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ABSTRACT. We show by construction that when G is an elementary amenable
group and A is a unital simple nuclear and tracially approximately divisible
C*-algebra, there exists an action w of G on A with the tracial Rokhlin property
in the sense of Matui and Sato. In particular, group actions with this Matui—
Sato tracial Rokhlin property always exist for unital simple separable nuclear
C*-algebras with tracial rank at most one. If A is simple with rational tracial
rank at most one, then the crossed product A %, G is also simple with rational
tracial rank at most one.
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INTRODUCTION

One fundamental way to investigate the structure of a C*-algebra is through
the study of its group actions. An indispensable part of this theme is the crossed
product construction. Given a group G, a C*-algebra A and a group action « of
G on A, we can construct a C*-algebra A x, G called the crossed product. When
G is discrete and A is unital, we have the following presentation for the crossed
product:

AxyG=(aqug:a€AgeGag(a)=ugaug).
Despite its innocent appearance, it can be quite a challenge to determine what
kind of C*-algebra is being represented.

This brings us to another interesting aspect of the study of C*-algebras.
Namely the success of the classification of simple C*-algebras using the Elliott
invariant. At the forefront of this success are the large classes of unital simple sep-
arable nuclear (Z-stable) C*-algebras satisfying the universal coefficient theorem
and having tracial rank zero, tracial rank at most 1, rational tracial rank zero and
rational tracial rank at most 1, which were discovered to be classifiable by Lin
[7], [9], [11]], by Lin—Niu [15], Lin [14] and Winter [29]. Classifiable C*-algebras
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necessarily possess a property called Z-stability which is attracting a lot of atten-
tion in work extending Elliott’s classification program, while those C*-algebras
of tracial rank at most one are also known to belong to a larger class of algebras
called tracially approximately divisible C*-algebras.

From the point of view of classification, the crossed product construction
gives a way to explicitly construct algebras which belong to a large class of clas-
sifiable C*-algebras that were otherwise only identifiable by their Elliott invari-
ant. Conversely, the classification of C*-algebras also brings clarity to the crossed
product construction itself by identifying algebras otherwise only defined by gen-
erators and relations.

Of major interest with respect to these two themes is a property of group
actions called the tracial Rokhlin property. Its appeal comes from the promise that
algebras with desirable properties combined with actions with the tracial Rokhlin
property can be used to construct crossed products with the same desirable prop-
erties and in many cases to even have the crossed product belong to the same
class of classifiable algebras as the original algebra. Another advantage of great
practical importance is that this property is believed to exist in abundance, which
was lacking in its predecessor, the Rokhlin property.

The question of whether this property exists will be the main focus of this
article. Originally, the definition of the tracial Rokhlin property was only stated
for Z (Osaka-Phillips [21]]) and finite groups (Phillips [24]). The definition was
then extended to include discrete amenable groups acting on certain Z-stable
algebras in Matui-Sato [20] where it was also shown that the crossed product
retained the Z-stability of the original algebra. We state their definition more
generally for Z-stable tracially approximately divisible C*-algebras, which we
will see is a natural setting for their definition. We will construct in this article,
for every countable discrete group G and Z-stable C*-algebra A, an action w of
G on A to prove the following in Section 3 as Corollary 3.7}

THEOREM. Given a countable discrete elementary amenable group G and a unital
simple separable Z-stable tracially approximately divisible C*-algebra A, there exists a
group action w of G on A such that w has the tracial Rokhlin property.

Built into the construction of w is a family of G-actions 7 on the Jiang-Su
algebra Z, which we introduce in Section 2. A preliminary investigation is also
undertaken to ascertain the classifiability of Z X, G and A % G in Sections 4
and 5. We show

THEOREM. Suppose A is a unital simple Z-stable C*-algebra with rational tracial
rank at most one, suppose G belongs to the class of groups generated by finite and abelian
groups under increasing unions and taking subgroups and suppose w is the action con-
structed to prove the above. Then A X, G is a unital simple Z-stable C*-algebra with
rational tracial rank at most one.
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REMARK 0.1. As one would have it, very recent results of Ozawa-Rerdam—
Sato [23] imply that we can extend this to all elementary amenable groups. The
difference in their result comes entirely from them being able to establish the
universal coefficient theorem for the crossed products they consider.

We can also replace rational tracial rank at most one by the classes of tracial
rank zero or at most one and rational tracial rank zero and get the same result.
This shows there is always an action present that has the tracial Rokhlin property
and preserves the tracial rank.

NOTATION. We adopt the following conventions throughout this article:

e The cardinality of a set S is denoted by |S]|.
e Write a = b to stand for |la — b|| < e.

1. THE TRACIAL ROKHLIN PROPERTY

We define the tracial Rokhlin property and strong outerness for discrete
group actions on C*-algebras with reference to Matui—Sato [20].

DEFINITION 1.1. Let G be a countable discrete group, let F C G be a finite
subset and let ¢ > 0. We say a finite subset K of G is (F, ¢)-invariant if K # @ and

’Kmﬂg4Kpm1—@mL
geF
DEFINITION 1.2. A countable discrete group G is said to be amenable if an
(F, ¢)-invariant subset exists from any (F, ). The group G is said to be elementary
amenable if it is contained in the smallest class of groups that contains all abelian
groups, all finite groups and is closed under taking subgroups, quotients, direct
limits and extensions.

The following definition of tracial Rokhlin property appears in Matui-Sato
[20] with the assumption of tracial rank zero and will be our working definition
throughout this article with the assumption of tracial rank zero relaxed. We im-
plicitly assume A has strict comparison as we state in the definition. For general
unital C*-algebras, one should replace the trace condition (ii) by an appropriate
Cuntz relation.

Let T(A) denote the tracial state space of A.

DEFINITION 1.3. A group action @ of G on a C*-algebra A has the Matui—
Sato tracial Rokhlin property if for every finite subset F C G and ¢ > 0, there is a
finite (F, ¢)-invariant subset K in G and a central sequence (p; ) cn in A consisting
of projections such that:
() nlgrgo tag(pn)an(pn) = 0forall g, h € K such that g # h;

i) li — K7 =o0.
() Jim max 7(pa) = K|
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There is also the weaker notion of this for algebras without projections
called the weak Rokhlin property (Matui-Sato [20], Definition 2.5).
Here is a condition which is a priori weaker than the properties above.

DEFINITION 1.4. Let A be a C*-algebra and 77 be the representation ob-
tained from the Gelfand—-Naimark-Segal construction with respect to the tracial
state 7. An automorphism is said to be weakly inner if it is inner when considered
as an automorphism of the weak closure 71:(A)” for some trace T invariant un-
der the automorphism. An action a of G on A is strongly outer if ay is not weakly
inner forall ¢ € G\ {1}.

The next lemma is taken from Matui-Sato ([20], Lemmas 6.12, 6.13).

LEMMA 1.5. Let A be a simple C*-algebra with unique trace T and a an action of

a group G on A such that ag # id when g # 1. Then a®N = (?Na is a strongly outer
n

action on A®N = ® A.
neN

Proof. Let g € G\ {1}. Since the unitary group U(A) spans A and ¢ # id,

there is v, € U(A) such that ag(vg) # vg. Now define a central sequence in A®N
as follows:

0,(n) =10 1Rl - V1,

where v, appears in the n-th factor and 1 appears in every other factor. Let ||a||, =

sup t(a*a)'/?, which is a norm on A. We will show that if a?N is weakly inner
TeT(B)
then

H"‘?N(Ug(”)) —vg(n)ll2 = 0,

which contradicts the sequence being constant and non-zero as follows:

lag™ (05 (1)) = vg (M) 17 = T (g @ (g (0g) — vg)* (g (v5) = v5)))
= T((ag(vg) — vg)" (ag(vg) — vg))
= [lag (vg) — vgll3-

Now assume there is a unitary u € 7(A)” such that a?N = Adu on 1t (A)".
Then there is a sequence (xi)ren in 71 (A) such that x; — u strongly. Such a u
allows us to extend 7; to a representation of A i, . Z and T to a trace on A X, .

Z by
Taxz(x) = (Taxz(x)1,1),

where 1 is the cyclic vector that appears in the definition of the GNS-represen-
tation. Let ¢ > 0, fix k so that ||u — x¢||2 4z ~e/2 0 by way of x strongly con-
verging to u, and let n be large enough so that [xy, vg(1)] = 0, which is possible
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because v (1) is a central sequence. We now calculate:

lag™ (0g(1)) = vg(n)ll2,4 = l[uvg (m)u* — vg(n) 2,452

= |luvg(n) — vg(n)ull2, A%z,
(labllz < llall21bl]) < 2[|u — x¢kll2,4%z + (X5 (1) — Vg (1) xi ||
~e ||xxvg(n) — vg(n)xgl| =6 0. B

LEMMA 1.6. Let A be a simple C*-algebra with unique trace and « an action of a
group G on A such that xg # id when g # 1. If Ag is any simple C*-algebra and wq any
action of G on Ao, then ag @ a®N is a strongly outer action on Ag @ AN,

Proof. Since the argument used in the proof of Lemmal|l.5 only relies on the
properties of the limit of ||¢x§N(wg(n)) — wgq(n)||2, we are free to change the first
factor without affecting the conclusion. 1

THEOREM 1.7 (Matui-Sato). Let A be a unital simple separable C*-algebra with
tracial rank zero and with finitely many extremal tracial states. Let G be a countable
discrete elementary amenable group. Then an action of G on A has the tracial Rokhlin
property if and only if it is strongly outer.

Proof. This is Matui-Sato ([20], Theorem 3.7) specialized to actions and to
elementary amenable groups. 1

2. A FAMILY OF GROUP ACTIONS ON THE JIANG-SU ALGEBRA
We will introduce the Jiang-Su algebra Z via its properties in the following
proposition and only rely on these in later sections.
PROPOSITION 2.1. The Jiang—Su algebra Z is a unital simple separable nuclear
C*-algebra with a unique tracial state and an isomorphism
Z hg(z‘@”,idzm ®1).
Proof. This appeared as Theorem 2.9, Corollary 8.8 of [4].

Another important example is the universal UHF-algebra Q.

DEFINITION 2.2. Let G be a countable discrete group and identify Z with

Z®6 = @ Z using Lemma.1land countability of G. Now define an action  of
8eG

G on Z via this identification by

,Bg : ® Zy — ®Zg—1h.

heG heG
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Again using Lemma to identify Z with Z°N = ® Z, we define the action 7
neN
of G on Z by

Yo Q) zn = Q) Be(zn).
neN neN
For any group automorphism ¢, we define ¢ to be the action of G on Z given
by ¢ — (¢ o B)g. So we have that pidc = B. We can define 7% analogously using
B? instead of B and also get that 746 = 4.
We first show that all of the B¢ are conjugate for different ¢ so we only need

to consider Bl9¢ = B from here without loss of generality. A similar thing happens
when a different ordering of G is taken to define the infinite tensor product.

PROPOSITION 2.3. Let ¢ be a group automorphism of G and let @ denote the
induced automorphism on Z given by

(FZZ: ®Zh —> ®Z<P(h)'
heG heG
Then for all g € G, we have
ﬁ§=¢°ﬁg0¢‘1-

Proof. This is a straightforward calculation. 1

THEOREM 2.4. Suppose G is a countable discrete group. Then -y is conjugate to
B. In particular, both «y and B are strongly outer.

Proof. Since By # id for all g € G\ {1} and Z has unique trace, we apply
Lemma with « = Band A = Z to get that -y is strongly outer. Now we
annotate with subscripts our copies of Z in the tensor product decomposition of
Z9C to emphasise their position. That is,

Z96 = Q) 2.
heG

The action p acts by permuting these factors. We note that for each #, the factor
2y, can be further decomposed using Lemma [2.1 into an infinite tensor product

of copies of Z, where we denote each copy by Z,(ll) to emphasise its placement in
the decomposition of Zj,. That is,

~ 1
Z,=2® 2.
leN

We see that for each | € N, B leaves the subalgebra Z() = ® Z}(ll) invariant and
heG

we recover the action f when we identify Z(!) with Z. Hence we have that § is

conjugate to 2N acting on @ Z(), which is conjugate to 7 acting on Z. 1
I=1
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3. GROUP ACTIONS ON TRACIALLY APPROXIMATELY DIVISIBLE C*-ALGEBRAS

Recall that a C*-algebra A is called Z-stableif A ® Z = A.

DEFINITION 3.1. Let vy be as in Definition 2.2 For any C*-algebra A, define
the action w” on A ® Z by
w? =id A Q7.
REMARK 3.2. If A is unital, the action w” is pointwise approximately inner

because all automorphisms on Z are approximately inner. If A is Z-stable, w*
gives an action on A which we will also call w”.

Let My denote the full k x k matrix algebra with identity written 1.

LEMMA 3.3. Suppose G be an elementary amenable group. Then for any finite
subset F C G and € > 0, there is a finite (F, €)-invariant subset K of G such that for each
n € N there is m(n) € Nand a projection g, € M,y ® Z satisfying the following

Mﬂ‘l n Mm n .
we "™ (qu)w, ™" (qn) ~1/4 0 forall g,h € Kwithg # h,
T(qn) ~1/n |K‘7l'

Proof. Let F be a finite subset of G and let ¢ > 0. By Lemma([I.6] id ® is a
strongly outer action on Q @ Z. Therefore by Theorem [1.7]it also has the tracial
Rokhlin property. So we have from Definition [1.3|a finite subset K in G and a
central sequence (q,,) consisting of projections in Q ® Z such that forall g, i € K
with ¢ # h, we have

o lim (idg ®7g)(4n)(idg @71) (4u) = O,

e lim max |t(q,)—|K|"l =0.
i max [c(4h) ~ K] |

By passing to a subsequence if necessary and noting that @ ® Z has unique trace,
we have

(idg @) (qn) (ido ®1)(9,) 173, 0 forallg,h € Kwith g #h,
() = KT
Since Q is a UHF-algebra, there are m(n) and g, € M, () self-adjoint such that
9y, ~1/15n qn- Hence by functional calculus there is a projection g, € M,, (n) such
that g, ~s5,15, q;,- We see now, since automorphisms are isometric and idg ®
restricts to id,,(,,) ®y on M,,(,,) ® Z, that
(i (n) @7g) () (i yu(y @71) (Gn) 1730 (ido @7g) (43) (id () @71) (Gn)
~1/3n (ido ®75) (q,) (idg @74) (4)
~1,3, 0 forall g, h € Kwith g # h.

We also have
T(qn) = T(qh) ~1/a [K|7L 0
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DEFINITION 3.4. Let A be a unital simple separable C*-algebra with strict
comparison. We say that A is tracially approximately divisible if for every e > 0,
every n € N, every finite subset {ay,a5,...,ar} C A, there exists N > n and a
s-homomorphism ¢ : My — A such that for all i < k, e € My with |le]] < 1and
T e T(A),

(@) [ai, ¢ ()] ~e 0,
(i) sup |1 —7(e(1n))| = 0.
T€T(A)

REMARK 3.5. The definition above is equivalent to that with the condition
(i) replaced by an appropriate Cuntz relation. In this case they are tracially Z-
stable (see Definition 2.1, Theorem 3.3 of [2]) and will necessarily have strict com-
parison even if it is not explicitly assumed.

THEOREM 3.6. If A is a unital simple separable tracially approximately divisible
C*-algebra, G is a countable discrete elementary amenable group and w* is an action of
G on A ® Z as in Definition then w? has the tracial Rokhlin property.

Proof. Let F be a finite subset of G and let ¢ > 0. We aim to show that there
is a finite (F, ¢)-invariant subset K in G and a central sequence (p;),cn consisting
of projections in A ® Z such that

e lim wé“(pn)w;?(pn) =0forallg h €K,

n—oo
li T(pn) — [K|7H =0.
o fim, _max IT(pn) =K

We begin by introducing some notation for this proof. Define
Z%" =R Z  withaction %" = (X) B,
jsn jsn
and
2o = Q) 2 with action g2 = R) B.
j>n j>n
There are obvious action preserving isomorphisms
On : (Z/’Y) N (Z®n ® Z@(N\n),ﬁ@d ® ,B®(N\n))
and
on i (Z,7) — (280 gaNin)),
Fix a dense sequence x1, xp,... in A ® Z. We will proceed to define for eachn € N

a projection py, to satisfy our initial requirements. To do this, it will be helpful to
also establish for j < n,

[Pn, xj] =54 0.
Letn € N. Find ajj € A and zjj € Z such that for j < n, we have
1()
Xj ~1/p Z aj j X Zi j-
i=1

1
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Write

There exists n’ € N such that for all j < n and i < [(j), there are Z;,j c zen

satisfying

P (2if) A1/nL, 207 @1 gogum)-
Define an action preserving isomorphism

Xt ARZ S ARZ @ Z
by

Xn = (id 4 o ®0,1) 0 (id g ®py ).
Forj < mnandi<I(j), we get
1G)

(3.1) Xn(Xj) Royn Y01 @2 ® 1z,

i=1
(The calculation for (3.1) is included here for convenience)

1(7) 1(j)
’)(n Za”@zz]@lZHNl/n Zal]@) ((id ®@c,, )pn/(zl]) z; ®1Z)H

=| ; i @ (14 @0y ) (o (21) ~ 2 © 1 o) |

l(j)
la;,; 11 ((id @0 ") (o (i) — 21 @ 1)) |

i:l
1) /
=) llaijllllow (zij) — zi; @ 1)
i=1
< ) lai, Tzizwi,j ===,
= nLy, nLy = nL, n

We now apply Lemma to getan m € N, a finite (F, ¢)-invariant subset K of G
and a projection g, € My, ® Z satistying:

((idm @7¢)(9n)) ((idm @71)(qn)) 1/ 0 forallg,h € K with g # h,
(T ® T2)(qn) =1/n K|
Thinking of g, as a matrix with entries y;; € Z, we have

m
qn = Z k1 O Ykl
ki=1
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where the ¢y ; are standard matrix units. Also define for convenience,

m

n_ 1()
Ly=2_3 Y lvellizl
j=1li=1kI=1
Since A is tracially approximately divisible, there exists by Deﬁnition anm' €
N, a *-homomorphism ¢ : M,,;, — A, satisfying forallj < n,i < I(j),and e € M,
with |le|| <1,

(3.2) [a;j, ¢(e)] ~1/nrs, O,
(3.3) (L)) ~1/n 1,
(3.4) m' > mn.

Now write m’ = Nm + r with 0 < r < m, and N € N and define an embedding
P Mu®Z 5 ARZM ®Z
on generators for e € M;; and z € Z by
e®z— @(diagle®1n,0,)) ®1®2z,

where diag(e ® 1y,0,) denotes a block diagonal matrix with the first N blocks e
and zeros for the remaining r x r block. We see that this embedding respects the
group action and the image of g, is

m
(35) Pulgn) = Y, o(diag(ers ©1n,0r)) @ 1@y
kl=1
We now define the promised projections p, € A ® Z by
pr = (Xu" © %) ().
We first check for all j < n that
[P, xj] &5/ 0.
Let j < n. Then
X ([P, %) = Dtn(Pn), 200 (35)] = [t (qn), X0 ()]

1)
g/ {l[]n (qu)/ Z aj, &® Z;/]- ® 1Z:| (use 31),
i=1

1(7)

<~

I
]
=

[qo(diag(ek,z@)lN, 0,)®1® yk,l,ai,j®z§,j®1g} (use (B.5))

N~
= |
= =
kel
T
Il
N

[p(diag(ex; @ 1n,0r)), 4] @ Zf,]' @ Yk
1

~1/, 0. (use (3.2)).

Il
_
-

I
=
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We now show that (p,),cn satisfies the conditions in the definition of the tracial
Rokhlin property.
Step 1. It is clear that K is a finite (F, ¢)-invariant subset of G.
Step 2. The sequence (pn)yen is central: Let x € A ® Z and e > 0. We have
from density that for some j € N,
X R X;.

Now let n > jbe such that 1/n < ¢, then

Xn([pn,x]) = [Xn(pn), xn(x)] ~2e [Xn(Pn)/Xn(xj)] ~5/n 0.

Hence for our choice of n we have

[pn, x] =27 0.
Step 3. Orthogonality: let g, h € K with ¢ # h. Then

X (pn)) = @ (Xn(pn)) = (1 @B @ 1) (¥ (90))
= (id®id ®'Yg>(1/’n(‘7n)) = ¢n((id ®'Yg)(‘7n)>-
So
Xn(wg (pu)wit (pn)) = Xn (@ (Pn))xn (@ (pn))
= Pu((id ®7¢) (9n))Pn ((id @71) (qn))
= lpn((id ®7g) (Qn)(id ®7h)(‘7n)) ~1/n 0.
Step 4. Trace condition: let T € T(A), and let 7z and 7} be the unique tracial
states on Z and Mj, respectively. Then
(t®12)(pn) = (1O Tzow © T2) (Xn(pn))
=(t® Taen & 72) (Pn(qn)) = (T®T2)(qn)
= (T®71z)(¢(diag(ln ® 1n,0,)) ® 12)(Tw ® T2) (4u)
T(¢(diag(lm @ 1n,0;))) (T ® T2)(qn)
T(@(Ly)) Ty (diag (1 @ 1n,0;)) (T @ T2)(qn)
m —r

- mT (1)) (T @ T2)(qn)

~1/n T(@(Ly)) (T @ T2)(qu)  (use (3.3))
R/ (Tn ®7z)(qn)  (use @G4))
~1/n |K‘7l'

Therefore we have
3
ma T —|K|™?! < -,
max ()~ K| <

from which it follows the limitis 0. 1
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COROLLARY 3.7. For any unital simple separable Z-stable tracially approximately
divisible C*-algebra A and any discrete countable elementary amenable group G, there
exists a pointwise approximately inner action w of G on A with the tracial Rokhlin prop-
erty. Furthermore, w can be taken to be isomorphic to w? from Theorem 3.6

Proof. If A is Z-stable, w” in Theorem 3.6|is such an actionon A. &

COROLLARY 3.8. For any unital simple separable nuclear tracially approximately
divisible C*-algebra A and any discrete countable elementary amenable group G, there
exists a pointwise approximately inner action w of G on A with the tracial Rokhlin prop-
erty. Furthermore, w can be taken to be isomorphic to w? from Theorem 3.6

Proof. Since simple tracially approximately divisible algebras are tracially
Z-stable ([2], Definition 2.1), then A being nuclear implies it is in fact Z-stable
(see Theorem 4.1 of [2]). Now use Corollary[3.7 1

COROLLARY 3.9. If A is a unital simple separable nuclear infinite dimensional
C*-algebra of tracial rank at most one and G is any discrete countable elementary amenable
group, then there exists a pointwise approximately inner action w of G on A with the
tracial Rokhlin property. Furthermore, w can be taken to be isomorphic to w? from The-

orem 3.6

Proof. Lin ([11], Theorem 5.4) shows that A is tracially approximately divis-
ible. Since A is also nuclear, we can apply Corollary 3.8 1

4. THE CROSSED PRODUCTS Z x G

Let 7y be as in Definition 2.2} We investigate the classifiability of Z x,, G by
examining its rational tracial rank, that is, the tracial rank of Q ® (Z x, G). Also
recall from Theoremthat ZxyGEZxpG.

We first summarize what can be deduced in a straightforward manner from
the literature about Z x,, G in the following proposition.

PROPOSITION 4.1. If G is a countable discrete amenable, then Z x1, G
(i) is unital and separable,
(if) simple,
(iif) has a unique tracial state,
(iv) is nuclear,
(v) and is Z-stable if G is elementary amenable.

Proof. The crossed product is unital and separable since Z is unital and sep-
arable, and G is discrete and countable. We first give an argument here that Z x,
G has unique trace with reference to Kishimoto [6]. Now it suffices to show that
Q ® (Z x4 G) has unique trace. But we have Q ® (2 x, G) = (Q® Z) Xjgg, G
and id ®y = w? is a strongly outer action (by Lemma on Q ® Z, which is
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isomorphic to Q. So Theorem 4.5 of [6] says that w< is pointwise uniformly outer.
Now the proof of Lemma 4.3 in [6] applied to each automorphism gives the result.
For simplicity use Kishimoto ([5], Theorem 3.1). For nuclearity use Rosenberg
([26], Theorem 1). For Z-stability use Matui-Sato ([20], Corollary 4.11). &

Recall that if A C B(H) is separable then A is a quasidiagonal set of oper-
ators if there exists an increasing sequence of finite rank projections, g1 < g2 <
g3 < - -+, such that foralla € A, [a,9,] — 0and g, — 1y strongly. A separable
C*-algebra is quasidiagonal if it has a faithful representation whose image is a
quasidiagonal set of operators.

REMARK 4.2. It is clear from this definition that a subalgebra of a quasidi-
agonal C*-algebra is quasidiagonal.

COROLLARY 4.3. The following are equivalent:
(i) Z x4 G is quasidiagonal,
(i) Z %o G has rational tracial rank zero,
(iii)Z x G has rational tracial rank at most one.

Proof. If Z x, G is quasidiagonal, then Proposition combined with
Matui-Sato ([19], Theorem 6.1) allows us to conclude that Z x, G has rational
tracial rank zero. The next implication is obvious. Finally, if Z <, G has rational
tracial rank at most one, then it is isomorphic to a subalgebra of Q ® (Z %, G).
Since Q ® (Z X, G) has tracial rank at most one, it is quasidiagonal by Lin ([8],
Corollary 6.7). Hence Remark [4.2]tells us that Z x, G is quasidiagonal. &

To establish a condition for all elementary amenable groups it suffices by
[1] and [22] to show it for abelian groups, finite groups and that the condition is
preserved by increasing unions, extensions by finite groups and extensions by Z.

PROPOSITION 4.4. Suppose G = lﬂ(Gl, @;) with @; injective. Then the Z X gi
G; are quasidiagonal if and only if Z g G is quasidiagonal.

Proof. 1t suffices to show that Z xg G is an injective inductive limit of the
Z X4 Gj. Use the injectivity of ¢; to define a *-homomorphism
p
¥, 0 Z8C— 290,

on generators by

Z:®Zg'—>1 (Git1\9i(Gp)) ® ® 271

8€G; hegi(G;)

We check this is covariant with respect to g. For ¢ € G;, we have

(¥ () i(2)" = Bl (1o e @) )
G(PZ 1

= 1 (Git1\9i(G;) ® ® Z(Pl 1(‘/’1(8) h)

hegi(G;)
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:1Z®(Gi+1\4’i<cz‘))® ® Zg-191(h)
hegi(G;)

=¥ ® z1) = H(BL(2)).
heG;
So we have a sequence of injective maps ¥; X ¢; : Z X Bi G — Zx pi+1 Gjt1, whose
limit we now show is isomorphic to ZC x p G. First notice that @(Z ®Ci y,) =~
Z®G and get the obvious maps

Z80 s 296 5 Z90 x5 G and G;— G — Z9C x4G.
We can show covariance in much the same way as before to get
Z®Gi ng;‘ G; — Z®G >4,B G.

We check that these maps are compatible with the increasing i and conclude there
is an injective map

ng(z@@cf X i Gi, ¥ X ;) = Z96 x5 G.

This map is also surjective because its image contains Z¥® and G, which generate
the target algebra. 1

PROPOSITION 4.5. If G is a finite group, then Z X, G is quasidiagonal.

Proof. Let n = |G|. We define an embedding of Z %, G into M,(Z) as
follows. First define A — M, (Z) fora € Aby

@ diag(7g(a))gec-

Then define G — U(M,,) ® 1z — U(My(Z2)) via its left regular representation.
One checks that these satisfy the covariance relations and hence we get our em-
bedding after noting Z x., G is simple. &

REMARK 4.6. This can be generalized using an elementary argument to
show that the class of G for which Z %, G is quasidiagonal is preserved by fi-
nite extensions (see for example Proposition 2.1(iv) of [23]).

PROPOSITION 4.7. If G is a countable discrete abelian group, then Z %, G is
quasidiagonal.

Proof. Lin ([12], Theorem 9.11) shows that if the crossed product of any AH-
algebra and any finitely generated abelian group has an invariant tracial state,
then the crossed product is quasidiagonal. We apply this to (Q ® Z) Xiqg, G =
Q ® (Z », G) when G is a finitely generated abelian group to show the crossed
product is quasidiagonal. Now Z x, G is a subalgebra of Q ® (Z x, G) and
hence quasidiagonal. The condition on G being finitely generated can be removed

by Proposition 1
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REMARK 4.8. If we examine this proof, we see that it will show that the class
of G for which Z x, G is quasidiagonal is preserved by Z-extensions provided
Z X G satisfies the UCT. This was done for Mz~ xg G in [23] by noticing that it is
a groupoid and applying results of Tu [28]. So My~ x4 G is quasidiagonal, which
implies Z X, G = Z x5 G C Mz~ Xg G is quasidiagonal.

We now summarize this section.

THEOREM 4.9. Let 7y be as in Definition and let G be a countable discrete
elementary amenable group. Then Z X, G is a unital separable simple nuclear Z-stable
C*-algebra with rational tracial rank zero.

Proof. We combine Propositions and [.7|along with Remarks[4.6|and
to get Z x, G is quasidiagonal for all elementary amenable G and hence has
rational tracial rank zero by Corollary The remaining properties are those
listed in Proposition¢.1] &

COROLLARY 4.10. Let y be as in Theorem[4.9] Then Z x., Z is unital separable
simple nuclear Z-stable with rational tracial rank zero and a unique tracial state as well
as satisfying the UCT. Also for i = 0 or 1,

Ki(Z %, Z) = 7.

Proof. Putting G = Z in Theorem [£.9]shows that Z x, Z is unital separable
simple nuclear Z-stable with unique tracial state and rational tracial rank zero.
Crossed products by Z always satisfy the UCT. The K-groups are obtained using
the Pimsner—Voiculescu six-term exact sequence. 1

We also know that every other strongly outer Z-action is outer conjugate to
v by Sato ([27], Theorem 1.3).

5. THE CROSSED PRODUCTS A x, G

Let A be a unital C*-algebra and G a discrete group. Let w be as in Defini-
tion[3.Tand vy as in Definition[2.2] If A is Z-stable, then w is conjugate to an action
of G on A that we will also call w. The proofs of the following are standard.

PROPOSITION 5.1. For g € G let ug and uy be the implementing unitaries for wg
and vy respectively. There is an isomorphism

I1(A®Z)XwG = A®(Z x,G),
such that
i:(a®z)ug — a® (zuy).
COROLLARY 5.2. Z Xy G = Z X, G.
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LEMMA 5.3. If A is Z-stable, then there is a x-isomorphism

QR (AXuG)=(Q®A)®((Z2x,G)® Q).
Proof. We use Q = Q ® Q and Proposition [5.1|to write

(QeA)@(2x,6)@Q)=Q® (A1 (2 x,G))
YOR((ARZ2)%xuwG) 2 OR(AXyG). 1

PROPOSITION 5.4. Suppose A is a unital separable Z-stable C*-algebra and G
is any countable discrete amenable group. Then A X, G is a unital separable Z-stable
C*-algebra and we also have:

(i) If A is simple, then A %, G is simple.
(if) If A is nuclear, then A X, G is nuclear.
(iii) T(A %, G) = T(A).
(iv) If A has real rank zero, then A X, G has real rank zero.

Proof. For Z-stablity we use Proposition5.]to get

ZR(A%yG)=ZZR®(AR(Z2x,G)) = (ZQA)® (2 x,G)
Z2A®(ZxyG) = AxyG.

Propositions 4.1 and [5.1) imply all but the last two claims. For the tracial state
spaces, let T, be the unique tracial state on Z x, G (Proposition [4.T) and define a
map T(A) = T(A® (Z x4 G)) givenby T — T ® T,. This map is obviously affine
and injective, while for surjectivity we make use of a brief argument which can be
found as Lemma 5.15 of [16]. Now by Propositionwe have that T(A ® (Z %,
G)) = T(A Xy G). Since our algebras are Z-stable, we use the characterization
of real rank zero by Rerdam ([25], Theorem 7.2) that Ky (A) is uniformly dense in
the space of affine functions on T(A) under the standard mapping p4 gotten by
evaluation. Since Ko(A) C Ko(A % G) via p — p ® 1, under the identification
T(A) = T(A %w G), pax,c(Ko(A)) = pa(Ko(A)), which is already uniformly
dense. Hence the image of p 4 ¢ is uniformly dense and we are done. 1

THEOREM 5.5. Suppose A is a unital separable simple nuclear Z-stable C*-algebra
and G is a countable discrete elementary amenable group. Let w be as in Definition 3.1
and let «y be as in Definition Then A X, G is a unital separable simple nuclear
Z-stable C*-algebra and:
(i) If A has rational tracial rank at most one, then A X, G has rational tracial rank
at most one.
(ii) If A has rational tracial rank zero, then A X, G has rational tracial rank zero.
(iii) If A has tracial rank at most one, satisfies the UCT and Z x., G satisfies the UCT,
then A X, G has tracial rank at most one and satisfies the UCT.
(iv) If A has tracial rank zero, satisfies the UCT and Z %, G satisfies the UCT, then
A X G has tracial rank zero and satisfies the UCT.



EXISTENCE OF THE TRACIAL ROKHLIN PROPERTY 19

Proof. By Proposition the conditions of being unital, separable, simple,
nuclear and Z-stable, are retained by the crossed product. To determine the ra-
tional tracial rank of A ., G we use Lemma and apply Hu-Lin-Xue ([3],
Theorem 4.8), which says that the tracial rank of a tensor product is bounded by
the sum of the tracial ranks of the factors, to the algebra on the right hand side
of the lemma. The tracial rank of Q ® (Z x G) is zero by Theorem which
means the tracial rank is bounded by the rational tracial rank of A. This gives us
both claims about rational tracial rank. Now we address the claim for A being of
tracial rank at most one. We will use Theorem 4.7 of [17] with our A as their B
and Z %, G as their A to show that A ® (Z %, G) has tracial rank at most one
and satisfies the UCT. Hence by Proposition 5.1| A X, G has tracial rank at most
one and satisfies the UCT. Now if A was also tracial rank zero, then it is real rank
zero and Proposition 5.4 tells us that A X, G is real rank zero. But we know that
if an algebra is unital simple of tracial rank at most one and real rank zero, then
it has tracial rank zero (see for example Lemma 3.2 of [10]). &

Here is a curious result in the converse direction.

THEOREM 5.6. Let A be a unital separable simple Z-stable C*-algebra and let G
be a countable discrete elementary amenable group. Let w be as in Definition [3.1)and let
7 be as in Definition 2.2 If Z x, G satisfies the UCT and A %, G has rational tracial
rank at most one, then A has rational tracial rank at most one.

Proof. Let B = Z %, G and note A® B = A x, G by Proposition 5.1} We
now apply Lin-Sun ([17], Theorem 4.2) using Propositions[4.1and 5.4} and Theo-
rem [4.9|to verify their hypotheses. i

We specialise Theorems|[5.5and [5.6] to the case of the integers.

COROLLARY 5.7. Suppose A is a unital separable simple nuclear Z-stable C*-
algebra satisfying the UCT and w is as in Theorem[3.6] Then A X, Z is a unital separable
simple nuclear Z-stable C*-algebra satisfying the UCT. We also have:

(i) A has rational tracial rank at most one if and only if A X, Z has rational tracial
rank at most one.
(ii) If A has rational tracial rank zero, then A X, Z has rational tracial rank zero.
(iif) If A has tracial rank at most one, then A X, Z has tracial rank at most one.
(iv) If A has tracial rank zero, then A X, Z has tracial rank zero.
(V) Ki(AxuZ) = Ko(A) ® Ky (A) fori=0or1.

Proof. Proposition[5.4tells us that A x, Z is unital separable simple nuclear
and Z-stable. The UCT is always preserved by crossed products by Z. For the
claim about rational tracial rank, the forward implication is given by Theorem|5.5]
with G = Z and the converse by Theorem [5.6|with G = Z. Since Z x, Z always
satisfies the UCT, the next three claims all follow from Theorem [5.5|with G = Z.
For the K-groups, we use the Kunneth theorem for tensor products combined
with knowing the K-groups of Z x,, Z from Corollary[#.10, &
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