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ABSTRACT. In a recent work, we initiated the study of Borel equivalence rela-
tions defined on the Polish space SA(H) of self-adjoint operators on a Hilbert
space H, focusing on the difference between bounded and unbounded oper-
ators. In this paper, we show how the difficulty of specifying the domains
of self-adjoint operators is reflected in Borel complexity of associated equiv-
alence relations. More precisely, we show that the equality of domains, re-
garded as an equivalence relation on SA(H), is continously bireducible with
the orbit equivalence relation of the standard Borel group `∞(N) on RN. More-
over, we show that generic self-adjoint operators have purely singular contin-
uous spectrum equal to R.
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1. INTRODUCTION

In the recent paper [1], the authors have studied Borel complexity of var-
ious equivalence relations defined on the space SA(H) of all (not necessarily
bounded) self-adjoint operators on a separable and infinite-dimensional Hilbert
space H equipped with the strong resolvent topology (SRT). One major differ-
ence between bounded and unbounded operators is that due to the domain prob-
lems, SA(H) is not even a vector space: recall that the sum of self-adjoint oper-
ators A, B is defined as the operator C with dom(C) = dom(A) ∩ dom(B) and
Cξ := Aξ + Bξ, ξ ∈ dom(C). In general, there is no reason to expect that C is
densely defined even if dom(A), dom(B) are dense. In fact, Israel [7] has shown
that if A ∈ SA(H) has empty essential spectrum, then the set of all unitaries u
satisfying dom(A) ∩ u · dom(A) = {0} forms a norm dense Gδ subset of the uni-
tary group U (H). Thus dom(A + uAu∗) = {0} for norm-generic u. Therefore, it
is natural to expect that the domain equivalence relation

AESA(H)
dom B⇔ dom(A) = dom(B)
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has a high degree of complexity. In this paper, we determine its exact Borel com-
plexity by showing that ESA(H)

dom is an Fσ (but not Kσ) equivalence relation, and that
it is continuously bireducible (see Section 2 for the definition) with the `∞(N,R)-
orbit equivalence relation ERN

`∞ defined on RN by

(an)
∞
n=1ERN

`∞ (bn)
∞
n=1 ⇔ sup

n∈N
|an − bn| < ∞, (an)

∞
n=1, (bn)

∞
n=1 ∈ RN.

Since Rosendal ([12], Proposition 19) has shown that ERN
`∞ is universal for Kσ-

equivalence relations, ESA(H)
dom also enjoys this property. Moreover, since by this

universality the notorious Kσ equivalence relation E1 (see Section 3) is Borel re-
ducible to ESA(H)

dom , ESA(H)
dom is not Borel reducible to any orbit equivalence relation

of a Borel action of a Polish group, by the Kechris–Louveau theorem ([9], Theo-
rem 4.2). Moreover, we show that the related equivalence relation ESA(H)

dom,u (unitary
equivalence of domains) given by

AESA(H)
dom,u B⇔ ∃u unitary [u · dom(A) = dom(B)]

is Borel reducible to a Kσ equivalence relation, whence ESA(H)
dom,u 6B ESA(H)

dom as a
corollary. Finally, we strengthen our previous genericity result (Theorem 3.17(1)
in [1]) saying that elements in SA(H) which have essential spectrum R form a
dense Gδ set. Namely we prove that elements in SA(H) which have purely sin-
gular continuous spectrum R, forms a dense Gδ set in SA(H). This shows that
although every self-adjoint operator can be approximated by diagonal operators
(Weyl-von Neumann theorem), generic self-adjoint operators have rather patho-
logical spectral properties (cf. [2] and [10]). The proof is based on Simon’s won-
derland theorem [14].

2. PRELIMINARIES

We refer the reader to Section 2 of [1] for relevant definitions and nota-
tion. Basic facts about operator theory (respectively descriptive set theory) can
be found in [13] (respectively in [5], [6] or [8]). Below we give some definitions
here for convenience. Let H be a separable infinite-dimensional Hilbert space.

DEFINITION 2.1. The strong resolvent topology (SRT) on the space SA(H) of
all self-adjoint operators on H is the coarsest topology which makes the map
SA(H) 3 A 7→ (A− i)−1 ∈ B(H) continuous with respect to the strong operator
topology (SOT).

SA(H) is Polish with respect to SRT. The domain of A ∈ SA(H) is written
as dom(A).



ON BOREL EQUIVALENCE RELATIONS RELATED TO SELF-ADJOINT OPERATORS 185

DEFINITION 2.2. Let E (respectively F) be equivalence relations on a Polish
space X (respectively Y). We say that E is Borel (respectively continuously) reducible
to F, denoted E 6B F (respectively E 6c F), if there is a Borel (respectively con-
tinuous) map f : X → Y which is a reduction of E to F (i.e., xEy ⇔ f (x)F f (y)
holds for x, y ∈ X). If moreover f is injective, we say that E is Borel (respectively
continuously) embeddable into F, denoted E vB F (respectively E vc F). We say
that E is Borel (respectively continuously) bireducible with F, if E 6B F and F 6B E
(respectively E 6c F and F 6c E) hold. In this case we write E ∼B F (respectively
E ∼c F).

In the next section we consider the following three equivalence relations.

DEFINITION 2.3. We define ERN
`∞ , ESA(H)

dom and ESA(H)
dom,u by:

(i) The equivalence relation ERN
`∞ on the Polish space RN is the orbit equiva-

lence relation of the action of the standard Borel group `∞ = `∞(N) on RN by
addition. In other words, we have (an)∞

n=1ERN
`∞ (bn)∞

n=1 ⇔ sup
n∈N
|an − bn| < ∞ for

(an)∞
n=1, (bn)∞

n=1 ∈ RN.

(ii) The equivalence relation ESA(H)
dom on SA(H) is given by

AESA(H)
dom B⇔ dom(A) = dom(B).

(iii) The equivalence relation ESA(H)
dom,u on SA(H) is given by

AESA(H)
dom,u B⇔ ∃u ∈ U (H) [u · dom(A) = dom(B)].

We also recall a result on operator ranges. Recall that a subspace R ⊂ H
is an operator range in H, if R is equal to the range Ran(T) for some T ∈ B(H).
We may choose T to be self-adjoint with 0 6 T 6 1. In this case, we set Hn :=
ET((2−n−1, 2−n])H (n = 0, 1, . . .). Then Hn are mutually orthogonal closed sub-

spaces of H with H =
∞⊕

n=0
Hn (by the density of R). {Hn}∞

n=0 are called the asso-

ciated subspaces for T (see Section 3 of [4] for details). Since we are only concerned
with dense operator ranges, we state the following result ([4], Theorem 3.3) for
dense operator ranges (in this case the condition (1) of the cited theorem is auto-
matic).

THEOREM 2.4 (Köthe, Fillmore–Williams). Let R,S be dense operator ranges
in H with associated subspaces {Hn}∞

n=0 and {Kn}∞
n=0, respectively. Then there exists

u ∈ U (H) such that uR = S , if and only if there exists k > 0 such that for each n > 0
and l > 0, one has

dim(Hn ⊕ · · · ⊕ Hn+l) 6 dim(Kn−k ⊕ · · · ⊕ Kn+l+k),

dim(Kn ⊕ · · · ⊕ Kn+l) 6 dim(Hn−k ⊕ · · · ⊕ Hn+l+k),

where we use the convention Hm = Km = {0} for m < 0.
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Finally, for A ∈ SA(H), we denote by σp(A), σac(A) and σsc(A) the set of
eigenvalues, absolutely continuous spectrum, and singular continuous spectrum
of A, respectively (see Section VII.2 of [11]). We put σac(A) = ∅ (respectively
σsc(A) = ∅) if there is no absolutely continuous part (respectively singular con-
tinuous part) of A, and we say that A has purely singular continuous spectrum, if
σp(A) = ∅ = σac(A) holds.

3. MAIN RESULTS

Now we state the main result.

THEOREM 3.1. ESA(H)
dom is an Fσ equivalence relation which is continuously bire-

ducible with ERN
`∞ .

Before going to the proof, let us state an immediate corollary. We need two
important results. Recall that a subspace of a topological space is called Kσ or
σ-compact, if it is a countable union of compact subsets. First, Rosendal ([12],
Proposition 19) has shown that

THEOREM 3.2 (Rosendal). ERN
`∞ is universal for Kσ equivalence relations in the

sense that any Kσ equivalence relation on a Polish space is Borel reducible to ERN
`∞ .

Secondly, recall the Kσ equivalence relation E1 on CN (where C = 2N) de-
fined by

(an)
∞
n=1E1(bn)

∞
n=1 ⇔ ∃N ∈ N ∀n > N [an = bn].

Since C and R are Borel isomorphic, E1 may alternatively be defined (when talk-
ing about Borel reducibility) as the tail equivalence relation on RN. Kechris–
Louveau ([9], Theorem 4.2) have shown that E1 is an obstruction for a given
equivalence relation to be Borel reducible to orbit equivalence:

THEOREM 3.3 (Kechris–Louveau). E1 66B EX
G for any Polish group G and Pol-

ish G-space X.

Here, EX
G stands for the orbit equivalence relation associated with the Borel

G-action. Since there are many orbit equivalence relations that are turbulent (in
the sense of [6]) and Borel reducible to ERN

`∞ (e.g. `p(N) (1 6 p < ∞) actions on
RN), Theorems 3.1, 3.2 and 3.3 imply that:

COROLLARY 3.4. ESA(H)
dom is universal for Kσ-equivalence relations. In particu-

lar, it is unclassifiable by countable structures, not Borel reducible to orbit equivalence
relation of any Polish group action.

Now we prove Theorem 3.1 in few steps.

PROPOSITION 3.5. ESA(H)
dom is an Fσ equivalence relation which is not Kσ.
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The proof relies on Douglas’ range inclusion theorem [3] (cf. Theorem 2.1
of [4]).

THEOREM 3.6 (Douglas). Let A, B ∈ B(H). Then Ran(A) ⊂ Ran(B) holds if
and only if there exists λ > 0 such that AA∗ 6 λBB∗.

Proof of Proposition 3.5. It is clear that τ : SA(H)2 3 (A, B) 7→ (B, A) ∈
SA(H)2 is a homeomorphism. Define

S := {(A, B) ∈ SA(H)2; dom(A) ⊂ dom(B)}.

Since ESA(H)
dom = S ∩ τ(S), it suffices to show that S is Fσ in SA(H)2. For A, B ∈

SA(H), we have dom(A) = Ran((|A| + 1)−1), dom(B) = Ran((|B| + 1)−1).
Therefore Theorem 3.6 shows that

dom(A) ⊂ dom(B)⇔ ∃λ > 0 [ (|A|+ 1)−2 6 λ(|B|+ 1)−2 ]

⇔ ∃k ∈ N ∀ξ ∈ H [ 〈ξ, (|A|+ 1)−2ξ〉 6 k〈ξ, (|B|+ 1)−2ξ〉 ].

Therefore S =
⋃

k∈N

⋂
ξ∈H

Sk,ξ , where

Sk,ξ := {(A, B); 〈ξ, (|A|+ 1)−2ξ〉 6 k〈ξ, (|B|+ 1)−2ξ〉}.

It is easy to see that SA(H) 3 A 7→ (|A|+ 1)−2 ∈ B(H) is SRT-SOT continuous,
hence each Sk,ξ is SRT-closed. Therefore S is Fσ. The last assertion follows from
the fact that SA(H) is not Kσ (it contains a homeomorphic copy of RN) and a well-
known fact: note that if an equivalence relation E on a Polish space X is Kσ, then
X must be Kσ.

Proof of Theorem 3.1. ESA(H)
dom is Fσ but not Kσ by Proposition 3.5. We show

that ESA(H)
dom is continuously bireducible with ERN

`∞ . We first show that ESA(H)
dom 6c

ERN
`∞ . Fix a dense countable subset {ξn}∞

n=1 of H. Given A ∈ SA(H), define TA :=
(|A|+ 1)−2. Since TA is positive and 0 is not an eigenvalue for TA, 〈ξn, TAξn〉 >
0 for every n ∈ N. Moreover, A 7→ TA is SRT-SOT continuous by functional
calculus. Therefore we may define a continuous map ϕ : SA(H)→ RN by

ϕ(A) := (an(A))∞
n=1, an(A) := log(〈ξn, TAξn〉), A ∈ SA(H), n ∈ N.

We show that ϕ is a reduction map. Let A, B ∈ SA(H). By the proof of Proposi-
tion 3.5, we have

dom(A) = dom(B)

⇔ ∃C1 > 0 ∃C2 > 0 [ C1TB 6 TA 6 C2TB ]

⇔ ∃C1 > 0 ∃C2 > 0 ∀n ∈ N [ C1〈ξn, TBξn〉 6 〈ξn, TAξn〉 6 C2〈ξn, TBξn〉 ]
⇔ ∃C1 > 0 ∃C2 > 0 ∀n ∈ N [ log C1 6 an(A)− an(B) 6 log C2 ]
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⇔ sup
n∈N
|an(A)− an(B)| < ∞

⇔ ϕ(A)ERN
`∞ ϕ(B),

which shows that ESA(H)
dom 6c ERN

`∞ .

Next we show that ERN
`∞ 6c ESA(H)

dom . The proof is similar to the first part. Fix
a complete orthonormal system (CONS) {ηn}∞

n=1 for H. For each (xn)∞
n=1 ∈ RN,

define (x̃n)∞
n=1 ∈ RN

>0 by

(x̃2n−1, x̃2n) =

{
(|xn|, 0) (xn > 0),
(0, |xn|) (xn < 0),

n ∈ N.

Thus (1,− 1
2 , 4, 0, . . .) is mapped to (1, 0, 0, 1

2 , 4, 0, 0, 0, . . .), etc. It is easy to see that
RN 3 (xn)∞

n=1 7→ (x̃n) ∈ RN
>0 is an injective continuous map satisfying

(3.1) sup
n∈N
|xn − yn| < ∞⇔ sup

n∈N
|x̃n − ỹn| < ∞, (xn)

∞
n=1, (yn)

∞
n=1 ∈ RN.

We define ψ : RN → SA(H) by

ψ(α) :=
∞

∑
n=1
{exp( 1

2 x̃n)− 1}〈ηn, · 〉ηn, α = (xn)
∞
n=1 ∈ R.

It is easy to see that ψ is continuous, and

Tψ(α) = (ψ(α) + 1)−2 =
∞

∑
n=1

exp(−x̃n)〈ηn, · 〉ηn, α = (xn)
∞
n=1 ∈ RN.

We show that ψ is a reduction map. Given α = (xn)∞
n=1, β = (yn)∞

n=1 ∈ RN, we
have (by (3.1))

dom(ψ(α)) = dom(ψ(β))⇔ ∃C1 > 0 ∃C2 > 0 [ C1Tψ(β) 6 Tψ(α) 6 C2Tψ(β) ]

⇔ ∃C1 > 0 ∃C2 > 0 ∀n ∈ N
[ C1 exp(−ỹn) 6 exp(−x̃n) 6 C2 exp(−ỹn) ]

⇔ sup
n∈N
|ỹn − x̃n| < ∞

⇔ αERN
`∞ β,

whence ERN
`∞ 6c ESA(H)

dom . This shows that ERN
`∞ is continuously bireducible with

ESA(H)
dom .

As another corollary to Theorem 3.1, we prove that ESA(H)
dom,u 6B ESA(H)

dom . This

is done by showing that ESA(H)
dom,u is Borel reducible to a Kσ equivalence relation.

Regard N∗ := N∪{∞} as a one-point compactification of N = {1, 2, . . .}. Thus N∗
is homeomorphic to { 1

n ; n ∈ N} ∪ {0} by n 7→ 1
n (n ∈ N) and ∞ 7→ 0. Consider
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the compact Polish space X :=
∞
∏

n=0
(N∗ ∪ {0}), and define X0 :=

{
(an)∞

n=0 ∈

X;
∞
∑

n=0
an = ∞

}
. Then X0 is a (dense) Gδ subspace of X, whence Polish.

DEFINITION 3.7. Define an equivalence relation EΣ on X as follows:
(an)∞

n=0EΣ(bn)∞
n=0 if and only if there exists k > 0 such that for each l > 0 and

n > 0,
l

∑
i=0

an+i 6
l+k

∑
j=−k

bn+j and
l

∑
i=0

bn+i 6
l+k

∑
j=−k

an+j.

Here, we regard an = bn = 0 (n < 0) and ∞ + n = n + ∞ = ∞ + ∞ = ∞ (n ∈ N).

PROPOSITION 3.8. EΣ is a Kσ equivalence relation, and ESA(H)
dom,u ∼B EΣ|X0 (6B

EΣ). In particular, ESA(H)
dom,u is Borel reducible to a Kσ equivalence relation.

We omit the proof of the next easy lemma.

LEMMA 3.9. For n, m ∈ N∪ {0}(n 6 m), the map X 3 (ak)
∞
k=0 7→

m
∑

k=n
ak ∈ N∗

is continuous.

LEMMA 3.10. Let a, b ∈ R, a < b, and let I = (a, b), [a, b) or (a, b]. Then the
map SA(H) 3 A 7→ rank(EA(I)) ∈ N∗ is Borel.

Proof. We show the case of I = [a, b). Let

Sn := {A ∈ SA(H); rank(EA([a, b))) 6 n} (n ∈ N∪ {0}),
S∞ := {A ∈ SA(H); rank(EA([a, b))) = ∞}.

Then by a similar argument to the proof of Proposition 3.18 in [1] (especially that
Sn,k defined there is SRT-closed), it can be shown that Sn is SRT-closed. Therefore
{A ∈ SA(H); rank(EA([a, b))) = n} = Sn \ Sn−1 (n > 1) and S0 are Borel. Then
S∞ = SA(H) \⋃n>0 Sn is Borel too. Thus the map A 7→ rank(EA(I)) is Borel.

Proof of Proposition 3.8. It is easy to see that dom(A) = dom(|A|+ 1) for
every A ∈ SA(H), and dom(A) = Ran((|A|+ 1)−1). The associated subspaces
for TA = (|A|+ 1)−1 are

Hn(TA) = ETA((2
−n−1, 2n])H, n > 0.

Note that for λ ∈ σ(A),

(|λ|+ 1)−1 ∈ (2−n−1, 2n]⇔ λ ∈ (1− 2n+1, 1− 2n] ∪ [2n − 1, 2n+1 − 1)︸ ︷︷ ︸
=:In∪Jn

.

Let d0(A) := rank(EA(−1, 1)) and dn(A) := dim Hn(TA) = rank(EA(In)) +
rank(EA(Jn)) (n > 1). By Lemma 3.10, dn : SA(H)→ N∗ is Borel for each n > 0.
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Now, note that EΣ =
∞⋃

k=0
Ek, where

Ek :=
∞⋂

l,n=0

{
((an)

∞
n=0, (bn)

∞
n=0);

l

∑
i=0

an+i 6
l+k

∑
j=−k

bn+j and
l

∑
i=0

bn+i 6
l+k

∑
j=−k

an+j

}
.

It is immediate to see that EΣ is Kσ because each Ek is a closed subset of the
compact space X× X by Lemma 3.9.

Define a Borel map ϕ : SA(H) → X0 by ϕ(A) := (dn(A))∞
n=0. Since H is

infinite-dimensional, ϕ(A) ∈ X0. Moreover, AESA(H)
dom,u B if and only if ϕ(A)EΣ ϕ(B)

by Theorem 2.4. Therefore ESA(H)
dom,u 6B EΣ|X0 6B EΣ. To show EΣ|X0 6B ESA(H)

dom,u , let

X0,k := {(an)
∞
n=0 ∈ X0; ]{n ∈ N∪ {0}; an = ∞} = k}, k ∈ N∗ ∪ {0}.

Note that each X0,k is a Borel subset of X0: it is enough to see that X̃0,k :=
k⋃

i=0
X0,i

is closed in X. But if αi = (an,i)
∞
n=0 ∈ X̃0,k tends to α = (an)∞

n=0 ∈ X0, then if
an1 = · · · = anp = ∞ (n1 < n2 < · · · < np), then by assumption there exists i0
such that for each i > i0 ai,n1 = · · · = ai,np = ∞, so p 6 k. Therefore α ∈ X̃0,k, and
X̃0,k is closed.

Now define for each k ∈ N∗ ∪ {0} a Borel map ψk : X0,k → SA(H) by the
following:

Case k = 0.

Fix a CONS {ξn}∞
n=1 for H. For α = (an)∞

n=0 ∈ X0,0, define

ψ0(α) :=
∞

∑
n=0

(2n/2 − 1)en(α),

where the projection en,0(α) is inductively defined as follows: e0,0(α) is the pro-
jection onto span{ξ1, . . . , ξa0} (if a0 > 1) and e0,0(α) = 0 otherwise, and for k > 0,

ek+1,0(α) := projection onto span{ξa0+···+ak+1, . . . , ξa0+···+ak+ak+1} if ak+1 > 1,

and ek+1,0(α) := 0 otherwise. Then it is easy to see that ψ0 : X0,0 → SA(H) is

continuous, and Tψ0(α)
=

∞
∑

n=0
2−nen,0(α). In particular, the rank of the associated

subspace for Tψ0(α)
is dn(ψ0(α)) = an (n > 0).

Case 1 6 k 6 ∞.

Let α = (an)∞
n=0 ∈ X0,k, and suppose that an1 = · · · = ank = ∞ (n1 < · · · <

nk) (for k = ∞ case this means that n1 < n2 < · · · is an infinite sequence) and
an < ∞ (n /∈ {n1, . . . , nk}). Fix another CONS {ηn, ζp,n; n > 1, 1 6 p 6 k} for H,
and define ψk(α) ∈ SA(H) by

ψk(α) :=
∞

∑
n=0

(2n/2 − 1)en,k(α),
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where the projection en,k(α) is defined as follows: define (bn)∞
n=0 ∈ X0 induc-

tively by

b0 :=

{
a0 (a0 < ∞),
0 (a0 = ∞),

bk+1 :=

{
bk + ak+1 (ak+1 < ∞),
bk (ak+1 = ∞),

k > 0,

and then put e0,k(α) = projection onto span{η1, . . . , ηb0} if a0 < ∞, and e0,k(α) :=
projection onto span{ζ1,i}∞

i=1 if a0 = ∞. For n > 1, put

en,k(α) :=


0 (an = 0),
projection onto span{ηbn−1+1, . . . , ηbn} (0 < an < ∞),
projection onto span{ζp,i}∞

i=1 (n = np).

Again ψk : X0,k → SA(H) is continuous, and dn(ψk(α)) = an (n > 0).
Finally define ψ : X0 → SA(H) by ψ|X0,k := ψk. Then since each X0,k is Borel

and ψk is continuous on X0,k, ψ is Borel. Moreover, since dn(ψ(α)) = an(n > 0) for

every α = (an)∞
n=0 ∈ X0, it follows that αEΣβ ⇔ ψ(α)ESA(H)

dom,u ψ(β) for α, β ∈ X0.

This shows that EΣ|X0 6B ESA(H)
dom,u . Therefore EΣ|X0 ∼B ESA(H)

dom,u holds.

COROLLARY 3.11. ESA(H)
dom,u 6B ESA(H)

dom holds.

Proof. By Proposition 3.8, Theorems 3.1 and 3.2, it holds that ESA(H)
dom,u 6B

ERN
`∞ ∼c ESA(H)

dom .

REMARK 3.12. It is not clear whether ESA(H)
dom 6B ESA(H)

dom,u holds.

4. GENERIC A HAS PURELY SINGULAR CONTINUOUS SPECTRUM R

In Theorem 3.17 (1) of [1], we have shown a genericity result that the set
{A ∈ SA(H); σess(A) = R} is dense Gδ in SA(H). In this last section, we show
that generic self-adjoint operators in fact have much more pathological spectral
property:

THEOREM 4.1. The set G := {A ∈ SA(H); σp(A) = σac(A) = ∅, σsc(A) =
R} is dense Gδ in SA(H).

The proof relies on the surprising theorem of Simon (which he calls “won-
derland theorem”).

DEFINITION 4.2 ([14]). Let (X, d) be a metric space of self-adjoint operators
on H. X is called a regular metric space, if d is complete and generates a topology
stronger than or equal to SRT.

THEOREM 4.3 (Simon’s wonderland theorem). Let (X, d) be a regular metric
space of self-adjoint operators on H. Suppose that for some open interval (a, b),
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(i) {A ∈ X; A has purely continuous spectrum on (a, b)} is dense in X.
(ii) {A ∈ X; A has purely singular spectrum on (a, b)} is dense in X.

(iii) {A ∈ X; A has (a, b) in its spectrum} is dense in X.
Then {A ∈ X; (a, b) ⊂ σsc(A), (a, b) ∩ σp(A) = ∅, (a, b) ∩ σac(A) = ∅} is

dense Gδ in X.

First we prove the density.

PROPOSITION 4.4. The set {A ∈ SA(H); σp(A) = σac(A) = ∅} is a dense in
SA(H).

LEMMA 4.5. Let H be an infinite-dimensional separable Hilbert space. There ex-
ists a sequence {An}∞

n=1 ⊂ SA(H) with purely singular continuous spectrum, such that

An
SRT→ 1H .

Proof. Let µ be a singular continuous probability measure on R. We identify
H = L2(R, µ), and define An to be the multiplication by fn, where fn(x) :=
1
n x + 1 (x ∈ R, n ∈ N). Then each An has purely singular continuous spectrum,

and An
SRT→ 1H by Lebesgue dominated convergence theorem.

Proof of Proposition 4.4. Let A ∈ SA(H) and let V be an SRT-open neighbor-
hood of A. By Weyl–von Neumann theorem, there exists A0 ∈ V of the form

A0 =
∞
∑

n=1
an〈ξn, · 〉ξn, where {an}∞

n=1 ⊂ R and {ξn}∞
n=1 is an orthonormal basis

for H. Let en be the orthogonal projection of H onto Cξn (n ∈ N). Let k ∈ N.
Choose a sequence of disjoint subsets I(k)1 , I(k)2 , . . . , I(k)k of N \ {1, 2, . . . , k} such

that |I(k)1 | = |I
(k)
2 | = · · · = |I

(k)
k | = ∞ and N \ {1, . . . , k} =

k⊔
i=1

I(k)i . Then for

each 1 6 i 6 k, let e(k)i be the projection of H onto the closed linear span of

{ξm; m ∈ I(k)i }, which is of infinite-rank. Define a new operator Ak ∈ SA(H)

by Ak :=
k
∑

n=1
anen +

k
∑

n=1
ane(k)n . Then Ak

k→∞→ A0 (SRT), so that there exists

k0 ∈ N such that Ak0 ∈ V holds. Now let Hi (1 6 i 6 k0) be the range of

ei + e(k0)
i , which is infinite-dimensional. Thus by Lemma 4.5, we may find a se-

quence {Ai,m}∞
m=1 ⊂ SA(Hi) with σp(Ai,m) = σac(Am,i) = ∅ (m ∈ N) such that

Ai,m
m→∞→ ai1Hi (SRT) for each 1 6 i 6 k0. Let Am :=

k0⊕
i=1

Ai,m ∈ SA(H) (m ∈ N).

It follows that Am
m→∞→ Ak0 =

k0
∑

i=1
ai(ei + e(k0)

i ) ∈ V (SRT), so that there exists

m0 ∈ N such that Am0 ∈ V . Since σp(Am0) = σac(Am0) = ∅ and V is arbitrary,
the claim follows.
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Proof of Theorem 4.1. For each n ∈ N define

Gn := {A ∈ SA(H); σp(A)∩ (−n, n) = σac(A)∩ (−n, n) = ∅, (−n, n) ⊂ σsc(A)}.

Since G =
⋂

n∈N
Gn, it suffices to show that each Gn is dense Gδ in SA(H). We

see that assumptions of Theorem 4.3 are satisfied for X = SA(H) with (a, b) =
(−n, n):

(i) and (ii). The sets

{A ∈ SA(H); A has purely continuous spectrum on (−n, n)} and

{A ∈ SA(H); A has purely singular spectrum on (−n, n)}

are dense in SA(H), by Proposition 4.4.
(iii). By Theorem 3.17 (1) of [1], the set SAfull(H) = {A ∈ SA(H); σess(A) =

R} is a dense Gδ subset of SA(H). In particular, {A ∈ SA(H); (−n, n) ⊂ σ(A)} is
dense in SA(H).

Therefore by Theorem 4.3, Gn is dense Gδ in SA(H) for every n ∈ N, which
finishes the proof.

Acknowledgements. The authors would like to thank the anonymous referee for nu-
merous suggestions which improved the presentation of the paper. Hiroshi Ando was sup-
ported by the Danish National Research Foundation through the Centre for Symmetry and
Deformation (DNRF92). Yasumichi Matsuzawa was supported by KAKENHI 26800055
and 26350231.

REFERENCES

[1] H. ANDO, Y. MATSUZAWA, Weyl–von Neumann theorem and Borel complexity of
unitary equivalence modulo compacts of self-adjoint operators, Proc. Roy. Soc. Edin-
burgh Sect. A Math., to appear.

[2] J.R. CHOKSKI, M.G. NADKARNI, Genericity of certain classes of unitary and self-
adjoint operators, Canad. Bull. Math. 41(1998), 137–139.

[3] R.G. DOUGLAS, On majorization, factorization and range inclusion of operators in
Hilbert space, Proc. Amer. Math. Soc. 17(1966), 413–416.

[4] P.A. FILLMORE, J.P. WILLIAMS, On operator ranges, Adv. Math. 7(1971), 254–281.

[5] S. GAO, Invariant Descriptive Set Theory, Pure Appl. Math. (Boca Raton), vol. 293, CRC
Press, Boca Raton, FL 2009.

[6] G. HJORTH, Classification and Orbit Equivalence Relations, Math. Surveys Monogr., vol.
75, Amer. Math. Soc., Providence, RI 2000.

[7] R.B. ISRAEL, Some generic results in mathematical physics, Markov Process. Related
Fields 10(2004), 517–521.

[8] A.S. KECHRIS, Classical Descriptive Set Theory, Springer-Verlag, Berlin 1996.



194 HIROSHI ANDO AND YASUMICHI MATSUZAWA

[9] A.S. KECHRIS, A. LOUVEAU, The classification of hypersmooth Borel equivalence
relations, J. Amer. Math. Soc. 10(1997), 215–242.

[10] K. LATRACH, J. MARTIN PAOLI, P. SIMONNET, Some facts from descriptive set theory
concerning essential spectra and applications, Studia Math. 171 (2005), 207–225.

[11] M. REED, B. SIMON, Methods of Modern Mathematical Physics, vol I: Functional Analysis,
Academic Press, New York 1981.

[12] C. ROSENDAL, Cofinal families of Borel equivalence relations and quasiorders, J. Sym-
bolic Logic 70(2005), 1325–1340.

[13] K. SCHMÜDGEN, Unbounded Self-Adjoint Operators on Hilbert Space, Graduate Texts in
Math., vol. 265, Springer-Verlag, Berlin 2010.

[14] B. SIMON, Operators with singular continuous spectrum: I. General operators, Ann.
Math. 141(1995), 131–145.

HIROSHI ANDO, DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF

COPENHAGEN, UNIVERSITETSPARKEN 5, COPENHAGEN Ø, DK-2100, DENMARK

E-mail address: ando@math.ku.dk

YASUMICHI MATSUZAWA, DEPARTMENT OF MATHEMATICS, FACULTY OF ED-
UCATION, SHINSHU UNIVERSITY, 6-RO, NISHI-NAGANO, NAGANO, 380–8544, JAPAN

E-mail address: myasu@shinshu-u.ac.jp

Received May 24, 2014; revised June 21, 2014 and September 3, 2014.


	1. INTRODUCTION
	2. PRELIMINARIES
	3. MAIN RESULTS
	4. GENERIC A HAS PURELY SINGULAR CONTINUOUS SPECTRUM R
	REFERENCES

