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ABSTRACT. We introduce a notion of strongly continuous orbit equivalence
for one-sided topological Markov shifts. We prove that one-sided topologi-
cal Markov shifts (X4,04) and (Xp,0p) are strongly continuous orbit equiv-
alent if and only if there exists an isomorphism between the Cuntz—Krieger
algebras 04 and Op preserving their maximal commutative C*-subalgebras
C(X4) and C(Xp) and giving cocycle conjugate gauge actions. An example
of one-sided topological Markov shifts which are strongly continuous orbit
equivalent but not one-sided topologically conjugate is presented.
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1. INTRODUCTION

Let A = [A(i,]')]fj.:l be an N x N matrix with entries in {0,1}, where 1 <
N € N. Throughout the paper, we assume that matrices have their entries in
{0,1}. We denote by X4 the shift space

Xa = {(xn)nen € {1,...,N}N: A(xy, x,41) = 1 forall n € N}

of the right one-sided topological Markov shift for A. Under the condition that
the matrix A is irreducible and satisfies condition (I) in the sense of Cuntz—Krieger
[2], the space X4 is a compact Hausdorff space with a natural product topology
on {1,...,N}N. The shift transformation ¢4 on X, defined by o ((xn)nen) =
(Xn41)nen is a continuous surjective map on X 4. The topological dynamical sys-
tem (X 4,04) is called the (right) one-sided topological Markov shift for A. The
two-sided topological Markov shift written (X 4,7 ) is defined by

Xp={Fn)nez € {1,...,N}2 : A(%p,%yy1) = 1foralln € Z}
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and 74 ((Xn)nez) = (Xpt1)nez- In [2], J. Cuntz and W. Krieger have introduced
a C*-algebra associated to the topological Markov shift (X4,04). It is called the
Cuntz—Krieger algebra written O 4.

Let A and B be irreducible matrices satisfying condition (I). Cuntz and
Krieger have proved that the Cuntz—Krieger algebras O 4 and Op with their gauge
actions are conjugate if the one-sided topological Markov shifts (X4,04) and
(Xp,0p) are topologically conjugate. They have also proved that the stabilized
Cuntz—Krieger algebras O, ® K(H) and Op ® K(H) with their stabilized gauge
actions are conjugate if the two-sided topological Markov shifts (X4,04) and
(Xp,0p) are topologically conjugate. We note that one-sided topological conju-
gacy of topological Markov shifts yields two-sided topological conjugacy.

In [9], the author has introduced the notion of continuous orbit equivalence
of one-sided topological Markov shifts. It is an equivalence relation in one-sided
topological Markov shifts inspired by studies of orbit equivalences in Cantor min-
imal systems by Giordano-Putnam-Skau (cf. [5], [6]), Giordano-Matui-Putnam—
Skau (cf. [4]). It is a weaker equivalence relation than one-sided topological con-
jugacy and gives rise to isomorphic Cuntz—Krieger algebras ([9]).

Let A and B be irreducible square matrices with entries in {0,1}. One-sided
topological Markov shifts (X4,04) and (Xp,0p) are said to be continuously orbit
equivalent if there exists a homeomorphism  : X4 — Xp such that

(1.1) o1 (m(oa(x))) = o1 (h(x)) forx € Xy,
(12) A (Y (op(y))) = 5V (N (y)) fory € Xp

for some continuous functions ky,l; € C(X4,Z+), kz, 12 € C(Xp,Z+). Let G4 de-
note the étale groupoid for (X4, 04 ) whose reduced groupoid C*-algebra C; (G4)
is isomorphic to the Cuntz-Krieger algebra O 4 (cf. [13], [14], [16]).

Denote by D4 the canonical maximal abelian C*-subalgebra of O 4 realized
as the commutative C*-algebra of continuous functions on the unit space GS))
of Gy. The algebra D, is canonically isomorphic to the C*-algebra C(X,4) of
continuous functions on the shift space X 4. H. Matui has studied continuous
orbit equivalence from the view point of groupoids ([13], [14]).

In [11]], we have obtained the following classification results of continuous
orbit equivalence of one-sided topological Markov shifts.

THEOREM 1.1 ([111], cf. [9], [100, [13], [14]). Let A and B be irreducible matrices
satisfying condition (I). Then the following four assertions are equivalent:
(i) (Xa,04) and (Xp, o) are continuously orbit equivalent.
(ii) The étale groupoids G 4 and Gp are isomorphic.
(iii) There exists an isomorphism ¥ : Oy — Op such that ¥ (D4 ) = Ds.
(iv) O 4 and Ogp are isomorphic and det(id — A) = det(id — B).
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Let A be an irreducible square matrix with entries in {0,1}, and consider
the two-sided topological Markov shift (X4,04). Set

(13) H' =C(X4,2)/{E~Cova:E€C(Xa, L)}

The set H” has a natural structure of an abelian group induced by pointwise sum
of functions. The equivalence class of a function ¢ € C(X4,Z) is written [¢]. We

define the positive cone Hﬁ by
(1.4) HY = {]&]: &(x) > 0forall x € X4}

The pair (HA,Hi) is called the ordered cohomology group of (X4,04) (cf. [1],
[15]). We similarly define the ordered cohomology group (H*, H) for the one-
sided topological Markov shift (X4,04). The latter ordered group (H#, H{) is

naturally isomorphic to the former one (HA, Hi) ([111, Lemma 3.1). The ordered
group (H*4, H{) is also isomorphic to the first cohomology group H'(Ga,Z) of
the groupoid G4 ([11l], Proposition 3.4). In [1], Boyle-Handelman have proved

that the ordered cohomology group (HA,Hﬁ) is a complete invariant for flow
equivalence of the two-sided topological Markov shift (X 4,7 4).

In the first part of this paper, we introduce a notion of continuous orbit map
from (X4,04) to (Xp,03). A local homeomorphism h : X4 — Xp is said to be
continuous orbit map if there exist continuous functions k1, Iy : X4 — Z+ such that

(1.5) o1 (h(oa(x))) = o1 (h(x)) for x € Xa.

It yields a morphism in the continuous orbit equivalence classes of one-sided
topological Markov shifts. For f € C(Xg,Z), define

) ki(x)—1 .
(16) (N = ) flogh(x)))— ) flop(h(oa(x)))) forx € X4

It is easy to see that ¥, (f) € C(X4,Z). Thus ¥, : C(Xp,Z) — C(Xa,Z) gives
rise to a homomorphism of abelian groups and induces a homomorphism from
HB to HA. We then show that the objects of continuous orbit equivalence classes
of one-sided topological Markov shifts with the morphisms of continuous orbit
maps form a category (Proposition[2.4). We have

THEOREM 1.2 (Theorem B.10). The correspondence ¥ yields a contravariant
functor from the category of continuous orbit equivalence classes [(X 4,0 4)] of one-sided
topological Markov shifts for irreducible matrices A satisfying condition (I) to that of
ordered abelian groups (H*, HZ).

The class [14] € H? of the constant function 14(x) = 1,x € X4 is an
order unit of the ordered group (H#, H{). Leth : X4 — Xp be a continuous
orbit map giving rise to a continuous orbit equivalence between (X4,04) and
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(Xp,0p). Itis a key ingredient in the papers [11]], [12] that the class [¥,(1p)] in
H# of ¥),(15) € C(X4,Z) belongs to the positive cone H.

In the second part of this paper, we introduce a notion of strongly con-
tinuous orbit equivalence between (X4,04) and (Xp,0p), which is defined by
the condition that [¥,(15)] = [14] in H%. It has been proved in [12] that un-
der the condition that [¥),(1)] = [14] in H4, their zeta functions coincide, that
is, det(id — tA) = det(id — tB). Hence strongly continuous orbit equivalence
preserves the structure of periodic points of their two-sided topological Markov
shifts. We know that strongly continuous orbit equivalence in one-sided topolog-
ical Markov shifts is a subequivalence relation in continuous orbit equivalence.
As a result, the objects of strongly continuous orbit equivalence classes of one-
sided topological Markov shifts with the morphisms of strongly continuous orbit
maps form a category (Corollary f.5). Continuous orbit equivalence of one-sided
topological Markov shifts does not necessarily give rise to topological conjugacy
of their two-sided topological Markov shifts. We show the following theorem:

THEOREM 1.3 (Theorem [5.5]and Corollary [5.7). Assume that matrices A and
B are irreducible and satisfy condition (1). If (X a,04) and (Xp, o) are strongly contin-
uous orbit equivalent, their two-sided topological Markov shifts (X 4,7 4) and (Xp,0p)
are topologically conjugate. Hence their C*-crossed products are isomorphic:

C(XA) XEZ 7 = C(XB) XEE 7.

Let us denote by p” the gauge action on O 4. In general, continuous orbit
equivalence does not necessarily yield cocycle conjugacy of their gauge actions
on the associated Cuntz—Krieger algebras. We have the following result which is
a generalization of 2.17 Proposition in [2].

THEOREM 1.4 (Theorem[6.7). Assume that matrices A and B are irreducible and
satisfy condition (I). The following two assertions are equivalent:
(i) The one-sided topological Markov shifts (X 4,04 ) and (Xg, o) are strongly con-
tinuous orbit equivalent.
(ii) There exist a unitary one-cocycle v; € U(Op),t € T for the gauge action p® on
Op and an isomorphism & : O 4 — Op such that

®(Dy) =Dy and Popf = Ad(v;)opPod, teT.

Hence if (X4,04) and (Xp,0p) are strongly continuous orbit equivalent,
then the dual actions of the gauge actions on their Cuntz—Krieger algebras are

isomorphic (Corollary [6.8):
(OA XPAT/ ﬁA/Z) = (OB XPBTIﬁB/Z)'

One-sided topological conjugacy yields a strongly continuous orbit equiva-
lence. We finally present an example of a pair of one-sided topological Markov
shifts (X4,04) and (Xp, 0p) which are strongly continuous orbit equivalent but
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not topologically conjugate. Let A and B be the following matrices:

- 110
(1.7) A:L J, B=1|1 0 1].
101

They are both irreducible and satisfy condition (I). We show the following theo-
rem.

THEOREM 1.5 (Theorem|[7.1). The one-sided topological Markov shifts (X a,04)
and (Xp, op) defined by the matrices are strongly continuous orbit equivalent, but
not topologically conjugate.

Throughout the paper, we use the following notations. The set of positive
integers and the set of nonnegative integers are denoted by N and by Z_ respec-
tively. A word p = pq - - py for y; € {1,...,N} is said to be admissible for X,
if there exists an element x = (x,,),en € X4 such that g - - pg = x1 - - - x¢. The
length of u is k, which is denoted by ||. We denote by By (X 4) the set of all admis-

sible words of length k. We set B, (X4) = U B(X 4) where By(X4) denotes the

empty word @. Denote by U, the cyhnder set {(xn)neny € Xa :x1=119,.. =
it for = py - - px € Br(Xa). For x = (x4)eny € X4 and k1 € Nwithk < l,
we set

x[k,l] = XpXk41 X € Bl—k+1(XA)r x[k,oo) = (xk,xk+1,.. ) € Xa.

We denote by C(X4,Z ) the set of Z.-valued continuous functions on X,4. A
point x € X 4 is said to be eventually periodicif ¢, (x) = ¢ (x) forsomer,s € Z
with r # s.

2. CONTINUOUS ORBIT MAPS

DEFINITION 2.1. Let (X4,04) and (Xp, 0p) be one-sided topological Markov
shifts. A local homeomorphism  : X4 — Xp is called a continuous orbit map if
there exist continuous functions ki, I : X4 — Z such that

2.1) o (h(oa(x))) = o1 (h(x)) for x € Xa.

If a local homeomorphism / : X4 — Xp is a continuous orbit map, it is written
h: (Xa,04) = (Xp,0p). If a continuous orbit map h : (X4,04) — (Xp,03)
is a homeomorphism such that its inverse h=! : (Xp,05) — (Xa,04) is also a
continuous orbit map, it is called a continuous orbit homeomorphism.

Hence (X4,04) and (Xp, 0p) are continuously orbit equivalent if and only
if there exists a continuous orbit homeomorphism h : (X4,04) — (Xp, 0B).
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For a continuous orbit map h : (X4,04) — (Xp,0p) with continuous func-
tions ky, 1 : X4 — Z4 satisfying (2.1), we put forn € N,

n—1 . n—1 )
ki (x) = ;}kl(aﬁq(x))f H(x) = gll(UA(X)) for x € Xa.

We note that the following identities hold.
LEMMA 2.2 (cf. Lemma 3.1 of [12])). For n,m € Z_., we have
kT (x) = K (2) + k' (04 (x)  for x € Xq,
N (x) =1 (x) + ' (04(x))  for x € Xa
and
ki (x) n 17 (x)
(2.2) og' " (h(oh(x))) =05 " (h(x)) forx € Xu.

LEMMA 2.3. Let h : (Xp,04) — (X3, 08) and g : (Xp,08) — (Xc,0¢) be
continuous orbit maps such that there exist continuous functions k1, Iy : X4 — Z4 and
ko, Iy : Xp — Z satisfying

(2.3) o (h(oa(x)) = o5 D (h(x)) forx € Xa,
(2.4) oW (g(o(v))) = 02¥(3(y)) fory € Xs.
Put

(2.5) ka(x) = K1™ ((x)) + B (h(oa(x)))  for x € X4,
(2.6) Ii(x) = DO (h(x)) + K1 (h(oa(x)))  for x € X4
Then we have

(2.7) oW (gon(oa(x))) = g™ (g0 h(x)) forx € Xy,

Hence goh : X4 — Xc gives rise to a continuous orbit map.

Proof. Take an arbitrary element x € X4. Forn € Nand y € Xp, we have

by 2.2

kY 1%
@9 ol (g(@h(v)) = £ ().
Apply forn = I1(x),y = h(x), one has
Iy (x) Iy (x)

k h /
o2 D (o(h @ ((2)))) = o2
Apply 2.8) for n = ki(x),y = h(ca(x)), one has

kq(x) ki (x)
otz M) (0 (M) gy (1))))) = 02 D) (o4 (x)))).

Putn = I;(x), m = ky(x). By (2.3), we have

aég(h(X))+l£”(h(0A(X)))(gOh(UA(x))) _ a(k:g(h(x»((T?(h(“(x)))(g(UB’"(h(cTA(x))))))
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— (T?(h(x))(a?(h(%(x)))(g(ag‘(h(x)))))

= o " GE D (g(n())))

(Tk'z"(h(UA(x))ng(h(x))(g(h(x))>' '

Therefore we have

PROPOSITION 2.4. The objects of continuous orbit equivalence classes of one-sided
topological Markov shifts with the morphisms of continuous orbit maps form a category.

We note that the above proposition holds for matrices which are not neces-
sarily irreducible.

3. COHOMOLOGY GROUPS

For a one-sided topological Markov shift (X 4,0, ), we denote by cobdy(c4)
the subgroup {{ — ooy : ¢ € C(Xa,Z)} of C(X4,Z), and set

HA = C(X4,7Z)/cobdy(cn).

The set H/ has a natural structure of an abelian group induced by pointwise sum
of functions. The equivalence class of a function § € C(X4,Z) is written [¢]. We
define the positive cone H4 by

HA = {[¢]: &(x) > 0forallx € X4}.

The pair (H#, H%) is called the ordered cohomology group of (X4,04). In this
section, we construct a contravariant functor ¥ from the category of continuous
orbit equivalence classes of one-sided topological Markov shifts to the category
of ordered abelian groups. Leth : (X4,04) — (Xp,0p) be a continuous orbit map
with continuous functions k1, l; : X4 — Z satisfying 2.1).

LEMMA 3.1. Suppose that A is irreducible and satisfies condition (I). The function
c1(x) = Li(x) — ky(x) for x € X4 does not depend on the choice of the continuous

functions ky, 1y satisfing (2.1).

Proof. We first note that non eventually periodic points of any clopen set
U of X4 are dense in U because A is irreducible and satisfies condition (I). Let
ki,11 € C(X4a,Z) be another continuous functions for / satisfying

3.1) A (o (x))) = o (h(x))  for x € X4

Since k1, k] are both continuous, there exists K € N such that k1 (x), k} (x) < K for
all x € X4. Put ¢} (x) = I (x) — K} (x) so that we have

o K (h(x)) = o (h(oa(x)) = o K (h(x) forx € X,
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Suppose that c1(xg) # c}(xo) for some xg € X 4. There exists a clopen neighbor-
hood U of x; such that

c1(x) # cj(x) forallx € U.

Now h is a local homeomorphism, one may take a clopen neighborhood V C U
of xg such that  : V. — h(V) is a homeomorphism. As c1(x) 4+ K # cj(x) +K
for all x € V, the points h(x) are eventually periodic for all x € V, which is a
contradiction to the fact that the set of non eventualy periodic points of (V) is
densein (V). 1

We call the above function c; the cocycle function of h. For f € C(X3,Z),
define
h(x)-1 ki (x)—1

G2 H(f)x) = Zé flop(h(x))) = I fleh(h(ea(x))), x € Xa.
i= j=

It is easy to see that ¥}, (f) € C(Xa,Z). Thus ¥, : C(Xp,Z) — C(X4,Z) gives rise
to a homomorphism of abelian groups.

LEMMA 3.2. Suppose that A and B be irreducible and satisfy condition (I). Then
the map ¥, : C(Xp, Z) — C(X4,Z) does not depend on the choice of the functions ky, I

satisfying @2.1).

The proof is similar to the proof of Lemma 4.2 of [12].

EXAMPLE 3.3. (i) Let h : X4 — Xp be a topological conjugacy, that is, op o
h = hooy. Then h is a continuous orbit map such that ¥,(f) = fohfor f €
C(Xp,Z).
(if) For A = B, the shift map 04 : X4 — X4 is a continuous orbit map on X4
such that ¥;, (f) = foo for f € C(Xa,Z).
The identity in the following lemma is useful in our further discussions. The

proof is similar to the proof of Lemma 4.3 in [12].

LEMMA 34. Let h: (Xa,04) — (Xp,08) be a continuous orbit map with con-
tinuous functions ky, 1y satisfying 2.1). For f € C(Xp,Z), x € Xpand m =1,2,...,
the following identity holds:

m=1 hp)-1 , k(o ())-1
flap(h(ey(x)))) — f(oh ((eh () |
i=0 i'=0 /=0
-1 -1
-z fleg(h(x))) — ZO flop(h(@i(x)))
i'= j'=

Leth: (Xa,04) = (Xg,0)and g : (Xp,08) — (Xc, o) be continuous orbit
maps with continuous functions k1,11 € C(Xy4,Z) and ky, I, € C(Xp, Z) satisfying
and (2.4), respectively. We write the continuous orbit map goh : X4 — X¢
as gh. We prove the following proposition
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PROPOSITION 3.5. Assume that A, B and C are irreducible and satisfy condition

(I). Then we have ¥}, o ¥g = ¥gy,.

As in Lemma 3.2} we require the condition that matrices are irreducible and
satisfy condition (I) to guarantee the well-definedness of the map ¥;,.

To prove the proposition, we provide a lemma and its corollary. Let k3, [3 :
X4 — Z4 be the continuous functions defined by (2.5), (2.6), respectively. By
Lemma 2.3 we have for f € C(X¢,Z)

I3(x)-1 ‘ ks(x)—1 .
(3.3) Yau(f)(x) = X;) floc(gh(x))) — X%) floL(gh(oa(x)))), x € Xa.
i= j=

Keep the above situations. By Lemma[3.4] we have

LEMMA 3.6. For f € C(Xc,Z),x € Xpandm = 1,2, ..., the following identity
holds:

me1  bEkn-1 ka(h(h(0)-1
Y{ L see@nm- L bt}
i= i'=0 j'=0
I (h(x))—1 § kit (h(x))—1 ,
= ), floc(gh(x))) - flot(g(og (h(x)))))
i'=0 j'=0

Hence we have

COROLLARY 3.7. For f € C(X¢,Z) and x € X4, we have

h(x)-1 ‘ BOma)-1 | ) PR

O EHDE) =" & Felhe)-" L feEe ).
k()1 . B hoaon-1

(if) Eo Fo(f)(oh(h(ea(x)) = Eo floc(gh(oa(x))))

B (hoa)-1

- Y foR g max)))))-

=0
Proof of Proposition By the above corollary, we have

(¥ () (x)

I (x)—1 , fey ()1 ,

= L %(A@hE@) - L Fs(f) (e (h(oa(x))))
i= =
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K1Y (h(oa (x)))—1 K51 (h(oa (x)))—1

{1 L flheat)) - ¥ fleleen ™ ieatx)))) }-

=0 =0
By (2.6), the first { - } above goes to

l3(x)—1

(3.4) Y. flot(gh(x)))
/=0

ho-1 @Y1
G5 —{ L felene)+ X flelgleg® e}
=1 (h(x)) /=0

By (2.5), the second { - } above goes to

(3.6) Zf “(gh(ca(x))))

ks(x)—1 ) K5 (o (x))) 1
67) ~{ L flol(shoa) + L F(e (8ol D (h(ea())}-

=151 (04 ())
We thus see

Fiu(F () (x) = {BD - B} - {G.8 - BD}-
I (x) I (x)
Since ‘TIC2 (h(x)) (gh(x)) = O'(k:Z (h(x)) (g((fg(x) (h(x)))), we have

K19 (o0 (x))) -1 s 1) ) K19 () -1 ) "
G3) = flog(ed gh))+ Y flolb(g(og™Y (h(x)))))
j'=0 j'=0
@ () + K5 (h(oa () -1,
= Z f(Ué:(g( ® (h(x)))).
/=0

kq(x) x)
Since o2 "4 (i (x))) = o2 MO () (34 (1)), we have

=0
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As 0k (g(o51P (4 (x))))) = o ((e1 ¥ (h(x)))), we have B5) = (7) so that
i (Fe(f))(x) = - = Y¥eu(f)(x). W

COROLLARY 3.8 ([12], Proposition 4.5). Assume that matrices A and B are ir-
reducible and satisfy condition (I). Let h : (Xa,04) — (Xp,0B) be a continuous orbit
homeomorphism. Then we have ¥y, o ¥y 1 = id¢(x, 7) and ¥y-1 o ¥y, = id¢(x, 7)-

As ¥,q = id, the assertion is clear.
For a continuous orbit map h : (X4,04) — (Xp,03), the identity

¥u(f —foop) = foh—fohoou, feC(XpZ)
is easily seen. We thus have

PROPOSITION 3.9. Assume that matrices A and B are irreducible and satisfy con-
dition (I). Then the homomorphism ¥}, : C(Xp,Z) — C(Xa,Z) induces a homomor-
phism of abelian groups ¥y, : HP — HA.

By modifying an argument given in Section 5 of [12], one may prove that ¥,
preserves the positive cones of the ordered abelian groups, thatis, ¥),(H? ) ¢ H4.
We briefly state the machinery to prove ¥, (HY) C H%. As the argument given in
Section 5 of [12] requires the condition that the matrices A and B are irreducible
and satisfy condition (I), we assume the conditions for the matrices. Following
Definition 5.5 of [12], an eventually periodic point x € X4 is said to be (7,s)-
attracting for some r, s € Z. if it satisfies the following two conditions:

() oy (x) = 5 (x).
(ii) For any clopen neighborhood W C X4 of x, there exist clopen sets U, V C
X 4 and a homeomorphism ¢ : V — U such that
(@xelUcCVcCW.
(b) p(x) = x.
(0) oy (p(w)) = o (w) forallw € V.
(d) nh_r)r(}o ¢"(w) =xforallw € V.

Let x € X4 be an eventually periodic point. By Lemma 5.6 and Lemma 5.7
of [12], there exist ,s € Z such that x is (r,s)-attracting and hence ¢, (x) =
0% (x),r > s.Since h : X4 — Xp is a continuous orbit map, by using an argument
given in Lemma 5.8 and Corollary 5.9 of [12], one may show that h(x) is (I](x) +
k;(x), ki (x) + I3 (x) )-attracting, and hence [} (x) + ki(x)q > Kk (x) +§(x). Puty =
11(0%(x)),s" = Kl(05(x)) whereq = r —sand z = a]lgi(x)Jrki(x)(h(x)) € Xp. By
Lemma 5.3 of [12]], we then have

r = = (f(x) = }(x)) - (K (x) ~k{(x)) >0 and 0} (2) = 0} ().
We set for f € C(X4,Z)
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Then [f] belongs to H# if and only if w;’s(x) > 0 ([11], Lemma 3.2, [12], Lem-
ma 5.2). By Lemma 5.3 of [12], we have

wf}'f;(f)(x) = w}'s (z) for f e C(Xp,Z).
Hence [f] € HY implies Wy () (x) = W}/’s/ (z) > 0so that [#,(f)] belongs to H.
We thus conclude

THEOREM 3.10. Assume that matrices A, B and C are irreducible and satisfy con-
dition (I). Let h : (Xa,04) — (Xp,05) and g : (Xp,08) — (Xc,0¢) be continuous
orbit maps. Then the homomorphisms

1f/h:C(XB,Z) —)C(XA,Z), Yg:C(Xc,Z) —>C(XB,Z)

satisfy the following conditions:
(i) ¥ 0 ¥y = Foon-
(ii) ¥, (cobdy(cp)) C cobdy(ca) and ¥¢(cobdy(cc)) C cobdy(op).
(iti) They induce homomorphisms ¥y, : (HB, H}) — (HA, H%) and ¥, : (H®, HS)
— (H®, HE) of ordered abelian groups such that ¥, o ¥g = ¥ go,.

COROLLARY 3.11. The correspondence ¥ gives rise to a contravariant functor
from the category CcoE of the continuous orbit equivalence classes of one-sided topological
Markov shifts for irreducible matrices satisfying condition (I) with continuous orbit maps
as morphisms to the category A of ordered abelian groups:

(3.8) [(Xa,04)] € Ccop — (HY, HY) € A

4. STRONGLY CONTINUOUS ORBIT EQUIVALENCE

DEFINITION 4.1. A continuous orbit map 1 : (X4,04) — (Xp,0p) is called
a strongly continious orbit map if there exists a continuous function by : X4 — Z
such that

(4.1) (1) (x) =14+ b1(x) —b1(oa(x)), x€ Xa.

For a nonnegative integer Nj, the function b] (x) = b (x) + Nj also satisfies
the above equality. One may assume that the funtion b; in is nonnegative.
If a continuous orbit homeomorphism is a strongly continuous orbit map, it is
called a strongly continuous orbit homeomorphism.

DEFINITION 4.2. One-sided topological Markov shifts (X 4,04) and (Xg, 0p)
are strongly continuous orbit equivalent if there exists a strongly continuous orbit
homeomorphism 1 : (X4,04) — (Xp,0p) such that its inverse h~! : (Xp,0p) —
(Xa,04) is also a strongly continuous orbit homeomorphism. In this case, we
write (X4, 0, ~ (Xg,0B).

(Xa,04) (o2 (XB,0B)
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By definition, (X4,04) and (Xp,0p) are strongly continuous orbit equiva-
lent if and only if there exist a homeomorphism & : X4 — Xp, continuous func-
tions k1,11,b1 : X4 — Z4 and ky, I, by : Xg — Z such that

4.2) iV (h(oa(x)) = o3V (h(x), x€ X,

43) Y (o) = GV (), v e X,

and

(4.4) I1(x) —ki(x) =1+ b1(x) —bi(ca(x)), x€ Xy,
(4.5) L(y) —ka(y) =1+ ba(y) — ba2(0B(y)), vy € Xp.

Recall that the cocycle functions ¢y, ¢, are defined by c1(x) = I1(x) — ki (x) for
x € X4 and cp(x) = I (y) — ka(y) fory € Xp.

LEMMA 4.3. Assume that matrices A, B and C are irreducible and satisfy condi-
tion (I). Let h : X4 — Xp be a homeomorphism which gives rise to a continuous orbit
equivalence between (Xa,04) and (Xp,0p). Then the following three conditions are
equivalent:

() (Xa,04) o (X, 0B).

(i) [e1] = [14] € HA.
(iii) [co] = [15] € HP.
Proof. (ii) = (iii). Suppose that [c1] = [14] € HA. Take a continuous func-
tion by € C(X4,Z+ ) such that ¢q(x) = 14(x) + b1 (x) — bi(ca(x)),x € X4. Since
c1 =¥ (1p),c2 =¥, 1(14), wehave ¥, 1(c1) = ¥, 1(¥,(1p)) = 1p so that

Cy = 1F;fl (C1 — l’Jl + b1 OO’A) = 13 — {Yhfl (bl) - ‘Ph,l (bl) O(TB}.

This implies that [c;] = [13] € HEB. (iii) = (ii) is similar. By definition (i) is
equivalent to both (ii) and (iii). 1

Therefore we have

PROPOSITION 4.4. Strongly continuous orbit equivalence is an equivalence re-
lation in one-sided topological Markov shifts for irreducible matrices satisfying condi-
tion (I).

Proof. Leth : (Xa,04) — (Xp,0p) and g : (Xp,08) — (Xc,0¢) be strongly
continuous orbit homeomorphisms. By Lemma[2.3} the composition goh : X4 —
Xc yields a continuous orbit equivalence between (X4,04) and (Xc,0c). We
then see that [¥,.;,(1c)] = [¥),(1)] = [14] so that (X4,04) o (Xc,0¢c). 1

COROLLARY 4.5. The objects Ogcog of strongly continuous orbit equivalence
classes of one-sided topological Markov shifts for irreducible matrices satisfying condi-
tion (I) with the morphisms Mgscog of strongly continuous orbit maps form a category

Cscok = (Oscor, MscoE)-
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5. TWO-SIDED CONJUGACY

Throughout this section, we assume that i : X4 — Xp is a homeomorphism
which gives rise to a strongly continuous orbit equivalence between (X4,04)
and (Xp,0B). Let ki,l1,b; : X4 — Z4 and ko, I, by : Xg — Z4 be continuous

functions satisfying (4.2), and (@.3), [@.5), respectively.
LEMMA 5.1. Put ¢y, (x) = Ugl(x)(h(x))for x € X 4. Then we have

(5.1) o, (0a(x)) = 0B(gp, (%)), x € Xa.
Proof. By using (L.I), we have

o, (0a(x)) = o " 0 (0 (2)))) = Ow(gn, (). 8
For n € Zy, put cf(x) = IJ(x) —k{(x),x € X4 and 5(y) = I§(y) —
k3(¥),y € Xs.
LEMMA 5.2. Keep the above notations.
(@) cf(x) = n+4bi(x) = bi(0(x)) for x € X4.
(ii) ¢5 (y) = 1+ ba(y) — ba(0p(y)) fory € Xp.

Proof i) As Iy (0 (x)) — k1 (07 (x)) = 1+ by (¢ (x)) — by (¢ 1 (x)) for m =
0,1,...,n—1,we have

n—1 n—1
= ¥ h(e4(0) ~ L k(e () = n+ () ~ b (04 (),
(ii) is similar to (i). &

Since (X4,04) and (Xp, 0p) are continuously orbit equivalent, the follow-
ing identities hold. Their proof can be found in Lemma 3.3 of [12] in which the
assumption that A and B are irreducible and satisfy condition (I) is required.

LEMMA 5.3 ([12], Lemma 3.3). Forx € X4,y € Xpand p € Z+, we have

(i) k§£<x’<h<x>>+l’ff)<h<m< 1))+ p = K (e () + 15 (h(x).
(i) K21 )+ 2V L ) +p =K b )+ 12V ().
We use Lemma5.3for p = 1 in the following lemma.

LEMMA 5.4. There exists N, € N such that by(x) + by(h(x)) = Ny, for all
x € Xa, and equivalently by (y) + by (h=1(y)) = Ny, forall y € Xp.

Proof. By Lemmal[5.3] we have
K (h(x)) + 1) (04 (x))) +1 = K (04 (x)) + 15 (h(x))

so that

S (h(oa(x))) + 1= 3™ ((x)).
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By applying Lemmal5.2)for y = h(x) and n = k;(x), 1 (x), we have
ki (%) b (n(0a () ~ba (05 (h(0a (0)) +1= 1y (x) +ba(h(x) ~ba (o ™ (h(x).
As o5 (h(o4(x))) = o™ (h(x)), we have
ki(x) +ba(h(oa(x))) +1=1(x)+ ba(h(x))
so that ¢1(x) = ba(h(0a(x))) — ba(h(x)) + 1. Hence we have
bi(x) = bi(oa(x)) = ba(h(oa(x))) — ba(h(x)).
This implies that the function x € X4 — by(x) + ba(h(x)) € Nis o4-invariant, so
that it is constant. 1

Assume that A and B are irreducible and satisfy condition (I). We may prove
the following theorem.

THEOREM 5.5. Suppose that (X a,04) o (XB,0B). Then their two-sided topo-
logical Markov shifts (X 4,7 4) and (Xp,Tg) are topologically conjugate.

Proof. By Lemma the map ¢;,:X 4 — Xp defined by ¢, (x) = Ugl<x)(h(x))
satisfies (5.1). For ¥ = (x;)jcz € X4 and j € Z, put X(j) = x[j) € X4 and
ylj] = qobl( )) € Xg. It then follows that

oB(yl]) = @b, (a(X(7))) = @p, (X( +1)) = yl[j + 1].

Hence we may define an element i = (y;);cz € Xp such that Yljo) = y[j]. We set
h(x) = Fsothath: X, — Xp is a continuous map. Since (74 (X)) () = X[j41,c0) =
c4(X(j)), we have

@4 ()] = 0 ([FADN ) =910 (04 E1) = (6] 1,00) = o EE e
so that B B

h(a(x)) =0p(h(X)), X€ Xa.

This means that 1 : X4 — Xp is a sliding block code (see [8] for the defi-
nition of the sliding block code). One may similarly construct a sliding block

code i ' Xp — X4 for the inverse h~! : Xz — X, of h. We denote by
¥p, : Xp — X4 the continuous map defined by ¢, () = UZg(y) (h~1(y)), which
satisfies iy, (73 (y)) = O'A(i,bbz( ),y € Xp. Then the map i Xp — X4 satisfies
the equality (h 1( Nljeo) = Y1, (y(j)) for j € Z. It then follows that for j € Z

(R (R(T)) oo %(%( (7)) =, (05 T ((x()))) = 5 D (g, ((x(5)))

:(Til(y(j))((TZZ(h( D) (=1 (h( .))))):(Elz(f(]'))erz(h(f(f)))(y)) ,

x(j lj,0)-

Take the constant number Nj, in the preceding lemma so that we have

(" (A(X))) o) = (@2 (D)) forall j € Z
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and hence
R ((R) =7V (%) forall ¥ € Xa.
We thereby know that /i : X4 — Xp is injective. Similarly we see

W (7)) =73 (y) forally € Xp

so that h : X4 — Xj is surjective and gives rise to a topological conjugacy be-
tween (X4,74) and (X, 7). 1

We are assuming that A and B are irreducible and satisfy condition (I).
COROLLARY 5.6. Suppose that (Xa,04) Con (Xp,0p). Then each is a finite
factor of the other. In particular, (Xa,04) and (Xp, 0p) are weakly conjugate.

Proof. Since the two-sided topological Markov shifts (X 4,7 4) and (X3,05)
are topologically conjugate, the assertion that each of their one-sided topological
Markov shifts (X4,04) and (X3, 0p) is a finite factor of the other comes from a
general theory of symbolic dynamics ([Z]], Exercise 2). One also knows it from the

equalities: 1y, 0 @p, = Ugjh and ¢y, © ¢y, = agh. |

Let us denote by C(X,4) the commutative C*-algebra of complex valued
continuous functions on X 4. The homeomorphism 74 on X4 naturally induces
an automorhism 7y on C(X4) by 74 (f) = f o7, for f € C(X ).

COROLLARY 5.7. Suppose that (Xa,04) o (Xp,0B). Then their C*-crossed

products are isomorphic:
C(?A) XE;& 7 = C(XB) Xﬁg Z.
We note that the Ko-group Ko(C(X4) X, Z) of the C*-algebra C(X4) X, Z

is isomorphic to the ordered group (HA,Hﬁ) (see Theorem 5.2 of [1]], and Re-
mark 3.10 of [15]).

Let 714 : X4 — X4 denote the surjection defined by 74 ((xn)nez) = (Xn)nen
€ X for (xn) ez € Xa- The following proposition is a converse to Theorem

PROPOSITION 5.8. Leth: X4 — Xp bea homeomorphism such that there exist a
topological conjugacy h : (X4,74) — (Xp,0p) as two-sided subshifts and continuous
functions f1 : Xg — Zy, fo 1 Xp — Z such that

mp(h(x)) = o (h(x)) forx e Xa,
wa(h @) = 2V (1) fory e X,

where x = 114 (X),y = 1tg(y). Then h : X4 — Xp gives rise to a strongly continuous
orbit homeomorhism. Hence we have (X4, 04) COF (X, 0B).
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Proof. Ashot, = gohand 7t 0oGg = 0p o 7T, we have for ¥ € X 4

me(R(Ta(¥)) = o(ma(R(X))) = o (h(x)).
As m4(Ta(X)) = ca(x), the left hand side of the above equality goes to

w3 (h(@a (%)) = op TN (7 (T4 (3)))) = of A (h(0a(2)))

so that
Ué‘l(x)-i-l(h(x)) _ U,é(l(U'A(X))(h(U’A(X)))/ x € Xy.

This implies that h : X4 — Xp and similarly h~! : X5 — X4 give rise to strongly
continuous orbit maps. 1

6. COCYCLE CONJUGACY

Let us denote by Sy, ..., Sy the generating partial isometries of the Cuntz-
Krieger algebra O 4 satistying
N

6.1) Zs Si=1, SiSi= ZA(i,j)sjs;f, i=1,...,N.
=1

Fort € R/Z = T, the correspondence S; — 21V ltg, gives rise to an automor-
phism of O 4 which we denote by p;* € Aut(O,). The automorphisms yield an
action of T to Aut(O,4) which we call the gauge action. Let us denote by D 4 the
C*-subalgebra of O generated by the projections of the form S;, - - - S;, S} --- 5],
which is canonically isomorphic to the commutative C*-algebra C(X,4) by identi-
tying the projection S;, - SIHSZ* S;‘l with the characteristic function XU, €

C(X4) of the cylinder set Uj, ...;, for the word iy - - - iy,

Throughout the section, we assume that (X4,04) o (Xg,0p) and fix a

strongly continuous orbit homeomorphism 4 : (X4,04) — (Xp,0p) and contin-
uous functions kq,I1,b1 : X4 — Z4 and ky, Ip, by : Xp — Z4 satisfying (4.2),
and [@.3), @.9), respectively. As Lemma [5.4] requires the condition that A and B
are irreducible and satisfy condition (I), we assume the condition on the matrices
in the following two lemmas.

LEMMA 6.1. (i) by(x) — b1(0a(x)) = —bz(h( )) + ba(h(a(x))) for x € X
(i) b2 (y) — ba(op(y)) = —b1 (R (y)) + b1 (kB (y))) for y € Xp.
Forie {1,...,N}and x = (x;) ey € X4, we write ix = (i,x1,X2,...).

LEMMA 6.2. Fori € {1,...,N}and y € Xg satisfying ih~'(y) € Xy, put
z = ih~Y(y). Then we have

(62) b1(z) = b1(0a(2)) = b2(y) — b2 (h(2)).
Proof. Since h(04(z))=y, the desired equality comes from Lemma 6.1{i). &



474 KENGO MATSUMOTO

Recall that p? stands for the gauge action on Op. Denote by U(Op) and
U(Dp) the group of unitaries of Op and that of Dp respectively. A continuous
mapt € R/Z = T — v € U(Op) is called a one-cocycle for p? if it satisfies
Vprs = UtptB(vS),t,s € T. Thenthemap t € T — Ad(v) opff3 € Aut(Op) yields
an action called a perturbed action of p? by v. Since the function b, is regarded
as a positive element of D, one may define unitaries ufz = exp(27ty/—1thy) €
U(Dp),t € T.As pf(utbz) = ufz foralls,t € T, the family {u?z}teqr is a one-cocycle
for pB.

The following proposition is a generalization of Proposition 2.17 in [2].

PROPOSITION 6.3. Assume that A and B are irreducible and satisfy condition (I).
Suppose that (X 4,04) o (Xp,0p). Then there exists an isomorphism @ : Oy — Op
such that

O(Dy)=Dg and Popl =Adu?)opfod, teT.

Proof. The proof below follows essentially the proof of Proposition 5.6 in
[9]. For the sake of completeness, we give the proof in the following way. Let
us denote by $) 4 (respectively $p) the Hilbert space with its complete orthonor-
mal system {e2 : x € X,} (respectively {ef,3 : y € Xp}). Consider the partial
isometries SlA,i =1,...,N on $4 defined by

A of
et ifix € Xy,
(6.3) Sheft = ¢ i A
0  otherwise.
Then the operators 5{,i = 1,..., N are partial isometries satisfying the relations

(6.1). For the M x M matrix B = [B(i, j)]%zl, we similarly define the partial
isometries SlB,i = 1,...,M on $p satisfying the relations for B. Hence
one may identify the Cuntz—Krieger algebra O 4 (respectively Op) with the C*-
algebra C*(S#,...,S4) (respectively C*(SP,...,SB)) generated by the partial
isometries Sf‘, e, Sf] (respectively S B .., SIZ\;/I). For the continuous function kj :
XA — Z4,let Ky = max{ki(x) : x € Xa}. By adding Ky — kq(x) to ki(x)
and I1(x), one may assume that k1(x) = Kj for all x € X4. Define the unitary
Uy : $H4 — Hp by Uyed = eh( ) for x € X4. We see that @ = Ad(Uy},) satisfies the

desired properties. We fixi € {1,..., N} and set X](3 ={yeXg:ih ' (y) € Xa}.
For y € Xpg, one has

B . (i)
U,shLed = { w1y 1Y€ Xp
0 otherwise.

Fory € Xé), putz = 1h Hy) € Xa. By the equality h(c4(z)) = y with 2.T), one
has h(z) € 0" (05 () = 0" (0" (1)) and

(6.4) h(Z) - (Vl (Z)/ < H(2) (Z)/ YKi+1,/ YK 427 - )
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for some word (p1(2), ..., 4y, (z)(2)) € By, (z)(Xp). Define the constant number
Ly =max{l(z):z=ih"'(y), y € Xg)}. The set

WO = {(11(2), - 11,2 (2)) € By (Xp) sz = il (), y € X}

Ly .
of words is a finite subset of |J B]-(XB). Forawordv = (v, ..., 1/]-) e W), define
=0

the clopen set El(,i) in Xl(;i ) by
E) ={yeXy m@) =, e =v,z =i ()}
so that Xl(;) = U Ey). Put the projection Qy) = Xp®) in Dp so that XX<i> =

vew()
(i)

Y QV where Xg( i and )( i denote the characteristic functions on Xp for E,
vew(®
(i)

and XI(B) respectively. For y € Xl(; Jand v € W), we have y € E,” if and only if
Q,(,l)eyl,3 = e}}. By (6.4), we have

uhSiAu;;ei = e;lj(ih—l(y)) = 2 stg*Qy)E;; for UAS Xg)
veW() {eBk, (Xp)

so that
u,stu; = Z Y sBs Q.

veWw() {€Bk, (Xp)

As QY € Dy, we have Ad(Uy)(S#) € Op and hence Ad(U,)(O4) C Og. Since
U; = U,-1, we symmetrically have Ad(Uy)(04) = Op. By a straightforward
calculation, the equality Ad(U,)(f) = foh™! for f € D, follows from Uyesd =
eﬁ(x) so that we have Ad(Uy,)(D4) = Dp.

We next show that Ad(U,) o pf! = Ad(ufz) opBoAd(Uy) for t € T. It fol-
lows that

(Ad(ul) 0 pP o Ad(U,)) (5)el = Z Yo ul2pP(SESET QM yutel.
veW() {eBy, (Xp)

Since QV e # 0if and only if Q(l) B = e and v = p1(z),...,Vj = py,(z)(2). For

() with Y[k, = ¢ wehave SBSB*QV = ef(z) = eE(ih,l(y)) so that

yE€E
uppP (SBSE QY yu el
= eXp(Zﬂ\f(IVI —[&] = ba(y)yupsBSE Qe
= eXp(ZTﬁ/j(ll (z) - kl (Z) - b2(y))t)u? eh(ihfl(y))

= exp(ZHle(ll (Z) - kl (Z) - bZ(]/) + b2 (h(ihil (y))))t)eg(l‘h—l(y))-
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Lemmaensures us the equality by (y) — by (h(ih ™1 (y))) = b1(z) — b1 (0a(z)) so

that
h(z) —ki(2) = ba(y) + ba(h(ih () = 1.
As eg(ih,l(y)) = UhSZA U;;ef, we have

ul o (SBSE™ QU uef = exp(2mv/—1H)U, S/ U el = Ad(Uy) (o7 (S7))eE.
Hence we have

b b
(Ad(u?) o pf o Ad(Uy))(S{)ef = 2 Y ulpf(sESE QY ulel
veW() Z€Bk, (Xp)

= Ad(Uy) (pf! (5?))65

so that
Ad(ufz) opPoAd(Uy) = Ad(Uy) opf* fort € T.

To prove the converse of the above proposition, we provide the following
lemma.

LEMMA 6.4. For a unitary representation u of T into Dp, there exists a continuous
function fo € C(Xp,Z) such that uy = exp(2mty/—1tfy) for t € T.

Proof. For a unitary representation u of T into Dp, there exists a *-homomor-
phism ¢" from the group C*-algebra C*(T) of T to Dp in a natural way. It induces
a homomorphism ¢% : Ko(C*(T)) — Ko(Dp) on their K-groups. Let yx;q de-
note the identity representation x;q(s) = s,s € T of T. As Ko(C*(T)) = P Z

X€T
and Ko(Dp) = C(Xp,Z), by putting fo = ¢%(xia) € C(Xp,Z), one has u; =
exp(2my/—1tfy) forallt € T. &

We thus have the converse of the above proposition in the following way.

PROPOSITION 6.5. Assume that matrices A and B are irreducible and satisfy con-
dition (I). If there exist a unitary representation u of T into Dy and an isomorphism
& : Oy — Opsuch that ®(Dy) = Dy and @ o pft = Ad(us) o pP o @ fort € T, then

X, ~ (Xg, .
(X4 UA)SCOE( B,0B)

Proof. Take fy € C(Xp,Z) such that u; = exp(2rty/—1tfg),t € T. Repre-
sent the algebras O4 on H4 and Op on $Hp by . As the matrices A and B
are irreducible and satisfy condition (I), the isomorphism ¢ : O4 — Op satisfy-
ing @(D4) = Dp induces a continuous orbit equivalence between (X 4,04) and
(Xp,0p) by [9]. Take a continuous orbit homeomorphism & : X4 — Xp such
that ¢(f) = foh_1 for f € C(Xa). Let Uy, : H4 — $Hp be the unitary oper-
ator defined by Uyef = eh( ) for x € X4. As in the proof of Proposition
Ad(Uy) : 04 — Op gives rise to an isomorphism such that Ad(Uy,)(f) = foh™
for f € C(X4). The automorphism & = Ad(Uy,) ! o @ on O satisfies a|p, = id.
By Theorem 6.5 (1) of [9], there exists a unitary one-cocycle V, in D4 relative
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to a which satisfies #(S,) = Vi(k)S, for p € Bi(Xa). As V4(1) € Dy and
a(S;) = Vy(1)S;,i=1,...,N, we see that

(Ad(ur) 0 pf 0 @)(SF")
(@opf') (5
Hence the equality

(Ad(ur) 0 pf 0 Ad(Uy))(Sf') = (Ad(Un) 0 pf')(S), i=1,...,N

follows. Letk : X4 — Z4 and 1 : Xp — Z4 be continuous functions satisfying

(LI). Fori =1,...,Nand y € Xg) put z = ik !(y) € X4. As in the proof of
Proposition [6.3} one sees that

(Ad(u) 0 pFoAd(U)) (5/)el
= exp(2V—1(1(2) — k1(2) — folw) + folh(ih ™ (1))Def s

Ad(Uy) (Ve (1)) - (Ad(ur) 0 pf 0 Ad(Uy))(S]"),
Ad(Uy)(Va(1)) - (Ad(Uy) © 1) (S7).

and
Ad(Uy) (' (S1'))ey = exp(27tv/~1t)eg - 1(y))
so that the equality

h(z) —ki(z) = foly) + fo(h(ih ™' (y))) —1=10

follows. By putting bi(z) = fo(h(z)), we have I;(z) —ki(z) = 1+ b1(z) —
bl(O'A(Z)) so that (XA,O'A) SC'\(/)E (XB,O'B). |

We note the following lemma.

LEMMA 6.6. Assume that matrices A and B are irreducible and satisfy condition
(D). Let v; € U(Op),t € T be a one-cocycle for the gauge action pB on Op. If there exists
an isomorphism¥ : O 4 — Op such that ¥ (D) = Dpand ¥ o pf! = Ad(v¢) opP o ¥
fort € T, then vy belongs to Dy and hence vi4s = vvs, t,s € T.

Proof. For f € Dy, we have ¥(pf'(f)) = vi(p} (¥ (f)))vi- As pi(f) = f
and pP (¥ (f)) = ¥(f), we see that ¥(f)v; = v;¥(f). Since the matrix B satisfies

condition (I), the subalgebra Dg is a maximal commutative C*-subalgebra of Op.
By ¥(D4) = Dp we see that the unitary v; belongs to Dg. 1

Consequently we have the following theorem.

THEOREM 6.7. Assume that matrices A and B are irreducible and satisfy condi-
tion (I). The following two assertions are equivalent:
(i) One-sided topological Markov shifts (X a,04) and (Xp, 0p) are strongly contin-
uous orbit equivalent.
(ii) There exist a unitary one-cocycle v; € Op,t € T for the gauge action p® on Op
and an isomorphism & : O 4 — Op such that

&(Dy) =D and Popf = Ad(v;)oplod, teT.
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As it is well-known that a cocycle conjugate covariant system of a locally
compact abelian group yields a conjugate dual covariant system, we have the
following corollary.

COROLLARY 6.8. Assume that matrices A and B are irreducible and satisfy condi-
tion (I). Suppose that (X4, 04) o (Xp,0). Then the dual actions of their C*-crossed

products are isomorphic:

(Oax aT,p%,Z) = (Opx T, 0", 7).

7. EXAMPLES

1. Let A and B be the following matrices:

11 11
- P A

They are both irreducible and satisfy condition (I). The one-sided topological
Markov shifts (X4,04) and (Xp,0p) are continuously orbit equivalent as in [9].
This continuous orbit equivalence also comes from the fact that their Cuntz—
Krieger algebras O4 and Op are isomorphic and det(id — A) = det(id — B) by
[11]]. Since their Perron eigenvalues of A and of B are different, the topologi-
cal entropy of their two-sided topological Markov shifts (X4,04) and (Xg,0p)
are different so that they are not topologically conjugate as two-sided subshifts.
Hence (X4,04) and (X3, o) are not strongly continuously orbit equivalent.

2. If the one-sided topological Markov shifts (X4, 04 ) and (X3, o) are topo-
logically conjugate, one may take a homeomorphism i : X, — Xpg such that
ki(x) = 0,11(x) = 1 forall x € X4, so that ¢1(x) = 1 for all x € X4 and hence
(Xa,04) and (Xp,0p) are strongly continuous orbit equivalent. We present an
example of one-sided topological Markov shifts (X4,04) and (Xp, o) such that
they are not topologically conjugate, but they are strongly continuous orbit equiv-
alent. Let A and B be the following matrices:

- 110
(7.2) A:L J, B=1|1 0 1].
101

Both of them are irreducible and satisfy condition (I). Since the total column amal-
gamation of B is itself, their one-sided topological Markov shifts (X4,04) and
(Xp,0p) are not topologically conjugate ([Z], [1Z]). We have the following theo-
rem.

THEOREM 7.1. The one-sided topological Markov shifts (Xa,04) and (Xp,0p)
are strongly continuous orbit equivalent.
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We prove Theorem[7.1]as follows. Let us denote by X4 = {a, B} the symbols
of the shift space X4, and similarly X = {1,2,3} those of (X, 0p), respectively.
We note that

By (Xa) = {(a, ), (&, ), (B, ), (B, B)
By(Xp) = {(1,1),(1,2),(2,1),(2,3),(3,1),(3,3)}-
Define the block maps ¢ and ¢ by
P(a,a) = (L,1), @B B a)=(21), @B aa)=(31),
P(a,p) = (1,2), @(Bp ) =(23), @(pwp)=(33)

and

(e, B) =2, @B,B) =3 o¢aa)=1 ¢Ba)=1

For k,I € Z, we denote by (pLg 511 the sliding block code with memory k and

anticipation ! induced by the 2-block map ¢ : By(X4) — B1(Xg) (see [8]). Define
h: X4 — Xp by setting for x = (x),en € Xa

@ 01] if x; =
h(xy,x2,%3,...) = S [(_xlz(,)]x3, ) 1 e
(D(x1,%2,%3), Poo " (X3,Xg,...)) ifx; =B.
It is straightforward to see that 11(x) belongs to Xp for all x € X4.
We set
1 if (x1,x2) = (a,0), 0 if (x1,x2) = (&, ),
4 f - 2 .f =
l](X) _ 1 (xlrx2) (D"ﬁ)/ kl(X) _ 1 (xl/xz) (“lﬁ)/
2 if (xq,x2) = (B, ), 2 if (xg,x2) = (B, ),
3 if (x1,x2) = (B, B), 2 if (x1,x2) = (B, B),

so that we have
o1 (h(oa(x))) = o1 (h(x)) for x € Xa.
Define by : X4 — N by
N iy
sothatcy(x) =1+ by(x) —bi(ca(x)), x € X4. This implies the following lemma.
LEMMA 7.2. h: X, — Xp is a strongly continuous orbit map.
We next construct the inverse of h. Define the block maps ¥ and ¢ by
Y1) = (wa), ¥(21)=(Bpa), ¥G1)=(ura),
¥(1,2) = (a,p), ¥(23)=(BEB), YB3 =(Bwp)

and

p(1) =a, p(2) =6, ¥(B) =4
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For k,I € Z,, we denote by l/J,[D; “1) the sliding block code with memory k and
anticipation ! induced by the 1-block map ¢ : B1(X4) — Bi(Xp). Define g :
Xp — X4 by setting for y = () nen € XB

(¥, v2), 92 (y3, 94, ..)) ify; =1,

g(]/l/]/2/]/3,]/4,---) = { 1 .
(¥ v2), ¢ Dy a...)) iy =23,

We set
I ( ) _ 3 if (}/1/3/2) = (111)/ (1/2)/
Ve i () = 21),(2,3),(3,1), (3,3),
) {2 ) =10, 1,61),
WZ\3 i ) = (1,2),(2,3),3,3),

so that we have

W (g(op(y))) = o2 (g(y)) fory € Xz.

Define b, : Xp — N by

sothatca(y) =14 ba(y) — ba2(0B(y)),y € Xp. This implies the following lemma.
LEMMA 7.3. g: Xp — X4 is a strongly continuous orbit map.

We next show that g, /i are inverses to each other.
For x; = «, we see

¥(1,1) = (a, if X, =,

Y (P(a,x5)) = (11) = (a,a) B =a

¥(1,2) = (a,8) ifxp =5,

so that (D (xq,x2)) = (x1,x2).
For xq = B, we see

Y(2,1) = (BB a) if (x2,x3) = (B, ),
_ J¥(23)=(BB.B) if(x2,x3) = (B,B),
OB = y3,1) = (Baw) i (12%) = (w0),
¥(3,3) = (B, p) if (x2,x3) = (&, ),
so that ¥ (P (xq,x2,x3)) = (x1, X2, x3). It is easy to see that the equalities

1/’(€0(0¢/x1/x2,~--)) = (x1,%2,...),
P(@(B,x1,x2,...)) = (x1,x2,...),
hold so that ¢ o ¢ = 04 on Xy4.

LEMMA 7.4. g(h(x)) = x for x € X4.
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Proof. It follows that

g(h(x1,x2,x3 ) {g(q)(xl’XZ) P(x2,x3,...)) if x; = a,
, X2, X3, ... (

e(D(x1,x2,x3), p(x3,x4,...)) ifx; =8,
_ {(?(@(xl,xz)),w((p(xz,xg,...))) if = a,
(F(P(x1,%2,%3)), Y(p(x3,x4,...))) if x1 =B,

= (x1,%2,X3,%4,-..). 1

We finally prove that h(g(y)) = y for ally = (yn)neny € Xp. It is direct to
see that

@(¥(y1,¥2)) = (y1,y2) for (y1,y2) € B2(Xp).
We have

(e, (Y3, Ya,---)) = (Y3, Ya,--.) ify2=1,

o(B (Y3, Yar---)) = (Y3, Ya,...) ifya =2,3.
We set g(v) = (xn)nen € Xa. As

~J(aw) if (y1,y2) = (1,1),

(r1,22) = {(04/.3) if (y1,12) = (1,2),
(B, B,w) if (y1,y2) = (2,1),
(31, %2, 3) (B.B,B) if (y1,y2) = (2,3),
Y (Ba,o) if (y1,y2) = (3,1),
(B,a, B) if (y1,y2) = (3,3),

we have
( h(y(y1/y2 (y31y4r"')>
_J(@(F (1, y2)), 9(x2, ¥ (Y3, ya,- ) if (y1,y2)=(1,1), (1,2),
(@(F(y1,¥2), ¢(x3,¥(y3,y4,--.)) if (y1,¥2)=(2,1),(2,3),(3,1),(3,3)

= (y1/y2/y3/y4, e )

Hence h(g(y)) =y fory € Xp so that g = h~'. We get (X4,04) o (XB,0B).
3. We finally present an example of two irreducible matrices with entries

in {0,1} whose two-sided topological Markov shifts are topologically conjugate,
but whose one-sided topological Markov shifts are not strongly continuous orbit
equivalent. Let A and B be the following matrices:

111

11 0] .

110

(7.3) A=

11 1
1 1 1|, B=A'=
1 0 0
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They are irreducible and satisfy condition (I). Since the row amalgamation of A
and the column amalgamation of B are both ﬁ (1)} , the two-sided topological

Markov shifts (X4,04) and (Xp,7p) are topologically conjugate (cf. [7]). We
however know that 04 = Oz and Op = O3 ® M (C) ([3]). Hence their Cuntz—
Krieger algebras are not isomorphic so that the one-sided topological Markov
shifts (X 4,04) and (Xp, 0p) are not continuously orbit equivalent.
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