) (x) = ¢V (x) uniformly
on [, Bl forj=0,...,kasn — oo.

Proof. By the Weierstrass theorem there is a sequence (h,),cn of polyno-
mials such that h,(x) = ¢®(x) uniformly on [, 8]. Fix ¢ € [a,B] and set
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hy k = hy. Then
X X
hog1(2) = 89(0) + [ hug(s)ds = g V(x) = g¥(7) + [ g (5)ds.

Y v
Clearly, (hy,x—1)nen is a sequence of polynomials and we have i) |, (x) = hy, i (x)
on [«, B]. Proceeding by induction we obtain sequences (1, x_i)nen, j = 0,. ..,k
of polynomials such that /1, ;;(x) = ¢~ (x) and h;,kf].(x) = Nyxs1-j(x) on
[, B]. Setting f,, := h,, o the sequence ( f,),cn has the desired properties.

LEMMA 5.4. Suppose that 1 € C§°(R) satisfies condition (x). Let ¢ €
é C(()m>((ocl,ﬁl)), where m € N. Then there exists a sequence (fu)nen of polynomi-
=1

als such that Ji_r}r;o(fnq)(k) =W in12(J(y)) fork=0,...,m

Proof. By the assumption ¢ vanishes in some neighbourhoods of the end
points &; and B;. Set ¢(x) = 0 on R/J(5). Then, ¥5~! becomes a function of
™) ([, B]), where a := mlin a;and = max B;. Therefore, by Lemma there

exists a sequence (fy),en of polynomials such that f,gj ) (x) = (1)) (x) for
j=0,...,muniformly on [«, B]. Then

(Fu)® = f (’]‘>f (k) —y Z ( ) (1Y Dy 6=) = (0

=0
as n — oo uniformly on [a, f] and hence in L2(J (17)). &

Now we are able to give the

Proof of Theorem[5.1} Let us abbreviate 77, = 7y, and 1y = 7g,. By Lem-
mathe closure 7ty = 7r5, of the GNS representation 77¢, is unitarily equivalent
to the representation py. For notational simplicy we shall identify the represen-
tations 77y and py via the unitary U defined in Lemma Using this description
of 71y = py it is straightforward to check that the domain D((7ry)*) consists of all
functions ¢ € C®(J (¢)) such that their restrictions to J;(¢) extend to functions
of C*(Ji(¢)) and g(t) = 0 on R/ J (). Further, we have (7ry)*(f(9))g = f- &
and (71y)*(p)g = —ig’ for g € D((my)*) and f € Clg].

Suppose that T € I(7y, (7my)*) and || T|| < 1. Set { := T¢. By the intertwin-
ing property of T, for each polynomial f we have

62 T(f-9) = Tro(F(a)g = ()" (Fa)Tg = (my)" (F@)E = f &
Therefore, since ||T|| < 1, we obtain

p p p
63 [If0PE@Pds = [IT(F- 9)(x)Pdx < [ I£(x)Plp(x)dx

o
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for all polynomials f and hence for all functions f € C[a, B] by the Weierstrass
theorem. Hence implies that

(54) S < lo(x)] on[a,pl.

Therefore, &(x) = 0 if x € R/J(¢). Clearly, &(x) = 0if x € R/J(¢), since
¢ € D((mmy)*). Since ¢ satisfies condition (x), the set {f - ¢ : f € C[x]} is dense
in L?(J (¢)) = H(7my). Therefore, it follows from (5.2) that T is equal to the mul-
tiplication operator by the bounded function ¢~ 1. (Note that ¢! is bounded
by (5.4).) In particular, we obtain

¢ Co ! =Tg' =Try(ip)p = ()" (i) T = (my)" (ip)s = ¢'.
Thus, ¢'(x)&(x) = ¢(x)&(x) which in turn implies that (%) (x) = 0 for all

x € J(¢)NJ(¢). Hence % is constant, say ¢(x) = A¢(x) for some constant
A € C on each connected component of 7 (¢) N J (). By (5.4), |A| < 1. The
connected components of the open set J (¢) N J () are precisely the intervals
Ji(¢) N Jx(¢) provided the latter is not empty.

Conversely, suppose that for all indices [, k such that J;(¢) N Jx(y) # @
a complex number Ay ;, where [A;;| < 1, is given. Set {(x) = Ag(x) for x €
Ji(@) N Jk(¢) and ¢(x) = 0 otherwise. From the description of the domain
D((my)*) given in the first paragraph of this proof it follows that § € D((my)*).
Define T(7ty(a)@) := (71y)*(a)¢, a € A. It is easily checked that T extends by
continuity to an operator T of H(7ty) = L*(J(¢)) into H((ty)*) = L2(T (¢))
such that T € I(7ty, (71y)*) and ||T|| < 1. Since T¢ = &, we have

Top)=Lra [ olpldx
Tk(@)NT (%)
Therefore, the supremum of expressions |(T¢, )| is obtained if we choose Ay

such that the number A |/ ¢ydx is equal to its modulus ’ | epdx ’
T(@)NT () Ti(@)N T ()
This implies formula (5.1). 1
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