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1. INTRODUCTION

The notion of a Hilbert C∗-module has first been introduced by I. Kaplansky
in 1953. It is a generalization of a Hilbert space, in the sense that the inner prod-
uct in a Hilbert C∗-module takes values in a C∗-algebra. Since 1953, there has
been a continuous development of the theory of Hilbert C∗-modules which has
offered a very rich literature and useful tools for various important fields of math-
ematics, such as KK-theory, C∗-algebraic quantum group theory and groupoid
C∗-algebras.

A C∗-correspondence is a natural generalization of a Hilbert C∗-bimodule.
Namely it is a pair (X, A), where X is a right Hilbert A-module together with
a left action of A on X. In [15], M.V. Pimsner first showed how to associate a
C∗-algebra to certain C∗-correspondences, introducing a class of C∗-algebras that
are now known as Cuntz–Pimsner algebras. It was later that T. Katsura, in his
series of papers [10], [11], [12], extended the former construction and associated a
certain C∗-algebra to every C∗-correspondence. Katsura’s more general construc-
tion includes a wide range of algebras, amongst them the crossed product of a
C∗-algebra by a Hilbert C∗-bimodule, which was introduced in [1].
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The extension of so rich in results concepts to the case of pro-C∗-algebras
could not be disregarded. A pro-C∗-algebra A[τΓ] is a complete topological ∗-
algebra for which there exists a directed family of C∗-seminorms Γ = {pλ : λ ∈
Λ} defining the topology τΓ. In 1988, N.C. Phillips considered Hilbert modules
over pro-C∗-algebras and studied their structure, in [14]. An extensive survey of
the theory of Hilbert modules over pro-C∗-algebras can be found in [5]. In [16] the
notion of a Hilbert pro-C∗-bimodule over a pro-C∗-algebra was defined. Subse-
quently, in [8] we defined and studied the crossed product of a pro-C∗-algebra by
a Hilbert pro-C∗-bimodule, which is a generalization of crossed products of pro-
C∗-algebras by inverse limit automorphisms (for the latter see [6]). All the above
gave us the impetus to generalize the important topic of C∗-correspondences in
the setting of pro-C∗-algebras and to examine under which conditions we can
associate a pro-C∗-algebra to a pro-C∗-correspondence (for the latter see Defini-
tion 3.1).

The paper is organized as follows. In Section 2 we gather some basic facts on
pro-C∗-algebras and Hilbert pro-C∗-modules that are needed for understanding
the main results of this paper. Sections 3 and 4 are devoted in the definition of pro-
C∗-correspondences and representations of them respectively. In Section 5 we
prove that for a certain pro-C∗-correspondence, namely an inverse limit pro-C∗-
correspondence as we shall call it, a universal pro-C∗-algebra can be associated to
it, and in Section 6, we see that in case X is a Hilbert pro-C∗-bimodule over a pro-
C∗-algebra A the crossed product of A by X is isomorphic to the pro-C∗-algebra
associated to X, when the latter is regarded as a pro-C∗-correspondence. Finally,
in Section 7, as an application, we show how the association of a pro-C∗-algebra
to a pro-C∗-correspondence described in Section 5, generalizes the construction
of the crossed product of a pro-C∗-algebra by a strong bounded automorphism.

2. PREMIMINARIES

All vector spaces and algebras we deal with are considered over the field C
of complex numbers and all topological spaces are assumed Hausdorff.

A pro-C∗-algebra A[τΓ] is a complete topological ∗-algebra for which there
exists an upward directed family Γ of C∗-seminorms {pλ}λ∈Λ defining the topol-
ogy τΓ ([3], Definition 7.5). Other terms with which pro-C∗-algebras can be found
in the literature are: locally C∗-algebras (A. Inoue), b∗-algebras (C. Apostol) and
LMC∗-algebras (G. Lassner, K. Schmüdgen).

For a pro-C∗-algebra A[τΓ] and for every λ ∈ Λ, the quotient normed ∗-
algebra Aλ = A/Nλ, where Nλ = {a ∈ A : pλ(a) = 0}, is already complete,
hence a C∗-algebra in the norm ‖a + Nλ‖Aλ

= pλ(a), a ∈ A ([3], Theorem 10.24).
The canonical map from A to Aλ is denoted by πA

λ . For λ, µ ∈ Λ with λ > µ,
there is a canonical surjective C∗-morphism πA

λµ : Aλ → Aµ, such that πA
λµ(a +

Nλ) = a + Nµ for all a ∈ A. The Arens–Michael decomposition gives us the
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representation of A as an inverse limit of C∗-algebras, namely A = lim
←λ

Aλ, up to

a topological ∗-isomorphism ([3], p. 15–16). We refer the reader to [3] for further
information about pro-C∗-algebras.

Given two pro-C∗-algebras A[τΓ] and B[τΓ′ ], a continuous ∗-morphism ϕ :
A→ B is called a pro-C∗-morphism.

Here we recall some basic facts from [5] and [16] regarding Hilbert pro-C∗-
modules and Hilbert pro-C∗-bimodules, respectively.

Let A[τΓ] be a pro-C∗-algebra. A right Hilbert pro-C∗-module X over A (or just
Hilbert A-module), is a linear space X that is also a right A-module equipped with
an A-valued inner product 〈·, ·〉A, that is C- and A-linear in the second variable
and conjugate linear in the first variable, with the following properties:

(i) 〈x, x〉A > 0, ∀ x ∈ X, and 〈x, x〉A = 0 if and only if x = 0,
(ii) (〈x, y〉A)∗ = 〈y, x〉A, ∀ x, y ∈ X,

and which is complete with respect to the topology given by the family of semi-
norms {pA

λ }λ∈Λ, with pA
λ (x) = pλ(〈x, x〉A)1/2, x ∈ X.

A Hilbert A-module is full if the pro-C∗-subalgebra of A generated by
{〈x, y〉A; x, y ∈ X} coincides with A.

A left Hilbert pro-C∗-module X over a pro-C∗-algebra A[τΓ] is defined in the
same way, where for instance the completeness is requested with respect to the
family of seminorms {A pλ}λ∈Λ, where A pλ(x) = pλ(A〈x, x〉)1/2, x ∈ X.

In case X is a left Hilbert pro-C∗-module over A[τΓ] and a right Hilbert
pro-C∗-module over B[τΓ′ ] (τΓ′ is given by the family of C∗-seminorms {qλ}λ∈Λ),
such that the following relations hold:

(i) A〈x, y〉z = x〈y, z〉B for all x, y, z ∈ X ,
(ii) qB

λ(ax)6 pλ(a)qB
λ(x) and A pλ(xb)6 qλ(b)A pλ(x), for all x ∈ X, a ∈ A, b ∈

B and for all λ ∈ Λ,

then we say that X is a Hilbert A-B pro-C∗-bimodule.
A Hilbert A-B pro-C∗-bimodule X is full if it is full as a right and as a left

Hilbert pro-C∗-module.
Let Λ be an upward directed set and {Aλ; Bλ; Xλ; πλµ; χλµ; σλµ; λ, µ ∈ Λ, λ

> µ} an inverse system of Hilbert C∗-bimodules, that is:

(i) {Aλ; πλµ; λ, µ ∈ Λ, λ > µ} and {Bλ; χλµ; λ, µ ∈ Λ, λ > µ} are inverse
systems of C∗-algebras;

(ii) {Xλ; σλµ; λ, µ ∈ Λ, λ > µ} is an inverse system of Banach spaces;
(iii) for each λ ∈ Λ, Xλ is a Hilbert Aλ − Bλ C∗-bimodule;
(iv) 〈σλµ(x), σλµ(y)〉Bµ = χλµ(〈x, y〉Bλ

) and Aµ
〈σλµ(x), σλµ(y)〉 = πλµ(Aλ

〈x, y〉),
for all x, y ∈ Xλ and for all λ, µ ∈ Λ with λ > µ;

(v) σλµ(x)χλµ(b) = σλµ(xb), πλµ(a)σλµ(x) = σλµ(ax), for all x ∈ Xλ, a ∈
Aλ, b ∈ Bλ and for all λ, µ ∈ Λ such that λ > µ.
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Let A =lim
←λ

Aλ, B =lim
←λ

Bλ and X =lim
←λ

Xλ. Then X has the structure of a

Hilbert A-B pro-C∗-bimodule with

(xλ)λ∈Λ(bλ)λ∈Λ = (xλbλ)λ∈Λ and 〈(xλ)λ∈Λ, (yλ)λ∈Λ〉B = (〈xλ, yλ〉Bλ
)λ∈Λ,

and

(aλ)λ∈Λ(xλ)λ∈Λ = (aλxλ)λ∈Λ and A〈(xλ)λ∈Λ, (yλ)λ∈Λ〉 = (Aλ
〈xλ, yλ〉)λ∈Λ,

where (xλ)λ∈Λ ∈ X, (bλ)λ∈Λ ∈ B and (aλ)λ∈Λ ∈ A.
Let X be a Hilbert A-B pro-C∗-bimodule. Then, for each λ ∈ Λ, A pλ(x) =

qB
λ(x), for all x ∈ X, and the normed space Xλ = X/NB

λ , where NB
λ = {x ∈

X; qB
λ(x) = 0}, is complete in the norm ‖x + NB

λ ‖Xλ
= qB

λ(x), x ∈ X. Moreover,
Xλ has a canonical structure of a Hilbert Aλ− Bλ C∗-bimodule with 〈x + NB

λ , y +
NB

λ 〉Bλ
= 〈x, y〉B + ker qλ and Aλ

〈x + NB
λ , y+ NB

λ 〉 =A 〈x, y〉+ ker pλ, for all x, y ∈
X. The canonical surjection from X on Xλ is denoted by σX

λ . For λ, µ ∈ Λ with
λ > µ, there is a canonical surjective linear map σX

λµ : Xλ → Xµ such that σX
λµ(x +

NB
λ ) = x + NB

µ for all x ∈ X. Then {Aλ; Bλ; Xλ; πA
λµ; σX

λµ; πB
λµ; λ, µ ∈ Λ, λ > µ} is

an inverse system of Hilbert C∗-bimodules in the above sense.
Let X be a Hilbert pro-C∗-module over B. A morphism T : X → X of right

modules is adjointable if there is another morphism of modules T∗ : X → X such
that 〈Tx1, x2〉B = 〈x1, T∗x2〉B for all x1, x2 ∈ X. The vector space LB(X) of all
adjointable module morphisms from X to X has a structure of a pro-C∗-algebra
under the topology given by the family of C∗-seminorms {qλ,LB(X)}λ∈Λ, where

qλ,LB(X)(T) = sup{qB
λ(Tx) : qB

λ(x) 6 1}, ∀ λ ∈ Λ, T ∈ LB(X).

Moreover, {LBλ
(Xλ); π

LB(X)
λµ ; λ, µ ∈ Λ, λ > µ}where π

LB(X)
λµ : LBλ

(Xλ)→LBµ(Xµ)

is given by π
LB(X)
λµ (T)(σX

µ (x)) = σX
λµ(T(σ

X
λ (x))), for all T ∈ LBλ

(Xλ), x ∈ X, is an
inverse system of C∗-algebras and LB(X) =lim

←λ
LBλ

(Xλ), up to an isomorphism

of pro-C∗-algebras. The canonical projections π
LB(X)
λ : LB(X) → LBλ

(Xλ), λ ∈ Λ,

are given by π
LB(X)
λ (T)(σX

λ (x)) = σX
λ (T(x)) for all T ∈ LB(X) and x ∈ X. For

x, y ∈ X, the map

θy,x : X → X, given by θy,x(z) = y〈x, z〉B, ∀ x, y, z ∈ X,

is an adjointable module morphism. Θ(X) :=span{θy,x : x, y ∈ X}, i.e. the linear
span of the set {θy,x : x, y ∈ X}, is a two-sided ∗-ideal of LB(X) and its closure
in LB(X) is denoted by KB(X). Moreover, (KB(X))λ = KBλ

(Xλ), for each λ ∈ Λ,
with respect to an isomorphism of C∗-algebras.

Throughout this paper, A and B are pro-C∗-algebras whose topologies are
given by the families of C∗-seminorms {pλ, λ ∈ Λ}, respectively {qδ, δ ∈ ∆}.
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3. PRO-C∗-CORRESPONDENCES

DEFINITION 3.1. A pro-C∗-correspondence is a triple (X, A, ϕX), where A is a
pro-C∗-algebra, X is a Hilbert pro-C∗-module over A and ϕX : A → LA(X) is a
pro- C∗-morphism.

A pro-C∗-correspondence (X, A, ϕX) is nondegenerate if ϕX is nondegener-
ate (that is, [ϕX(A)X] = X, where [ϕX(A)X] stands for the closure of the linear
span of the set {ϕX(a)x : a ∈ A, x ∈ X} ).

EXAMPLE 3.2. Let A be a pro-C∗-algebra and α : A → A a nondegen-
erate pro-C∗-morphism. Consider ϕA : A → LA(A) defined by ϕA(a)(b) =
α(a)b, a, b ∈ A. Clearly, ϕA is a pro-C∗-morphism and [ϕA(A)A] = A. Therefore,
(A, A, ϕA) is a nondegenerate pro-C∗-correspondence. If α =idA, we say that
(A, A, idA) is the identity pro-C∗-correspondence.

EXAMPLE 3.3. Suppose that X is a Hilbert A-A pro-C∗-bimodule. Then
the map ϕX : A → LA(X) defined by ϕX(a)(x) = ax, a ∈ A, x ∈ X, is a
pro-C∗-morphism and since [AX] = X, (X, A, ϕX) is a nondegenerate pro-C∗-
correspondence.

EXAMPLE 3.4. Suppose that (X, A, ϕX) and (Y, A, ϕY) are pro-C∗-corres-
pondences. By p. 77–79 in [5], X ⊗ϕY Y is a Hilbert pro-C∗-module over A and
the map ϕX⊗ϕY Y : A→ LA(X⊗ϕY Y) defined by

ϕX⊗ϕY Y(a)(x⊗ϕY y) = ϕX(a)(x)⊗ϕY y, a ∈ A, x ∈ X, y ∈ Y,

is a pro-C∗-morphism ([5], Proposition 4.3.4). Then (X ⊗ϕY Y, A, ϕX⊗ϕY Y) is a
pro-C∗-correspondence called the tensor product of the pro-C∗-correspondences
(X, A, ϕX) and (Y, A, ϕY).

DEFINITION 3.5. A pro-C∗-correspondence (X, A, ϕX) is an inverse limit pro-
C∗-correspondence, if A is an inverse limit, lim

←λ
Aλ, of C∗-algebras in such a way

that X is an inverse limit, lim
←λ

Xλ, of Hilbert C∗-modules, where Xλ is a Hilbert

Aλ-module for each λ and ϕX is an inverse limit, lim
←λ

ϕXλ
, of C∗-morphisms.

EXAMPLE 3.6. The identity pro-C∗-correspondence and the Hilbert pro-C∗-
bimodules are inverse limit pro-C∗-correspondences.

Throughout this paper an ideal of a pro-C∗-algebra always means a closed
two-sided ∗-ideal. For a pro-C∗-correspondence (X, A, ϕX) and an ideal I of A,
the following ideals of A are defined (see Definition 4.1 in [12]):

X(I) = span{〈y, ϕX(a)x〉A : a ∈ I, x, y ∈ X},

X−1(I) = {a ∈ A : 〈y, ϕX(a)x〉A ∈ I, ∀ x, y ∈ X}.

LEMMA 3.7. Let X be a Hilbert A-module and I an ideal of A . We put XI =
span{xa : x ∈ X, a ∈ I}. Then x ∈ XI if and only if 〈y, x〉A ∈ I, for all y ∈ X.
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Proof. The forward implication is immediate. For the inverse, we have that
〈x, x〉A ∈ I, hence from Corollary 1.3.11 in [5], if α is a real number, 0 < α < 1/2,
then there exists y ∈ X, such that x = y〈x, x〉αA. From functional calculus in
pro-C∗-algebras (see [3]), we then have that 〈x, x〉aA ∈ I, so x ∈ XI.

Based on the previous lemma, we get that XI is a closed submodule of X.
Moreover, X/XI has a canonical structure of pre-Hilbert (i.e. not complete) mod-
ule over the pre pro-C∗-algebra A/I. In particular if I = ker pλ, then by a proof
similar to that of Lemma 3.7, we have that ker pA

λ =X ker pλ, so X/X ker pλ =Xλ.

REMARK 3.8. If by φI we denote the ∗-morphism φI : LA(X)→ LA/I(X/XI)
given by :

φI(T)(x + XI) = Tx + XI, T ∈ LA(X), x ∈ X,

where A/I, X/XI denote the completions of A/I, X/XI respectively, then we
get that X−1(I) = ker(φI ◦ ϕX). In particular, if I = ker pλ, then X−1(ker pλ) =

ker(πLA(X)
λ ◦ ϕX).

LEMMA 3.9. A pro-C∗-correspondence (X, A, ϕX) is an inverse limit pro-C∗-
correspondence if and only if X(ker pλ) ⊂ ker pλ, for all λ ∈ Λ.

Proof. Suppose that (X, A, ϕX) is an inverse limit pro-C∗-correspondence.
Then ϕX = lim

←λ
ϕXλ

. Let 〈y, ϕX(a)x〉A ∈ X(ker pλ), for x, y ∈ X, a ∈ ker pλ. Then

πA
λ (〈y, ϕX(a)x〉A) = 〈σX

λ (y), π
LA(X)
λ (ϕX(a))σX

λ (x)〉Aλ

= 〈σX
λ (y), ϕXλ

(πA
λ (a))σX

λ (x)〉Aλ
= 0,

and so 〈y, ϕX(a)x〉A ∈ ker pλ.
Conversely, let λ ∈ Λ. If a ∈ ker pλ, then 〈y, ϕX(a)x〉A ∈ X(ker pλ) ⊂

ker pλ, for all x, y ∈ X, whence ϕX(a)x ∈ ker pA
λ , for all x ∈ X. Also, since

ker pA
λ = X ker pλ, as noted after Lemma 3.7, the submodule ker pA

λ of X remains
invariant under the action of ϕ X(A). Therefore, we can consider a linear map
ϕXλ

: Aλ → LAλ
(Xλ) defined by

ϕXλ
(πA

λ (a))(σX
λ (x)) = σX

λ (ϕX(a)x), ∀a ∈ A, x ∈ X.

It is easy to check that (ϕXλ
)λ is an inverse system of C∗-morphisms, such that

ϕX = lim
←λ

ϕXλ
, and thus (X,A, ϕX) is an inverse limit pro-C∗-correspondence.

4. REPRESENTATIONS OF PRO-C∗-CORRESPONDENCES

DEFINITION 4.1. A morphism from a pro-C∗-correspondence (X, A, ϕX) to a pro-
C∗-correspondence (Y, B, ϕY) is a pair (Π, T) consisting of a pro-C∗-morphism Π :
A→ B and a map T : X → Y such that the following conditions are met:

(i) 〈T(x1), T(x2)〉B = Π(〈x1, x2〉A), for all x1, x2 ∈ X;
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(ii) ϕY(Π(a))T(x) = T(ϕX(a)x), for all a ∈ A and for all x ∈ X.
We say that the morphism (Π, T) is nondegenerate if [Π(A)B]=B and [T(X)B]=Y.

REMARK 4.2. Let (Π, T) be a morphism from a pro-C∗-correspondence
(X, A, ϕX) to a pro-C∗-correspondence (Y, B, ϕY). Then:

(i) T is a continuous linear map.
(ii) T(x)Π(a) = T(xa), for all a ∈ A, x ∈ X.

Proof. (i) A simple calculation, based on relation (i) of Definition 4.1, shows
that T is linear.

For each δ ∈ ∆, there is λ ∈ Λ such that, for all x ∈ X,

qB
δ (T(x))2 = qδ(Π(〈x, x〉A)) 6 pλ(〈x, x〉A) = pA

λ (x)2.

(ii) For each δ ∈ ∆, we have the following, for all a ∈ A, x ∈ X:

qB
δ (T(x)Π(a)− T(xa))2

= qδ(〈T(x)Π(a)− T(xa), T(x)Π(a)− T(xa)〉)
= qδ(Π(a∗〈x, x〉Aa)−Π(a∗〈x, xa〉A)−Π(〈xa, x〉Aa) + Π(〈xa, xa〉A)) = 0.

For the proof of Lemma 4.4, we use the following result from [9].

LEMMA 4.3 ([9], Lemma 2.2). If A is a C∗-algebra and X is a Hilbert A-module,
then for n ∈ N and x1, . . . , xn, y1, . . . , yn ∈ X we get that∥∥∥ n

∑
i=1

θxi ,yi

∥∥∥ = ‖([〈xi, xj〉A]ni,j=1)
1/2([〈yi, yj〉A]ni,j=1)

1/2‖,

where the norm in the right hand side is the norm in the C∗-algebra Mn(A), of all n× n
matrices with entries from A.

LEMMA 4.4. For a representation (Π, T) from a pro-C∗-correspondence
(X, A, ϕX) to a pro-C∗-correspondence (Y, B, ϕY), there is a pro-C∗-morphism ψT :
KA(X)→ KB(Y), such that ψT(θx,y) = θT(x),T(y), for all x, y ∈ X.

Proof. It suffices to show that ψT |Θ(X) is continuous. Since Π is continuous,
for each δ ∈ ∆, there is λ ∈ Λ, such that qδ(Π(a)) 6 pλ(a), for all a ∈ A, and
so there is a C∗-morphism Πδ : Aλ → Bδ such that πB

δ ◦Π = Πδ ◦ πA
λ . Then for

each δ ∈ ∆, we have

qδ,LB(Y)

(
ψT

( n

∑
j=1

θxj ,yj

))
= qδ,LB(Y)

( n

∑
j=1

θT(xj),T(yj)

)
=
∥∥∥ n

∑
j=1

θσY
δ (T(xj)),σY

δ (T(yj))

∥∥∥
= ‖([πB

δ (〈T(xi), T(xj)〉B)]ni,j=1)
1/2([πB

δ (〈T(yi), T(yj)〉B)]ni,j=1)
1/2‖

= ‖([πB
δ ◦Π(〈xi, xj〉A)]ni,j=1)

1/2([πB
δ ◦Π(〈yi, yj〉A)]ni,j=1)

1/2‖
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= ‖([Πδ ◦ πA
λ (〈xi, xj〉A)]ni,j=1)

1/2([Πδ ◦ πA
λ (〈yi, yj〉A)]ni,j=1)

1/2‖

= ‖([Πδ(〈σX
λ (xi), σX

λ (xj)〉A)]ni,j=1)
1/2([Πδ(〈σX

λ (yi), σX
λ (yj)〉A)]ni,j=1)

1/2‖

6 ‖([〈σX
λ (xi), σX

λ (xj)〉]ni,j=1)
1/2([〈σX

λ (yi), σX
λ (yj)〉]ni,j=1)

1/2‖

=
∥∥∥ n

∑
j=1

θσX
λ (xj),σX

λ (yj)

∥∥∥ = pλ,LA(X)

( n

∑
j=1

θxj ,yj

)
,

for all x1, . . . , xn, y1, . . . , yn ∈ X, n ∈ N.

Let (X, A, ϕX) be a pro-C∗-correspondence. For each λ ∈ Λ, we define the ideals

Jλ
X = {a ∈ A : π

LA(X)
λ (ϕX(a)) ∈ KAλ

(Xλ) and

πA
λ (ab) = 0, ∀ b ∈ ker(πLA(X)

λ ◦ ϕX)} and JX =
⋂
λ

Jλ
X .

REMARK 4.5. For a C∗-correspondence (X, A, ϕX), JX = ϕ-1
X (KA(X))∩

(ker ϕX)
⊥ ([12], Definition 3.3) is the largest ideal to which the restriction of ϕX is

an injection into KA(X). If (X, A, ϕX) is a C∗-correspondence, then

JX = {a ∈ A : ϕX(a) ∈ KA(X) and ab = 0, ∀ b ∈ ker ϕX}

= ϕ−1
X (KA(X)) ∩ (ker ϕX)

⊥ = JX .

LEMMA 4.6. Let (X, A, ϕX) be an inverse limit pro-C∗-correspondence. Then
πA

λ (Jλ
X) = JXλ

for all λ ∈ Λ.

Proof. If (X, A, ϕX) is an inverse limit correspondence, then ϕX = lim
←λ

ϕXλ

and π
LA(X)
λ ◦ ϕX = ϕXλ

◦ πA
λ , for all λ ∈ Λ. Therefore, for all λ ∈ Λ,

πA
λ (Jλ

X) = {πA
λ (a) ∈ Aλ : ϕXλ

(πA
λ (a)) ∈ KAλ

(Xλ), πA
λ (a)πA

λ (b) = 0,

∀ b ∈ ker(ϕXλ
◦ πA

λ )} = {πA
λ (a) ∈ Aλ : ϕXλ

(πA
λ (a)) ∈ KAλ

(Xλ),

πA
λ (a)πA

λ (b) = 0, ∀πA
λ (b) ∈ ker ϕXλ

} = JXλ
.

DEFINITION 4.7. (i) A representation of a pro-C∗-correspondence (X, A, ϕX) on
a pro-C∗-algebra B is a morphism (π, t) from (X, A, ϕX) to the identity correspon-
dence (B, B, idB).

(ii) A covariant representation of a pro-C∗-correspondence (X, A, ϕX) on a pro-C∗-
algebra B is a representation (π, t) with the property that ψt(ϕX(a)) = π(a), for
all a ∈ JX , where ψt is the pro-C∗-morphism given by Lemma 4.4.

Remark that in case (π, t) is a morphism of a pro-C∗-correspondence
(X, A, ϕX) on a pro-C∗-algebra B, then the map ψt : KA(X) → B of Lemma 4.4
is given by ψt(θx,y) = t(x)t(y)∗, for x, y ∈ X. This is a consequence of Proposi-
tion 6.3 below and the fact that every pro-C∗-algebra has an approximate identity
(see [3]).
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5. PRO-C∗-ALGEBRAS ASSOCIATED TO PRO-C∗-CORRESPONDENCES

For a representation (π, t) of a pro-C∗ -correspondence (X,A, ϕX) on a pro-
C∗-algebra B, we denote by pro-C∗-(π(A), t(X)) the pro-C∗-subalgebra of B gen-
erated by the images of π and t.

DEFINITION 5.1. For a pro-C∗-correspondence (X, A,ϕX), the pro-C∗-algebra
OX is defined to be the pro-C∗-algebra pro-C∗-(πX(A), tX(X)), where (πX , tX) is a
universal covariant representation of X, in the sense that for every covariant rep-
resentation (π, t) of X on a pro-C∗-algebra B, there is a unique pro-C∗-morphism
Φ : OX −→ B, such that Φ ◦ πX = π, Φ ◦ tX = t.

REMARK 5.2. (i) If (X,A,ϕX) is a C∗-correspondence, then OX is the C∗-
algebra associated to it ([10], Definition 2.6).

(ii) Let (X,A,ϕX) be a pro-C∗-correspondence. If the pro-C∗-algebraOX exists,
it is unique, up to a pro-C∗-isomorphism.

LEMMA 5.3. Let (X,A, ϕX) be an inverse limit pro-C∗-correspondence with the
property that πA

λµ(JXλ
) ⊂ JXµ , for all λ, µ ∈ Λ with λ > µ. Then for each λ, µ ∈ Λ

with λ > µ, there is a C∗-morphism ρλµ : OXλ
→ OXµ such that ρλµ ◦ tXλ

= tXµ ◦ σX
λµ

and ρλµ ◦ πXλ
= πXµ ◦ πA

λµ, where (πXλ
, tXλ

) is the universal covariant representation
of Definition 5.1. Moreover, {OXλ

; ρλµ; λ, µ ∈ Λ, λ > µ} is an inverse system of C∗-
algebras.

Proof. We easily get that for all λ > µ, the pair (πXµ ◦ πA
λµ, tXµ ◦ σX

λµ) is a
representation of the C∗-correspondence (Xλ, Aλ, ϕXλ

) on the C∗-algebra OXµ .
We will show that this representation is also a covariant representation. From

ψtXµ◦σX
λµ
(θσX

λ (x),σX
λ (y)) = tXµ ◦ σX

λµ(σ
X
λ (x))(tXµ ◦ σX

λµ(σ
X
λ (y)))∗

= tXµ(σ
X
µ (x))tXµ(σ

X
µ (y))∗

= ψtXµ
(θσX

µ (x),σX
µ (y)) = ψtXµ

(π
LA(X)
λµ (θσX

λ (x),σX
λ (y))),

for all x, y ∈ X, and taking into account that for all λ ∈ Λ , Θ(Xλ) is dense in
KAλ

(Xλ), we deduce that ψtXµ◦σX
λµ

= ψtXµ
◦ π

LA(X)
λµ |KAλ

(Xλ)
.

Let πA
λ (a) ∈ JXλ

, a ∈ A. Since πA
µ (a) = πA

λµ(π
A
λ (a)) ∈ JXµ , we have

ψtXµ◦σX
λµ
(ϕXλ

(πA
λ (a))) = ψtXµ

(π
LA(X)
λµ (ϕXλ

(πA
λ (a)))) = ψtXµ

(ϕXµ(π
A
λµ(π

A
λ (a))))

= ψtXµ
(ϕXµ(π

A
µ (a))) = πXµ(π

A
µ (a)) = πXµ ◦ πA

λµ(π
A
λ (a)).

Therefore, the pair (πXµ ◦πA
λµ, tXµ ◦ σX

λµ) is a covariant representation of the
C∗-correspondence (Xλ, Aλ, ϕXλ

) on the C∗-algebra OXµ . From the universal-
ity of the covariant representation (πXλ

, tXλ
), there exists a unique C∗-morphism

ρλµ : OXλ
→ OXµ , such that ρλµ ◦ tXλ

= tXµ ◦ σX
λµ and ρλµ ◦ πXλ

= πXµ ◦ πA
λµ.
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It is easy to check that {OXλ
; ρλµ; λ, µ ∈ Λ, λ > µ} is an inverse system of C∗-

algebras.

Using Lemma 5.3 and following the proof of Proposition 3.5 in [8], we obtain
the following result, which gives a condition under which one has a covariant
representation of an inverse limit pro-C∗-correspondence (X, A, ϕX).

PROPOSITION 5.4. Let (X,A, ϕX) be an inverse limit pro-C∗-correspondence with
the property that πA

λµ(JXλ
) ⊂ JXµ , for all λ, µ ∈ Λ with λ > µ. Then there is a covariant

representation (π, t) of (X,A, ϕX) on lim
←λ
OXλ

.

Proof. By Lemma 5.3, there is a pro-C∗-morphism π = lim
←λ

πXλ
from A to

lim
←λ
OXλ

and a map t = lim
←λ

tXλ
from X to lim

←λ
OXλ

. Following the proof of Propo-

sition 3.5 in [8], we show that (π, t) is a representation of (X,A, ϕX) on lim
←λ
OXλ

.

It is easy to check that ψt = lim
←λ

ψtXλ
. Let a ∈ JX . Then

ψt(ϕX(a)) = (ψtXλ
(ϕXλ

(πA
λ (a))))λ = (πXλ

(πA
λ (a)))λ = π(a).

Therefore, (π, t) is a covariant representation of (X,A, ϕX) on lim
←λ
OXλ

.

Next we find out an equivalent form of the condition πA
λµ(JXλ

) ⊂ JXµ in
Proposition 5.4.

LEMMA 5.5. Let (X, A, ϕX) be an inverse limit pro-C∗-correspondence. Then the
following statements are equivalent:

(i) πA
µ (Jλ

X) ∩ πA
µ (X−1(ker pµ)) = {0} , for all λ, µ ∈ Λ with µ 6 λ;

(ii) πA
λµ(JXλ

) ⊂ JXµ , for all λ, µ ∈ Λ with µ 6 λ.

Proof. If (X, A, ϕX) is an inverse limit pro-C∗-correspondence, then ϕX =

lim
←λ

ϕXλ
and π

LA(X)
λ ◦ ϕX = ϕXλ

◦ πA
λ , for all λ ∈ Λ.

(i)⇒ (ii) Let πA
λ (a) ∈ JXλ

, a ∈ A. Then

ϕXµ(π
A
µ (a)) = π

LA(X)
λµ (ϕXλ

(πA
λ (a))) ∈ π

LA(X)
λµ (KAλ

(Xλ)) = KAµ
(Xµ).

If πA
µ (b) ∈ ker ϕXµ , b ∈ A, then

b ∈ ker(ϕXµ ◦ πA
µ ) = ker(πLA(X)

µ ◦ ϕX) = X−1(ker pµ).

Therefore,

πA
µ (a)πA

µ (b) = πA
µ (ab) ∈ πA

µ (Jλ
X) ∩ πA

µ (X−1(ker pµ)) = {0},

and so πA
µ (a) = πA

λµ(π
A
λ (a)) ∈ JXµ .

(ii)⇒ (i) Let πA
µ (a) ∈ πA

µ (Jλ
X) ∩ πA

µ (X−1(ker pµ)), a ∈ A. Since

πA
µ (Jλ

X) = πA
λµ(π

A
λ (Jλ

X)) = πA
λµ(JXλ

) ⊂ JXµ ,
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where the second equality is due to Lemma 4.6, and since πA
µ (X−1(ker pµ)) =

ker ϕXµ (see Remark 3.8) we have πA
µ (a) ∈ JXµ ∩ πA

µ (X−1(ker pµ)) and so πA
µ (a)

= 0.

REMARK 5.6. Since πA
µ (ker pµ)={0} for all µ∈Λ, πA

µ (Jλ
X)∩πA

µ (X−1(ker pµ))

⊂ πA
µ (ker pµ) for all λ, µ ∈ Λ with µ 6 λ if and only if πA

µ (Jλ
X)∩πA

µ (X−1(ker pµ))

= {0} , for all λ, µ ∈ Λ with µ 6 λ.

REMARK 5.7. According to Definition 4.8 in [12] the condition X(ker pλ) ⊂
ker pλ set in Lemma 3.9 can be read as ker pλ is positively invariant for every
λ ∈ Λ. Also the condition πA

λµ(JXλ
) ⊂ JXµ for all λ, µ ∈ Λ, with λ > µ, set in

Lemma 5.3 resembles to the notion of negative invariance of an ideal given in
Definition 4.8 in [12].

DEFINITION 5.8. Let (X, A, ϕX) be a pro-C∗-correspondence. An ideal I of A
is positively invariant if X(I) ⊂ I, negatively invariant if πA

µ (Jλ
X) ∩ πA

µ (X−1(I)) ⊂
πA

µ (I), for all λ, µ ∈ Λ with λ > µ and invariant if I is both positively and nega-
tively invariant.

According to Definition 5.8, Lemma 3.9, Lemma 5.3, and Proposition 5.4 we
get the following result.

PROPOSITION 5.9. Let (X, A, ϕX) be a pro-C∗-correspondence. If ker pλ, λ ∈ Λ,
are invariant, then there exists a covariant representation of (X, A, ϕX) on lim

←λ
OXλ

.

In order to show in Theorem 5.10 below that OX exists, in case X is a pro-
C∗-correspondence endowed with the property which is described in Proposi-
tion 5.9, we are going to use the notion of a T -pair for a C∗-correspondence,
which was introduced and studied in Sections 5–7 in [12] . We recall that given
a C∗-correspondence (X, A, ϕX), a T -pair of X is a pair ω = (I, I′) of ideals
I, I′ of A such that X(I) ⊂ I and I ⊂ I′ ⊂ J(I) = {a ∈ A : φI(ϕX(a)) ∈
KA/I(X/XI), aX−1(I) ⊂ I} ([12], Definition 5.6); (for the definition of φI see Re-
mark 3.8). Also for two T -pairs ω1 = (I1, I′1), ω2 = (I2, I′2), we denote ω1 ⊂ ω2,
if I1 ⊂ I2 and I′1 ⊂ I′2 ([12], Definition 5.7).

Let (X, A, ϕX) be a pro-C∗-correspondence such that ker pλ, λ ∈ Λ are in-
variant. For each λ ∈ Λ, ωλ = ({0}, (JX)λ) is a T -pair of the C∗-correspondence
(Xλ, Aλ, ϕXλ

), since

(JX)λ = πA
λ (JX) ⊂ πA

λ (Jλ
X) = JXλ

= J({0}).

Let (πωλ
, tωλ

) be the representation of the C∗-correspondence (Xλ, Aλ, ϕXλ
) on

the C∗-algebraOXωλ
associated to the T -pair ωλ (see Definition 6.10 in [12]). More-

over, OXωλ
is generated by the images of tωλ

and πωλ
([12], Proposition 6.11).

Let λ, µ ∈ Λ with λ > µ. Then (πωµ ◦ πA
λµ, tωµ ◦ σX

λµ) is a representation
of the C∗-correspondence (Xλ, Aλ, ϕXλ

), and let ω(πωµ◦πA
λµ ,tωµ◦σX

λµ)
be the T -pair
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associated to this representation ([12], Definition 5.9). Then, by definition,

ω(πωµ◦πA
λµ ,tωµ◦σX

λµ)
= (ker(πωµ ◦ πA

λµ), (πωµ ◦ πA
λµ)
−1(ψtωµ◦σX

λµ
(KAλ

(Xλ)))).

Clearly {0} ⊂ ker(πωµ ◦ πA
λµ), and since

(πωµ ◦ πA
λµ)((JX)λ) = πωµ((JX)µ) ⊂ ψtωµ

(KAµ
(Xµ)) = ψtωµ◦σX

λµ
(KAλ

(Xλ))

we have ωλ ⊂ ω(πωµ◦πA
λµ ,tωµ◦σX

λµ)
. On the other hand,

C∗-(tωµ ◦ σX
λµ(Xλ), πωµ ◦ πA

λµ(Aλ)) = C∗-(tωµ(Xµ), πωµ(Aµ)),

and then, by Theorem 7.1 in [12], there exists a unique surjective C∗-morphism
ρω

λµ : OXωλ
→ OXωµ

such that ρω
λµ ◦ tωλ

= tωµ ◦ σX
λµ and ρω

λµ ◦ πωλ
= πωµ ◦ πA

λµ.
It is easy to check that {OXωλ

; ρω
λµ; λ, µ ∈ Λ, λ > µ} is an inverse system of C∗-

algebras.
The following theorem gives a condition under which OX exists.

THEOREM 5.10. Let (X, A, ϕX) be a pro-C∗-correspondence such that ker pλ, λ ∈
Λ, are invariant. Then there exists OX . Moreover, OX = lim

←λ
OXωλ

, up to a pro-C∗-

isomorphism.

Proof. By the above comments (πωλ
)λ is an inverse system of C∗-morphisms

and (tωλ
)λ is an inverse system of linear maps. Let tω = lim

←λ
tωλ

and πω =

lim
←λ

πωλ
. Following the proof of Proposition 3.5 in [8], we show that (πω, tω) is a

representation of (X,A, ϕX) on lim
←λ
OXωλ

. It is easy to check that ψtω = lim
←λ

ψtωλ
.

For a ∈ JX , we have

ψtω (ϕX(a)) = (ψtωλ
(ϕXλ

(πA
λ (a))))λ ([12], Lemma 5.10(v))

= (πtωλ
(πA

λ (a)))λ = πω(a).

Therefore, (πω, tω) is a covariant representation of (X,A, ϕX). Moreover, pro-C∗-
(πω(A), tω(X)) = lim

←λ
OXωλ

.

Let (π, t) be a covariant representation of (X, A, ϕX) on a pro-C∗-algebra B.
Then, for each δ ∈ ∆, there exists a representation (πδ, tδ) of the C∗-corresponden-
ce (Xλ, Aλ, ϕXλ

) on the C∗-algebra Bδ such that πB
δ ◦ t = tδ ◦ σX

λ and πB
δ ◦ π =

πδ ◦ πA
λ . Since,

πδ((JX)λ) = πB
δ ◦ π(JX) = πB

δ (ψt(ϕX(JX))) ⊂ πB
δ (ψt(KA(X)))

= ψtδ
(π

LA(X)
λ (KA(X))) = ψtδ

(KAλ
(Xλ)),

ωλ ⊂ ω(tδ ,πδ)
, and then, by Theorem 7.1 in [12], there exists a surjective C∗-

morphism ρ̃δ : OXωλ
→ C∗-(tδ(Xλ), πδ(Aλ)) such that ρ̃δ ◦ tωλ

= tδ and ρ̃δ ◦
πωλ

= πδ. Therefore, there is a continuous ∗-morphism ρδ : lim
←λ
OXωλ

→ Bδ,

with ρδ = ρ̃δ ◦ χλ, where χλ is the canonical projection from lim
←λ
OXωλ

to OXωλ
.
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For each δ1, δ2 ∈ ∆, such that δ1 > δ2, we have πB
δ1δ2
◦ ρδ1 = ρδ2 (see the proof of

Proposition 3.5 in [8]), and so there is a pro-C∗-morphism ρ : lim
←λ
OXωλ

→ B such

that πB
δ ◦ ρ = ρδ, for all δ ∈ ∆. It is easy to check that ρ ◦ tω = t and ρ ◦ πω = π.

Therefore the result follows from Definition 5.1 and Remark 5.2(ii).

6. PRO-C∗-CORRESPONDENCES AND CROSSED PRODUCTS OF HILBERT PRO-C∗-BIMODULES

Let X be a Hilbert bimodule over a pro-C∗-algebra A whose topology is
given by the family of C∗-seminorms {pλ, λ ∈ Λ}.

DEFINITION 6.1 ([8], Definition 3.1). A covariant representation of a Hilbert
A-A pro-C∗-bimodule X on a pro-C∗-algebra B is a pair (ϕX , ϕA) consisting of
a pro-C∗-morphism ϕA : A → B and a map ϕX : X → B which verifies the
following relations:

(i) ϕX(xa) = ϕX(x)ϕA(a) and ϕX(ax) = ϕA(a)ϕX(x) for all x ∈ X and for all
a ∈ A.

(ii) ϕX(x)∗ϕX(y)= ϕA(〈x, y〉A) and ϕX(x)ϕX(y)∗= ϕA(A〈x, y〉) for all x, y∈X.

DEFINITION 6.2 ([8], Definition 3.3). The crossed product of A by X is a pro-C∗-
algebra, denoted by A×X Z, and a covariant representation (iX , iA) of (X, A) on
A×X Z with the property that for any covariant representation (ϕX , ϕA) of (X, A)
on a pro-C∗-algebra B, there is a unique pro-C∗-morphism Φ : A×X Z→B such
that Φ ◦ iX = ϕX and Φ ◦ iA = ϕA.

We will show that the crossed product A×X Z of A by X is isomorphic to the
pro-C∗-algebra OX associated to X, when X is regarded as a pro-C∗-correspon-
dence.

The following result is a generalization of Theorem 6.5 in [16]. If X is a
Hilbert A-A pro-C∗-bimodule, then by A I, we denote the closed ideal
span{A〈x, y〉 : x, y ∈ X} of A.

PROPOSITION 6.3. Let X be a Hilbert A-A pro-C∗-bimodule. Then A I = KA(X),
up to a pro-C∗-isomorphism.

Proof. Since A I is a closed ∗-ideal of A, it is a pro-C∗-algebra, hence we get
that

A I = lim
←λ

πA
λ (A I) = lim

←λ
πA

λ (span{ A〈x, y〉 : x, y ∈ X})

= lim
←λ

span{Aλ
〈σX

λ (x), σX
λ (y)〉 : x, y ∈ X} = lim

←λ
Aλ

I.

From Proposition 1.10 in [2], we have that for every λ ∈ Λ, there exists a C∗-
isomorphism ψλ : Aλ

I → KAλ
(Xλ) given by

ψλ(π
A
λ (a))(σX

λ (x)) = πA
λ (a)σX

λ (x)
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for all a ∈ A I, x ∈ X. Moreover, for every a ∈ A I, x ∈ X, λ, µ ∈ Λ with λ > µ

((π
LA(X)
λµ ◦ψλ)(π

A
λ (a)))(σX

µ(x))=σX
λµ(ψλ(π

A
λ(a))σX

λ(x))=σX
λµ(π

A
λ(a)σX

λ (x))=σX
µ(ax)

=ψµ(π
A
µ (a))(σX

µ (x)) = (ψµ ◦ πA
λµ)(π

A
λ (a))(σX

µ (x)).

Therefore (ψλ)λ∈Λ is an inverse system of C∗-isomorphisms between Aλ
I and

KAλ
(Xλ). Hence, since KA(X) = lim

←λ
KAλ

(Xλ), there is a unique pro-C∗-isomor-

phism ψ : A I → KA(X), such that ψ(a)(x) = ax and pλ,LA(X)(ψ(a)) = pλ(a), for
all λ ∈ Λ, x ∈ X, a ∈ A I.

PROPOSITION 6.4. Let X be a Hilbert A-A pro-C∗-bimodule. If X is viewed as a
pro-C∗-correspondence over A, then JX = A I.

Proof. For each λ ∈ Λ, we have πA
λ (Jλ

X) = JXλ
= Aλ

I = πA
λ (A I) (for the

equality JXλ
=Aλ

I see Lemma 2.4 in [10]). Then a ∈ JX if and only if πA
λ (a) ∈

πA
λ (Jλ

X) = πA
λ (A I), for all λ ∈ Λ, that is if and only if a ∈ A I.

Then from Proposition 6.4 and Proposition 6.3, we get the following corol-
lary.

COROLLARY 6.5. Let X be a Hilbert A-A pro-C∗-bimodule. If X is viewed as
a pro-C∗-correspondence over A, then JX = KA(X), up to a pro-C∗-isomorphism.
Moreover, the pro-C∗-isomorphism from JX to KA(X) is given by Ψ : JX → KA(X),
Ψ(a)x = ax.

PROPOSITION 6.6. Let (X, A, ϕX) be a pro-C∗-correspondence. Then the follow-
ing assertions are equivalent:

(i) X has the structure of a Hilbert A-A pro-C∗-bimodule;
(ii) ϕX |JX is a pro-C∗-isomorphism onto KA(X) such that pλ,LA(X)(ϕX(a)) = pλ(a),

for all a ∈ JX , λ ∈ Λ.

Proof. (i)⇒ (ii) It follows from Corollary 6.5.
(ii)⇒ (i) It is easy to check that X has the structure of a left A-module with

ax = ϕX(a)(x), a ∈ A, x ∈ X and A〈x, y〉 = (ϕX |JX )
−1(θx,y), x, y ∈ X, defines a

left inner product on X. To show that X is a Hilbert A-A bimodule, it remains to
prove the coincidence of the topologies inherited on X by the two inner products.
For all x ∈ X and λ ∈ Λ, we have

A pλ(x)2 = pλ(A〈x, x〉) = pλ((ϕX |JX )
−1(θx,x))

= pλ,LA(X)(θx,x) = pλ(〈x, x〉A) = pA
λ (x)2.

REMARK 6.7. In case (X, A, ϕX) is an inverse limit pro-C∗-correspondence
and ϕX |JX is a pro-C∗-isomorphism onto KA(X), then pλ, LA(X)(φX(a)) = pλ(a),
for all a ∈ JX and λ ∈ Λ. Indeed, since (X, A, ϕX) is an inverse limit pro-C∗-
correspondence, ϕX = lim

←λ
ϕXλ

, and it is easy to check that π
LA(X)
λ ◦ ϕX |JX =
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ϕXλ
|(JX)λ

for each λ ∈ Λ. Let λ ∈ Λ. We will show that ϕXλ
|(JX)λ

: (JX)λ →
KAλ

(Xλ) is a C∗-isomorphism. Then it will follow that

pλ, LA(X)(ϕX(a)) = ‖πLA(X)
λ (ϕX(a))‖ = ‖ϕXλ

(πA
λ (a))‖ = ‖πA

λ (a)‖ = pλ(a)

for all a ∈ JX . So, let b ∈ JX , such that ϕXλ
(πA

λ (b)) = 0. Then b ∈ ker(πLA(X)
λ ◦

ϕX) and therefore b∗ ∈ ker(πLA(X)
λ ◦ ϕX). Since b ∈ JX we have πA

λ (b)π
A
λ (b

∗) =

0 and then pλ(b)2 = pλ(bb∗) = 0. Therefore, πA
λ (b) = 0 and thus ϕXλ

|(JX)λ
is

injective. Furthermore ϕXλ
|(JX)λ

is surjective, since

ϕXλ
((JX)λ) = ϕXλ

(πA
λ (JX)) = π

LA(X)
λ (ϕX(JX)) = π

LA(X)
λ (KA(X)) = KAλ

(Xλ).

REMARK 6.8. Let X be a Hilbert A-A pro-C∗-bimodule. If X is regarded as
a pro-C∗-correspondence, then, for each λ ∈ Λ, we have (JX)λ = πA

λ (JX) =

πA
λ (A I) = Aλ

I = JXλ
.

Let λ ∈ Λ. Since (πXλ
, tXλ

) is an injective covariant representation of Xλ

which admits a gauge action and

ωλ = ({0}, (JX)λ) = ({0}, JXλ
) = ω(πXλ

,tXλ
),

by Theorem 7.1 in [12], there is a unique C∗-isomorphism ρλ : OXωλ
→ OXλ

such
that ρλ ◦ tωλ

= tXλ
and ρλ ◦ πωλ

= πXλ
.

On the other hand, by Proposition 3.7 in [10],OXλ
is canonically isomorphic

to the crossed product Aλ ×Xλ
Z of Aλ by Xλ. Therefore, the C∗-algebras OXωλ

and Aλ ×Xλ
Z are canonically isomorphic.

Based on Proposition 3.8 in [8], Remark 6.8 and Theorem 5.10 we have the
following.

PROPOSITION 6.9. Let X be a Hilbert A-A pro-C∗-bimodule. Then the pro-C∗-
algebrasOX and A×X Z are isomorphic, when X is regarded as a pro-C∗-correspondence.

7. PRO-C∗-CORRESPONDENCES AND PRO-C∗-CROSSED PRODUCTS BY AUTOMORPHISMS

Let A be a pro-C∗-algebra whose topology is given by the family of C∗-
seminorms {pλ; λ ∈ Λ} and α a strong bounded automorphism of A (that is, for
each λ ∈ Λ, there is µ ∈ Λ such that pλ(α

n(a)) 6 pµ(a) for all a ∈ A and for all
integers n). We will show that the pro-C∗-algebra OA associated to the pro-C∗-
correspondence (A, A, ϕA) (see Example 3.2) and A×α Z, the crossed product of
A by α, are isomorphic as pro-C∗-algebras.

Indeed, if α is an automorphism of A as above, then (A, α,Z) is a pro-C∗-
dynamical system with the action of Z on A given by n → αn, and A×α Z is the
universal pro-C∗-algebra with respect to the nondegenerate covariant represen-
tations of (A, α,Z) (see Definition 5.4 and Theorem 5.9 in [7]).
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If (u, ϕ) is a nondegenerate covariant representation of (A, α,Z) on a pro-
C∗-algebra B, then (π, t), where π = ϕ and t(a) = u∗1 ϕ(a) is a nondegenerate
representation of (A, A, ϕA) on B. Moreover, this representation is covariant. In-
deed, since KA(A) = A, the pro-C∗-morphism ψt is given by ψt(a) = u∗1 ϕ(a)u1,
and then, for all a ∈ JA,

ψt(ϕA(a)) = u∗1 ϕ(ϕA(a))u1 = u∗1 ϕ(α(a))u1 = u∗1u1 ϕ(a)u∗1u1 = ϕ(a) = π(a).

Conversely, if (π, t) is a nondegenerate covariant representation of
(A, A, ϕA) on a pro-C∗-algebra B, then the map u : B → B defined by u(t(a)b) =
π(a)b is a unitary operator, and (u, ϕ), where ϕ = π and n → un = un with
u0 =idB, is a nondegenerate covariant representation of (A, α,Z) on B.

We remark that if (π, t) is a covariant representation of a nondegenerate
pro-C∗-correspondence (X, A, ϕX) on a pro-C∗-algebra B, then (π, t) is a non-
degenerate covariant representation of (X, A, ϕX) on the pro-C∗-algebra pro-C∗-
{t(X), π(A)}.

Using these facts and the universal property for crossed products of pro-C∗-
algebras ([7], Corollary 5.7), we have the following proposition.

PROPOSITION 7.1. Let A be a pro-C∗-algebra, whose topology is given by the fam-
ily of C∗-seminorms {pλ; λ ∈ Λ} and let α be an automorphism of A with the property
that for each λ ∈ Λ, there is µ ∈ Λ such that pλ(α

n(a)) 6 pµ(a), for all a ∈ A and for
all integers n. Then the pro-C∗-algebras OA and A×α Z are isomorphic.
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