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GROWTH CONDITIONS FOR CONJUGATION ORBITS OF
OPERATORS ON BANACH SPACES
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ABSTRACT. Let A be an invertible bounded linear operator on a complex Ba-
nach space X. With connection to the Deddens algebras, for a given k € N, we

define the class DX of all bounded linear operators T on X for which the con-
jugation orbits {A"TA™"}, <7 satisfies some growth conditions. We present

a complete description of the class D’;‘ in the case when the spectrum of A
is positive. Individual versions of Katznelson-Tzafriri theorem and their ap-
plications to the Deddens algebras are given. The Hille-Yosida space is used
to obtain local quantitative results related to the Katznelson-Tzafriri theorem.
Some related problems are also discussed.

KEYWORDS: Operator, Deddens algebra, (local) spectrum, entire function, Katznel-
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1. INTRODUCTION

Let X be a complex Banach space and let B(X) be the algebra of all bounded
linear operators on X. By ¢(T), 0p(T), 7(T), and R(z,T) := (zI — T)"! respec-
tively, we denote the spectrum, the point spectrum, the spectral radius, and the
resolvent of T € B(X).

Let H be a complex, separable infinite-dimensional Hilbert space and let A
be an invertible operator on H. In [5], Deddens introduced the set

By = {T € B(H) : sup |A"TA™"|| < °°}'
neN

Notice that B 4 is an algebra with identity (not necessarily closed) which contains
the commutant {A}’ of A. Deddens [5] showed that if A is a positive operator
with the spectral measure E(-), then B, coincides with the nest algebra associ-
ated with the nest {E[0,A] : A > 0} (recall that every nest algebra arises in this
manner). In the same paper, Deddens conjectured that the identity B4 = {A}’
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holds if the spectrum of A is reduced to {1}. In [19], Roth gave a negative an-
swer to Deddens conjecture. He showed the existence of a quasinilpotent oper-
ator V (the Volterra integration operator) for which Bj,y # {I+ V}'. In [21],
Williams proved that if A € B(X) with 0(A) = {1} and if T € B(X) satisfies the

condition sup ||[A"TA™"|| < oo, then AT = TA. In [8], [9], Drissi and Mbekhta
nez
improved Williams result by replacing his condition on A~! by the weaker con-

dition || A""TA"|| = 0(eV") (n — o), for every & > 0.

Let A € B(X) be an invertible operator and k € N. We define the class D’;l
of all operators T € B(X) for which the conjugation orbit { A"TA™"}, .7 satisfies
the following growth conditions:

(i) || ATA £t ATATY | — (1K) (1 — oo),
(ii) log " [|AT"TA"|| = o(v/n) (n — o0).

In Section 2, we present a complete description of the class DY, in the case
when the spectrum of A is positive. Section 3 contains a local version of the Katz-
nelson—Tzafriri theorem and its application to the Deddens algebras. In Section 4,
alocal version of Katznelson—Tzafriri theorem in terms of local Arveson spectrum
is given. Local quantitative results related to the Katznelson-Tzafriri theorem are
given in Section 5.

Throughout the paper, we will denote by X the closed unit ball of the dual
space X* of X. The unit circle in the complex plane will be denoted by I', whereas
D indicates the open unit disk. By R_ and Z_. respectively, we will denote the
set of all non-positive real numbers and the set of all non-negative integers. D(T)
will denote the domain of the operator T.

2. CONJUGATION ORBITS WITH GROWTH

Let A € B(X) be an invertible operator and k € N. By CX we will denote the
class of all operators T € B(X), whose conjugation orbit { A"TA~"}, .7 satisfies
the following growth conditions:

() [ A"TA"]| = o(n¥) (n = c0),
(i) log ™ [ A" TA" | = o(/n) (n — oo).

The next result gives a complete characterization of the class CZ in the case
when the spectrum of A is positive.

THEOREM 2.1. For arbitrary A € B(X) with ¢(A) C (0, 4+00), we have
k ok ' ,
ck = {T €B(X): ) (-1) ( ; ) ARTITATR = o}.
i=0

In particular, C} = {A}'.
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For the proof we need some preliminary results.

For arbitrary T € B(X) and x € X, we define pr(x) to be the setof all A € C
for which there exists a neighborhood U, of A with u(z) analytic on U, having
values in X, such that (zI — T)u(z) = x, Vz € U,. This set is open and contains
the resolvent set p(T) of T. By definition, the local spectrum of T at x, denoted
by o7(x) is the complement of pr(x), so it is a closed subset of ¢(T). This object
is most tractable if the operator T has the single-valued extension property (SVEP),
i.e., for every open set U in C, the only analytic function f : U — X for which
the equation (zI — T)f(z) = 0 holds, is the constant function f = 0. In that case,
for every x € X, there exists a maximal analytic extension of R(z, T)x to pr(x). It
follows that if T has the SVEP, then o7 (x) # @, whenever x # 0. It is easy to see
that an operator T € B(X) having spectrum without interior points has the SVEP.

Let T € B(X) and let f : U — C be an analytic function on an open neigh-
borhood U of ¢(T). Then, f(or(x)) € o¢(r)(x) for every x € X, where the equal-
ity occurs if T has SVEP ([15], Theorem 3.3.8). Here, f(T) is defined by the Riesz
functional calculus. Notice also that if T has SVEP, then so does f(T) ([15], Theo-
rem 3.3.6). The local spectral radius r7(x) of T at x € X, is defined by

rr(x) =sup{|A| : A € op(x)}.
It is well known that
rr(x) < Tim || T2/,
n—o00
where the equality occurs if T has SVEP ([15], Proposition 3.3.13).

LEMMA 2.2. Let T € B(X) be an invertible operator. Let k € N and assume that
x € X satisfies the following conditions:
N lim 0l —
(i) lim = =0,
oy 1o logt | T 7|
@ Jim, 5 <o

Then or(x) C I.

Proof. 1t follows from the condition (i) that for sufficiently large n, || T"x|| <
n* and therefore,

rr(x) < Iim || T"|Y" < lim n*/" = 1.

n—s00 n—o0
Hence, o7 (x) C D. On the other hand, it follows from the condition (ii) that for
sufficiently large n, | T~"x|| < eV". Consequently, we have

ro-1(x) < Tim [| T x|/ < Tim eV =1

n—00 n—00

and so
(A YA €or(x)} Copi(x) CD.

Hence, o7(x) CT. 1
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Recall that an entire function f is said to be of order p if

o= Tim loglog M¢(r)

r—o0 logr

where
My (r) = sup{|f(z)] : 2| <7} (r>0).
An entire function f of finite order p is said to be of type o if
—_logM
o= lim M
r—00 1P

If the entire function f is of order at most one and type less than or equal to o, we
say f is of exponential type 0. If the entire function f is of exponential type o, then
by Levin’s theorem ([16], p. 84),
— Tim | £(n) 1/n
o= Tm |f") (0)]"/".
If o = 0, we say that f is of minimal exponential type.
We will need the following result ([22], Corollary 2.2).

LEMMA 2.3. Let f be an entire function of minimal exponential type. Let k € N
and assume that

N i O

o tm 1 o

Y Tim s (=Bl
(if) tgrfoo NG =0

Then f is a polynomial of degree < k — 1.
The following result is a local version of Theorem 5.1 in [22].

LEMMA 2.4. Assume that T € B(X) has SVEP and o(T) C C\R_. Let k € N
and assume that x € X satisfies the following conditions:

N T T"x|
i) lim I 0
( ) n—oo nk !
oy i logh [T
i) im —="1—-1 =0
( )n—>oo Vi !

(iii) o7 (x) = {1}.
Then (T — I)*x = 0.

Proof. We have T = ¢°, where S = log T ([4], Chapter I, Section 7). Notice
that S has SVEP and os(x) = {0}. For arbitrary ¢ € X* with norm one, consider
the entire function f(z) := @(¢*°x). From the inequality

F)] < eIl ],

we can see that f is an entire function of order

— loglog M
= loglog My(r) _ | log(r|S|| +log ) _

=15 logr = S log r
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Since

n—oo

1/n _ Ji - n 1/n T n,1/n _ _
Tim | (0)[/" = Tim |p(S"x)[/" < T [|"x]| /" = rs(x) =,

by Levin’s theorem ([16], p. 84), f is an entire function of minimal exponential
type.
If t > 0, then from the identity t = n +r, wheren € Nand 0 < r < 1, we
can write
F(B] = lp(e®e"x)] < el*lje"Sx]| = el ST x|,

This implies
()] _ et T
tk =~ nk ’
so that
e FOL_
ttoo  th ’
Further,as —t = —n —r,wheret > 0,n € N,and 0 < r < 1, we can write

F(=8) = lp(e™e™x)| < el x|
which implies
log" |f(=t)] _ S|l +log" [IT~"x[|

Vit h Vn
So we have .
lim o8 f(=Dl _
t—+oc0 \/E

By Lemma 2.3, f is a polynomial of degree < k — 1. Consequently, we have
¢(S*x) = fK(0) = 0. This clearly implies that Skx = 0.
Since T = ¢°, we have

Snl

E‘UD

Z Z

n=1 n=1
where

(=) Snfl

Q.:n;l e

As Skx = 0, we obtain that
(T — Dfx = (SQ)*x = Q*Skx = 0.

For a given A € B(X), we denote by L4 and R 4 the left and right multipli-
cation operators on B(X), respectively;

LaT = AT, RuT=TA, TEé€B(X).
By the Lumer-Rosenblum theorem ([17], Theorem 10), for arbitrary A, B € B(X),
0(LaARpg) ={Au:Ae€o(A), ueo(B)}.

Now, we are in a position to prove Theorem
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Proof of Theorem 2.1} 1f T € CX, then we have
LaR41)"T log™ [[(LAR4-1)™"T
lim H( A Akl) H -0 and lim og ”( AR A 1) || —
n—00 n n—00 \/ﬁ

By Lemma .2} o7,z ,(T) C I'. On the other hand, by the Lumer-Rosenblum
theorem mentioned above,

c(LaR41) = {Au LA, uea(A)} C (0,00).

0.

Consequently, the operator L4 R 4-1 has SVEP. Further, as
0L4R, 1 (T) € o(LaRy-1) C (0, 00),
we have op,r (T) = {1}. Applying now Lemma [2.4] to the operator L4R 41
on the space B(X), we get
(LR -1 — DT =0,
and so

i

i(_l)i < k > AR—iTAKH —

For the reverse inclusion, assume that T € B(X) satisfies the preceding equality.
Since

(LaR 41 — DT = (Lyo1R4 — DFT =0,
we can write
JA"TA™"|| = [[(LaR4-1)"T]|

HT+ <’11) (LaRy 1 — DT+ + (k " 1) (LaR, 1 — I)k’lTH

=o(n*) (n— o0).

Similarly, we have || A~"TA"|| = o(n¥) (n — o). This clearly implies that
log™ |AT"TA"|| = o(v/n) (n— o).
Hence, T € Cf‘q. The proof is complete. 1
As a consequence of Theorem 2.1 we have the following.

COROLLARY 2.5. If the spectrum of an invertible operator A € B(X) consists of
one point, then

k k , .
ck = {T € B(X): Y (~1) ( Z. ) AR—ITARH = 0}.
i=0
Proof. Assume that 0(A) = {A}, where A # 0.If T € CK, then T € C§,
where B := %. Since 0(B) = {1}, by Theoremwe obtain as required. 1
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It follows from Corollary 2.5/ that if o(A) consists of one point, then C} =
{A}. Note that if k > 1, then C¥ # {A}/, in general. To see this, let A =

11 0 1
Then o(A) = {1} and

( Lo ) and T = ( 00 ) be 2 x 2 matrices on 2-dimensional Hilbert space.

0

Aqnfuzu+mA—nwu—MA—D%=<_n

(1’> (n € Z).

So we have
|A"TA™" || = (14 [n|)V2 = o(|n|*)  (|n] — oo).

This shows that T € C3 \ C}, but AT # TA.
Let A € B(X) be an invertible operator and k € N. Recall that the class D’;‘
consists of all operators T € B(X) such that:
() || ATAEEATAL | = () (n = o0),
(ii) log™ | A""TA"|| = o(y/n) (n — ).
Clearly, Ck C D,
The following theorem is the main result of this section.

THEOREM 2.6. For arbitrary A € B(X) with 0(A) C (0, +00), we have

Dk = {T € B(X): f(—ni ( k ) AR—ITATRH = 0}.

i=0 i
In particular, DY, = {A}.
For the proof, we need some lemmas.

LEMMA 2.7. Let T € B(X) be an invertible operator. Let k € N and assume that
x € X satisfies the following conditions:
(@) | B = 0(nF) (n — ),
Y i Lo T
() Jim = =0

Then op(x) CT.
Proof. From the identity

(T_I)Tx+~-n~+T”x _ T”“J;—Tx,

we have
Tx+---+T'x
n H
It follows that || T"x|| = o(n**!) (n — o). By Lemma we obtain as re-
quired. &

|72 < I Txl| + n(1+ | 1)

Next, we have the following.
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LEMMA 2.8. Assume that T € B(X) has SVEP and o(T) C C\R_. Let k € N
and assume that x € X satisfies the following conditions:
() | =52 = 0 () (n = o),
oy 1o logt | T _
-
(iii) o7 (x) = {1}.
Then (T — I)kx = 0.
Proof. As in the proof of Lemma we have || T"x|| = o(nf*1) (n — o).
By Lemma (T — I)*1x = 0. Consequently, for arbitrary n > k, we can write

7

T”x:x+(rll>(TI)x+"'+< Z)(Tl)kx and

Tx+---+T'x

:Tx+~~-+T’<x+(n—k)x+[< lerl )+---+(’11)}(T—1)x

+...+{( ki )+...+<Z>]<T_1>kx.

A simple application of Stolz theorem shows that

k+1 n
( i >+"'+(i){o 1<i<k,

lim .
n=0o nk+1 ﬁ i=k.
Now as
I Tx+---+T"x —0
fim | = =0

we obtain that (T — I)fx = 0. 1
We are now able to prove Theorem [2.6]
Proof of Theorem If T € DX, then we have
H (LARp-1)T -4 (LAR4-1)"T

H =o(n*) (n— ) and

n
+ —n
| logt [(LaRy )T
n—co \/ﬁ

By Lemma 014R, 1(T) € I'. On the other hand, by the Lumer-Rosenblum
theorem,

o(LaRy) = {A" A, p € 0(A)} C (0,00).
Consequently, the operator L4 R 4-1 has SVEP. Further, as

(TLARA—l(T) Co(LaR, 1) C (0,00),
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we have or,r _,(T) = {1}. Applying now Lemma 2.§to the operator L4R -1
on the space B(X), we get

(LAR 41 — DFT =0,

and so
k ok , 4
) (—1)’( l. >A’”TA’<+1 =0.

For the reverse inclusion, assume that T € B(X) satisfies the preceding equality.
By Theorem T € Cfg. As C’;x - Dg, we obtain that T € Dg. The proof is
complete. 1

As a consequence of Theorem [2.6] we have the following.

COROLLARY 2.9. If the spectrum of an invertible operator A € B(X) consists of
one point, then

k . . .
Dk = {T €B(X): Y (-1) ( ’l‘ > AkTiTA—R — o}.
i=0
Proof. Assume that 0(A) = {A}, where A # 0.If T € DX, then T € Dk,
where B := 4. Since ¢(B) = {1}, by Theorem we obtain as required. 1

3. THE ASYMPTOTIC BEHAVIOUR OF CONJUGATION ORBITS

In this section, we present some results related to the asymptotic behaviour
of individual and conjugation orbits of operators on Banach spaces.

Let T € B(X) and x € X be given. Recall that ¢(T) N I" and or(x) N T
respectively, are called unitary spectrum of T and local unitary spectrum of T at x.

An operator T € B(X) is called power bounded if sup || T"|| < oco. If T is power
neN
bounded, then ¢(T) C D. Furthermore, or(x) N I is the set of all points ¢ € I to

which the function z — R(z, T)x (|z| > 1) cannot be extended analytically. It is
easy to check that
o(T)NnT = | J (or(x)NT).
xeX

The famous Katznelson-Tzafriri theorem ([13], Theorem 1) asserts that if T
is power bounded, then lim [T+ — T"|| = 0if and only if o(T) N T’ C {1}. Re-
call that Katznelson and Tzafriri deduce their result from the following tauberian
theorem (Theorem 2 of [13] and Theorem 4 of [1]).

THEOREM 3.1. Let F := {f} be a family of analytic functions on D and set

flz) = ioanmz", feF.
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Assume that the following conditions are satisfied:
(i) There exists a constant C > 0 such that |a,(f)| < C, forall f € Fandn € Z..
(ii) Every f € F is analytic at each point of ' \ {1}.
Then,
lim [a,1(f) — an(£)] =0,
uniformly with respect to f € F.

In p. 378 of [23], ]. Zemanek asks the question: Is there a local version
of Katznelson-Tzafriri theorem? The following result was obtained by R. de-
Laubenfels and Vi Quoc-Phéng ([6], Corollary 3.8).

THEOREM 3.2. Let T be an arbitrary operator on a Banach space X such that
[o0]
o(T)NT C{1}.Ifx € (" D(T") and the sequence {T"x},cn is bounded, then
n=1

lim ||T""x — T"x|| = 0.
n—oo

Note that the local spectrum of T € B(X) at x € X may be very "small"
with respect to its usual spectrum. To see this, let ¢ be a "small" separate part of
o(T) and P,, the corresponding spectral projection. Then, X, := P, X, is a closed
T-invariant subspace of X and ¢(T |x,) = o. It can be seen that o7(x) C o, for
every x € X,.

Below we give a local version of the Katznelson-Tzafriri theorem in terms
of local unitary spectra.

THEOREM 3.3. Assume that T € B(X) has SVEP and the sequence {T"x} ¢\ is
bounded for some x € X. If or(x) NI C {1}, then

lim ||[T""x — T"x|| = 0.
n—oo
Proof. Consider the function
— T"x

M(Z) = Z Zh+1

n=0

which is analytic in C \ D and
(zI —Tu(z) =x, VzeC\D.
It follows that o7(x) C D. Assume that or(x) N I' = @. Since T has SVEP, we

have
Lim || T"x||" = rr(x) < 1.
n—o0
This implies || T"x|| — 0 (n — c0). Hence, we may assume that or(x) N I' = {1}.

Let ¢ € I'\ {1}. Since ¢ € pr(x), there exists a neighborhood U of ¢ with
v(z) analytic on Uz having values in X such that

(zI =T)ov(z) =x, Vze U
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It follows that
(zI = T)(u(z) —v(z)) =0,

for all z € U, where

U :==UsN{zeC:lz[ >1}

Since T has SVEP, we obtain that u(z) = v(z) forall z € Ug. This shows that the
function u(z) can be analytically extended to a neighborhood of ¢.
We put

[e9)

i(z) := %u(l/z) = Z()(T”x)z” (lz| <1), and F:={fy:9€Xi},

where f(z) := ¢(i(z)). Thus f,, where

fol2) = io o(T")2"

is a function analytic at each point of I' \ {1}, for every ¢ € X;. Moreover,

lp(T"x)| < sup ||[T"x||, Vo€ Xi necZ;.

nezy

Now, from Theorem 3.1]we can deduce that
: n+1.\ _ n _
lim |o(T"""x) — (T"x)| =0,
uniformly with respect to ¢ € Xj. This implies lim [T 1x — T"x||=0. n
n—oo

Note that in contrast with Katznelson-Tzafriri theorem, the condition
lim ||T""x — T"x|| =0
n—,oo

does not imply op(x) N I' C {1}, even if T is power bounded. To see this, let
S be the forward shift on the Hardy space H?; (Sf)(z) = zf(z). Its adjoint, the
backward shift is given by
" z)— f(0
(Sf)(Z)Zf() f()’ fEHZ.

z
It is easy to verify that for every f € H? and A € C with [A| > 1,

A (AT —2f(2)
R * = .
(1, 5")f(2) .
Hence, 05+ (f) NI is the set of all points { € I' to which the function f cannot
be extended analytically. Let p be a positive singular measure on I" such that
suppyu ¢ {1}. Consider the inner function

0(z) := eXp(—I/gfidu(C))-
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We know ([20], Theorem II1.5.1) that suppy is the set of all points ¢ € I" to which
the function 6 cannot be extended analytically. Now as 0s-(6) =suppyu, we have
os-(0) NI & {1}. However, lim [|S*"f|| = 0 forall f € H2.
For an invertible operator A € B(X), we define the Deddens algebra D 4 as
Dy = {T € B(X) : sup || A"TA™"|| < oo}.
neN

Notice that D4 is unital (not necessarily closed) and contains the commutant of
A. We put

Ry = {T € B(X) : lim [|A"TA™"|| = 0}'

Recall that the radical Rad.A of any complex normed algebra .4 with identity is
defined as

RadA ={a € A : abis quasinilpotent for all b € A}.

As in [5], it is easy to check that R 4 is a two-sided ideal in D4 that is contained
in the radical of Dy .
As a consequence of Theorem [3.3|we have the following.

COROLLARY 3.4. If the spectrum of an invertible operator A € B(X) consists of
one point, then AT — TA isin R 4, for every T € Dy.

Proof. Since T € D4, we have

sup [[(LaR 41)"T|| < oo.
neN

As c(LpAR, 1) = {1}, the operator L4R 4,1 has SVEP and hence, ULuR, 4 (T) =
{1}. By Theorem[3.3]
|A"ITAT" L — APTA™"|| = |[(LAR 4-1)" 1T — (LAR4-1)"T|| = 0 (1 — o0).
Consequently, we have
|A"(AT — TA)A™"|| = |[(A"HTAT"" 1 — A"TA"MA|| -0 (n — ).
This shows that AT —TA € R4. 1

For a given A, B € B(X), we define the class

Dapi={T € B(X) :sup||A"TB"| < co}.
’ neN

Notice that if A is invertible, then D, 41 = Da.

PROPOSITION 3.5. Let A,B € B(X) be such that 0(A) C [1,00) and o(B) C
[1,00). Then, for arbitrary T € Dy p,

lim [|A"TITB"! — A"TB"|| = 0.

n—o0
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Proof. If T € Dy, then as
sup [|(LaRg)"T|| < oo,
N

ne
we have 07 g, (T) C D. On the other hand, by the Lumer—Rosenblum theorem,
0(LaRg) ={Ap:A€0c(A), p€o(B)} C1,00).
Consequently, the operator L 4 Rp has SVEP and
01L4Ry (T) € 0(LaRp) C [1,00).
Thus we have 07 ,g,(T) NI = {1}. Applying now Theorem [3.3|to the operator
LARp on the space B(X), we obtain as required. 1

If E is a closed invariant subspace of T € B(X), we will denote by Tr (or
T |g) the restriction of T to E. It is easy to check that if T has SVEP, then so does
Tr. Recall also that x € X is a cyclic vector of T if span{T"x : n € Z,} = X. By
Lim.,a, we will denote a fixed Banach limit of the bounded sequence {a; } ;en.
The following result is well known (see for instance, [14]).

LEMMA 3.6. If T is a power bounded operator on a Banach space X, then there
exist a Banach space Y, a bounded linear operator | : X — Y with dense range, and an
isometry V on'Y with the following properties:

@) V] =]JT.
(i) ||Jx|| = Lim., || T"x||, Vx € X.
(i) (V) C o(T).
The triple (Y, J, V) will be called the limit isometry associated with T. Notice
that Jx = 0 if and only if liﬁm IT"x|| = 0. Notice also that if x € X is a cyclic
n—oo
vector of T, then Jx is a cyclic vector of V. Moreover, we have
(3.1) oy(Jx) Cor(x), VxeX.
Next, we have the following.
PROPOSITION 3.7. Assume that a power bounded operator T on a Banach space
X has SVEP. Let x € X and assume that
(@) or(x) NI S {1},
(ii) the orbit {T"x : n € Z, } is relatively weakly compact.
Then, the sequence {T" x },cy converges.
Proof. Let (Y, ], V) be the limit isometry associated with T. By Theorem 3.3
0= lim ||[T""x — T"x|| = lim | T"F*Fx — 7"y ||
n—oo n—oo
= |JT" % — JT*x||, Vk e Z,.

So we have JT*1x = JT*x for all k € Z. It follows that
Tx+---+T"x
—

Jx=]
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By the Krein-Shmulyan theorem, the sequence { Z+=+T2x} ¢ is relatively we-
akly compact and therefore it has a weak cluster point y. By the mean ergodic
theorem,
Tx+---+T"x
n
Consequently, we have J(x —y) = 0, which means that lim IT"(x —y)|| = 0.

—y (n— o).

Since Ty = y, we obtain that T"x — y (n — o0). &

Recall that T € B(X) is said to be almost periodic if for every x € X, the or-
bit Op(x) := {T"x : n € Z,} is relatively compact in X. De Leeuw-Glicksberg
decomposition theorem ([7]], Theorem 4.11) states that if T is an almost periodic
operator on X, then X has the decomposition X = X, + X into a direct topolog-
ical sum, where X, =span{x € X: 3§ € I', Tx = {x} and

— . n —
Xo = {xeX.nlgIc}oHT x| _o}.
As an application, we have the following.

PROPOSITION 3.8. Let T be a power bounded operator on a Banach space X such
that o (T) NI C {1}. If the orbit {T"'x — T"x : n € Zy } is relatively compact for
some x € X, then the sequence {T"T1x — T"x},cn converges.

Proof. Let E be the closure of the linear span of all x € X for which the
orbit Or(x) is relatively compact. Then, E is a closed T-invariant subspace and
Tg is an almost periodic operator. Since Tx —x € E, by de Leeuw—Glicksberg
decomposition theorem, Tx —x = y +z, wherey € Span{x € E: 3¢ € I', Tx =
¢x} and nlgr;o [ T"z|| = 0. Since 0p(T) N I" C {1}, then either Ty = y or y = 0.
Now;, from the identity

Ty — T'x = Ty + Tz
we obtain that T"*1x — T"x — y (n — o). i

For a given T € B(X), we denote by Zr the set of all x € X such that
sup ||T"x|| < oo. Clearly, Z7 is a linear (in general, non-closed) manifold invari-
T’IEZ+
antunder T. Let || - ||z, be the norm in Z7 defined by

|1xllzy = sup |T"x].
HGZ+
Then, (1) Z7 is a Banach space under the norm || - || z,; (2) T |z, is a contraction;
(3) the canonical embedding id : Zr — X is continuous, and (4) o(T |z,) € o(T)
(see, [6]). The space Zr is called the Hille—Yosida space of T.
Next, we have the following.

PROPOSITION 3.9. Assume that T € B(X) has SVEP and x € X satisfies the
following conditions:
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(@) sup ||T"x|| < oo,
VIEZ+
(i) or(x) NI C {1},
(iif) the sequence {w}nel\l converges uniformly with respect to i, as n—oo.
Then, the sequence {T"x },c converges.

Proof. By Theorem[3.3

lim || 7"y — T"x|| = 0.
n—oo

Let Z7 be the Hille-Yosida space of T. Then, T |z, is a contraction and the pre-
ceding identity can be written as

. 1
Jim (T |z7)"x = (T 1)l 2, = 0.

Since the limit
Ti+1x + ... _|_ Ti+7lx
lim =VYi

n—»co n

exists uniformly with respect to i, it follows that y; does not depend on i, y; = y
for all i. Indeed, for a given & > 0 and for sufficiently large n, we can write

Yi n 3/ Yiy1 n 3/
Ti+1+nx _ Ti+lx €
< =.
=<3
Then, we have
Ti+2x+~~~—|—Ti+1+"x Ti+1x+~~~+Ti+”x
Hwa%HSerf , \Mﬂ%f - H
Ti+1+nx _ TiJrlx

+H H<s.

n
Clearly, Ty = y, so that y € Zt and

Ti+1 ... Titn )
supH S * —T’y” =0 (n— o).
i=0 n
This means that
(T |ZT)x +-+(T |ZT)nx
n
in Z. As in the proof of Proposition[3.7, we have

—y (n— o)

Jim [[(T [z;)"x = yllz; = 0.
It follows that T"x — y (n — c0). 1

As an application of Proposition 8.9 we have the following.
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THEOREM 3.10. Let A € B(X) be an invertible operator with one point spectrum
and T € D 4. If the sequence

{Ai-l-lTA—z‘—l R }
n neN
converges uniformly with respect to i, as n — oo, then T has the form
T=5+Q,
where S € {A} and Q € R 4.
Proof. AsT € Dy, we have sug |(LAR,1)"T|| < coand o(LaR,-1) = {1}.

ne

Consequently, the operator LoR -1 has SVEP and therefore, 07,z , (T) = {1}.
Moreover, the sequence

{ (LAR4-1) 1T + - + (LARA_1)i+”T}
n neN

converges uniformly with respect to i, as n — co. By Proposition 3.9
A'"TA™" = (LA\R,1)"T =S (n— ),
forsome S € B(X).Itcanbeseenthat S € {A} and Q:=T—-S € R4 1

4. LOCAL ARVESON SPECTRUM

In this section, we present a local version of the Katznelson—Tzafriri theorem
in terms of the local Arveson spectrum. Moreover, we establish some connections
between the local Arveson spectrum and the local unitary spectrum.

Recall that the classical Wiener algebra A is the space of all continuous func-
tions f on I" for which

1F:= 22 1f ()] < oo,
nez

-~

where f(n) is the nth Fourier coefficient of f. Given a closed set S in I', there are
two distinguished closed ideals of A with hull equal to S, namely

Js:={f € A:suppfnNS =0},
is the smallest closed ideal whose hull is S and

Is:={feA:f(s)=0,Vs €S}

is the largest closed ideal whose hull is S. The set S is a set of synthesis if J¢ = Is.
It is well known ([12], Chapter V, Section 4) that every closed countable subset of
I is a set of synthesis.
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An invertible operator T on a Banach space X is called doubly power bounded

if sup || T"|| < o0.If T is doubly power bounded, then for arbitrary f € A, we can

nez
define f(T) € B(X), by
f(T) =} f(m)T".
nes
Then, i : f — f(T) is a continuous homomorphism and the spectral mapping
property o(f(T)) = f(c(T)) (f € A) holds for this calculus. It easily follows
that if o(T) is a set of synthesis, then f(T) = 0 if and only if f vanishes on ¢(T).
We denote by A the Banach algebra of all functions

flz) = ioﬂn)z"

analytic on D and satisfying

1] = io Fn)| < o.

If p € A% and ¢(n) := (¢,z") (n € Z), then the duality being implemented by
the formula

(0.f) = if(n)f(n).

Moreover, || ¢|| = sup |§(n)|. If T is a power bounded operator on X, then for
n€Z+

arbitrary f € A, we can define f(T) € B(X), by
f(T) = ¥ FmT™.
n=0

Then, h : f — f(T) is a continuous homomorphism and the spectral mapping
property o(f(T)) = f(c(T)) (f € A4) holds for this calculus.

Let T € B(X) and let x € X be such that sup ||[T"x| < oo, thatis, x € Zr,
HEZ+

where Z7 is the Hille-Yosida space of T. Since T |z, is a contraction, for any

f= ngof(n)z” € Ay, we can define xs € Zr, by

F(n)T"x).

[1e

xp=f(T |z;)x (=

0
Then, f — x ¥ is a continuous homomorphism;

sl < Wxllze IfIL - VF € Ase

n

It follows that

IT(X) = {f € A;: Xp = O}
is a closed ideal of A . We define the local Arveson spectrum spr(x) of T at x, as
the hull in A4 of the ideal I7(x).
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PROPOSITION 4.1. Let T € B(X) and let x € X be such that sup ||T"x| < oo.
nez
Then, we have

or(x) € spr(x).
Proof. Assume that there exists Ag € o7(x), but Ag ¢ sp;(x). Then, there is
f € A4 such that x; = 0, but f(Ag) # 0. Notice that x € Zr, where Zr is the
Hille-Yosida space of T. Let E be the closed linear span of {T"x : n € Z,} in
Zr. As f(T |z;)x = x5 = 0, we have f(T |g)x = 0 for all x € E and therefore,
f(T |g) = 0. By the spectral mapping property,

flo(T[g)) = o(f(T|e)) =0
Since o7 7 (x) € o(T |g), the function f vanishes on o7, 2 (x). Now, let us show
that op(x) C oryy, (x).IfA € o1, (x), then there is a neighborhood U, of A with
u(z) analytic on Uy having values in Zt such that

x = (zIZT —T|z,)u(z) = zu(z) — Tu(z), Vz e U,.

If ] : Zr — X is the canonical embedding, then, Ju(z) is an analytic function on
U, having values in X. Consequently, we can write

x=Jx=zJu(z) — TJu(z) = (zI = T)Ju(z), Vz € U,.

This shows that A € pr(x). Consequently, f vanishes on o7(x). As Ay € o7(x),
we obtain that f(Ag) = 0. This contradicts f(Ag) #0. 1

Next, we have the following result without SVEP.

THEOREM 4.2. Let T € B(X) and let x € X be such that sup ||T"x| < oo.If
neZ

spp(x) NI C 1, then

lim [T x — T"x|| = 0.

For the proof, we need some facts. For ¢ € A% and f € A, define

4.1) Z qozn (Jz| > 1)
and

Z Pk fk+n) (neN).
Since |@(—n)| < ||¢]||| f]], the functlon ¢~ (z) defined by
42 v (2= L o-m

is analytic on D.
The following result is contained in Chapter 4, Theorem 10 of [18].
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LEMMA 4.3. Let ¢ € A% and f € A,. Assume that the functions ¢ (z) and
¢~ (z) are defined as in (4.1) and (4.2) , respectively. If

Zf Pn+k)=0 VkeZ,

then

¢ (z) lz[>1,
@(Z) = {(p(Z) ‘Z| <1
f@) !

is an analytic function on the complex plane possible expectation of zero set of f.
The following result is a consequence of Theorem 3.1]

LEMMA 4.4. Let I be a nontrivial closed ideal of A such that hull(I) NI C {1}
and let F ={¢} be a uniformly bounded family in I*. Then,

pn+1)—¢(n) -0 (n— o),
uniformly with respect to ¢ € F.
Proof. For arbitrary ¢ € I'\ {1}, there is f € I such that f(¢) # 0. Notice
also thatif ¢ € I L then
0= (g,2f) = Zf p(n+k)=0 VkeZ,.

By Lemma the function

@=L T (e>)
can be analytically extended to a neighborhood of §. On the other hand, the set
{@¢(n) : ¢ € F, n € Zy} is uniformly bounded. Applying now Theorem [3.1]to
the family {(;F(z) : ¢ € F}, where (;F(z) = OZO‘, p(n)z" (z € D), we obtain as
required. 1 "
Now, we are in a position to prove Theorem

Proof of Theorem For a given ¢ € X7, define a functional ¢ on A, by

(9. f) = Wxp), fe A
Then, ||| < sup ||T"x|, ¢ € Ir(x)*, and §(n) = ¢(T"x) (n € Z.). Moreover,

nezy

as hulllr(x) = sp(x), we have hullIr(x) N I" C {1}. Since

Pln+1) — §(n) = p(T"1x — '),
from Lemma we can deduce that ¢(T"*!'x — T"x) — 0 (n — o0), uniformly
with respect to ¢ € X;. Consequently, we have nlgn | T 1x — T"x|| =0. &
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Let A(D) be the disc algebra and

I :={f € A(D): f(1) = 0}.

Recall [10] that if I is a closed ideal of A with hull(I) N I' = {1}, then I, =
01 N A, where 6 is the greatest common divisor of the inner factors of all non-
zero functions in .

Under the hypotheses of Proposition #.1, we have

(4.3) or(x) NI Cspp(x)NT.

The following example shows that or(x) N I" # sp(x) N T, in general. To see
this, let u be a positive singular measure on I” such that suppy # I" and let

0(z) = exp(—F = 2a(0))

be an inner function. As we have noted above, 0s+(0) N I' =suppy # I', where
S* is the backward shift on the Hardy space H2. On the other hand, it is easy to
check that

Is-(6) = {f € Ay : f(57)6 = 0} = {0}
Consequently, sps+ (0) = D, so that sps«(0) NI =T
The following question arises naturally. Under what conditions the inclu-
sion occurs in (4.3). Before stating the next result, we will make an observation.

LEMMA 4.5. Let T be a power bounded operator on a Banach space X and let E be
a closed T-invariant subspace of X. Then, for every x € E, we have

or.(x) NI =or(x)NT.
Proof. Let x € E. Clearly, or(x) C or,(x) and so
or(x)NI Cor(x)NT.

For the reverse inclusion, let 77 : X — X /E be the canonical mapping and ¢ €
pr(x) NT. Then, there exists a neighborhood Uz of ¢ with u(z) analytic on Ug
having values in X such that (zI — T)u(z) = x on Ug. Notice that

[e9)
u(z) =R(z,T)x =Y z " 'T"x € E,
n=0

for all z € U with |z| > 1. Therefore, we have 7u(z) = 0 for all z € Uz with
|z| > 1. By uniqueness theorem, 7tu(z) = 0 for all z € Ug. Hence, u(z) € E for all
z € Ug. Consequently, we can write

(zlg — Tp)u(z) = x, Vz € Ug.
This shows that § € pr, (x) N I. 1

The following result was proved in Lemma 1.3 of [14].
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LEMMA 4.6. Let V be an isometry on a Banach space X. If x € X is a cyclic vector

of V, then
c(V)NT =oy(x)NT.

For a closed subset S of I', we put A(S) := A/ Ig, I;r = IsN A4, and
A4 (S) := Ay /1L If S is countable and closed, then the map /1 : A (S) — A(S)
defined by h(f + 1) = f + Is is an isometric isomorphism ([12], Chapter XI,
Section 7).

Recall that T € B(X) is said to be of class Cy if nlgrolo [IT"x|| = 0 implies that

x=0.

We have the following.

PROPOSITION 4.7. Let T be a power bounded operator of class C; on a Banach
space X and x € X. If op(x) N T is countable, then

or(x) NI =spp(x)NT.

Proof. Assume that the inclusion in (4.3) is proper; there exists § € spy(x) N
I',but { ¢ or(x) N TI. By regularity of the algebra A, there is a function ¢ € A
such that g vanishes on or(x) N I" and g(¢) # 0.If S := {o7p(x) NI'} U{Z}, then

as we have noted above, A (S) = A(S). It follows that there exists f € A
such that f = g on {or(x) N I'} U {{}. Consequently, f vanishes on or(x) N T

and f(¢) # 0.
Let E be the closed linear span of {T"x : n € Z; } and let (Y, ], V) be the

limit isometry associated with Tr. By (3.1),

ov(Jx)NI Cop(x)NT.
Taking into account Lemma 4.5, we have

oy(Jx)NT Cop(x)NT.
Since Jx is a cyclic vector of V, by Lemma 4.6, we can write

c(V)NT =oy(Jx)NT Corp(x)NT.
As (V) NT is countable, V is invertible and hence
o(V)Cor(x)NT.

Further, since o (V) is a set of synthesis and f vanishes on ¢(V'), we have f(V) =
0. On the other hand, by Lemma

JTx =V]x, Vx€E,
which implies
Consequently, we have

lim [T F(T)x| =0,

Since T is of class C;, we obtain f(T)x = 0. This shows that f € Ir(x). As { €
spr(x), finally we obtain that f({) = 0. This contradicts f() # 0. u



302

HEYBETKULU MUSTAFAYEV
5. LOCAL QUANTITATIVE RESULTS

In this section, we present some quantitative results related to the Katznel-
son-Tzafriri theorem (for related results see, [2]).

For o > 0, we put

Ar={e?cr:|0 <o}
The main result of this section is the following.

THEOREM 5.1. Let T € B(X) be such that o(T) N I" C A,. Then, for arbitrary
x € X, the following assertions hold:
(i) If o < 7, then

lim || T" 1 x — T"x| < 2tan(c/2) ( lim HT”xH).
n—00 n—oo
(i) If o < 7, then

fim || T"2x — T"x|| < 4sin(a/z)(m ||T”x||).
n—o00 n—o0
For the proof, we need some preliminary results. For a given ¢ > 0, we
denote by B, the set of all bounded on the real line entire functions of exponential
type < 0. Then, B, is a Banach space [11] under the norm given by
Iflle = sup(e="™=l|£(2))).
zeC

The Phragmen-Lindeltf theorem implies that

Iflle =sup|f(t)], Vf € B
teR

The following inequality of Bernstein type is well known [11]]. If f € B,
where 0 < oh < §, then

sup [f(t+h) = f(t—h)| < 2sinch]|f|-

In particular, for every f € B, we have the following inequalities:

[f(1) = f(0)] < 2sin(0/2) | fllo
[f(1) = f(=D)] < 2sina| fllo,

ifo<t and

ifo <

NI/

On the other hand, by Cartwright theorem ([3], Chapter 10 and [11]), the inequal-
ity

Iflle < sosia7ay Sup )

ne
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holds for every f € B, (0 < 7). Consequently, we have

(6.1)  [f(1) = f(0)] < 2tan((7/2)(sup |f(n)|>, Vfe B, (c<m) and
nes
(2)  1f(1) = f(~1)] <4sin(e/2) (sup|f(m)[), ¥feBs (¢<7).
nez 2

Let V be an invertible isometry on a Banach space. Notice thatif o(V) =TI,
then ||V — I|| = 2. If ¢(V) is a proper subset of I, then we may assume that o(V)
is contained in the arc A, where 0 < ¢ < 7t (any proper closed subset of I can be
rotated so as to lie inside some such Ay). Then V = ¢S for some S € B(X), where
o(S) C [—io, io].

For a given ¢ € B(X)* with norm one, consider the entire function f(z) :=
@(¢*°). Let us show that f € B,. The inequality

If(z)] < el#llIS

gives us that the order of f is less than or equal to 1. Since the nth derivative of
f at zero is ¢(S5"), by Levin’s theorem ([16], p. 84), the type of f is less than or
equal to
: n1/n

Tim [[S"/" (= #(S)).
As 0 (S) C [—io,ic], the type of the function f is less than or equal to ¢. It remains
to show that f is bounded on the real line. Indeed, if t € R, then t = n + r, where
n € Zand |r| < 1.Since |[e"S|| = 1 (n € Z), we have

F(0)] = 1p(e™*1)] < [l 1e"S | < el

Now, applying (5.1) and (5.2) to the function f, we obtain the following inequali-
ties:

(5.3) |V —1I|| <2tan(c/2) (¢ <m) and
(5.4) IV2—1|| = [V =V < 4sin(0/2) (0 <

).

N

We need also the following result.

LEMMA 5.2. Let T be a contraction on a Banach space X and let x € X be such
that or(x) NI C Ag. Then, the following assertions hold:
(i) If o < 7, then

lim || T 1x — T"x|| < 2tan((7/2)( lim |\T”x||).
n—eo n—oo

(i) Ifo < 7, then
lim || T"2x — T"x|| < 4sin(¢7/2)( lim ||T”x||).
n—,oo n—oo

Proof. Let E be the closed linear span of {T"x : n € Z } and let (Y, ], V) be
the limit isometry associated with Tr. As in the proof of Proposition[4.7, we have

c(V)NT Cop(x)NT.
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On the other hand, the condition or(x) N I" C A, implies that o(V) N T # T
and therefore V is invertible. Consequently, we have ¢(V) C Ay. Now, from the
identities

(V-I)Jx=](Tx—x), (V*—I)Jx=](T*x—x),
and from the inequalities (5.3) and (5.4), we can write

Tim || T — T = [[[(Tx — )|l = |[(V = 1) x|
<2tan(a/2)<’}i_r)r;o\|T"x\|) (r<m), and
lim [| T 2x — T = [|J(T2x = x)|| = | (V> = 1) x|
n (o)
2 : : n E
< V2= 1lllJx] < 4sine/2) (Jim [ T"%]) (e <Z).

We are now able to prove Theorem 5.1}
Proof of Theorem[5.1} (i) Let x € X. We may assume that sup ||T"x|| < oo,

HEZ+
that is, x € Z7, where Zr is the Hille-Yosida space of T. Then, T | 7; is a contrac-
tion and
UTIzT(x) NI Co(T|z,)NT Co(T)NT C Ay

By Lemmal5.2}
. 1 .
Jim (T [2,)" % = (T |z,)"x]1zy < 2tan(@/2) ( Jim | 7", )

=2tan(c/2) ( Jlim sup ]|T"+kx||)
K

= 2tan(0/2) ( lim ||T”x||).
n o]
On the other hand, as

(T |2)" 2 = (T | 2)"x 2 = sup || T — T,
k=0

we obtain that
im || T"1x — T"x|| < 2tan(c/2) ( im HT”xH).
n—oo n—oo

The proof of (ii) is similar. 1
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