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ABSTRACT. This paper is devoted to the study of LP-maximal regularity for
non-autonomous linear evolution equations of the form

u(t)+ A(#)B(Hu(t) = f(t) te]0,T],u(0) = u,
where {A(t),t € [0, T]} is a family of linear unbounded operators whereas the
operators {B(t),t € [0, T]} are bounded and invertible. In the Hilbert space
situation we consider operators A(t), t € [0, T], which arise from sesquilinear
forms. The obtained results are applied to parabolic linear differential equa-
tions in one spatial dimension.
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1. INTRODUCTION

We consider the following partial differential equation

(1.1) (t 7) - g( G Hu+ PyHu ) () — Po(Hu)(1,0) = f(£,0),

7el01],t>0,

¢

where S € L®(0,1;C*¥) and H € L*(0,1;C"*") are coercive multiplication
operators on L%(0,1; (Ck) and L2(0,1;C"), respectively, G € C"™k and P}, Dy €
L*(0,1;C"*™). We write (1.1) as the abstract Cauchy problem

(1.2) u(t) + AHu(t) = f(t), u(0)=0
where the operator A is given by

d x
(1.3) A= g(GSagG +P)
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on a domain D(A) which includes appropriate boundary conditions. We aim to
characterise boundary conditions such that — AH with domain {u € L2(0,1;C") :
Hu € D(A)} generates a holomorphic Cp-semigroup on L?(0,1;C"). Further-
more, we investigate whether —AH generates a holomorphic Cp-semigroup if
and only if — A generates a holomorphic Cy-semigroup. We remark that in Chap-
ter 6 of [34], and [24] (see also [23]) closure relation methods are used to show
that — AH generates a contraction semigroup for suitable boundary conditions.

If S and H also depend on the time variable t € [0, T], problem becomes
a non-autonomous Cauchy problem

(1.4) u(t) + A)H)u(t) = f(t) te]0,T],u(0)=0.

We are interested in the well-posedness of with LP-maximal regularity.
Again, as in the autonomous case, it is natural to ask whether well-posedness
of with #(t) = I implies well-posedness in the general case.

Motivated by this example, we start a systematic study of stability of LP-
maximal regularity under multiplicative perturbation in a more general situa-
tion. First, in Section 2| we study LP-maximal regularity (p € (1,00)) for non-
autonomous evolutionary linear Cauchy problems of the form

(15)  a(t)+ A()BHu(t) = f(t) ae.on[0,T], B(0)u(0)= xo.

Here A : [0,T] — L(D,X) is a strongly measurable function, where D and X
are two Banach spaces such that D < X, the space X has the Radon-Nikodym

property and B : [0, T| — L(X). Note that although the domains of the operators
A(t) are constant the domains of the perturbed operators A(t)B(t)

D(A(H)B(t)) := {u € H: B(t)u € D}

may depend on the time variable ¢. In comparison to the autonomous case, L-
maximal regularity for evolution equations related to non-autonomous opera-
tor families {C(t),t € [0, T]} is less well understood. However, several results
have been established. We will mention some of them, distinguishing between
the case where all the operators C(t) have the same domain and the more gen-
eral case of time-dependent D(C(t)). In the latter situation Hieber and Monniaux
[18], [19] and Portal and Strkalj [29] proved LP-maximal regularity, if all opera-
tors C(t) have LP-maximal regularity and the family {C(t),t € [0, T]} satisfies
the Acquistapace-Terreni condition. However, the Acquistapace-Terreni condi-
tion requires a certain Holder regularity of C with respect to t € [0, T]. On the
other hand this approach does not only cover the situation with time-dependent
domains, but also LP-maximal regularity is independent of p € (1,00) in this
case [19]. In general, it is not clear whether L7-maximal regularity of a family
of operator {C(t),t € [0,T]} for some g € (1,00) implies LP-maximal regularity
of {C(t),t € [0,T]} for all p € (1,00). Concerning the case where the operators
C(t),t € [0, T], have a common domain D, Priiss and Schnaubelt [30] and Amann
[1] proved LP-maximal regularity of {C(t),t € [0, T]} under the conditions that
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t +— C(t) is continuous and that each C(t) has LP-maximal regularity. This re-
sult has been generalised by Arendt et al. [7] to relative continuous functions
t— C(t).

Using the results of [7] and following an idea given by Schnaubelt and Weiss
in [31] we prove LP-maximal regularity results for with initial data xp # 0
without assuming the Acquistapace-Terreni condition.

Section [3|is devoted to the case where the operators A(t),t € [0, T], arise
from sesquilinear forms a(t, -, -) on a Hilbert space H with a common form do-
main V and B(t),t € [0, T| are bounded linear operators on H. Form methods or
variational methods give access to results of existence and uniqueness, and regu-
larity results of the solution in the case of variable domains and provide the sim-
plest and most efficient way to study parabolic evolution equations with time-
dependent operators on Hilbert spaces. They were developed by Kato [21] and
in different but equivalent language by J.L. Lions [25]. Recently a generalisation
of the classical approach of Kato and Lions has been given by Arendt and ter
Elst [9]. Their approach covers in particular Dirichlet-to-Neumann operators and
degenerate equations. In this present work we are concerned with the classical
approach by Lions.

For the case where B = [ and p = 2, Lions proved L?-maximal regular-
ity of if a is symmetric, i.e., a(t,u,v) = a(t,v,u) and xg = 0 (respectively
xp € D(A(0))) provided a(-,u,v) € C1[0, T] (respectively a(-,u,v) € C2[0, T] and
fe H? (0,T;H)) forallu,v € V, ([25], p. 65 and p. 94). Bardos [10] also proved
L?-maximal regularity for xy € V under the assumptions that the domains of both
A(t)1/% and A(t)*1/? coincide with V and that .A(-)1/? is continuously differen-
tiable with values in £(V, V'), where A(t) € L(V, V') is the operator associated
with a(t,-,-) on V'. For p € (1,00) and B = I, let us mention a result of Ouhabaz
and Spina [28] and Ouhabaz and Haak [17]. They proved LP-maximal regularity
for forms such that a(-,u,v) € C*[0, T] forall u,v € V and some a > % The result
in [28] concerns the case xy3 = 0 and the one in [17] concerns the case x( in the
real-interpolation space (H, D(A(0)))1/p+ p-

Left multiplicative perturbation by B has been investigated recently by
Arendt et al. in [§]]. They proved L2-maximal regularity for

(1.6) u(t) + B(t)A(t)u(t) = f(t) ae.on[0,T], u(0)=uyeV
assuming that the sesquilinear form a can be written as
a(t,u,v) = ai(t,u,v) + ax(t,u,v)

where a; is symmetric, continuous, H-elliptic and piecewise Lipschitz continuous
on [0, T|, whereas ay: [0,T] x V x H — C satisfies |ap(t,u,v)| < Ma|lu|y|v||
and ay(-,u,v) is measurable for all u € V, v € H. Furthermore, they assume
that B: [0, T] — L(H) is strongly measurable such that ||B(t)| zz) < B1 for ae.
te€]0,T]and 0 < Bo < (B(t)g|g)y forg € H, ||g|lg = 1and a.e. t € [0, T].
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In order to prove L2-maximal regularity for the right multiplicative pertur-
bation problem (I.5), we need more regularity on B. In addition to the conditions
considered in [8], listed above, we assume that B : [0,T] — L(H) is piecewise
Lipschitz continuous and selfadjoint (i.e., B(t)* = B(t) for all t € [0, T]). Then as
in Sectionwe deduce L2-maximal regularity of from that of .

Applications to the parabolic evolution equation are presented in Sec-
tiondl

2. PERTURBATION OF MAXIMAL REGULARITY IN BANACH SPACES

2.1. DEFINITION AND PRELIMINARY. Let (D, | -||p)and (X, || - ||) be two Banach
spaces such that D <;> X, i.e., D is continuously and densely embedded into X.

Let A € £L(D,X),p € (1,00) and T > 0 be fixed. We say that A has L?-maximal
regularity if for every f € LP(0, T; X) there exists a unique function u belonging
to the maximal regularity space

MR (p, X) := MR (0, T, p,X) = LP(0, T; D) " W¥(0, T; X)
such that
(2.1) u(t) +Au(t) = f(t) ae.on[0,T], u(0)=0.

Recall that W?(0,T; X) < C([0, T]; X), so that u(0) = 0 in is well
defined. The space MR (p, X) is a Banach space with the norm

[ullmr = llullLr 0,10y + HuHWLP(O,T;X)'

LP-maximal regularity for autonomous evolution equations is a well un-
derstood property and has been intensively investigated in the literature. In the
autonomous case LF-maximal regularity is independent of the bounded interval
[0,T] and of p € (1,00) [12], [22], [32]. Thus we denote by MR the set of all
operators A € £(D, X) having LP-maximal regularity. It is well known that if A
has LP-maximal regularity then A is closed as unbounded operator on X and —A
generates a holomorphic Cy-semigroup (T(t));>0 on X [6], [15], [22]. Moreover,
on Hilbert spaces an operator A has LP-maximal regularity if and only if — A gen-
erates a holomorphic Cy-semigroup [14]. This equivalence is restricted to Hilbert
spaces [20], see also [16]. The reader may consult [2], [22] for a survey and further
references.

Consider the initial value problem

(2.2) u(f)+ Au(t) =0 ae.on[0,T], u(0)=up.

Assume that A € MR. Then has the unique solution u(-) = T(-)ug €
MR (p, X) if and only if ug lies in the trace space

Tr = {u(0): u € MR (p, X)}
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(see [2], [7]). The space Tr is a Banach space with the norm
[l /|7 := inf{[ul|mr : u(0) = x}.

Note that the trace space does neither depend on the interval [0, T] nor on the
choice of the point where the functions u € MR(p, X) are evaluated. In fact,
the maximal regularity space is invariant under translation and dilatation. We
also recall that Tr is isomorphic to the real interpolation space (X, D)1+, ,, where

1 1 _
E+?—1and

MR (p, X) 7) C([0, T; Tr).

Suppose now that the operator A is time-dependent and consider the non-auto-
nomous Cauchy problem associated with A

(2.3) u(t) + A(t)u(t) = f(t) ae.on[0,T], u(0)=0.
The LP-maximal regularity for ([2.3)) is defined as follows.

DEFINITION 2.1. We say that has LP-maximal reqularity on the bounded
interval (0, T) (and write { A(t),t € [0, T]} € MR(p, X)) if foreach f € LP(0, T; X)
there exists a unique function u € W7 (0, T; X) such that u(t) € D(A(t)) for al-
most every t € (0,T) and A(-)u(-) € LP(0, T; X) satisfying (2.3).

Assume that D(A(t)) = D for almost every t € [0,T] and A : [0,T] —
L(D, X) is strongly measurable. Recall that the function A : [0,T] — £(D, X) is
relatively continuous ([7], Definition 2.5) if for each t € [0, T| and all ¢ > 0 there
exist d > 0,17 > O such that forall s € [0, T], |t — s| < ¢ implies that

|A(t)x — A(s)x|| < e||x||p +n||x|| forx € D.

If A is relatively continuous then A is bounded (see Remark 2.6 of [7]).
The following lemma is used in the next sections and is easy to prove.

LEMMA 2.2. Let A : [0, T] — L(D, X) be relatively continuous and B : [0, T| —
L(X) be another function. Then the following holds:
(i) If B is norm continuous, then the product BA is also relatively continuous.
(ii) If B ist bounded, then A + B is relatively continuous.

2.2. PERTURBATION OF LP-MAXIMAL REGULARITY. Let X, D be the Banach spaces
as in the previous section and additionally assume that X has the Radon-Nikodym
property.

Let A : [0,T] — L(D, X) be strongly measurable and relatively continuous.
In this section we prove some perturbation results for the problem (2.3). Let B :
[0,T] — L(X) be such that B(-)x € C'([0,T], X) for each x € X, the inverse
B(t)™! € L(X) exists for every t € [0,T] and sup ||B(t)"!||z(x) < co. Consider

telo,T

the following non-autonomous problem o
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(24) u(t) + A(t)B(t)u(t) = f(t) ae.onl0,T], B(0)u(0) = xo.

Here the operators A(t)B(t
D;:=D(A(t)B(t)) = {x € X: B(t)x € D(A(t))}.

In contrast to D(A(t)) the domains D; generally depend on the time variable.

The general question is whether the problem has LP-maximal regularity.
By 2B we denote the multiplication operator on L7 (0, T; X) defined by

(ABu)(t) = A(t)B(t)u(t) for almosteveryt € [0,T],
D(AB) = {u € LP(0,T; X) : u(t) € Dy a.e. and ABu € LF(0,T; X) }.
Note that if A(t) is closed as operator on X for almost every t € [0, T] then

(AB,D(AB)) is closed. In this case the maximal regularity space MR p(p, X)
given by

) are defined on their natural domains, namely

MRg(p,X) := MRg(0,T,p, X) := D(AB) N WP (0, T; X)
is a Banach space with the norm

[ullmry == lllrro,r;x) + 1wllLro,mx) + 1Bl Lr0,7;%)-

For each interval [a,b] C [0, T], we may consider the operator A8 on L”(a, b; X).
In order to keep notation simple, we do not use different notations here.

REMARK 2.3. Since the Banach space X has the Radon-Nikodym property,
the space of absolutely continuous functions on [0, T| with values in X equals the
Sobolev space W1 (0, T; X) and %u := 11 coincides with the weak derivative. The
function u is in W7 (0, T; X) if and only if u € W1(0,T; X) and u € LP(0, T; X)
(see, e.g., Section 1.2 of [3]).

For the following lemma see Lemma 4.3 of [8].

LEMMA 2.4. Let B : [0, T| — L(X) be Lipschitz continuous. Then the following
holds:
(i) There exists a bounded, strongly measurable function B : [0, T] — L(X) such

that

d .
aB(t)x =B(t)x (xeX)

fora.e. t €[0,T] and
1Bl cx) <L (£€[0,T])
where L is the Lipschitz constant of B.
(i) If u € WYP(0, T; X) then Bu := B(-)u(-) € WY"P(0, T; X) and

(Buy = B(-)u(-) + B()u(").
(i) If u € WYP(0, T; X), then B~ u := B~1(-)u(-) € WYP(0,T; X) and
(B~'uy = =B~ 'B(-)B~'(-)u(-) + B~ (-)u(-).
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Note that if A(t) is closed for almost every t € [0, T] then MR (p, X) =
B(MR p(p, X)) and for all u € MR g(p, X) and v € MR(p, X) we have
(2.5) IBullmr < cillullmr, and  [[B~'ollmr, < callvllmr
where c; := sup{||B|| + L,1) and ¢, := sup{||B~!|| + ||B~!||?L, 1). In particular,
if B=1then MR(p, X) = MR;(p, X) coincide.

PROPOSITION 2.5. Assume that {A(t)B(t),t € [0,T]} has LP-maximal regu-
larity on (0, T") for every T' € (0, T]. Then for every s € [0,T) and every (f,xg) €
LP(s, T; X) x Tr there exists a unique u € MR (s, T, p, X)) such that
(2.6) u(t) + A(t)B(tH)u(t) = f(t) ae on[s,T], B(s)u(s) = xo.

Proof. Let (f,x9) € LP(s,T;X) x Tr. Let w € MR (0, T, p, X) be such that
w(0) = xo. Let ws(t) := w(t —s) fort €[s, T]. Thus ws := B~ 'ws € MR3(s, T, p, X).
Let f, € LP(0, T; X) be defined by f, = 0 on [0,s) and by

for=—ws() = AC)B()@s(-) + f(-) on|s,T].

Denote by v; € MRp(0, T, p, X) the unique solution of the problem

3s(t) + A()B(H)os(t) = F.(t) ae.on[0,T], os(0) = 0.

By LP-maximal regularity on (0 s) and the fact that f, = 0 on (0,s), vs = 0
n [0,s]. Set us(t) := vs(t) + ws(t) for t € [s,T]. Then us € MRp(s, T, p, X)

solves (2.6).
Let uy, up; € MRg(s, T, p, X) be two solutions of (2.6). Then

_ 0 fo<t<s,
o(t) :=
up—up ifs<t<T,

is a solution of on (0, T) for inhomogeneity f = 0 and xy = 0. Thus by
maximal regularity v = 0. 1

In the following theorem we give a sufficient condition for LP-maximal reg-

ularity of (2.4).

THEOREM 2.6. Assume that B(t)A(t) € MR for every t € [0,T]. Then the
problem (2.4)) has LP-maximal reqularity on (0, T') for all T' € (0, T] and p € (1, 00).
In particular, for each (f,xy) € LP(0, T; X) x Tr there exists a unique u € MR g(p, X)
satisfying
(2.7) u(t) + A(t)B(H)u(t) = f(t) ae on[0,T], B(0)u(0) = xo.

Moreover, B(-)u(-) € C([0, T|; Tr).

Proof. For every fixed t € [0 T] we apply Proposition 1.3 in [7] to A =
B(t)A(t) and B(-) = —B(t)B(t)~! and obtain B( JA(t) — B(t)B(t)™! € MR for
every t € [0, T]. Moreover, B(-)A(-) — B(-)B(-) ! is strongly measurable and rela-
tively continuous by Lemma[2.2} Thus Theorem 2.7 in [7] implies that { B(f) A() —
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B(t)B(t)"':t € [0,T]} € MR(p,X). Let f € LP(0,T; X) and let v € MR(p, X)
be the unique solution of

2.8) v+ B(t)A(t)v—B(t)B(t) 'o = Bf ae.on [0,T], ©v(0)=0

and set u(t) := B(t)"'o(t) for t € [0,T]. Observe that u(t) € D; a.e. and
A()B()u(-) € LP(0, T; X) since v(t) € D and A(t)B(f)u(t) = A(t)v(t) a.e. From

iB( B lx = —B()'B(HB(H) 'x (x€ X,ae te[0,T])

and since X has the Radon-Nikodym property, we have that u is absolutely con-
tinuous and

i(t) = (B() ') (t)
B(f) LB(HB(1) Mo (t) + B(1)"Ho(h)
= —B()7'B()B(t) Mo (1) +B(t) " (B(t)f() ~B() A(t)o(t) +B(t)B() ~'u(t))
= f(t) = A(£)B(£)u(t).

Thus u € MR p(p; X) and satisfies
(2.9) u(t)+ A(t)B(t)u(t) = f(t) ae.on[0,T], u(0)=0.

The unique solvability of follows from that of (2.8). Now the case
where xy € Tr follows from Proposition 2.5]

The last assertion follows from the fact that Bu = v € MR(p, X) and the
embedding MR(p, X) = C([0, T]; Tr). n

We consider an intermediate Banach space Y, i.e.,, D 7> Y 7> X such that
for each £ > 0 there exists # > 0 such that

lxlly <ellxlip +nlixll, xeD.

We then say that Y is close to X compared with D, see [7]]. Then we have the follow-
ing perturbation result.

PROPOSITION 2.7. Let A : [0,T] — L£(D,X) and B : [0,T] — L(X) beas in
Theorem [2.6] Let C : [0, T] — L(Y, X) be strongly measurable and bounded. Then for
each (f,xo) € LP(0, T; X) x Tr there exists a unique u € MRg(p, X) such that

210) u(t) + A(H)B(t)u(t) + C(H)u(t) = f(t) ae onl0,T],
' B(0)u(0) = xo.
Moreover, B(-)u(-) € C([0, T|; Tr).

Proof. The proof is the same as the proof of Theorem [2.6] Replacing in
the proof of Theorem 2.6 by

o+ B(H)A(t)v — B(t)B(t)"to + B(t)C(t)v
v(0) =

Bf a.e.on [0,T],

(2.11)
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we only have to show that B(-)A(-) — B(-)B(-) "' + B(-)C(-) € MR(p, X), which
is true by Theorem 2.11 of [7]. 1

In the last part of this section we study the existence of the evolution family
associated with the non-autonomous evolution equation (2.4). Let A := {(t,s) €
[0,T] x [0,T] : t > s}. Recall that a family of linear operators (U(t,5))(;s)en s
a strongly continuous evolution family on a Banach space Y & X if the following
properties hold:

() U(t,s) € L(Y) for every (t,5) € A,
(i) U(t,t) =Tand U(t,s) = U(t,r)U(r,s) forevery 0 < s <r <t < T,and
(iii) for every x € Y the function U(-, -)x is continuous on A with valuesin Y.

Assume that A and B satisfy the hypothesis of Theorem We have seen

in the proof of Theorem 2.6/that u € MRp(s, T, p, X) satisfies

(2.12) u(t) + A()B(H)u(t) =0 a.e.ons, T], B(s)u(s) = xo,
if and only if v := B(-)u € MR(s, T, p, X) satisfies
(2.13) o+ B(H)A(H)v— B(t)B(t) lo =0 ae.on[s,T], o(s) = xo.

For every (t,s) € Aand every xy € Tr we can define
U(t,s)xg := ov(t),

where v is the unique solution of (2.13). By Propositions 2.3, 2.4 of [7] the family
(U(t,5)) (s,t)en is a bounded and strongly continuous evolution family on Tr and
forall f € LP(0,T; Tr),

o(t) = /U(t, P f(r)dr
0

is the unique solution of the inhomogeneous problem
o+ B(t)A(t)v — B(t)B(t) tv = f(t) ae.on[0,T], v(0)=0.
Then we have the following result.

COROLLARY 2.8. Let f € B'LF(0,T; Tr) and ug := B~1(0)xg € B~1(0)Tr.
Then the unique solution u of (2.7)) is given by

t
w(t) = B-Y(O)U(t, 0)B(0)ug +/B*l(wu(t,r)B(r)f(r)dr.
0

Now assume that A in Theorem is norm-continuous. Then by The-
orem 3.1 of [30] there exists a bounded, strongly continuous evolution family
(V(t,5))(1,5)ea on X which maps X into (X, D)1y, = Tr. Moreover, the solution
v of

(2.14) o+ B(H)A(t)v —B(H)B(t) o =f ae. on[0,T], v(0)=x
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for xp € Trand f € LP(0, T; X) is given by
t
o(t) = V(t,o)xo+/V(t,r)f(r)dr, ae te0,T].
0

Clearly the evolution family V coincides with U on Tr. As a consequence we
obtain the following.

COROLLARY 2.9. Assume that A is norm continuous. Then the following family
(D(£5)) 1,5)ca &iven by

®(t,s) := BL(1)V(t,5)B(s)

is a bounded and strongly continuous evolution family on X. Moreover, for each f €
LP(0, T; X) and ug := B~1(0)xo € B~(0)Tr the unique solution u of (2.7)) is given by

w(t) = d(t,0)up + / ®(t,r)f(r)dr.
0

REMARK 2.10. The previous results have been proved in [7] and [30] in the
case where B = I.

3. EVOLUTION EQUATIONS GOVERNED BY FORMS

Throughout this section H, V are two separable Hilbert spaces over K = C
or R. We denote by (-|-)y the scalar product and by || - ||y the norm on V and by
(-]), 1] - || the corresponding quantities in H. Moreover, we assume that V = H.

Let V’ denote the antidual of V if K = C and the dual if K = R. The duality
pairing between V' and V is denoted by (-, -). As usual, by identifying H with
H', we have V. — H = H' — V' with continuous and dense embeddings (see,
e.g., [11]).

3.1. FORMS AND ASSOCIATED OPERATORS. Consider a continuous and H-elliptic
sesquilinear form a : V x V — K. This means, respectively,

(3.1) la(u,v)| < M||u||y||v]l, forsomeM >0andallu,v eV,
32)  Rea(u)+w|ul* > «|u|} forsomea >0, w e Randallu € V.

Here and in the following we shortly write a(u) for a(u,u). The form a is called
coercive if w = 0 and symmetric if a(u,v) = a(v,u) for all u,v € V. By the Lax-
Milgram theorem, there exists an isomorphism A : V — V' such that (Au,v) =
a(u,v) for all u,v € V. It is well known that —A generates a bounded holo-
morphic Cp-semigroup on V'. In the case where K = R this means that the C-
linear extension of —A on the complexification of V' generates a holomorphic
Co-semigroup. We call A the operator associated with a on V'. In applications to
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boundary value problems, the operator A does not realise the boundary condi-
tions in question. For the latter, we have to consider the operator A associated with
aon H:

D(A):={u € V:3f € Hsuch thata(u,¢) = (f|y) forall p € V}
Au =f.
Note that f is uniquely determined by u since V is dense in H. Moreover, it is
easy to see that A is the partof Ain H, i.e.,
D(A):={ueV:Auec H}
Au = Au.
THEOREM 3.1. Let A be an operator on H. Then the following are equivalent.
(i) A is associated with a continuous and H-ellipitic forma : V x V — C.
(ii) There exist w € R and 6 € (0, %) such that:
(a) (wh—i- A)D(A) =H,
(b) e (w + A) are accretive.
(iii) —A generates a holomorphic Cy-semigroup T of angle 6 € (0, ) such that for
some w € R
IT@ o < e, z€ Zge= {re 17> 0,]a] < 6},

For all results above we refer to, e.g., Chapter 2 of [33], Section 5 of [2]
and Chapter 1 of [27]. The definition of the operator A on H associated with a
depends on the scalar product considered on H, i.e., equivalent scalar products
leads to different operators.

PROPOSITION 3.2. Let a be a continuous and H-elliptic form on V and let A be
the associated operator on H. Let B € L(H) be self-adjoint such that

(33) (Bx|x) > Bllx|* (x € H)
for some B > 0. Then —AB and —BA generate holomorphic Cy-semigroups on H.
Proof. Let Hp be the Hilbert space H endowed with the scalar product
(u|v)p := (B 1u|v).

By (3.3) this scalar product induces an equivalent norm on H. It is easy to see that
BA is the operator associated with a on Hp ([2]], Section 5.3.5). Then —BA and, by
similarity, —AB generate holomorphic Cp-semigroups on H. 1

3.2. PERTURBATION OF NON-AUTONOMOUS MAXIMAL REGULARITY IN HILBERT
SPACES. In this section we extend Proposition[3.2]to the non-autonomous setting.
Let T > 0and

a:[0,T]xVxV =K and B:[0,T] - L(H).
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Throughout this section we make the followings assumptions on a and B. As in
[8] we assume that a can be written as the sum of two non-autonomous forms

(3.4) a(t,u,v) = ay(t,u,v) + ap(t,u,v) (t€[0,T],u,veV)
where a1(t,u,v) : [0,T] x V x V — K is such that
(3.5) lar(t,u,0)| < Maljullvllolv  (t€[0,T]uveV)

for some M; > 0, and

(3.6) Re ay (t,u,u) + w|u|®> > afjul? (t€[0,T],uc V)
for some & > 0 and w € R. We also assume that a; is symmetric, i.e.,
(3.7) ar(t,u,0) = ai(t,o,u) (t€[0,T],u,v e V).

Further we suppose that ay is Lipschitz continuous in t € [0, T], i.e., there exists
Lq > 0 such that

38)  fau(t,u,0) —ai(s,u,0)[ < Lalt =sl[ully[vlly (ts€[0,T],uveV),
whereas ay: [0, T] x V x H — K satisfies
(3.9) laa(t,u,v)| < Malullv|lv|| (t€[0,T|,u€V,veH)

for some M > 0 and ay(+, u,v) is measurable for all u € V, v € H. We denote by
A(t) the operator associated with a(t, -, -) on H.

Let B : [0,T] — L(H) be a Lipschitz continuous function with Lipschitz
constant Ly > 0. Assume that B is self-adjoint and uniformly coercive, i.e., B(t)* =
B(t) and

(B(t)x|x) > BllxII
for some constant f > 0 and for all t € [0, T] and x € H. The main result of this
section reads as follows.

THEOREM 3.3. The family {A(t)B(t),t € [0,T]} has L?>-maximal regularity.
Moreover, for all xo € V and f € L?(0,T; H) there exists a unique u € MRg(2, H)
with

(3.10) u(t) + A(t)B(tH)u(t) = f(t), aete]|0,T]
(3.11) B(0)u(0) = xo.

Moreover, B(-)u(-) € C([0,T]; V) and

(312 ol ary < ellixolly + 1 fllz o e

where the constant ¢ = ¢(Ly, Ly, M1, M, T, &, B, w) is independent of xo and f.

Proof. Letxg €V, f € L%(0,T; H). By the assumptions on B and Lemma
B~'BB~! : [0,T] — L(H) is bounded and for each u € H we have that t
B(t)~'B(t)B(t)~'u is weakly measurable. Then applying Theorem 4.2 of [8] to

a:=a—(B7'BB7!-|)
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we deduce that {B(t)A(t) — B(t)B(t)~%,t € [0,T]} € MR(2,H) and the non-
autonomous Cauchy problem

(3.13) o(t) 4+ (B(H)A(t) — B(t)B~1(t))o(t) = B(t)f(t) a.e.on [0,1],

(3.14) v(0) = xo,

has a unique solution v & Hl(O, T,H) N LZ(O, T;V) such that v belongs to
C([0,T]; V). Using Lemma the second part of the proof is the same as in the
proof of the Theorem [2.6]

The last assertion follows from and estimate (4.1) in Theorem 4.2
of [8]. n

We say that B : [0, T] — L(H) is piecewise Lipschitz continuous if there exist
0=ty <t <--- <ty =T such that on each interval (#;_1,¢;) the restriction of

B is Lipschitz continuous on (f;_1, t;). Then the following corollary follows easily
from Theorem

COROLLARY 3.4. Assume instead of the Lipschitz continuity that B : [0,T] —
L(H) is merely piecewise Lipschitz continuous. Then the family { A(t)B(t),t € [0, T]}
€ MR(2,H). Moreover, for all xo € V and f € L?(0,T; H) there exists a unique
u € MRg(2, H) which satisfies

u(t) + A(H)B(t)u(t) = f(t) ae onl0,T],
B(0)u(0) = xo.
Moreover, B(-)u(-) € C([0, T|; V).

Theorem 3.3|and Corollary 3.4 are restricted to the case p = 2. For the gen-
eral case (p € (1,00)) we give a result under the additional assumption that
the domain D(A(t)) = D of the operators induced by the forms a(t, -, -) are t-
independent. However, the domains of the perturbed operator A(t)B(t)

D(A(t)B(t)) :=={x € H: B(t)x € D}

may depend on the time variable . For this we use the results of Section[2] In fact,
the following result is a consequence of Theorem 2.6/and the fact that B(t) A(t) €
MR fora.e. t € [0, T] (by Proposition3.2).

THEOREM 3.5. Assume that A : [0,T] — L(D,H) is relatively continuous
and B : [0, T| — L(H) is piecewise Lipschitz continuous. Then for every (f,xg) €
LP(0,T; H) x Tr there exists a unique u € MRg(p, H) such that

u(t) + A(t)B(t)u(t) = f(t) ae on[0,T],
B(0)u(0) = xo.
Moreover, B(-)u(-) € C([0, T|; Tr).

REMARK 3.6. Theorem 3.3} Corollary B.4and Theorem 3.5|remain true if we
assume piecewise Lipschitz continuity of a;.

(3.15)
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4. A CLASS OF PARABOLIC EQUATIONS

In this section we apply our results on LP-maximal regularity to the non-
autonomous partial differential equation (I.1) with time dependent coefficients.

4.1. DESCRIPTION AND ASSUMPTIONS. Let1 <k <nand 0 <7 < 2k. Forr =0
we use the notations K° := {0}, K0*%* := £(K?,{0}) and K**0 := £({0}, K?).
Let T > 0. We consider the linear parabolic system

41)  ow(t,0) + AM)H(, Du(t,0) = f(t,0), C€[0,1,0<t<T,

(4.2) #H(0,2)u(0,2) = x0(), [0, 1],

(4.3) F*By(t)(H(t)u(t,-)) = *WR( )F Co(H(tu(t,)), 0<t<T,
(4.4) (I—FF)Cy(H(t)u(t,")) =0, 0<t<T,

on H := L%(0,1; K"), where
0
ag

G*[GS(t )a—éG*H(t)u(t,~) + PyH(H)u(t,-)] (1)
—G*[GS(t) G H(tu(t,-) + PrH(t)u(t, )] (0)

(G™H(t)u(t,-))(1) } .

A(t) = — aag

(GS( )2 G* +P1) — P,

By(t)(H(t)u(t,")) :==

and

Co(H(Bu(t,)) := [ (G*H(t)u(t,))(0)

We always assume the following.

ASSUMPTION 4.1. (i) G € K"*¥ has full rank and GG* € K"*" is a projec-
tion.
(ii) Pp € L*(0,1; K"*").
(iii) P; € W*(0,1; K"*") and for some x > 0

(4.5) [(I — GG")P(Q)u| < x1|GG*u| forallu € K", a.e.on (0,1)

(iv) H : [0, T] x [0,1] — K"*" is self-adjoint, bounded and uniformly coercive,
ie, H(t,0)* = H(t,{) and 0 < myI < H(t,{) < Myl (t € [0,T], a.e.{ € [0,1])
for some constants m1, My > 0, measurable with respect to the second variable
and uniformly Lipschitz continuous with respect to the first variable,i.e.,

[H(t,0) —H(s, Ol < Lift—s| (ts€[0,T], ae. g €[0,1])

for some constant L; > 0.
(v) S : [0,T] x [0,1] — KF** satisfies properties analogous to those of H with
corresponding constants 11y, Mp and Lo.
(vi) F € K?*" has full rank and FF* € K%*?f is a projection.
(vil) Wg(t) : [0, T] — K™ is Lipschitz continuous with Wg(t) = Wy (t) > 0 for
allt € [0, T].
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Note that G*G = Iy and F*F = Igr. The Hilbert space H := L%(0,1;K")

is endowed with the standard L2-norm || - || ;2. We define the realisation A(t) of
A(t) on H by
(4.6) A(t) = fi(csa)ic* +p1) X

¢ ¢

with domain

D(A(t)) ::{u € H:G*u < HY(0, 1;]Kk),GS(t)aa€G*u + Piu € HY(0,1;K"),

F*By () () = —Wr(t)F*Co(u) and (I — FF*)Cy(u) = 0 }.

Here we consider B;(t) and C, as operators B,(t) : D(B,(t)) € L?(0,1;K") —
K% and Cy : D(Cy) C L2(0,1;K") — K2 with domains

D(B,(t)) ;:{u € [2(0,1;K") : G*u € H'(0,1; K¥),
* d * 1 ek
G [GS(t)a—gG u+ Pu) € H'(0,1;KF) }
and
D(Cy) := {u € L*(0,1;K") : G*u € H'(0,1;K¥)}
defined by

By(tu =

"— [ (G™u)(1) ]
G* (GS(t) 7 G*u+ Piu) (0) (G*u)(0)

Thus the parabolic system @.1)—(4.4) corresponds to the non-autonomous ab-
stract Cauchy problem

4.7) u(t) + A)H(t)u(t) = f(t), ae.on0,T], H(0)u(0)= xo.
We aim to investigate the well-posedness of (4.7)) with LP-maximal regularity.

G*(GS(t)a%G*u—l—Plu)(l) 1 e

4.2. AUTONOMOUS CASE. In this subsection we consider the autonomous case,
i.e., the parameters H(t) = #H,S(t) = S and Wr(t) = Wg are independent of the
time variable t € [0, T]. Define the sesquilinear form a: V x V — Kby

(48) a(u,0):=(S(G"u)'[(G"0)") 2+ (P1u|G(G"v)") 2= ([(I = GG™)Piu]'|0) 2
— (Pou|v) 2 + Cy(v)*FWRF*Cy(u)
with domain
(4.9) V:={ve H:G*% e H(0,1;K¥) such that (I — FF*)Cy(v) = 0}
where V is equipped with the norm
oI} := lloll7 + 11(G*0)'|I72.

The Hilbert space V is continuously and densely embedded into H.
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LEMMA 4.2. The Hilbert space V satisfies
vV c {veLl?0,1;K") : (I-GG*)Pv € H'(0,1;K")}
and there exists xp, > 0 such that
I(I = GG™)Pro|| g < xalo]ly-

In particular a defined in E8)—@.9) is well-defined.
Proof. It follows from Assumptions[4.1]i) and [4.[iii) that

(I - GG")Pyv = (I — GG*)P;GG™v
for all v € V. Hence the assertion is immediate. 1
LEMMA 4.3. The sesquilinear form a : [0, T] x V x V — K defined by 4.8)—@.9)

is continuous and H-elliptic.

Proof. We may and will assume that Py = 0. Let v € V and let € > 0 be such
that mp — % > 0. It follows from Assumption V), Lemma and Young’s
inequality

Rea(v) = (S(G*0)'|(G*v)’) ;2 + Re(P1o|G(G*0v)) 2
—Re([(I — GG*)Pyv]'|v) 2 + Cy(v) " FWRF*Cy(0)
> ma[(G*0)'[I72 — [|PrlllIGIHoll 2 (G| 2
= (1= GG Pro][| 2|0 2
> ma[(G*0)'[I72 — [|Prll |G o[l 2 (G| 2
—2([(G™0) |2 + lloll2) [0l 2
= m|[(G*)'|[72 = (1Pl lIGIl + x2) [(G*0) [l 2 0]l 2 — 20172

1 " €
> (m2 = 2 )G ) I = (58 + 2 ) ol
where 3 := || P ||| G| + %2. Thus
Rea(v) +w|o]|7, > alo[l7,

where w := 1+ §%3 + x, and & := min{1, (my — 5-)}. The continuity follows eas-
ily from Lemma[4.2} the Cauchy-Schwarz inequality and the Sobolev embedding
theorem. 1

We define on H the operator

3 o
(4.10) Au= 5 (Gsic; U+ Plu) — Pyu
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with domain

(4.11) D(A) ::{u € H:G*uc HY(0, 1;Kk),GSaa€G*u + Piu € HY(0,1;K"), -

F*By (1) = —WRF*Cy(u) - and (I — FF*)Cy(u) = o}.

PROPOSITION 4.4. The operator associated with a on H is the operator (A, D(A))
defined by (4.10)—(4.11), and thus — A generates a holomorphic Co-semigroup.

Proof. Again we may and will assume Py = 0. Denote by (B, D(B)) the
operator associated with a on H, i.e.,

D(B) :={u € V:3f € Hsuchthata(u,y) = (f|y) forallp € V}
Bu :=f.

Letu € D(A). Then for all v € V we have

(Aulv)2 = (aag (GsaéG*LH—Plu)\ )Lz

—((I—GG*)aag(GSagG*u—i—Plu) )L2
(aag (Gs agG*u+P1u)|GG* ) i

- (aag(l—cc )P1u|) (Gsag

4.12) + [(Gc*v)(g) ( GSagG*u —P1u> (g)};.

. 9 .,
G+ PrulG -G U)L2

Here we have used the fact that

(I-GG*) (GSaaéG*u + P1u> = (I - GG*)Pyu.

The condition
(I —FF")Cy(v) =0
in the definition of V and the fact that u € D(A) imply that the boundary term in
(4.12) equals
—Cy(v)*By(u) = —Cy(v)* (I — FF* + FF*)By(u) = Cy(v)*FWRF*Cy(u).

Thus a(u,v) = (Au|v);2. This proves A C B. For the converse inclusion, let
u € D(B). Then

(4.13) (Bu|v);2=a(u,v)
— (S(G"u)'I(G"0)") 2+ (PrulG(G*0) ) 2~ ([(1 — GG*)Pyu'[o) 2
— (GS(G™u)'[o)2 + (P GG™) 2 + (I — GG*)Prufor)
= (GS(G*u)' + Pulv') 2
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forallv € C°(0,1;K") C V. This means, by the definition of the weak derivative,
that GS(G*u)’ + Pyu € H'(0,1,K") and

3/ 9 .
(4.14) Bu=—3 (GSa—g(G w)+ Pru).
Let v € V. Inserting in (Bu|v);2 = a(u,v) and integrating by parts we
obtain

0= a(u,v) — (Bul|v);2
= (8(G"u)'|(G™0)") 2 + (Pru|G(G™0)") 2 = ([(I = GG") Pyu]'[v) 12
+ Cy(v)*FWRF*Cy(u) + ([GS(G*u)' + Pyu]'|v) 2

= Ca(0) FWRF"Co(u) + [(GG0)(0)"(GS(G ™)' + Prut) (D)l

= Cy(v)"[FWRF*Cy(u) + FF*By(u)]
where in the last step we used that Cy(v) = FF*Cy(v) since v € V. On the other
hand, for each z € K" there exists v € V such that

z = F*Cy(v).

In fact, {Cy(v),v € V} = ker(I — FF*) since the mapping v — Cy(v) is surjective
from V to K and K" = ran F*F = F*ran F = F* ker(I — FF*). We conclude that
F*By(u) = —WRF*Cy(u).

Therefore, u € D(A) and Bu = Au. This completes the proof. 1

Now Proposition [4.5| below follows from Lemma Proposition 4.4 and
Proposition

PROPOSITION 4.5. The operator —AH given by

3, 9 .
A== (GSa—gG H+ P{H) — PyH

with domain
D(AH)={u € H :Hue D(A)}
generates a holomorphic Cy-semigroup on H.

Next, Proposition [f.6|below gives additional conditions under which — A
generates a contraction semigroup.

PROPOSITION 4.6. Assume that the following assumptions hold:

. . [ G*P(1)G 0

(i) Re (Py(-) + GG*P{(-) + 3GG*P{(-)GG*) <0,
(iif) Py () = Pr(-)".
Then — AH generates a contractive semigroup on H with respect to the inner product
(u|v)y = (Hulv);2.
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Proof. 1t suffices to prove that the sesquilinear form (a, V) given by (@.8)-
(4.9) is accretive, i.e.,, Rea(u) > 0 for all u € V. In fact, —A generates a contrac-
tive semigroup on H if and only if —AH generates a contractive semigroup on

(H, () n)-
From Assumption 4.1| we deduce that (I — GG*)P; = (I — GG*)P;GG*.
Thus for each u € V
Re(u|[(P,GG* — (I - GG*)Py)u]') 2
= Re(u|[(P, — (I - GG")P)GG"u]') 2
= Re(u|GG*(P|GG*u)') ;2 = Re(GG*u|(P1c;G*u)’)L2

—5 (GG ulP{(GGu)) 2 + 5 [(GG* ) (O)P1(D)(GG 1) (§)]g

—5 (GG u|P[(GG™u)) 2

1/ (G*u)(1) «( G'P1(1)G 0 « (G*u)(1)
(e ) 7 (TN anoe ) (b))
where in the last step we used that Cy(v) = FF*Cy(v) since v € V. It follows

from (i)—(iii) and that a is accretive. This is equivalent to the fact that —
generates a contraction semigroup. 1

N\HN\H

4.3. NON-AUTONOMOUS CASE. Let us come back to the non-autonomous situa-
tion and recall Assumption We observe LP-maximal regularity in the follow-
ing two cases.

Case 1. Let p € (1,00) be arbitrary. We then assume that S and Wg do not
depend on the time variable ¢ € [0, T] and obtain the following well-posedness
result.

THEOREM 4.7. Let p € (1,00) and assume that S(t,-) = S(-), Wg(t) = Wr
do not depend on t € [0, T]. Then for any given xo € (H,D(A))1-1/p,p and f €
LP(0, T; H) there exists a unique u € MRy (p, H) satisfying the non-autonomous system

o (t,§) + AQH (L, Qu(t,§) = f(£,0)
H(0,8)u(0,4) = x0({)
F*By(H(H)u(t, :—WRF Ca(H(t)u)
Ju(t,

¢)

)
(I=FF)Cy(H(t)u(t,-)) =
Proof. By Assumption [4.1[iv), t — H(t, ) is Lipschitz continuous and uni-
formly coercive as a function [0,T] — L(H). Moreover, A(t) = A is constant
and B(t) A belongs to MR for every t € [0, T], so the result follows from Theo-

rem[2.6 1

Case 2. p = 2. In this case we do not impose additional assumptions on
S, WR, besides Assumption 4.1}
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THEOREM 4.8. Given xo € V and f € L2(0, T; H) the non-autonomous system

oru(t,0) + A()H(t, Qu(t, Q) = f(+0)
#H(0,8)u(0,8) = x0(7)
F*By(t) (H(t)u(t,-)) = —Wr(H)F*Ca(H(t)u(t,-))
(I = FF)Cy(H(t)u(t,-)) =0

has a unique solution u € MRy(2, H).
Proof. The result follows from Theorem 3.3|for

a1 (tu,0) 1 = (S(£)(G*u)'|(G*0)') 12 + Ca(0) " FWR () F*Cy (1)
+ (P1u|G(G™0)") 12 + (G(G™u)'| P1v) 2

and

ap(t,u,0) = —(G(G*u)'|Pv) 2 — ([(I — GG*)Pru]'|v) 2 — (Pou|v) 2.

4.4. WAVE EQUATION WITH STRUCTURAL DAMPING. We illustrate our theoreti-
cal results of Sections [4.1] to [£.3|by means of the one-dimensional wave equation
with structural damping along the spatial domain. We start with the autonomous
and homogeneous evolution equation

Pw 9 w

(4.15) Q)5 = 5z (EQ 5 00) + g( @559 +0)

where { € [0, 1] is the spatial variable, w(t, ) is the deflection at point { and time
t, p(-) is the mass density, E(-) is the Young’s modulus and k(-) is the damping
coefficient. The distributed parameters E, p, k are assumed to be of class L*(0,1)
and strictly positive with

(%

0 <p(0),E(),k(C) ae onl0,1] forsomed > 0.
We define x; := paa—‘;’ and x; := BC Then l) can be equivalently written as

() =2l (3 ) o (7 00 ) ()
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We see that the damped wave equation (4.15) can be written in the form (4.1) with

'M@—(ﬂ@ §5>,zuo—(2 o) c=(0)

S(C) =k(C),Py =0, f =0,n =2and k = 1. Furthermore, it is easy to see that the
matrices G, Py, P; satisfy Assumption[4.1} In particular, we have

smcem- (8 1) (2 1) (2 8)-nee

so that equation is satisfied. Also note that H and S are coercive multipli-
cation operators on L?(0,1;K?) and L?(0,1;K), respectively. Moreover, remark
that the assumptions of Proposition [4.6|are satisfied for all Wg > 0. So far we did
not impose any boundary conditions. First consider the essential boundary con-
ditions, choosing r € {0,1,2} and F € K?*" such that FF* € K?*? is a projection.
We then set V := HL(0,1) x L?(0,1) where

1 — 1 (T _ pr* o(1) ) _
HL(0,1) := {v € H'(0,1) : (I — FF") < ol0) ) _0}.
We give some examples:
(i) » = 0, then FF* = 0 and this leads to

V ={veL?0,1,K?) :0v; € H(0,1),v1(0) = v1(1) = 0}

i.e., Dirichlet boundary conditions w¢(0) = w(1) = 0.
(if) » = 2, then FF* = I and consequently

V ={veL?0,1;,K?) :v, € H(0,1)}

i.e., no essential boundary conditions.
1
. _ 1
(iiiyr=1eg,F= 7 ( 1 >,ther1

V ={veL?0,1,K?) :v, € H(0,1),01(0) = v1(1)}
i.e., periodic boundary conditions w¢(0) = w¢(1).

Secondly, by choosing 0 < Wg = Wy € K™*" we demand natural boundary

conditions
RO +ECQw)) Y ()
F(%mﬁwﬁaﬁmw>‘ MF({@)
which for the original equation correspond to the boundary conditions
o (k(wig +ECw)(1) o e [ wi(1)
P (e ) e (Sl )

For our previous examples this reads:

=

(i) r = 0, then we have only essential boundary conditions.
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(ii) = 2, then for W = 0 we obtain Neumann-type boundary conditions
(k(-)eworg + E()ag)(0) = (k(-)eorg + E(eog) (1) = 0
and for 0 # Wg > 0 Robin-type boundary conditions.
(iii) r = 1,F = % ( 1 ), then Wr > 0 is scalar and the natural boundary

condition reads

(k(-)wig + E(-)wg) (1) = (k(-)wig + E(-)wg)(0) = =Wr(wi (1) 4+ wi(0)).

For the non-autonomous version of equation (.15) the results of Section[4.3|
thus imply the following where we use the notation

Dk i= {1 € HE(0,1) x L2(0,1) : (kuj +u5) € H'(0,1),

(e @Yy (9003
—(kuj +u2)(1) ur(1) )7
PROPOSITION 4.9. Let p € (1,00) and assume that p, E : [0, T] x [0,1] = R,k :
[0,1] — R are bounded and measurable with p and E piecewise Lipschitz continuous in
t € [0, T] and such that
p(t,0),E(t,0),k(C) >0 >0, ae (t,)€[0,T]x][0,1].
Further let r € {0,1,2} and F € K**" be such that FF* € K2*2 is a projection and
Wr = W}, = 0an r x r-matrix. Then for every (x1,x2) € (L*(0,1;K?), Dgwy k)
and f € LF(0,T;L?(0,1)) the problem
Pw 9 ow ’w

P0G — 5z (B O 57 (60 — KO 552(10)

1/p*p

(
(
F* ( (k(-)wig + E(t, -)wg) (1
(
)
)

has a solution w such that
(wi, E(t,-)wy) € WHP(0, T; L*(0,1;K?))
k(-)wt + E(t,-)w € LP(0, T; H'(0,1;K?))
which is unique up to an additive constant A € K.

This follows from the previous considerations and Theorem [£.7]
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PROPOSITION 4.10. Let p = 2 and assume that p, E, k : [0,T] x [0,1] — Rare
bounded and measurable and piecewise Lipschitz continuous in t € [0, T| and such that

o(t,0),E(t,C),k(t,0) 20 >0, ae (t,{) €[0,T] x][0,1].
Further let r € {0,1,2} and F € K2%" pe such that FF* € K2%2 jsa projection and
Wk : [0, T] — K™ be piecewise Lipschitz continuous with W (t) = Wg(t) = 0 for all
t € [0, T). Then for every (x1,x2) € HE(0,1) x L2(0,1) and f € L?(0,T; L%(0,1)) the
problem

2 2
o(6:0) 55 5 (ECO 5 (60 ~ KD 522,0)) = F(1.0)

o (@0 _

oo (3
oo B )0 (1) Y _ e (@)
P (e e e ) = mor (66))

(Ewn)(0,7) = 1

(Ew)(0,) =

has a solution w such that
(wi, Ewz) € HY(0, T; L*(0, 1 K?))
k(t,-)wi + E(t,)w; € L*(0, T; H'(0,1;K?))
which is unique up to an additive constant A € K.

This is a consequence of Theorem [4.8|

Acknowledgements. The authors would like to thank the referee for his careful read-
ing of the manuscript and his improving comments. This work has been supported by
Deutsche Forschungsgemeinschaft DFG (Grant JA 735/8-1)

REFERENCES

[1] H. AMANN, Maximal regularity for nonautonomous evolution equations, Adv. Non-
linear Stud. 4(2004), 417-430.

[2] W. ARENDT, Semigroups and evolution equations: Functional calculus, regular-
ity and kernel estimates, in Evolutionary Equations, Hand. Differ. Equ., vol. 1,
Elsevier /North-Holland, Amsterdam 2004, pp. 1-85.

[3] W. ARENDT, C.J.K. BATTY, M. HIEBER, F. NEUBRANDER, Vector-valued Laplace Trans-
forms and Cauchy Problems, Birkhduser Verlag, Basel 2001.

[4] W. ARENDT, S. BU, The operator-valued Marcinkiewicz multiplier theorem and max-
imal regularity, Math. Z. 240(2002), 311-343.

[5] W. ARENDT, S. BU, Tools for maximal regularity, Math. Proc. Cambridge Philos. Soc.
134(2003), 317-336.



414 BJORN AUGNER, BIRGIT JACOB AND HAFIDA LAASRI

[6] W. ARENDT, S. BU, Fourier series in Banach spaces and maximal regularity, in Oper-
ator Theory, Adv. Appl., vol. 201, Birkh&duser Verlag, Basel 2010, pp. 21-39.

[7]1 W. ARENDT, R. CHILL, S. FORNARO, C. POUPAUD, LP-maximal regularity for non-
autonomous evolution equations, J. Differential Equations 237(2007), 1-26.

[8] W. ARENDT, D. DIER, H. LAASRIL, E.M. OUHABAZ, Maximal regularity for evolution
equations governed by non-autonomous forms, Adv. Differential Equations 19(2014),
1043-1066.

[9] W. ARENDT. A.F.M. TER ELST, Sectorial forms and degenerate differential operators,
J. Operator Theory 67(2012), 33-72.

[10] C. BARDOS, A regularity theorem for parabolic equations, J. Funct. Anal. 7(1971), 311-
322.

[11] H. BREzIS, Functional Analysis, Sobolev Spaces and Partial Differential Equations,
Springer-Verlag, Berlin 2011.

[12] P. CANNARSA, V. VESPRI, On maximal L? regularity for the abstract Cauchy problem,
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 5(1986), 165-175.

[13] R. DENK, M. HIEBER, J. PRUSS, R-boundedness, Fourier multipliers and problems
of elliptic and parabolic type, Mem. Amer. Math. Soc. 166(2003).

[14] L. DE SIMON, Un applicazione della teoria degli integrali singolari allo studio delle
equazioni differenziali lineari astratte del primo ordine, Rend. Sem. Mat. Univ. Padova.
34(1964), 547-558.

[15] G. DORE, LP-regularity for abstract differential equations, in Functional Analysis and
Related Topics, 1991 (Kyoto), Lecture Notes in Math., vol. 1540, Springer-Verlag, Berlin
1993, pp. 25-38.

[16] S. FACKLER, The Kalton-Lancien theorem revisited: maximal regularity does not ex-
trapolate, J. Funct. Anal. 266(2014), 121-138.

[17] B. HAAK, E.M. OUHABAZ, Maximal regularity for non-autonomous evolution equa-
tions, Math. Ann., to appear; available at: http:/ /arxiv.org/abs/1402.1136.

[18] M. HIEBER, S. MONNIAUX, Heat kernels and maximal L, — L4 estimates: The nonau-
tonomous case, |. Fourier Anal. Appl. 328(2000), 467-481.

[19] M. HIEBER, S. MONNIAUX, Pseudo-differential operators and maximal regularity re-
sults for non-autonomous parabolic equations, Proc. Amer. Math. Soc. 128(2000), 1047—
1053.

[20] N. KALTON, G. LANCIEN, A solution to the problem of L,-maximal regularity, Math.
Z. 235(2000), 559-568.

[21] T. KATO, Linear evolution equations of hyperbolic type, |. Fac. Sci. Univ. Tokyo
25(1973), 241-258.

[22] P.C. KUNSTMANN, L. WEIS, Maximal L, regularity for parabolic equations, Fourier
multiplier theorems and H* functional calculus, in Proceedings of the Autumn School

on Evolution Equations and Semigroups, Levico Lectures, vol. 69, Springer-Verlag, Hei-
delberg 2004, pp. 65-320.

[23] M. KURULA, H. ZWART, Feedback theory extended for proving generation of con-
traction semigroups, available at http:/ /arxiv.org/abs/1403.3564, 2014.



ON THE RIGHT MULTIPLICATIVE PERTURBATION OF NON-AUTONOMOUS LP-MAXIMAL REGULARITY 415

[24] Y. LE GORREC, B.M.]. MASCHKE, J.A. VILLEGAS, H.]. ZWART, Dissipative boundary
control systems with application to distributed parameters reactors, in Proceedings of
the 2006 IEEE International Conference on Control Applications, IEEE Conf. Proc., Munich
2006, pp. 668-673.

[25] J.L. LIONS, Equations Différentielles Opérationnelles et Problemes aux Limites, Springer-
Verlag, Berlin-Gottingen-Heidelberg 1961.

[26] A. LUNARDI, Analytic Semigroups and Optimal Regularity in Parabolic Problems,
Birkh&user, Basel 1995.

[27] E.M. OUHABAZ, Analysis of Heat Equations on Domains, London Math. Soc. Mono-
graphs Ser., vol. 31, Princeton Univ. Press, Princeton 2005.

[28] E.M. OUHABAZ, C. SPINA, Maximal regularity for nonautonomous Schrodinger type
equations, . Differential Equation 248(2010), 1668-1683.

[29] P. PORTAL, Z. STRKALJ, Pseudodifferential operators on Bochner spaces and an ap-
plication, Math. Z. 253(2006), 805-819.

[30] J. PrRUSS, R. SCHNAUBELT, Solvability and maximal regularity of parabolic evolution
equations with coefficients continuous in time, J. Math. Anal. Appl. 256(2001), 405-430.

[31] R. SCHNAUBELT, G. WEISS, Two classes of passive time-varying well-posed linear
systems, Math. Control Signals Systems 21(2010), 265-301.

[32] P.E. SOBOLOVSKIJ, Coerciveness inequalities for abstract parabolic equations, Dokl.
Akad. Nauk. SSSR 157(1964), 52-55.

[33] H. TANABE, Equations of Evolution, Monogr. Stud. Math., vol. 6, Pitman, Boston 1979.

[34] J.A. VILLEGAS, A port-Hamiltonian approach to distributed parameter systems,
Ph.D. Dissertation, University of Twente, Enchede 2007.

BJORN AUGNER, UNIVERSITY OF WUPPERTAL, WORK GROUP FUNCTIONAL
ANALYSIS, 42097 WUPPERTAL, GERMANY
E-mail address: augner@uni-wuppertal.de

BIRGIT JACOB, UNIVERSITY OF WUPPERTAL, WORK GROUP FUNCTIONAL ANAL-
YSIS, 42097 WUPPERTAL, GERMANY
E-mail address: jacob@math.uni-wuppertal.de

HAFIDA LAASRI, UNIVERSITY OF HAGEN, FACULTY OF MATHEMATICS AND
COMPUTER SCIENCE, 58084 HAGEN, GERMANY
E-mail address: hafida.laasri@fernuni-hagen.de

Received July 31, 2014; revised May 25, 2015.



	1. INTRODUCTION
	2. PERTURBATION OF MAXIMAL REGULARITY IN BANACH SPACES
	2.1. Definition and preliminary
	2.2. Perturbation of Lp-maximal regularity

	3. EVOLUTION EQUATIONS GOVERNED BY FORMS
	3.1. Forms and associated operators
	3.2. Perturbation of non-autonomous maximal regularity in Hilbert spaces

	4. A CLASS OF PARABOLIC EQUATIONS
	4.1. Description and assumptions
	4.2. Autonomous case
	4.3. Non-autonomous case
	4.4. Wave equation with structural damping

	REFERENCES

