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ABSTRACT. We prove a Boyd-type interpolation result for noncommutative
maximal operators of restricted weak type. Our result positively answers an
open question in T. Bekjan, Z. Chen, A. Osekowski, arXiv: 1108.2795 [math.OA].
As a special case, we find a restricted weak type version of the noncommuta-
tive Marcinkiewicz interpolation theorem, due to Junge and Xu, with interpo-
lation constant of optimal order.
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1. INTRODUCTION

To any sequence (Ty),>1 of sublinear operators on a space of measurable
functions one can associate the operator

TF(t) = (sup T ) (f)(£) == sup [Tuf (1))
n=1 n=1
A function of the form Tf is usually called a maximal function. We shall refer to T
as the maximal operator of the sequence (Ty),>1. These operators occur naturally
in many situations in harmonic analysis and probability theory. One is often
interested to show that a maximal operator defines a bounded sublinear operator
on an LP-space or, more generally, on a Banach function space. For instance, the
celebrated Doob maximal inequality states that for any increasing sequence of
conditional expectations and any 1 < p < oo,

(1.1)

sup &u(f)| , < epllfllur-
n>1

A fruitful strategy to prove maximal inequalities with sharp constants is to
first prove weak type estimates for the maximal operator. Let (A, X,v) be a o-
finite measure space. Recall that a sublinear operator T is of Marcinkiewicz weak



516 SJOERD DIRKSEN

type (or M-weak type) (p, p) if for any f € LF(A),
(12) (TS > o)]P < Co M fllpay (0> 0).

If T is bounded in L7 then T is said to be of strong type (p, p). To prove (1.1)

one may first show that sup &, is of M-weak type (1,1) and strong type (oo, o0)
n=1
and then apply Marcinkiewicz’ interpolation theorem. This yields a constant cj,
of optimal order O((p — 1)~ ') as p | 1. More generally, Boyd’s interpolation
theorem implies that sup &, is bounded on any symmetric Banach function space
n>1

with lower Boyd index pg > 1. Weak type interpolation has proven effective for
a host of maximal inequalities (see e.g. [2], [15] for examples).

In this paper we deal with interpolation questions for maximal operators
of weak type which correspond to a sequence (T;),>1 of positive, sublinear op-
erators on noncommutative symmetric spaces associated with a semi-finite von

Neumann algebra M. In this setting, the maximal operator sup T}, is a fictitious
n=1
object: for example, if x € LV (M) then sup T, (x) may not exist in terms of the
n>1
standard ordering of L (M) .. Indeed, even for two positive semi-definite n x n
matrices x, y there may not be a matrix z satisfying

(z8,¢) = max{(x¢,¢), (¥, ¢)} (& €C").

Even though sup T}, (x) is not well-defined as an operator, one can still make sense
n=1

of the quantity “

sup Ty (x) H ” by viewing the sequence (T, (x)),>1 as an ele-
n>1 p

ment of the noncommutative vector-valued space L¥ (M; (%), as introduced by
Pisier [14]. With this point of view, Junge [10] showed that one can obtain a non-
commutative extension of (1.I). He proved that for any increasing sequence of
conditional expectationsin M and 1 < p < oo,

(1.3) [(En(x))uz1llLr(pmie) < CpllxlLr (-

More recently, Junge and Xu [12] proved a Marcinkiewicz interpolation theorem
for noncommutative maximal operators (see Theorem below). This result
allows one to prove elegantly by interpolating between the M-weak type
(1,1)-maximal inequality for conditional expectations obtained by Cuculescu [5]
and the trivial case p = co. This approach yields a constant C, of the order
O((p —1)72) when p | 1, which is known to be optimal [11]. The difference
between the optimal order of the constants in the classical and noncommuta-
tive Doob maximal inequalities underlines the fact that, in general, the extension
of maximal inequalities to the noncommutative setting requires nontrivial new
ideas.

The purpose of the present paper is to prove interpolation results for non-
commutative maximal operators of restricted weak type. In the classical case, this
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means that is only required to hold for indicator functions f = x4, where
A is any set of finite measure. Stein and Weiss [16] showed that Marcinkiewicz’
interpolation theorem remains valid under this relaxed notion of weak type. This
extension has proven especially useful for interpolation problems in harmonic
analysis, where the weak-type condition is typically hard to verify (see e.g.
[2], [16]). We expect that the results proved in this paper will be similarly useful
in a noncommutative context.

The main result of this paper is the following Boyd-type interpolation theo-
rem, see also Theorem[5.2for a slightly more precise statement. Any unexplained
terminology can be found in Sections 2]and

THEOREM 1.1. Let 1 < p < g < oo, let M, N be semi-finite von Neumann
algebras and let E be a fully symmetric Banach function space on R with Boyd indices
Pe < qg. Suppose that (Ty)uca is a net of order preserving, sublinear maps which is of
restricted weak types (p,p) and (q,q). If p < p’ < pg and either qp < q' < q < coor
q = oo, then for any x € E(M),

(1.4) ”(Tvé(x))chA”E(/\/';E”) < Cp,p’,q,q’ |Sp’,q’||E%E||x||E(M)'

where S,y o is Calderon’s operator and C, o o is of order O((p' — p) ™) as p’ | p and
of order O((q — ') V) as ' 1 g.

Theorem[I.T|unifies and extends two main interpolation results for noncom-
mutative maximal operators in the literature.

Firstly, Bekjan, Chen and Osekowski [1] proved a special case of our re-
sult for maximal operators of M-weak type (p, p) and strong type (o0, 00), with a
larger, suboptimal interpolation constant.

Secondly, specialized to E = L" for p < r < g, our result extends the earlier
mentioned interpolation theorem in [12] to noncommutative maximal operators
of restricted weak type, see the discussion following Corollary [5.3|for a detailed
comparison. In this case, the constant in is of order O((r —p)™2)asr | p
and O((q9 —r)72) as r 1 q. In particular, if p = 1 and q = co then Theorem [L.1]
implies with constant of the best possible order. In this sense, the constant
in (1.4) is optimal.

In Section[f|we illustrate the use of Theorem[I1.T|by proving Doob’s maximal
inequality in noncommutative symmetric Banach function spaces under minimal
conditions on the underlying function space, see Corollary In addition, we
provide an interpolation result for the generalized moments of noncommutative
maximal operators (Theorem[5.5), which resolves an open question in [T].

2. PRELIMINARIES

We start by briefly recalling some relevant terminology. Let S(Ry) be the
linear space of all measurable, a.e. finite functions ¢ on R, which satisfy A(|g| >
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v) < oo for some v > 0, where A is Lebesgue measure on R . For any ¢ € S(Ry)
let 11(g) denote its decreasing rearrangement

ue(g) =inf{o > 0: A(|g| >v) <t} (t+=0).

A normed linear subspace E of S(R; ) is called a symmetric Banach function space
if it is complete and if for any ¢ € S(R) and h € E satisfying u(g) < pu(h), we
have ¢ € E and ||g||g < ||h||g- Let H be the Hardy-Littlewood operator

Hg(t) = ¢ [ m()dt (g€ S(R,))
0

For g,h € S(R+) we write g << hif Hg < Hh. We say that a symmetric Banach
function space E is fully symmetric if for any ¢ € S(Ry) and h € E satisfying
g << h,wehave g € Eand ||g||r < [|h] £

Fix a von Neumann algebra M acting on a Hilbert space (H, (-, -)), which
is equipped with a normal, semi-finite, faithful trace 7. Let S(7) denote the linear
space of all T-measurable operators and let S(7) be its positive cone. For any
x € S(7) its decreasing rearrangement is defined by

ue(x) =inf{o > 0: T(Ap,00) (X)) < t} (t=0),

n
where A(x) denotes the spectral measure of |x|. Suppose thata = Y aje;, with
i=1
®p > ap > -+ > ay > 0and eq,...,e, projections in M satisfying eiej =0 for
i # jand T(e;) < cofor1 < i < n. As in the commutative case (see [2]), it is
elementary to show that

n
2.1) (@) = 3 &iXjp, )0
j=1

i
where pg = 0, 0; = ¥ 7(pi),j = 1,...,n. We will also use the submajorization
i=1

inequality (see Theorem 4.4 of [81)
(2.2) plx+y) << p(x) +uly)  (vy € S(T).

If E is a symmetric Banach function space on R4, then we define the associated
noncommutative symmetric space

E(M) = {x € 5(7) : [|p(x)|[E < oo}

The space E(M) is a Banach space under the norm ||x[|g(q) = [|p(x)||g. For
E = L7 this construction yields the usual noncommutative LP-spaces.

For any directed set A we let E(M;{®°(A))+ denote the set of all nets x =
(Xa)gea in E(M) 4 for which there exists an a € E(M) . such that x, < a for all
« € A. For these elements we set

|2l ey := Inf{lal[prq) : Xa < aforalla € A}
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One may show that, up to a constant depending only on E, this expression coin-
cides with the norm of the noncommutative symmetric /*-valued space E(M; (%)
introduced in [6].

Let us finally fix the following notation. For any set A we let x4 be its
indicator. Also, we write u <, v if u < ¢,v for some constant ¢, depending only
on «.

3. THREE FLAVORS OF WEAK TYPE

Before defining the different types of maximal operators, let us recall the
classical notions of weak type and restricted weak type for a sublinear operator
T on S(R4). For 0 < p,q < oo let LP1 denote the Lorentz spaces on R, i.e., the
subspace of all g in S(R) such that

) 1/
[P (g)1de) (0 < g <o),
llgllLrs = 0 Y

sup +/Pu(g) (g =00),

0<t<oo

is finite. Given 0 < p < oo, we say that T is of weak type (p, p) if there is a
constant C, > 0 such that for any g € LP1(Ry),

(3.1) MITgl > )P < Cpo gl (e, )-

An operator T is of restricted weak type (p, p) (as introduced by Stein and Weiss
in [16]) if holds only for indicators § = x4, where A is any measurable set
of finite measure. As is well known, for a given 0 < p < oo,

strong type = M-weak type = weak type = restricted weak type

and the reverse implications do not hold in general.

For our discussion below we recall the following characterization of weak
type operators due to Calderén. For 0 < p < q < oo we define Calderdn’s operator
Sp,q as the linear operator

t o
Spag(t) = 0/ [rg(s) S+ 20/ [ag() (1> 0,8 € S(RL)
0 t
and for 0 < p < co we set
1 t d
_ s
%mﬁﬂz;tmmfﬁwg@? (t>0,g € S(R})).
0

In [4] Calder6n proved that a sublinear operator T on S(RRy.) is simultaneously of
weak types (p, p) and (g, q) if and only if it satisfies

(32 #t(T8) Spa (Spam(8))(t)  (forallg € S(R+)).
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In fact, Calderén’s proof shows that T is of restricted weak types (p, p) and (g,9)
if and only if it satisfies

(33) #e(Txa) Spa (Spar(xa)) (),

for any measurable set A of finite measure.

We now extend these definitions to noncommutative maximal operators.
Throughout, let M and N be von Neumann algebras equipped with normal,
semi-finite, faithful traces T and ¢, respectively. For any projection e we set e :=
1 —e. Also, if f is another projection, then we let ¢ V f and e A f denote the
supremum and infimum, respectively, of e and f.

DEFINITION 3.1. For any 0 < r < oo we say that a net (Ty),c4 of maps
Ta : L"(M)1 — S(0)4 is of M-weak type (r,r) if there is a constant C, > 0 such
0) (9)

:ex

that for any x € L"(M)4 and any 8 > 0, there exists a projection e
satisfying

34) () < (GO x|y and €O Ty(x)e® <6, foralla e A.

A net (Ty) e of maps Ty @ L™ (M) — S(0)+ is of restricted weak type (r,r) if
there is a constant C, > 0 such that for any projection f in L' (M) and any
6 > 0, there is a projection e(?) = e}g) such that

35) () < (oY 1(f) and O T, (fle® <6, foralla € A.

A net (Ty)pen of maps Ty : My — Ny is of restricted weak type (oo, 00) if there is
a constant Co > 0 such that for any projection f in M,

sup || Te(f)lleo < Coo-
aEA

Anet (Ty)yea of maps Ty : L' (M) — S(0) 4 is of strong type (r,r) if

H(Tﬂé(x))uceA||U(N;€°°) < CerHL’(M)-

In the commutative case, a sequence (T} ),>1 is of restricted weak type (7, r)
in the sense of Deﬁnition if sup T, is of restricted weak type (r,r) in the clas-

n=1

sical sense. Indeed, in this case one may take e(?) = X[0,0] (sup Tu(f )) Thus,
n=1

loosely speaking, (3.9) states that the fictitious noncommutative maximal opera-
tor “sup T,” is of restricted weak type (r, 7).
o

REMARK 3.2. In the noncommutative literature (e.g. in [1], [12]), it has be-
come customary to refer to property as weak type, instead of M-weak type.
The terminology used here is in accordance with the classical literature on inter-
polation theory.
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We will often assume that the maps T, satisfy additional properties. We call
amap T : S(7)+ — S(0)4 sublinear if

T(ex+dy) < cT(x)+dT(y) (c,d e Ry, x,ye€S(T)4)

and order preserving if T(x) < T(y) whenever x < yin S(7)..

Using real interpolation and duality techniques Junge and Xu proved the
following version of Marcinkiewicz” interpolation theorem for noncommutative
maximal operators.

THEOREM 3.3 ([12], Theorem 3.1). Let 1 < p < q < oo. Ifanet (Ty)yen of
positive, subadditive maps (Ty) is of M-weak type ( p, p) and strong type (q,q), then for
anyp <r<gq,

T
(3.6) I(Ta ) aeallres) S ¢ (- p) Il ay,

where 6 is chosen such that 1/r = (1—0)/p+6/4.

In Corollary [5.3|below we will obtain an extension of this result to maximal
operators of restricted weak types (p, p) and (g,9).

4. A CALDERON-TYPE BOUND FOR MAXIMAL OPERATORS OF WEAK TYPE

Our starting point for the proof of Theorem|1.1}is the characterization (3.3).
A first thought is to attempt to establish the following direct generalization: if
(Tyx) is of restricted weak types (p,p) and (g,9) then one may try to find, for
every projection f, a positive measurable operator a satisfying T, (f) < a for all
« and

ui(a) Spaq (Span(f))(E)  (¢>0).

Unfortunately, if A is noncommutative then this assertion is in general false. In-
deed, it would imply that the noncommutative Doob maximal inequality
holds with constant of order O((p —1)~1) for p | 1, whereas order O((p —1)~2)
is known to be optimal [11]]. However, we can find a bound of the form

,ut( ) Cp,p 4.9 ( p’,q’.u(f))(t)/

where p < p' < g’ <gqand Cp, s, issingularas p’ | pand q' 1 ¢.
For 0 < p,q < oo we introduce the constants
) Kpq = 21/ P max{Cp(1 —277)~(/P) C,(1 —277)~1/9},
' Kpeo = max{Cp(1 —277)~(1/P) C},

where C, and C; are the restricted weak type (p, p) and (g,9) constants in (3.5).
If pg > 1thenx,, < 4max{Cy,C;} and xp 0 < 2max{Cy, Ce}. Also, for p <
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P <q < g <ocoweset
/—szl —(p/p")) szl q/q)
k<0 k>0
Note that

Yo =0 —p)7") asp Ly S,y =0((9—4q)") asq 1g.

LEMMA 4.1. Fix0 < p < q < co. Let (Ty)yca be a net of positive maps which
is of restricted weak types (p,p) and (q,q). Letp < p' < q' < q. Ifq < coand f
is a projection in LPA (M) 4 + LYY (M) 4., then there exists a constant K  and an
a € S(0)+ such that

p.r' a4

(4.2) Tu(f) <a (x€A), and

(43) ‘let( ) < quP p’,q,q’sp’,q’:u(f) (t) (t > 0)
Moreover, the constant Kp,p/,q,q’ satisfies

(4.4) Ky 0 < 4Amax{p,, 0qq }-

If g = oo, then for every projection f € M. there exists a constant K, e co < 4Yp,pr
and an a € N satisfying @.2) and

(4.5) pt(a) < KpooKpy pr 0,005 pr ot () (E) - (£ > 0).

Proof. We use the functions 0,, : Ry — R, which for 0 < p,q < oo are
defined by

Opq(t) = F(l/p)X[l,oo)(t) + tf(l/q)?((o,l)(t) (t>0)
and for 0 < p < oo given by
Bpeo(t) = Py ) (D) + x0n) (1) (£>0).

We first prove the result for 4 < co. In this case 7(f) < co. Using the change of
variable s = t/u, we find

1 4 < 1
Spar(f)(#) :/Vt/u(f)gu ! (1/q)du+/ﬂt/u(f)?u 1=(1/p)qy
1

t
(4.6) —/X(Orf)] ( ))du—epq( (f))
Thus, we need to find an a € S(0) satisfying and
t
(4.7) pe(a) < xpgKpprgq0p (W) (t>0).

Let us first assume that «;, ; < 1. For any 6 > 1 fix a projection e,s ) satisfying (3
for r = g and for 0 < 6 < 1 we pick e; ) such that holds for » = p. For every
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k € Z we define

ey = (/\ e,gzl)) (k>0), ¢ = ( /\ e,(gzl)) A ( /\ e‘szl)) (k<0),
I>k 0=k 1>0
and we set
dy = e — €f_q.
Observe that (ex)kcyz is increasing, and therefore dyd; = 0 for k # I and d,% = dj.

k k
Note that ¢ < egz ) fork > 0and ¢, < e,E,z ) for k < 0, hence ¢, T, (x)ex < 2% for all

k. If k > 0 then, using x5 < 1,

48) oleh) <Y o((e)h <Y cla-lr(f) gz‘chgﬁr( fy<27Me(f),
1>k 1>k

and in particular it follows that e; 1 1 for k — oo. Moreover, if k < 0, then again
using Kpg < 1,

49)  olep) < Y o) + Lol

01>k 1>0
<27(Ch1—277) T+ (1 —270) " NT(f) <27FP(f).

Finally, we set e_co := A €. Sinceex 11,
k<0

(4.10) o= di+ec, ¢ =Y d
k<0 k>0

Set K, py g0 = 4max{7y, v, 8, } and let (an)n>1 be the sequence in M given by

aN:Kp,p/,q,q/( Yy o prg 4 Y 2(k*1)‘7/‘7’dk).
—oco<k<0 0<k<N

As our candidate for the sought operator 2 € S(c);+ we would like to define

a:= I\llim ay. To show that this limit exists in S(¢), we will first show that the
—Q

estimate (4.7) is satisfied for a = ay, uniformly in N. Since the coefficients of the
dy are increasing, we find using (2.1)) that

_ k—=1)p/p'
plan) = Kp,p’,q,q’(kz (k=1 Xlo(en—ex).o(en—ex—1))

+ )y olkehardy
0<k<N-1

k-1)p/p’
S Kp,p’,q,q’(kgz( iy Xlo(1—et),0(1-e 1))

N_ /!
+ 2NV X[Orﬂ(ﬁN*EN—l))>

[c(en—ex),o(en—ex—1))

k— ! - ,
+n 2 etma) + 2N X1 )
0<k<N-1
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and by applying and it follows that
]/l(aN) < KP,P’,q,q’ (k;OZ(k_l)p/p X[z—kp.r(f)lzf(kfl)pl—(f))

(k=1)q/q’ (N=1)q/4'
+ 0<;N2 Xp-hae(f)2--Dar(f)) T2 Koz 5-tner) )

Ifk <0and 2757 (f) <t < 2-=DP7(f), then
o< (T(f))

(k=1)p/p' t —(1/p")
2 < (—T ( f)> .
Forallk > 0and 2~ ¥1(f) < t < 2-k=Daz(f) we find

k-1 (T(tf)>(1/q)

and therefore

and so W)
(k=1)q/q' _t T
2 < (T ( f)> .

We conclude that for any t > 0,

pilan) < KP/P’,q,q’«T(tf))_(l/pl)

t
S Ky paqOpa (ﬁ)
Since this inequality holds uniformly in N, we conclude that (ay)yN>1 is an in-
creasing sequence which is bounded in measure. Hence, by Theorem 5.10 of [13]],
there exists an @ € S(0)4 such that ay 1 a in S(0)+. We claim that a has the
asserted properties. Since y(ay) 1 p(a) ([13], Proposition 6.5) it is clear that
holds. Since T, (f) > 0, we know that (see e.g. Lemma 5.9 of [6]))

Ta(f) < 2e0Ta(f)eo + 2e5 Tu(f)eg

For any ¢ in the domain D(a'/2) of a'/2 we have

Ja'/2¢1f"= Jim (anE, &) =Ky g T2 W )+ T 200 48 ).

k>0

t )—(1/17/)

X[r(f)0) (F) + (@ Xox() ()

Notice that e_co Ty (f)e—co = e—col Tu(f)exe—co < 2Fe_oo forall k < 0 and therefore
e—coTy(f)e—o = 0. Moreover,

leoTa(fle—eolleo < lleo T (f)eolled*lle—oo T (fe—colla? = 0.
Together with (4.10) this implies that any & € D(a!/?) satisfies

(eoTu(leot, ) = ( (L ) TulF) ( L1 )e€)

k<0 I<0
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< L IdTa(f)dilleo i1 dig

k,1<0

< U T )| &2 di T ()il i N 1dig
k,1<0

2
(@11) = (L T el i)
k<0
Since
IIdkTa(f)dkHio/z <ok2 = 91/29(k=1)p/2p' o (k=1)(1=(p/p")) /2
we find by applying the Cauchy-Schwarz inequality in (.11),
(0Tu(f)eo, &) < 21pp ¥ 25 VPV dig|2 = (T 27,20 0PV 41, ).
k<0 k<0
By similar reasoning,

(e Tulfeg e &) < (X 20,025 0718, 8.

k>0

Putting these estimates together we conclude that & € D(T,(f)/?) and
<T1x(f)§/ €> < Z 4’)’p,p/2(k—1)p/p/ <dk§1 €> + Z 45q,q’2(k_1)q/q, <dk§1 €> < <a§/ €>r
k<0 k>0

which establishes (cf. Proposition 4.5 of [13]). This completes the proof in
the case g < co under the additional assumption x4 < 1.
In the general case, define T,(f) = Ky, %T,X( f). If e® satisfies , then

¢(0) .= e(xpaf) gatisfies, for r = v, 9,
T((@)h) < (Cpgo 1) 7(f) and 9T, (f)e® <0, foralla € A.

Therefore, X, < 1 and by the above we find an @ € S(¢); such that T,(f) < @
foralla € A and

(@) < KpprgqSpap(f)(E) (¢ >0).

The operator a := x5 has the desired properties.

Suppose now that g = co. Let us first note that if T(f) = oo, then u(f) =
X[0,00) and we can take 4 = Cool. If T(f) < o0, then we may assume that «pc < 1.
For k < 0 we set

= ( A o)
p

0=1>k
and let dy = e; — ex_1 as before. We define a € N to be the operator
a=2ef + Y 4y, ,2070P/V g
k<0

By following the argument presented above one shows that a satisfies (4.2) and
(4.3). The details are left to the reader. 1
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REMARK 4.2. If N is commutative, then one can show using essentially the
same arguments that a € S(0) defined by

a= Z 2k+ldk

keZ
satisfies and

pe(a) < 4rpqSpau(f)(t) (t>0).
In this case one uses that d; T, (f)d; = 0 whenever k # 1.

In order to obtain interpolation results for noncommutative maximal op-
erators, we need to extend Lemma [4.1| from projections to arbitrary measurable
operators. We achieve this by representing a given measurable operator x as a
series of weighted projections and applying Lemma #.1|term-wise.

THEOREM 4.3. Fix 1 < p < q < oo. Let (Ty)yca be a net of order preserving,
sublinear operators which is of restricted weak types (p,p) and (q,q). Let p < p’ and,
if g < oo, we fix g < q. Then for any x € LF' (M) + LT (M), there exists an
a € S(0)4 such that Ty(x) < aforalla € Aand
(4.12) p(a) << 4xpaK, o1 0.0 Sp g 1(X).

If g = oo, then for any x € LV'{(M)y + M there exists an a € S(c)+ satisfying
(4.12) with q' = co and T, (x) < aforallx € A.

Proof. Suppose first that x € LP'1(M). Let A(x) be the spectral measure of
x. For any k € Z, define fi = A )( ) and consider the dyadic discretization

/

X = ‘ZZ 2/ 2],2]“]( ). Clearly, x < < 2x. By summation by parts,
je

X = Z 22 )‘(21 2J+1] Z 22 )‘(21 2J+1] Z 2 fk

JEZ k<] keZ j=k

Also, by (2.1) and summation by parts
k+1 k
= L2 Xty = 2 L@ = 29 e(s,000)

JEL JEL k<]
(4.13) = Y X050 = X 20 (fo)-
keZ keZ

Let @ € S(0)4 be the operator obtained by applying Lemmal4.1]to f;. For N > 1
N N
defineXy = Y. 25frandsetay = Y 2fG;. By sublinearity of T,,
k=—N k=—N

N
< Y 2*Tu(f) <an
k=—N

By (2.2),

N
ulan) << Y 25u(@).
k=N
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Using lemma 4.1} linearity of S, ;» and (#I3) we find for any ¢ > 0

N N
Yo 2u(@) <wpaKppaq 3 2y g n(fi)()
k=N k=N

< KpaKp,praq Sy g WE)(£) < 20p,0Kp g, pr g 1(2) (F).
This shows in particular that (ay)n>1 is increasing and bounded in measure.
Therefore, by Theorem 5.10 of [13] there exists an a € S(0)4 such that ay 1 a
in S(0)4. Since p(an) T u(a), we conclude by monotone convergence that
holds. Tt is clear that T,(Xy) < 4 for all N > 1. Note that T, is of M-weak
type (p', p’), with M-weak type constant bounded by C,(p’ — 1)1, by the same
argument as in the commutative case ([2], Theorem 5.3). Therefore,

ITe(%) = Tu (%)

as N — oo by dominated convergence. In particular, T, (Xy) — Tx(X) in measure.
Since T, is order preserving, we conclude that

(4.14) Tuc(x) < Ttx(y) <a.

p',00 < HTN(J/C\_ EC\N)‘ p’ 00 Szp,p’ H5C\— fNHp’,l —0,

The result follows analogously if x € L11(M) if ¢ < g < co.
Suppose now that x € M and g = co. Let N* be such that 2N < [|x||e <

2N"+1 and define for all N > 1 the operator ay = Y 256 in N;. By the
—N<k<N~
argument above, the operator a4 = Z\%im ay is well-defined in S(¢) 4 and
—00

#(a) <= 2Kp,00Ky 1 00,005 pt 00 (X)-

Since T, is sublinear and order preserving, we have for any N > 1,

*

N
L@ <T( X 2A)+ L 2Tf)

k<—N k=—N+1
2N (A g () + 1 2 Tu(fi) <27V Col +a
keZ

As this holds for all N > 1, we conclude that again (4.14) holds.

Finally, let x = x1 + x, with x1 € LP'Y (M), and x, € LT1(M), (or x5 €
My if g = oo) and let aj,a, € S(0)4 be two operators verifying the asserted
properties for x1, x,. Set a = a1 + ap, then T, (x) < a and moreover,

p(a) <= p(a) + p(az)

<< ZKP/QKP,P’J],Q/SP’,Q,(V(xl) + ]J(XZ)) < 4Kp,qu,p/,q,q/Sp/,q/(‘Z/l(x)).

This concludes the proof. 1

REMARK 4.4. One cannot replace {#.12) in Theorem [4.3|by the stronger as-
sertion

}l((l) é 4Kp,qu,p/,qlq/Sp/’q/]/l(X).
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Indeed, if N is commutative this would mean that

w(a) Spa Spap(x),
as K,y 4 is not singular for p’ | p or 4’ 1 g in this case. In particular, by
Calderén’s characterization (3.2) this would imply that every maximal opera-
tor of restricted weak types (1,1) and (oo, 00) is in fact of weak types (1,1) and
(00, 00). However, this is not true (see e.g. [9] for a counterexample).

5. INTERPOLATION OF NONCOMMUTATIVE MAXIMAL INEQUALITIES

To extract interpolation results from Theorem .3 we recall the fundamental
connection, due to Boyd [3], between Boyd’s indices and Calderén’s operators.
The Boyd indices of a symmetric Banach function space E on R are defined by

logs

lim logs
s log [ D5

T iog D1/l
where Dy /, is the dilation operator (Dy ) (t) = g(t/s),t € R4.

PE = and qE

THEOREM 5.1 ([3]). If E is a symmetric Banach function space on R, then the
following hold:
() If1 < p < g < oo, then Sy, is bounded on E if and only if p < pp < qg < g.
(i) If 1 < p < oo, then Sy is bounded on E if and only if p < pE.

By combining Theorems [4.3[and [5.1| we obtain the following interpolation
theorem, which extends Theorem 5.4 of [1l], as well as Theorem 6.5 of [6], to a
larger class of noncommutative maximal operators. More importantly, we find a
better interpolation constant (which is essentially optimal, cf. the discussion after

Corollary 5.3).

THEOREM 5.2. Let 1 < p < q < oo and let E be a fully symmetric Banach
function space. Let (Ty)yca be a net of order preserving, sublinear maps which is of
restricted weak types (p, p) and (q,q). Let xp,q be the constant in (A.1) and K,, o » be
the constant in @&.4). If p < p' < pg and either qp < q' < q < o0 or q = oo, then for
any x € E(M),

(6.1) ” (Ta(x))aeAHE(/\/;Ew) < 4Kp,qu,p’,q,q’ ”Sp’,q’ ||E~>E||XHE(M)

Proof. If x € E(M), then x € LP'{ (M), + LT (M), ifg < coand x €
LV'1(M); + M, if g = oo by the assumptions on pg and gg. Leta € S(c), be
the operator given by Theorem Since E is fully symmetric, it follows from

(4.12) and Theorem[5.1]that a € E(M), and
”aHE (M) X 4KP11K p.r a9 |Sp’,q’.u( ME < 4quKp, v.a4
Thus, (Ta(x))aea is in E(N;£*) and (5.1) holds. &

ISy g

|E%E||x||E
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The following Marcinkiewicz-type interpolation theorem for noncommuta-
tive maximal operators is a special case of Theorem 5.2}

COROLLARY 53. Fix 1 < p < p' <r < q < q < oo If (Ta)gean is a net of
order preserving, sublinear maps which is simultaneously of restricted weak types (p, p)
and (q, q) with constants C, and Cq, then for any x € L'(M) 4,

!/

/
q r r
<
(T el ) < max{Cp,C}<p ot q)<r_pf+q/—r)||x||L’<M

In particular,

r T
62 ITaecallwe S max{Cy G} (7 + ) e

Proof. Using Hardy’s inequalities (see e.g. Lemma II1.3.9 of [2]) one readily
shows that
r r
(5.3) 1S gl 517 < (fy + ﬁ)
Since prr = qrr = r, the first assertion is now immediate from Theorem
Taking p' = p/2+r/2and q' = r/2 4 q/2yields (5.2).

Let us compare this result to Theorem Thanks to the strong type as-
sumption on the right endpoint, the interpolation constant in does not de-
pend on g. Also the dependence on the constants C;, and Cy is better than in .
On the other hand, Corollary[5.3|requires only a restricted weak type assumption
on both endpoints, which is easier to verify in practice, and the interpolation con-
stant is of the right order under these conditions. Also, it is clear that the interpo-
lation result for more general noncommutative symmetric spaces in Theorem[5.2]
cannot be obtained using the real interpolation techniques used in [12].

As an illustration of our interpolation results, we deduce Doob’s maximal
inequality. This result was obtained in [10], [12] for E = L? and, using a differ-
ent argument using duality, for more general symmetric Banach function spaces
in [6]. The proof here removes some unnecessary assumptions on E from Theo-
rem 6.7 of [6], and yields a constant of optimal order (in contrast to [6]). Note that
the assumption pg > 1 cannot be removed, as Doob’s maximal inequality fails if
E=L.

COROLLARY 5.4. Let M be a semi-finite von Neumann algebra and let (E)y>1
be an increasing sequence of conditional expectations in M. If E is a symmetric Banach
function space on R with pg > 1, then there is a constant Cg depending only on E such
that

1(En(x))nz1ll ey < Cellxl[EMg)  (x € E(M)).
If p > 1 then Cpp is of optimal order O((p —1)"2)asp | 1.

Proof. If pg > 1, then E is fully symmetric up to a constant, i.e., if § € S(R.)
and h € E satisfy § << h, then ¢ € E and ||g||r <t ||h]|g (see the proof of
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Lemma 3.6 in [7]). Since (&y),,>1 is of M-weak type (1,1) (cf. [5]) and strong type
(00, 00), the result now follows from Theorem [5.2]and Corollary5.3|

To conclude this paper, we deduce an interpolation theorem for the gener-
alized moments of noncommutative maximal operators from Theorem Re-
call the following definitions. Let @ : [0,00) — [0, %] be a convex Orlicz func-
tion, i.e., a continuous, convex and increasing function satisfying ¢(0) = 0 and
lim @(t) = oo. The Orlicz space L is the subspace of all f in S(R.) such that for

/ (If( )I)dt<

some k > 0,
0

We may equip Lg with the Luxemburg norm

|ty = inf { k>0/ )ar<1}.

Under this norm Lg is a symmetric Banach function space [2]. We define the
indices of @ by

t
pPo = sup p>0 /s PO(s tpdb()forallt>0},
0

Jo = inf{q >0: /s‘qCD(s)% ~, t71P(t) forall t > 0}.
t

We say that @ satisfies the global A,-condition if for some constant C > 0,
(5.4) D(2t) < CP(t) (t=0).

It is known that pg and g¢ coincide with the Boyd indices of L. Moreover, one
may show that (5.4) holds if and only if g¢ < co. For more details we refer to the
discussion in [6]].

THEOREM 5.5. Let1 < p < q < oo and let @ be an Orlicz function satisfying the
global Ay-condition. Let (Ty)ye be a net of order preserving, sublinear maps which is
of restricted weak types (p, p) and (q,q). If p < po and either g < q < 00 0r q = 0,
then for any x € Lo (M) there exists an a € Lg(N')4 such that Ty(x) < a for all
« € Aand

o(P(a)) Spae T(P(x)).

Proof. Suppose that § < co. Fixp < p' < p < po < qo <4< ¢ < q. Let
x € Lo(M)y and let a € S(v)4 be the operator provided by Theorem 4.3 We
know that

,”( ) H.”( )Npp 4.9 Hsp’,q/ﬂ(x)-
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By , Sy, and H = S « are bounded on LP(R;) and L(R ). By Theorem 2
of [17], (see also Theorem 4.4 of [6]), we can now conclude thata € Ly (N) 4+ and

®(HS /,q/y(x)(t))dt

o(P(a)) rgp,p’,q,q’,df’ P

Sp/,ﬁ,q/,ﬁ,cb D (pe(x))dt = T(‘P(x)).

0\8 0\8

The proof in the case ¢ = oo is similar. 1

In the special case that (T, ) is of M-weak type (p, p) and strong type (oo, c0),
the above result was obtained in Theorem 3.2 of [1]]. The general case proved here
affirmatively answers an open question in this paper ([1], Remark 3.3(2)).

Acknowledgements. This research was supported by the Hausdorff Center for Math-
ematics. I would like to thank the reviewer for his/her careful reading of this paper.

REFERENCES

[1] T. BEKJAN, Z. CHEN, A. OSEKOWSKI, Noncommutative moment maximal inequali-
ties, arXiv: 1108.2795 [math.OA].

[2] C. BENNETT, R. SHARPLEY, Interpolation of Operators, Academic Press Inc., Boston,
MA 1988.

[3] D. BoYD, Indices of function spaces and their relationship to interpolation, Canad. J.
Math. 21(1969), 1245-1254.

[4] A.P. CALDERON, Spaces between LY and L™ and the theorem of Marcinkiewicz, Stu-
dia Math. 26(1966), 273-299.

[5] I. CUCULESCU, Martingales on von Neumann algebras, |. Multivariate Anal. 1(1971),
17-27.

[6] S. DIRKSEN, Noncommutative Boyd interpolation theorems, Trans. Amer. Math. Soc.,
to appear, ArXiv:1203.1653.

[7] S. DIRKSEN, B. DE PAGTER, D. POTAPOV, F. SUKOCHEV, Rosenthal inequalities in
noncommutative symmetric spaces, J. Funct. Anal. 261(2011), 2890-2925.

[8] T. FAck, H. KOSAKI, Generalized s-numbers of T-measurable operators, Pacific ].
Math. 123(1986), 269-300.

[9] P. HAGELSTEIN, R. JONES, On restricted weak type (1,1): the continuous case, Proc.
Amer. Math. Soc. 133(2005), 185-190.

[10] M. JUNGE, Doob’s inequality for non-commutative martingales, |. Reine Angew. Math.
q y g 8

549(2002), 149-190.

[11] M. JUNGE, Q. XU, On the best constants in some non-commutative martingale in-
equalities, Bull. London Math. Soc. 37(2005), 243-253.



532 SJOERD DIRKSEN

[12] M. JUNGE, Q. XU, Noncommutative maximal ergodic theorems. ]. Amer. Math. Soc.
20(2007), 385-439.

[13] B. DE PAGTER, Non-commutative Banach function spaces, Positivity, Trends Math.,
Birkhéauser, Basel 2007, pp. 197-227.

[14] G. PISIER, Non-commutative vector valued L,-spaces and completely p-summing
maps, Astérisque 247(1998).

[15] E. STEIN, Harmonic Analysis: Real-variable Methods, Orthogonality, and Oscillatory Inte-
grals, Princeton Univ. Press, Princeton, NJ 1993.

[16] E. STEIN, G. WEISS, An extension of a theorem of Marcinkiewicz and some of its
applications, J. Math. Mech. 8(1959), 263-284.

[17] A. ZYGMUND, On a theorem of Marcinkiewicz concerning interpolation of opera-
tions, J. Math. Pures Appl. (9) 35(1956), 223-248.

SJOERD DIRKSEN, UNIVERSITAT BONN, HAUSDORFF CENTER FOR MATHEMAT-
ICS, ENDENICHER ALLEE 60, 53115 BONN, GERMANY
E-mail address: sjoerd.dirksen@hcm.uni-bonn.de

Received March 12, 2014.



	1. INTRODUCTION
	2. PRELIMINARIES
	3. THREE FLAVORS OF WEAK TYPE
	4. A CALDERÓN-TYPE BOUND FOR MAXIMAL OPERATORS OF WEAK TYPE
	5. INTERPOLATION OF NONCOMMUTATIVE MAXIMAL INEQUALITIES
	REFERENCES

