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1. INTRODUCTION

The notion of a Hilbert C*-module has first been introduced by I. Kaplansky
in 1953. It is a generalization of a Hilbert space, in the sense that the inner prod-
uct in a Hilbert C*-module takes values in a C*-algebra. Since 1953, there has
been a continuous development of the theory of Hilbert C*-modules which has
offered a very rich literature and useful tools for various important fields of math-
ematics, such as KK-theory, C*-algebraic quantum group theory and groupoid
C*-algebras.

A C*-correspondence is a natural generalization of a Hilbert C*-bimodule.
Namely it is a pair (X, A), where X is a right Hilbert A-module together with
a left action of A on X. In [15], M.V. Pimsner first showed how to associate a
C*-algebra to certain C*-correspondences, introducing a class of C*-algebras that
are now known as Cuntz-Pimsner algebras. It was later that T. Katsura, in his
series of papers [10], [11], [12], extended the former construction and associated a
certain C*-algebra to every C*-correspondence. Katsura’s more general construc-
tion includes a wide range of algebras, amongst them the crossed product of a
C*-algebra by a Hilbert C*-bimodule, which was introduced in [1].
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The extension of so rich in results concepts to the case of pro-C*-algebras
could not be disregarded. A pro-C*-algebra A[tr| is a complete topological -
algebra for which there exists a directed family of C*-seminorms I' = {p, : A €
A} defining the topology tr. In 1988, N.C. Phillips considered Hilbert modules
over pro-C*-algebras and studied their structure, in [14]. An extensive survey of
the theory of Hilbert modules over pro-C*-algebras can be found in [5]. In [16] the
notion of a Hilbert pro-C*-bimodule over a pro-C*-algebra was defined. Subse-
quently, in [8] we defined and studied the crossed product of a pro-C*-algebra by
a Hilbert pro-C*-bimodule, which is a generalization of crossed products of pro-
C*-algebras by inverse limit automorphisms (for the latter see [6]). All the above
gave us the impetus to generalize the important topic of C*-correspondences in
the setting of pro-C*-algebras and to examine under which conditions we can
associate a pro-C*-algebra to a pro-C*-correspondence (for the latter see Defini-
tion 3.1).

The paper is organized as follows. In Section 2 we gather some basic facts on
pro-C*-algebras and Hilbert pro-C*-modules that are needed for understanding
the main results of this paper. Sections 3 and 4 are devoted in the definition of pro-
C*-correspondences and representations of them respectively. In Section 5 we
prove that for a certain pro-C*-correspondence, namely an inverse limit pro-C*-
correspondence as we shall call it, a universal pro-C*-algebra can be associated to
it, and in Section 6, we see that in case X is a Hilbert pro-C*-bimodule over a pro-
C*-algebra A the crossed product of A by X is isomorphic to the pro-C*-algebra
associated to X, when the latter is regarded as a pro-C*-correspondence. Finally,
in Section 7, as an application, we show how the association of a pro-C*-algebra
to a pro-C*-correspondence described in Section 5, generalizes the construction
of the crossed product of a pro-C*-algebra by a strong bounded automorphism.

2. PREMIMINARIES

All vector spaces and algebras we deal with are considered over the field C
of complex numbers and all topological spaces are assumed Hausdorff.

A pro-C*-algebra A[tr] is a complete topological x-algebra for which there
exists an upward directed family I' of C*-seminorms {p, } ¢ defining the topol-
ogy Tr ([3], Definition 7.5). Other terms with which pro-C*-algebras can be found
in the literature are: locally C*-algebras (A. Inoue), b*-algebras (C. Apostol) and
LMC*-algebras (G. Lassner, K. Schmiidgen).

For a pro-C*-algebra A[7r| and for every A € A, the quotient normed *-
algebra Ay = A/N,, where Ny = {a € A : p)(a) = 0}, is already complete,
hence a C*-algebra in the norm ||a + N, | 4, = pa(a), a € A ([3], Theorem 10.24).
The canonical map from A to A, is denoted by 74 For A, p € A with A > p,
there is a canonical surjective C*-morphism nfy : Ay — Ay, such that nfy(a +

Ny) = a+ N, foralla € A. The Arens-Michael decomposition gives us the
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representation of A as an inverse limit of C*-algebras, namely A = lir? A), up to
—

a topological *-isomorphism ([3], p. 15-16). We refer the reader to [3] for further
information about pro-C*-algebras.

Given two pro-C*-algebras A[tr] and B[ty], a continuous *-morphism ¢ :
A — Bis called a pro-C*-morphism.

Here we recall some basic facts from [5] and [16] regarding Hilbert pro-C*-
modules and Hilbert pro-C*-bimodules, respectively.

Let A[tr| be a pro-C*-algebra. A right Hilbert pro-C*-module X over A (or just
Hilbert A-module), is a linear space X that is also a right A-module equipped with
an A-valued inner product (-, -) 4, that is C- and A-linear in the second variable
and conjugate linear in the first variable, with the following properties:

(i) (x,x)4 >0,Vx € X,and (x,x)4 = 0if and only if x =0,
(i) ((xy)a) = (y,x)a, Vx,y € X,

and which is complete with respect to the topology given by the family of semi-
norms {p3 }rea, with p1 (x) = pa((x,x)4)"/%, x € X.

A Hilbert A-module is full if the pro-C*-subalgebra of A generated by
{{(x,y) a;x,y € X} coincides with A.

A left Hilbert pro-C*-module X over a pro-C*-algebra A[tr| is defined in the
same way, where for instance the completeness is requested with respect to the
family of seminorms {4p,}rea, where 4py (x) = pa(a(x, x))/%,x € X.

In case X is a left Hilbert pro-C*-module over A[tr] and a right Hilbert
pro-C*-module over B[] (T is given by the family of C*-seminorms {q, }rca),
such that the following relations hold:

@) a(x,y)z=x(y,z)pforallx,y,z € X,
(i) g% (ax) < pa(a)q5 (x) and Ap, (xb) < ga(b)Apa(x), forallx € X, a € A, b €
Band forall A € A,

then we say that X is a Hilbert A-B pro-C*-bimodule.

A Hilbert A-B pro-C*-bimodule X is full if it is full as a right and as a left
Hilbert pro-C*-module.

Let A be an upward directed set and {A); By; X); T X O A € AA
> pu} an inverse system of Hilbert C*-bimodules, that is:

(i) {A)\;T[AH,')\,;{ € AA = u} and {BA;)()W;/\,y € A A > u} are inverse

systems of C*-algebras;

(i) {X); 005 A, 4 € A, A > p} is an inverse system of Banach spaces;

(iii) for each A € A, X is a Hilbert A, — B, C*-bimodule;

(V) (oau(x), o2 (V) B, = Xap((x,¥),) and 4, (0, (x), 00 (¥)) = Tap(a, (x,9)),
forallx,y € X) and forall A,y € Awith A > y;

(v) U'Ay(x))()\y(b) = U/\;,(xb), 77)\;1(“)0-?\;4 (x) = OAu (ax), for all x € X,, a €
Ap,be Byandforall A, u € Asuchthat A > p.
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Let A :lirf\l Ay, B :liral B) and X :liral X). Then X has the structure of a
— «— —
Hilbert A-B pro-C*-bimodule with

(x\)aea(Br)aea = (xaba)aea and  ((xa)rea (Ya)rea)B = ((Xa,¥4)B, )aca

and

(a)rea(xa)aea = (@axa)rea and  a{(xa)rea (Ya)rea) = (4, (X1, ¥a))aca,

where (X)\))\E/\ e X, (b/\))\eA € Band (ﬂ/\)/\eA € A.

Let X be a Hilbert A-B pro-C*-bimodule. Then, for each A € A, 4p,(x) =
q8(x), for all x € X, and the normed space X, = X/N¥, where N¥ = {x ¢
X;q8(x) = 0}, is complete in the norm | x + N¥||x, = 45(x),x € X. Moreover,
X has a canonical structure of a Hilbert A, — B, C*-bimodule with (x + N?,y +
NBYp = (x,y)p+kergyand 4, (x+ N,y + NB) =, (x,y) + kerp,, forallx,y €
X. The canonical surjection from X on X, is denoted by ¢i. For A, € A with
A 2 u, there is a canonical surjective linear map a))fy : Xj) — Xy such that (T))fﬂ (x+
NP) = x+ Nj forall x € X. Then {Ay; By; Xy, 74, 00 T35 A i € A A 2 i} is
an inverse system of Hilbert C*-bimodules in the above sense.

Let X be a Hilbert pro-C*-module over B. A morphism T : X — X of right
modules is adjointable if there is another morphism of modules T* : X — X such
that (Tx1,x2)p = (x1, T*x2)p for all x1,x; € X. The vector space Lg(X) of all
adjointable module morphisms from X to X has a structure of a pro-C*-algebra
under the topology given by the family of C*-seminorms {q, ,(x)}1ea, Where

ALy (T) = sup{q5 (Tx) : g5 (x) <1}, VA €A, T e Lp(X).

Moreover, {LBA(X/\);niz(X);A,y € A A > u} where ngﬁ(X) : L, (Xa) — Lp, (Xu)
Lp(X)

is given by T (T) (aff(x)) = U/{(y(T(U/{((X))), forall T € Lp (X)), x € X,isan

inverse system of C*-algebras and Lg(X) :lin)} Lg, (X)), up to an isomorphism
F

of pro-C*-algebras. The canonical projections nﬁg X Lp(X) — Lg, (X)), A € A,

are given by niB(m(T) (0X(x)) = of(T(x)) forall T € Lg(X) and x € X. For
x,y € X, the map

0y : X = X, givenby6,.(z) = y(x,z)p Vx,y,z € X,

is an adjointable module morphism. ©(X) :=span{f, : x,y € X}, i.e. the linear
span of the set {0, : x,y € X}, is a two-sided *-ideal of Lg(X) and its closure
in Lp(X) is denoted by Kg(X). Moreover, (Kg(X))y = Kp, (X)), foreach A € A,
with respect to an isomorphism of C*-algebras.

Throughout this paper, A and B are pro-C*-algebras whose topologies are
given by the families of C*-seminorms {p), A € A}, respectively {gs,0 € A}.
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3. PRO-C*-CORRESPONDENCES

DEFINITION 3.1. A pro-C*-correspondence is a triple (X, A, ¢x), where Ais a
pro-C*-algebra, X is a Hilbert pro-C*-module over A and ¢x : A — L4(X) is a
pro- C*-morphism.

A pro-C*-correspondence (X, A, ¢x) is nondegenerate if ¢x is nondegener-
ate (that is, [¢px(A)X] = X, where [¢x(A)X] stands for the closure of the linear
span of the set {¢x(a)x:a € A, x € X}).

EXAMPLE 3.2. Let A be a pro-C*-algebra and « : A — A a nondegen-
erate pro-C*-morphism. Consider ¢4 : A — Ly(A) defined by ¢4(a)(b) =
a(a)b, a,b € A. Clearly, ¢ 4 is a pro-C*-morphism and [p4(A)A] = A. Therefore,
(A, A, ¢4) is a nondegenerate pro-C*-correspondence. If & =id,, we say that
(A, A,id n) is the identity pro-C*-correspondence.

EXAMPLE 3.3. Suppose that X is a Hilbert A-A pro-C*-bimodule. Then
the map ¢x : A — La(X) defined by ¢x(a)(x) = ax,a € A, x € X, isa
pro-C*-morphism and since [AX] = X, (X, A, ¢x) is a nondegenerate pro-C*-
correspondence.

EXAMPLE 3.4. Suppose that (X, A, ¢x) and (Y, A, ¢y) are pro-C*-corres-
pondences. By p. 77-79 in [5], X ®,, Y is a Hilbert pro-C*-module over A and
the map ¢xq, vy : A = LA(X ®g, Y) defined by

PX@y, Y (1) (X Dy ) = @x(a)(x) Rpyy, a€A, xeX yeY,

is a pro-C*-morphism ([5], Proposition 4.3.4). Then (X ®, Y, 4, ¢X®¢Yy) is a
pro-C*-correspondence called the tensor product of the pro-C*-correspondences
(X, A, 9x) and (Y, A, ¢y).

DEFINITION 3.5. A pro-C*-correspondence (X, A, ¢x) is an inverse limit pro-
C*-correspondence, if A is an inverse limit, lil’f\l Ay, of C*-algebras in such a way
—
that X is an inverse limit, lirg} X, of Hilbert C*-modules, where X, is a Hilbert
—

A)-module for each A and @y is an inverse limit, lil’E\I ¢x,, of C*-morphisms.
—
EXAMPLE 3.6. The identity pro-C*-correspondence and the Hilbert pro-C*-
bimodules are inverse limit pro-C*-correspondences.

Throughout this paper an ideal of a pro-C*-algebra always means a closed
two-sided x-ideal. For a pro-C*-correspondence (X, A, ¢x) and an ideal I of A,
the following ideals of A are defined (see Definition 4.1 in [12]):

X(I) = span{(y, ¢x(a)x)a: a € I, x,y € X},
X W)={ac A: (y,ox(a)x)a € ,Vx,y € X}.

LEMMA 3.7. Let X be a Hilbert A-module and I an ideal of A . We put XI =
span{xa : x € X,a € I}. Then x € XI ifand only if (y,x)a € I, forally € X.
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Proof. The forward implication is immediate. For the inverse, we have that
(x,x) 4 € I, hence from Corollary 1.3.11 in [5], if « is a real number, 0 < a« < 1/2,
then there exists y € X, such that x = y(x,x)%. From functional calculus in
pro-C*-algebras (see [3]), we then have that (x,x)% € I,sox € XI. 1

Based on the previous lemma, we get that XI is a closed submodule of X.
Moreover, X/ X1 has a canonical structure of pre-Hilbert (i.e. not complete) mod-
ule over the pre pro-C*-algebra A/I. In particular if I = ker p,, then by a proof
similar to that of Lemma we have that ker p4 = X ker p,, so X/ X ker py = X.

REMARK 3.8. Ifby ¢ we denote the -morphism ¢; : L4 (X) — Lz7(X/XI)
given by :
¢r(T)(x+XI) =Tx+XI, Te€LyX), xe€X,
where A/I,X/XI denote the completions of A/I, X/XI respectively, then we
get that X () = ker(¢; o ¢x). In particular, if I = ker p,, then X !(kerp,) =
ker(niA(X) ° Px).

LEMMA 3.9. A pro-C*-correspondence (X, A, ¢x) is an inverse limit pro-C*-
correspondence if and only if X(ker py) C ker p,, forall A € A.

Proof. Suppose that (X, A, ¢x) is an inverse limit pro-C*-correspondence.
Then ¢x = lir? ¢x,- Let (y, px(a)x) 4 € X(kerp,), for x,y € X, a € ker p,. Then
—

and so (y, ¢x(a)x)a € ker p,.

Conversely, let A € A. If a € kerp,, then (y, px(a)x)4 € X(kerp,) C
kerp,, for all x,y € X, whence ¢x(a)x € ker p;?, for all x € X. Also, since
ker pf = Xker p,, as noted after Lemma the submodule ker pj{‘ of X remains
invariant under the action of ¢ x(A). Therefore, we can consider a linear map
¢x, : Ay — La, (X)) defined by

‘PXA(”f(ﬂ))(U))f(x)) = U/{(((px(a)x), Yae A, xeX.

It is easy to check that (¢x, ), is an inverse system of C*-morphisms, such that
px = th(P x,,and thus (X,A, ¢x) is an inverse limit pro-C*-correspondence. &
“—

4. REPRESENTATIONS OF PRO-C*-CORRESPONDENCES

DEFINITION 4.1. A morphism from a pro-C*-correspondence (X, A, ¢x ) to a pro-
C*-correspondence (Y, B, ¢y) is a pair (I1, T) consisting of a pro-C*-morphism IT :
A — Band amap T : X — Y such that the following conditions are met:

(i) (T(x1), T(x2))p = II({x1,x2) 4), forall x1,x2 € X;
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(ii) ¢y (I1(a))T(x) = T(¢x(a)x), foralla € A and for all x € X.
We say that the morphism (I1, T) is nondegenerate if [[I(A)B]=B and [T(X)B|=Y.

REMARK 4.2. Let (I1,T) be a morphism from a pro-C*-correspondence
(X, A, px) to a pro-C*-correspondence (Y, B, ¢y). Then:
(i) T is a continuous linear map.
(ii) T(x)II(a) = T(xa),foralla € A, x € X.

Proof. (i) A simple calculation, based on relation (i) of Definition .1} shows
that T is hnear
For each § € A, thereis A € A such that, forall x € X,

95 (T(x))* = q5(IT({x,x) 4)) < pa((x,x)a) = pi (¥)*.
(ii) For each 0 € A, we have the following, foralla € A, x € X:
95 (T(x)I1(a) — T(xa))?
= qs((T(x)I1(a) — T(xa), T(x)II(a) — T(xa)))
= qs(IT(a*(x,x) qa) — IT(a* (x,xa) o) — IT1({xa,x) pa) + IT({xa,xa)4)) = 0. 1
For the proof of Lemma we use the following result from [9].

LEMMA 4.3 ([9], Lemma 2.2). If A is a C*-algebra and X is a Hilbert A-module,
then forn € Nand x1,...,Xu,Y1,---,Yn € X we get that

1 | = I3 ) 50 210 )2

where the norm in the right hand side is the norm in the C*-algebra M,,(A), of all n x n
matrices with entries from A.

LEMMA 4.4. For a representation (II,T) from a pro-C*-correspondence
(X, A, ¢x) to a pro-C*-correspondence (Y, B, ¢y), there is a pro-C*-morphism iy :
Ka(X) — Kp(Y), such that Y1(6x,y) = Or(x),1(y), forall x,y € X.

Proof. 1t suffices to show that i7|g(x) is continuous. Since I is continuous,
for each § € A, there is A € A, such that g5(II(a)) < pp(a), foralla € A, and
so there is a C*-morphism Il; : Ay — B such that 71? oll =1TIls0 n}\“‘. Then for
each § € A, we have

q5,Lp(Y) (lPT (}é Qx]-,y]-) )

= 45,Lg(Y) (]é 9T(xj),T ) ) ‘ oy (T(x;))0y (T(y;)) H

=H([nf(<T(xi)rT(xj)>3)]?,j:1)”2([ SUT), T )il
= |I([7e§ o TT({axi, x3) A))f ) V2 ([ © T (i yj) a))mn) 2
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(125 © 728! ({xi 27 ) ]E=) M2 (s 0 708 (i ) ) j=a) 2
= [I(I s (o (xi), a3 (7)) )T 2 (L (0 (i), o () ) ]Ej=) 2
|

X (), o N )2 ), o ) ) 2]

n n

forall xq,...,x5,y1,...,yn € X, n €N. 1

Let (X, A, ¢x) be a pro-C*-correspondence. For each A € A, we define the ideals

Jh ={ae A: 7a® (gx(a)) € Ky, (X)) and
mi(ab) =0,Vb € ker(niA(X) opx)} and Jx = ﬂ]ﬁ‘(
A

REMARK 4.5. For a C*-correspondence (X, A, ¢x),Jx = @3 (Ka(X))N
(ker px )+ ([12]], Definition 3.3) is the largest ideal to which the restriction of gy is
an injection into K4 (X). If (X, A, ¢x) is a C*-correspondence, then

JIx={acA:¢px(a) € Ku(X)andab =0, Vb € ker px}
= ¢x' (Ka(X)) N (ker 9x)~ = Jx.
LEMMA 4.6. Let (X, A, ¢x) be an inverse limit pro-C*-correspondence. Then
i (J§) = Jx, forall A € A.

Proof. 1f (X, A, ¢x) is an inverse limit correspondence, then ¢x = lirﬁl Px,
p

La(X)

and 77, °px = ¢x, © 7'(;\4, forall A € A. Therefore, forall A € A,

T (%) = {7f (a) € Ay = ox, (1 (2)) € Ka, (X2), 75 (a) 715 (b) = 0,
Vb € ker(gx, o)} = {7f (a) € Ax : ox, (714 (a)) € Ku, (Xn),
i (a) 74 (b) = 0,V7s (b) € ker ox, ) =Tx,- 1

DEFINITION 4.7. (i) A representation of a pro-C*-correspondence (X, A, ¢x) on
a pro-C*-algebra B is a morphism (77, t) from (X, A, ¢x) to the identity correspon-
dence (B, B,idp).
(ii) A covariant representation of a pro-C*-correspondence (X, A, ¢x) on a pro-C*-
algebra B is a representation (71, t) with the property that y;(¢x(a)) = m(a), for
all a € Jx, where 1 is the pro-C*-morphism given by Lemma 4.4.

Remark that in case (71,t) is a morphism of a pro-C*-correspondence
(X, A, x) on a pro-C*-algebra B, then the map ¢y : K4(X) — B of Lemma
is given by ¢ (6yy) = t(x)t(y)*, for x,y € X. This is a consequence of Proposi-
tion[6.3|below and the fact that every pro-C*-algebra has an approximate identity
(see [3]).
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5. PRO-C*-ALGEBRAS ASSOCIATED TO PRO-C*-CORRESPONDENCES

For a representation (7, t) of a pro-C* -correspondence (X,A, ¢x) on a pro-
C*-algebra B, we denote by pro-C*-(7t(A), t(X)) the pro-C*-subalgebra of B gen-
erated by the images of 7 and ¢.

DEFINITION 5.1. For a pro-C*-correspondence (X, A,¢x), the pro-C*-algebra
Ox is defined to be the pro-C*-algebra pro-C*-(1tx(A),tx(X)), where (71x,tx) is a
universal covariant representation of X, in the sense that for every covariant rep-
resentation (7, t) of X on a pro-C*-algebra B, there is a unique pro-C*-morphism
®:Ox — B,suchthat oty =7, Poty =t

REMARK 5.2. (i) If (X,A,¢x) is a C*-correspondence, then Oy is the C*-
algebra associated to it ([10], Definition 2.6).

(ii) Let (X,A,9x) be a pro-C*-correspondence. If the pro-C*-algebra Ox exists,
it is unique, up to a pro-C*-isomorphism.

LEMMA 5.3. Let (X,A, ¢x) be an inverse limit pro-C*-correspondence with the
property that ﬂfy(]XA) C Jx,  forall A,y € Awith A = p. Then for each A,y € A
with A 2, there is a C*-morphism p,, : Ox, — Ox, such that py, o tx, =tx, o Ufy
and pjy o 7TXA = 7Tx, © nj\“w where (1, tx, ) is the universal covariant representation
of Definition Moreover, {Ox,; pau; A 1 € A A = p}is an inverse system of C*-
algebras.

Proof. We easily get that for all A > p, the pair (7x, o n/w Jtx, © (Tffy

representation of the C*-correspondence (X, Ay, ¢x,) on the C*-algebra Ox,.
We will show that this representation is also a covariant representation. From

)isa

By e, Cox () = 3, 0 T (0X (D) e, 0 (X ))*
= tx, (o ())tx,, (03 ()"
A(X
= Yix, (00X () X () = Wi, (70 a )(Gaf(x),af(y)))f
for all x,y € X, and taking into account that for all A € A, ©(X,) is dense in
Ky, (X)), we deduce that 1,lJtX ocf, lptxﬂ o nAy )|KA)\(X/\)'
A

Let w4(a) € Jx,, a € A. Smce nﬁ(a) = n)\y(nf(a)) € Jx,, we have

Vi, 05, (93, (3 (@) =y, (™ (g, (73 (0)))) = iy, (9x, (e (21 ()))

= iy, (9x, (11 (1)) = 7x, (7} (a)) = 7x,, 0 7f, (7 ().

Therefore, the pair (HXM ) 71/‘{‘#, tx, o U/{;) is a covariant representation of the

C*-correspondence (X), Ay, ¢x,) on the C*-algebra Ox,. From the universal-
ity of the covariant representation (7rx,, tx, ), there exists a unique C*-morphism
oan : Ox, — OX;: , such that py, otx, = tx, o afy and py, o Tx, = X, © nfy.
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It is easy to check that {OXA;p,\H;A,y € A A > p}is an inverse system of C*-
algebras. 1

Using Lemma|5.3|and following the proof of Proposition 3.5 in [8], we obtain
the following result, which gives a condition under which one has a covariant
representation of an inverse limit pro-C*-correspondence (X, A, ¢x).

PROPOSITION 5.4. Let (X,A, ¢x) be an inverse limit pro-C*-correspondence with

the property that nfy (Jx,) C Ix, forall A,y € Awith A > p. Then there is a covariant
representation (71, t) of (X, A, px) on lil’f\l Ox,.
—

Proof. By Lemma there is a pro-C*-morphism 7 = lgil nx, from A to
1(1_1‘3‘\1 Ox,and amap t = IEE tx, from X to hﬁ; Oy, . Following the proof of Propo-
sition 3.5 in [8], we show that (7, t) is a representation of (X,A, ¢x) on lén/\l Ox, .
It is easy to check that y; = lirg} Pty - Leta € Jx. Then

Pr(gx(a)) = (1, (x, (T3 () = (71, (74 (2)))2 = 7(a).

Therefore, (7, t) is a covariant representation of (X, A, ¢x) on lin)} Ox,. 1
F

Next we find out an equivalent form of the condition nfy( Jx,) C Jx, in
Proposition
LEMMA 5.5. Let (X, A, ¢x) be an inverse limit pro-C*-correspondence. Then the
following statements are equivalent:
(1) 7'(;?(]9() N n;:‘(X_l(ker pu)) = {0}, forall A,y € Awithp < A;
(it) 7-[5\4;[(])(}\) C Jx, forall A,y € Awith p < A.

Proof. If (X, A, ¢x) is an inverse limit pro-C*-correspondence, then ¢x =
lin} ¢x, and nkA(X) o px = ¢x, o4, forall A € A.
H
(i) = (i) Let 74 (a) € Jx,, a € A. Then
La(X La(X
ox, (1 (2)) = A (gx, (4 (0))) € A (Ka, (X2) = Ka, (X,).

If nﬁ(b) € kergx,, b € A, then

b € ker(¢x, o 7'(;?) = ker(n}L‘A(X) o@x) = X !(ker Pu)-

Therefore,

A

T

()7t (b) = 7yt (ab) € 7 (J%) Nt (X (ker py)) = {03,

and so nﬁ(a) = nfy(nf(a)) € Jx,-
(i) = (i) Let 73! (a) € 7rj; (J%) N7t (X~ (ker py,)), @ € A. Since

i (J%) = m, (m U%)) = 78, Ux,) € Jx,.
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where the second equality is due to Lemma 4.6, and since 7t} (X! (ker p,)) =

ker g, (see Remark m) we have 71;?(11) € Jx, N nﬁ(X_l(ker pu)) and so nﬁ(a)
=0. 1

REMARK 5.6. Since 77/ (ker p;,)={0} for all u € A, 7/ (J§ )i (X (ker py)
C 7yt (ker py,) forall A, u € Awith u < Aifand only if 7t} (Ji) N i (X! (ker py))
= {0}, forall A, p € Awith u <A.

REMARK 5.7. According to Definition 4.8 in [12] the condition X (ker p,) C
ker p) set in Lemma (3.9 can be read as ker p, is positively invariant for every
A € A. Also the condition nfy(]XA) C Jx, forall A,p € A, with A > p, setin
Lemma [5.3| resembles to the notion of negative invariance of an ideal given in
Definition 4.8 in [12].

DEFINITION 5.8. Let (X, A, ¢x) be a pro-C*-correspondence. An ideal I of A
is positively invariant if X(I) C I, negatively invariant if 77;:‘( J3) N nﬁ(X‘l(I ) C
71;?(1 ), forall A,y € Awith A > y and invariant if I is both positively and nega-
tively invariant.

According to Definition[5.8] Lemma 3.9) Lemmal5.3} and Proposition[5.4we
get the following result.

PROPOSITION 5.9. Let (X, A, ¢x) be a pro-C*-correspondence. If ker py, A € A,
are invariant, then there exists a covariant representation of (X, A, x) on lil’f\l Ox, -
—

In order to show in Theorem below that Ox exists, in case X is a pro-
C*-correspondence endowed with the property which is described in Proposi-
tion we are going to use the notion of a 7-pair for a C*-correspondence,
which was introduced and studied in Sections 5-7 in [12] . We recall that given
a C*-correspondence (X, A, ¢x), a T-pair of X is a pair w = (I,I') of ideals
ILI'of Asuchthat X(I) C Iand I C I' C J(I) = {a € A : ¢1(px(a)) €
Ka/1(X/XI), aX~Y(I) C I} ([12], Definition 5.6); (for the definition of ¢; see Re-
mark . Also for two T-pairs wy = (I1,I1), wa = (Ip, I}), we denote w; C wy,
if 1} C I and I] C I} ([12], Definition 5.7).

Let (X, A, ¢x) be a pro-C*-correspondence such that ker p,,A € A are in-
variant. For each A € A, w) = ({0}, (Jx),) is a T -pair of the C*-correspondence
(Xa, Ay, ¢x, ), since

(Tx)r = T3 (Tx) €y (Jx) = Jx, = J({0}).

Let (7w,, tw, ) be the representation of the C*-correspondence (X, Ay, ¢x,) on
the C*-algebra O X, associated to the 7 -pair w) (see Definition 6.10 in [12]]). More-
over, Oy, is generated by the images of ., and 71, ([12], Proposition 6.11).

Let A, u € Awith A > u. Then ( Ttw, © ﬂ/’éy,ta;], o (7))5#) is a representation

of the C*-correspondence (X, Ay, ¢x, ), and let w; ) be the 7T -pair

A X
Ty on/\;l,tw# oa/\#
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associated to this representation ([12], Definition 5.9). Then, by definition,
(“)(71:‘,‘,’4071';?]4,1‘(,‘,’4 oai(y) = (kel‘(ﬂw# o 7-[;\4}!)/ (nwy o 7-[}\4]/!) (lpi‘w”o(r)L (KA/\ (X/\))))
Clearly {0} C ker (7w, © nfy), and since

(7 © 75) ((T%)2) = 7, ((T)p) € W, (K, (X)) =y, oo x (Kay (X))

we have w, C w ) On the other hand,

Ty on)\}l,tw,, UAH

C*~(tu, 0 033, (X0), Ty © T4, (AN)) = C~(t, (X), 7oy (Ap)),
and then, by Theorem 7.1 in [12], there exists a unique surjective C*-morphism
P‘}fy . (’)XWA — (’)X such that p‘i’y 0 tw, = tw,© 0'/)\(” and p‘i’y 0 T, = Ty, © nj\qﬂ
It is easy to check that {OX,,, ;P Ml,)t i € A, A > p}is an inverse system of C*-

algebras.
The following theorem gives a condition under which Ox exists.

THEOREM 5.10. Let (X, A, ¢x) be a pro-C*-correspondence such that ker p,, A €
A, are invariant. Then there exists Ox. Moreover, Ox = 111‘5\1 OX“’/\/ up to a pro-C*-
—

isomorphism.

Proof. By the above comments (77, ), is an inverse system of C*-morphisms
and (ty,)) is an inverse system of linear maps. Let t, = 11:1} tw, and T, =
liral Tw, . Following the proof of Proposition 3.5 in [8], we show that (71, t,) is a
representation of (X,A, ¢x) on lgr\l Ox,, - Itis easy to check that ¢, = lin; Pty -
For a € Jx, we have

Pr, (9x(a) = (1, (9x, (7£(2))))x  ([12], Lemma 5.10(v))

= (71, (774 (@) r = 7w ().

Therefore, (7, tw) is a covariant representation of (X, A, ¢x). Moreover, pro-C*-
(7w (A), to (X)) = lim Ox,,,

Let (7, t) be a covariant representation of (X, A, ¢x) on a pro-C*-algebra B.
Then, for each § € A, there exists a representation (715, t5) of the C*-corresponden-
ce (X), Ay, ¢x,) on the C*-algebra B; such that nf ot = tso0 U/{( and nf o =
TT5 © nf. Since,

m5((Tx)p) = 75 o 7T(~7X) = 715 (P (px(Tx))) C 75 (Y (Ka(X)))
= 1, (15" (Ka (X)) = 9, (Ka, (X0)),

wpr C Wt ny)s and then, by Theorem 7.1 in [12], there exists a surjective C*-

morphism ps : Ox, — C*-(t;(X)), 75(Ay)) such that p; o tw, = f5 and pso

Tw, = 5. Therefore, there is a continuous *-morphism p; : 1i1§\1 OXWA — By,
—

with ps = ps o x», where x, is the canonical projection from lirg\l OX“’/\ to OXwA'
—
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For each 61,6, € A, such that §; > 65, we have 7'1:(15‘31 5, O P8 = Ps, (see the proof of
Proposition 3.5 in [8]]), and so there is a pro-C*-morphism p : lir? Ox,, — Bsuch
—

that 718 o p = p;, for all 6 € A. It is easy to check that pot, = t and p o 71, = 7.
Therefore the result follows from Definition[5.I]and Remark [5.2(ii). &

6. PRO-C*-CORRESPONDENCES AND CROSSED PRODUCTS OF HILBERT PRO-C*-BIMODULES

Let X be a Hilbert bimodule over a pro-C*-algebra A whose topology is
given by the family of C*-seminorms {p,, A € A}.

DEFINITION 6.1 ([8], Definition 3.1). A covariant representation of a Hilbert
A-A pro-C*-bimodule X on a pro-C*-algebra B is a pair (¢x, ¢4) consisting of
a pro-C*-morphism ¢4 : A — B and a map ¢x : X — B which verifies the
following relations:
(i) px(xa) = px(x)pa(a) and ¢x(ax) = @a(a)ex(x) for all x € X and for all
a € A

(i) px ()" ox (v) = pa({x,y) 4) and @x (x) px (y)* = pa(a(x,y)) forallx,y € X.

DEFINITION 6.2 ([8], Definition 3.3). The crossed product of A by X is a pro-C*-
algebra, denoted by A X x Z, and a covariant representation (ix,i4) of (X, A) on
A X x Z with the property that for any covariant representation (¢x, ¢4) of (X, A)
on a pro-C*-algebra B, there is a unique pro-C*-morphism @ : A X x Z —B such
that Poix = pxand Poiy = @y4.

We will show that the crossed product A x x Z of A by X is isomorphic to the
pro-C*-algebra Ox associated to X, when X is regarded as a pro-C*-correspon-
dence.

The following result is a generalization of Theorem 6.5 in [16]. If X is a
Hilbert A-A pro-C*-bimodule, then by 4I, we denote the closed ideal
span{4(x,y) : x,y € X} of A.

PROPOSITION 6.3. Let X be a Hilbert A-A pro-C*-bimodule. Then oI = K4 (X),
up to a pro-C*-isomorphism.

Proof. Since 4l is a closed *-ideal of A, it is a pro-C*-algebra, hence we get
that

Al =lm 7 (41) = lim 74 (span{ 4 (x,y) : x,y € X})
—A —A
= limspan{s, (o' (x),03 (v)) : 1,y € X} =1lim 4,1

From Proposition 1.10 in [2], we have that for every A € A, there exists a C*-
isomorphism ¢, : 4,1 — Ku, (X,) given by

Pa(rtd (a)) (o5 (x)) = 74! (a)oy’ (x)
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forall a € 4I, x € X. Moreover, foreverya € 41, x € X, A,y € AwithA > pu

(ks ™ o) (4 () (0X(0) = 7%, (9 (@) o () = o, (@) (x) = 0 (ax)
= (7 (@) (035 (%)) = (0 7)) (e (0)) (03 ().

Therefore (5))ca is an inverse system of C*-isomorphisms between 4, I and
K4, (X)). Hence, since K4 (X) = lin)} K4, (X)), there is a unique pro-C*-isomor-
—

phism ¢ : 4] — Ka(X), such that ¢(a)(x) = axand p, 1, x)(¢(a)) = pa(a), for
alAeA xeX, ae I. 1

PROPOSITION 6.4. Let X be a Hilbert A-A pro-C*-bimodule. If X is viewed as a
pro-C*-correspondence over A, then Jx = 4l.

Proof. For each A € A, we have nf(]?i) =Jx, =al= n‘f (4l) (for the
equality Jx, =4, I see Lemma 2.4 in [10]). Then a € Jx if and only if nf(ﬂ) €
i (J§) = 4t (al), forall A € A, thatisifand only ifa € 4I. W

Then from Proposition [6.4) and Proposition[6.3] we get the following corol-
lary.

COROLLARY 6.5. Let X be a Hilbert A-A pro-C*-bimodule. If X is viewed as
a pro-C*-correspondence over A, then Jx = Ka(X), up to a pro-C*-isomorphism.
Moreover, the pro-C*-isomorphism from Jx to Ka(X) is given by ¥ : Jx — Ka(X),
¥(a)x = ax.

PROPOSITION 6.6. Let (X, A, ¢x) be a pro-C*-correspondence. Then the follow-
ing assertions are equivalent:
(i) X has the structure of a Hilbert A-A pro-C*-bimodule;
(i) ¢x| 7y is a pro-C*-isomorphism onto K4 (X) such that p, 1 , x)(¢x(a)) = pr(a),
foralla € Jx, A € A

Proof. (i) = (ii) It follows from Corollary

(if) = (i) It is easy to check that X has the structure of a left A-module with
ax = gx(a)(x),a € A,x € Xand 4(x,y) = (¢x|7,) 1 (6xy), x,y € X, defines a
left inner product on X. To show that X is a Hilbert A-A bimodule, it remains to
prove the coincidence of the topologies inherited on X by the two inner products.
Forall x € Xand A € A, we have

Apa(x)? = palalx, 1) = pal(9x]ze) " (6x,0))

= PaLax)(xx) = pal{x,0)4) = pL(x)% 0

REMARK 6.7. In case (X, A, ¢x) is an inverse limit pro-C*-correspondence
and ¢x|z7, is a pro-C*-isomorphism onto K4 (X), then p, 1, x)(¢x(a)) = pa(a),
forall a € Jx and A € A. Indeed, since (X, A, ¢x) is an inverse limit pro-C*-
(X)

correspondence, ¢x = 1ir5\1 ¢x,, and it is easy to check that ni/‘ °o@x|z, =
—
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#x,1(7y), foreach A € A. Let A € A. We will show that ¢x,|(7,), : (Ix)r —
Ky, (X)) is a C*-isomorphism. Then it will follow that

P Lax) (9x(0) = 1" (gx ()| = llox, (73 ()| = 75 (@)]| = pa(a)

foralla € Jx. So, letb € Jx, such that ¢x, (74 (b)) = 0. Then b € ker(nl/{/‘(x) o
¢x) and therefore b* € ker(niA(X) o ¢x). Since b € Jx we have 7§ (b) 4 (b*) =
0 and then p,(b)? = pa(bb*) = 0. Therefore, 7r{'(b) = 0 and thus ?x, 1 (75, 18
injective. Furthermore ¢y, |( Jx), 18 surjective, since

ox, (Tx)2) = ox, (14(T%)) = 162X (9x(Tx)) = it X (Ka (X)) = Ka, (X2)-

REMARK 6.8. Let X be a Hilbert A-A pro-C*-bimodule. If X is regarded as
a pro-C*-correspondence, then, for each A € A, we have (Jx)) = 7{(Jx) =
A — —
i (al) = a I =Jx,-
Let A € A. Since (7x,,tx,) is an injective covariant representation of X,
which admits a gauge action and

wr = ({0}, (Tx)r) = ({0}, Jx,) = Wy oty ),

by Theorem 7.1 in [12], there is a unique C*-isomorphism p, : OXwA — Oy, such
that p) ot,, = tx, and p) o 7w, = 7x,.

On the other hand, by Proposition 3.7 in [10], O, is canonically isomorphic
to the crossed product Ay xx, Z of A) by X,. Therefore, the C*-algebras Ox,,
and A, xx, Z are canonically isomorphic.

Based on Proposition 3.8 in [§], Remark[6.8 and Theorem we have the
following.

PROPOSITION 6.9. Let X be a Hilbert A-A pro-C*-bimodule. Then the pro-C*-
algebras Ox and A X x 7 are isomorphic, when X is regarded as a pro-C*-correspondence.

7. PRO-C*-CORRESPONDENCES AND PRO-C*-CROSSED PRODUCTS BY AUTOMORPHISMS

Let A be a pro-C*-algebra whose topology is given by the family of C*-
seminorms {p); A € A} and « a strong bounded automorphism of A (that is, for
each A € A, thereis u € A such that p) («"(a)) < py(a) foralla € A and for all
integers n). We will show that the pro-C*-algebra O4 associated to the pro-C*-
correspondence (A, A, ¢4) (see Example[3.2) and A x, Z, the crossed product of
A by «, are isomorphic as pro-C*-algebras.

Indeed, if a is an automorphism of A as above, then (A, «,Z) is a pro-C*-
dynamical system with the action of Z on A givenby n — &", and A x Z is the
universal pro-C*-algebra with respect to the nondegenerate covariant represen-
tations of (A, «,Z) (see Definition 5.4 and Theorem 5.9 in [7]).
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If (4, @) is a nondegenerate covariant representation of (A,«,Z) on a pro-
C*-algebra B, then (7,t), where m = ¢ and t(a) = uj¢(a) is a nondegenerate
representation of (A, A, ¢ 4) on B. Moreover, this representation is covariant. In-
deed, since K5 (A) = A, the pro-C*-morphism ; is given by ¢;(a) = uj¢p(a)u,,
and then, foralla € 7,

Yi(9a(a)) = urg(@a(a))ur = uy(a(a))my = ujmg(a)uju = ¢(a) = 7(a).

Conversely, if (r,t) is a nondegenerate covariant representation of
(A, A, p4) ona pro-C*-algebra B, then the map u : B — B defined by u(t(a)b) =
n(a)b is a unitary operator, and (u,¢), where ¢ = mand n — u, = u" with
up =idp, is a nondegenerate covariant representation of (A, «,Z) on B.

We remark that if (77,t) is a covariant representation of a nondegenerate
pro-C*-correspondence (X, A, ¢x) on a pro-C*-algebra B, then (7,t) is a non-
degenerate covariant representation of (X, A, ¢x) on the pro-C*-algebra pro-C*-
{1(X), n(A)}.

Using these facts and the universal property for crossed products of pro-C*-
algebras ([7], Corollary 5.7), we have the following proposition.

PROPOSITION 7.1. Let A be a pro-C*-algebra, whose topology is given by the fam-
ily of C*-seminorms {p,; A € A} and let a be an automorphism of A with the property
that for each A € A, there is y € A such that p)(«"(a)) < pu(a), forall a € A and for
all integers n. Then the pro-C*-algebras O 4 and A X Z are isomorphic.
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