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ABSTRACT. We give a complete classification of the ideals of the core of the
C*-algebras associated with self-similar maps under a certain condition. Any
ideal is completely determined by the intersection with the coefficient algebra
C(K) of the self-similar set K. The corresponding closed subset of K is de-
scribed by the singularity structure of the self-similar map. In particular the
core is simple if and only if the self-similar map has no branch point. A matrix
representation of the core is essentially used to prove the classification.
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INTRODUCTION

A self-similar map on a compact metric space K is a family of proper con-
tractions ¥ = (91,...,vn) on K such that K = U 7:i(K). In our former work

Kajiwara—Watatani [11]], we introduced C*-algebras associated with self-similar
maps on compact metric spaces as Cuntz—Pimsner algebras using certain C*-
correspondences and showed that the associated C*-algebras are simple and
purely infinite. A related study on C*-algebras associated with iterated function
systems is done by Castro [2]. A generalization to Mauldin-Williams graphs is
given by lonescu-Watatani [6].

The fixed point subalgebra of the gauge action of the C*-algebras is called
the core.

In this paper we give a complete classification of the ideals of the core of the
C*-algebras associated with self-similar maps by the singularity structure of the
self-similar maps. In particular the core is simple if and only if the self-similar
map has no branch point. A matrix representation of the n-th core is essentially
used to prove the classification. We represent the n-th core by certain degenerate
subalgebras of the matrix valued functions. These subalgebras are described by a
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family of equations in terms of branch points, branch values and branch indices.
One of the key points is the analysis of the core of the Cuntz-Pimsner algebra by
Pimsner [13]. The core is the inductive limit of the subalgebras which are globally
represented in the algebra of adjointable operators on the n-times tensor product
of the original Hilbert bimodule.

In [9], the authors classified traces on the cores of the C*-algebras associated
with self-similar maps. We needed a lemma on the extension of traces on a sub-
algebra and an ideal to their sum following after Exel and Laca [3]. We could do
complete analysis of point measures using the lemma. We also applied the Rieffel
correspondence of traces between Morita equivalent C*-algebras.

In this paper, we also need the Rieffel correspondence of ideals between
Morita equivalent C*-algebras to examine the ideals of the core. Let B be a C*-
algebra, A a subalgebra of B, and L an ideal of B.

In general, it is difficult to describe the ideals I of A + L in terms of A and
L independently. We construct an isometric *-homomorphism from the n-th core
F (") to a matrix algebra over C(K). We call it the matrix representation of the n-th
core. We use a matrix representation over C(K) of the n-th core and its description
by the singularity structure of branch points to overcome the difficulty above.

As a consequence, we have an AF-embedding of the core. But this fact is
not used in the paper. Here the finiteness of the branch values and continuity of
any element of F(") C C(K, Myn) are crucially used to analyze the ideal struc-
ture. We shall show that any ideal I of the core is completely determined by the
closed subset of the self-similar set which corresponds to the ideal C(K) N I. We
list all closed subsets of K which appear in this way explicitly to complete the
classification of ideals of the core.

The content of the paper is as follows:

In Section 2, we present some notations for self-similar maps and basic re-
sults for C*-correspondences associated with self-similar maps.

In Section 3, we give a matrix representation of the n-th core. Firstly we
describe the compact algebras of C*-correspondences associated with self-similar
maps by certain subalgebras of the matrix valued functions. These subalgebras
are determined by a family of equations in terms of branch points, branch values
and branch indices. Secondly we describe their sums also by matrix representa-
tions globally.

In Section 4, we give a complete classification of the ideals of the core. We
list all primitive ideals. We need to construct the traces on the core to prove the
classification. We use a method which is different from the way we did in [11]].
We also show that the GNS representations of discrete extreme traces generate
type I, factors. In fact we compute the quotient of the core by the primitive ideals
which correspond to the extreme discrete traces.
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1. SELF-SIMILAR MAPS AND C*-CORRESPONDENCES

Let (,d) be a (separable) complete metric space. A map f : 2 — Qis
called a proper contraction if there exist constants ¢ and ¢’ with 0 < ¢/ < ¢ < 1such
that 0 < ’d(x,y) < d(f(x), f(y)) < cd(x,y) forany x, y € Q.

We consider a family v = (y1,...,yn) of N proper contractions on (2. We
always assume that N > 2. Then there exists a unique non-empty compact space
K C O which is self-similar in the sense that K = G 7i(K). See Falconer [4] and

=1

1=
Kigami [12] for more on fractal sets.

In this note we usually forget an ambient space (2 as in [9] and start with
the following: Let (K, d) be a compact metric setand v = (71, ..., vn) be a family
of N proper contractions on K. We say that 7 is a self-similar map on K if K =

N
U 7i(K). Throughout the paper we assume that v is a self-similar map on K.
i=1

DEFINITION 1.1. We say that <y satisfies the open set condition if there exists
a non-empty open subset V of K such that ;(V) N (V) = ¢ for j # k and

i\jj 7:(V) C V. Then V is an open dense subset of K. See the book [4] by Falconer,
lf:i‘ example.

LetX ={1,...,N}.Fork > 1, weput ZF = {1,..., N}k

For a self-similar map 7y on a compact metric space K, we introduce the
following subsets of K:

By={b€K:b=1(a) = (a), forsomea € Kand i # j},

Cy ={a€K:v(a) = vj(a), forsomea € Kand i # j}

= {a € K: 7;(a) € By for some j}
Py={a€K:3k>13(ji,...,jt) € = such thaty; o--- 07 (a) € B,},
Opi = {7,007, (b) : (1, ... jx) € =} (k>0),

Op = |JOpx, where Oy = {b},
k=0
Orb = U Op.
beB,

We call B, the branch set of o, C, the branch value set of v and P, the
postcritical set of . We call Oy the set of k-th  orbits of b, and O, the set of ¢
orbits of b.

In general we define the branch index at (7;(y),y) by ey (7;(y),y) = #{i €
Zlvi(y) = 7w}

Throughout the paper, we assume that a self-similar map y on K satisfies
the following Assumption B.
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ASSUMPTION B. (i) There exists a continuous map h from K to K which
satisfies h(7;(y)) =y (v € K) for each j.
(i) The set B, is a finite set.
(iii) B, NP, = @.
If (ii) is replaced by the stronger condition
(ii’) The set B, and P, are finite sets,
then it is exactly Assumption A in [11]. If we assume that the -y satisfies Assump-
tion A, then 1 satisfies the open set condition automatically as in [11]].

Many important examples satisfy Assumption B above. If we assume that
7 satisfies Assumption B, then we see that K does not have any isolated points
and K is not countable.

Since B, is finite, C is also finite. We put B, ={by,...,b,},C,={c1,...,cs}.
We note that c € C, means that there exist 1 < j # jl < N such that 'yj(c) =
7y (c). If we putb = 7(c) = y (c), then b € B,. Therefore B, is the set of b € K
such that & is not locally homeomorphism at b, that is, B, is the set of the branch
points of & in the usual sense.

For fixed b € B,, we denote by e;, the number of j such that b = ~;(h(b)).
Put ¢ = h(b). Then e, is exactly the branch index at (b, k(b)) = (7;(c),c) and
ep = ey (7j(c), c). Therefore b is a branch point if and only if ¢, > 2.

We label these indices j so that

{ieZ:b=(h(b)} = {j(b,1),jb,2),...,j(bes)}

satisfying j(b,1) < j(b,2) < --- < j(b,e,). We shall use these data as an expres-
sion of the singularity of self-similar maps to analyze the core.

EXAMPLE 1.2 (tent map). Let K = [0,1], 71(y) = (1/2)y and 72(y) = 1 —
(1/2)y. Then a family v = (1, 2) of proper contractions is a self-similar map.
We note that B, = {1/2}, C, = {1} and P, = {0,1}. The continuous map h
defined by

7

(= T

h(x) = {Zx (1) <x <

—2x+2 3 <x<

satisfies Assumption B(i). The map / is the ordinary tent map on [0,1], and

(71,72) is the pair of inverse branches of the tent map 1. We note that B, =

{1/2},C, = {1} and P, = {0,1}. We see that h(1/2) = 1,h(1) = 0,h(0) = 0.
Hence a self-similar map v = (71, 72) satisfies Assumption B above.

EXAMPLE 1.3 ([9], (Sierpinski gasket)). Let P = (1/2,v/3/2), Q = (0,0),
R =(1,0),S = (1/4,/3/4), T = (1/2,0) and U = (3/4,4/3/4). Let 1, 72 and
73 be contractions on the regular triangle T on R? with three vertices P, Q and R
such that
Y
2)

7

_|_

N R
N =

Ty = (G+pqay) e =(5Y), Bay=(
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We denote by «y a rotation by angle 6. We put y1 = 91, 72 = ®_27/30 Y2, 13 =

X7 /3 © '73. Then Y1 (APQR) = APSU, ’)Q(APQR) = ATSQ and ’)/3(APQR) =

ATRU, where AABC denotes the regular triangle whose vertices are A, B and

CPutK= (N N (7,0 -07,)(T). Then v is a self-similar map on K
n=1(jy,...jn) X"

satisfying Assumption B, and K is the Sierpinski gasket. B, = {S,T,U}, C, =

P, = {P,Q,R} and h is given by

THxy) (xy) € APSUNK,
h(x,y) = Q1 (vy) (vy) € ATSQNK,
73 1(x y) (x,y) € ATRUNK.

As in [9], we shall construct a C*-correspondence (or Hilbert C*-bimodule)
for the self-similar map v = (71,...,n)- Let A = C(K), and Cy = {(7;(¥),y) :
j € X,y € K}. Weput X, = C(C,). We define left and right A-module actions
and an A-valued inner product on X, as follows:

(@-f-0)(vi(y)y) = alvi)f(viw),y)bly) yekK j=1,..,N

),
N
(flg)a g s(viw),y),

where f, ¢ € X, and a, b € A. We denote by K(X,) the set of compact oper-
ators on X, and by £(X,) the set of adjointable operators on X, and by ¢ the
*-homomorphism from A to £L(X,) givenby ¢(a)f = a - f. Recall that the algebra
of compact operators KC(X.,) is the C*-algebra generated by the rank one operators
{0xy : x,y € X, }, where 0, ,(z) = x(y|z) o for z € X. When we do stress the role
of X, we write 6y, = foy. We put Jx = ¢~ 1(K(X,)). Then Jx is an ideal of A.

LEMMA 1.4 (Kajiwara-Watatani [9]). Let v = (71,...,vN) be a self-similar
map on a compact set K. Then X, is an A-A correspondence and full as a right Hilbert
module. Moreover Jx remembers the branch set B so that [x = {f € A : f(b) =
0 foreach b € B, }.

We denote by O, the Cuntz—Pimsner C*-algebra ([13]) associated with the
C*-correspondence X, and call it the Cuntz—Pimsner algebra O., associated with
a self-similar map <. Recall that the Cuntz-Pimsner algebra O, is the universal
C*-algebra generated by i(a) with a € A and S; with { € X, satisfying that
i(a)Sz = Sp(a)e, Sei(a) = Sga, SzSy = i((Eln)a) fora € A, ¢,y € Xy and i(a) =
(ix o ¢)(a) for a € Jx, where ig : K(Xy) — O, is the homomorphism defined by
ix(0z,y) = S¢Sy [7]. We usually identify i (a) with 2 in A. We also identify Sz with
¢ € X and simply write ¢ instead of Sg. There exists an action  : R — Aut O,
defined by B¢(Sg) = €''Sg for & € X, and B;(a) = a fora € A, which is called the
gauge action.
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THEOREM 1.5 ([9]). Let <y be a self-similar map on a compact metric space K. If
(K, 7) satisfies the open set condition, then the associated Cuntz—Pimsner algebra O., is
simple and purely infinite.

Let Xff” be the n-times inner tensor product of X, and ¢, denotes the left
module action of A on X?f”. Put

FW =A@ I+K(X)) @+ K(XSH) @I+ + K(XI") C LXIM).

We embed F () into F**) by T+ T@ I for T € F). Put F(®) = U F. 1t
n=0

is important to recall that Pimsner [13] shows that we can identify F (1) with the

C*-subalgebra of O., generated by A and SxS; forx,y € X® k=1,...,nunder

identifying S xS; with 6y, and the inductive limit algebra 7 () jg isomorphic to
the fixed point subalgebra (’)3 of O, under the gauge action and is called the core.
We shall identify the OT with F(*).

2. MATRIX REPRESENTATION OF THE n-TH CORES

If a self-similar map ¢ = (71,...,yn) has a branch point, then the Hilbert
module X, is not a finitely generated projective module and KC(X,) # L(X,).
But if the self-similar map 7y satisfies Assumption B, then X, is near to a finitely
generated projective module in the following sense: The compact algebra K(X,)
is equal to the set Ko(X,) of finite sums of rank one operators 6y,. Moreover
KC(X) is realized as a subalgebra of the full matrix algebra My(A) over A =
C(K) consisting of matrix valued functions f on K such that their scalar matrices
f(c) live in certain restricted subalgebras for each c in the finite set C,, and live in
the full matrix algebra My (C) for other ¢ ¢ C,. We can describe the restricted
subalgebras in terms of the singularity structure of the self-similar map v, i.e.,
branch set, branch value set and branch indices. Let Y, := AN be a free module
over A = C(K). Then L(Y,) is isomorphic to My(A). Therefore it is natural
to realize the bi-module X, as a submodule Z, of Y, := AN in terms of the
singularity structure of the self-similar map 1.

More precisely, we shall start with defining left and right A-module actions
and an A-inner product on Y., as follows:

M=

(a-f-b)ily) =alviy)fiwbly), (f19aly) =) filv)gi(y),

i=1

where f = (f1,...,fn),§ = (§1,---,8N) € Yyand a, b € A. Then Y, is clearly an
A-A correspondence and Y, is a finitely generated projective right module over
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A. We define

Zy={f=(fi,....fn) € AN :
forany c € Cy,b € B, with h(b) =¢, fj(b,k)(C) — fj(b,k’)(C) 1< kK <epl,

that is, the i-th component f;(c) of the vector (f(c),..., fn(c)) € CN is equal to
the i’-th component f; (c) of it for any 7,7’ in the same index subset

{ieZ:b=7(c)} = {j(b,1),j(b,2),...,j(bey)}

for each b € B,.

Thus the bimodule Z, is described by the singularity structure of the self-
similar map -y directly.

It is clear that Z, is a closed subspace of Y,,. Moreover Z,, is invariant under
left and right actions of A. In fact for any f = (f1,..., fn) € Zyand a,a’ € A,

(afa’)jwr (€) = al¥jr () fipr (c)a'(c)
= (7 ) () fjwpey (©)a' () = (afa) gy (c)

for 1 < k, k' < ep, since Vi, p(c) = Yj(bk)(c). Therefore Z, is also an A-A corre-
spondence w1th the A-bimodule structure and the A-valued inner product inher-
ited from Y.

We shall analyze Z, by studying its fibers. We can describe the fibers in
terms of branch points.

For ¢ € K, we define the fiber Z, (c) of Z, on ¢ by

Z,(c) = {f(c) eCN: feZ, c C(K,CN)}.

Let A be a subalgebra of L(Y,) = Myx(A) = C(K, M, (C)). For c € K, we
also study the fiber A(c) of A on ¢ by

Ae) = {T(c) € My(C): T € A © C(K, Mn(C))}.

In order to get the idea and to simplify the notation, just consider the fol-
lowing local situation for example: Assume that N = 5,c € C, and h™!(c) =
{bl , bz} C B’Y ,

b =m(c) =72(c), b2 =73(c) = 1a(c) = 5(c),
that is,
by EL ¢ TS
Consider the following degenerated subalgebra A of a full matrix algebra
Ms(C):

A= {a=(a;) € M5(C) : ayj = ayj, ajy = ap, a3j = a4 = asj, a;3 = Ay = a5}
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Then
a a b b b
a a b b b
A= c ¢c d d d|:abcdeC
c ¢ d d d
c ¢ d d d

is isomorphic to M, (C). Consider the subspace
W={(x,xyyy) €C’:xcC,ycC}

of C°. Letu; = (1/v/2) (1,1,0,0,0)t € W and up = (1/+/3) (0,0,1,1,1)t € W.
Then {u1,u,} is a basis of W and {GZ\]_{M]_ }ij=1,2 is @ matrix unit of A and

2
A= { E aijgzvi,u- TS (C} = [,(W)
ij=1 !

Then the argument above shows the following:

LEMMA 2.1. Let 7y be a self-similar map on a compact metric space K. Then
for ¢ € K, we := dim(Z,(c)) is equal to the cardinality of h~'(c) without counting
multiplicity. We can take the following basis {u¢}i—1 . of Zy(c) C CN: Rename
h1(c) = {b1,...,bw.}. Then the j-th component of the vector us is equal to 1/ /ey, if
je{jeZ: b= 'yj(h(bi))} = {j(b;1),j(b;,2),. ..,j(b,«,ebl.)} and is equal to 0 if j is
otherwise.

We shall show that X, and Z., are isomorphic as correspondences.

LEMMA 2.2. Let vy be a self-similar map on a compact metric space K. Then the
C*-correspondences X, and Z., are isomorphic.

Proof. Recall that A = C(K), Cy = {(7j(y),y) : j € L,y € K} and X, =
C(Cy). We define ¢ : X, — Z, by

()W) = (W) y) .- cony)y)

for ¢ € X, = C(Cy). Since ¢ is continuous, ¢({) is continuous because of the
continuity of 7;’s. It is easy to check that ¢ (&) is contained in Z,.
Conversely we define ¢ : Z, — X, by

WD)y =fiy) (G=1...,N yeK),
= (fl,...,jN) S Zry. Since fj(b,k) (h(b)) = f](b,k’)(h(b)) for b € Bry and
k' < ep, ¢ is well-defined. Since
(Wo@)(G)=¢ (pov)(f)=F,
for € X,, f € Z,,and

for f
1<k,

r
<

(9(&1)|@(82))a = (81/82) A

for ; € X, the C*-correspondences X, and Z, are isomorphic. 1
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We shall identify X, with Z, and regard it as a closed subset of Y, = AN =
C(K,CN).

For a Hilbert A-module W, we denote by Ko(W) the set of finite rank opera-
tors (i.e. finite sum of rank one operators) on W, that is,

- { ie}é\i{% :n€N,x;,y; € W}.
i—1

We first examine the situation locally and study each fiber Z,(c) to get the
idea, although we need to know the global behavior.

We shall show that the algebra IC(Z,) is described globally by imposing
the local identification conditions of the fiber KC(Z,(c)) on each branched val-
ues ¢ and is represented as a subalgebra of My(C(K)) = C(K, My(C)). But
we need a careful analysis, because £(Z,) is not represented as a subalgebra of
Mn(C(K)) = C(K, MN(C)) globally in general.

We shall show that the algebra K(Z,) is isomorphic to the following subal-
gebra D7 of My (C(K)) = C(K, Mn(C)):

D7 = {a = [ai]'}[,]‘ € MN(A) = C(K MN( )) forc € Czy,b € B, with h(b) =c,
ehll X X N/

b1, (€) = i), (c), 1 <k K <
<ep,1<i< N}

i j(o0) (€) = a3y (¢), 1 < KK

The algebra D7 is a closed *-subalgebra of My(A) = K(Y,) and is de-
scribed by the identification equations on each fibers in terms of the singularity
structure of the self-similar map . We shall use the fact that each fiber D7 (c)
on ¢ € K is isomorphic to the matrix algebra My, (C) and simple, where w, =
dim(Z,(c)).

For each ¢ € C,, we take the basis {uf};—1, .. of Z,(c) = {f(c) : f €
Zy} C CNin Lemma

Then the following lemma is clear as in the example before Lemma[2.1}

LEMMA 2.3. The algebra D7 is expressed as
D7= {a =[ajj];j € Mn(A) : for any c€ Cya(c) Z/\ Z,Gu i ¢ for some scalars A; ; }
1<i,i' <w,
We need an elementary fact.

LEMMA 24. Let f = Y(f1,...,fN) € Z,, § = "(§1,.-.,8N) € Z,. Then the
rank one operator 9}/; € L(Yy) is in D" and represented by the operator matrix

9ng = [figlij € Mn(A),

Proof. 9}/; is expressed as the matrix [f;g;];j by simple calculation. Since f,
g € Z,, the matrix is contained in D7 as in the example before Lemma 1
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We denote by Ky(Z,) the set of finite rank operators on Z, that is, }Co(Z,)
n

= { ‘21 95:%. € L(Zy):neN,x,y; € Z7}~ The set of compact operators K(Z.,) is
1=

the norm closure of Ky(Z,). We also consider the corresponding operators on Y,,.

LEMMA 2.5. Let K(Z, C Yy) C L(Y,) be the norm closure of
Ko(Z, CYy): {29x1y1€£yv nEN,xi,inZV}.

Forany T € K(Z, C Y.), we have T(Z,) C Z. and the restriction map
0:K(Zy CYy) 2T = Tlz, € K(Zy)

is an onto x-isomorphism such that
(26751 yr) ngz Yi

Proof. Forany T = Z QXU% € Ko(Zy CYy)and f € Z,, we have

Tf Z@xl ylf = ixi(]/iu‘)A € Z’y-

Moreover

||TH = H Zex, Vi

by Lemma 2.1 in [7]. Hence ¢ is isometric on ICO(ZA, C Y,). Therefore for any
T € K(Z, C Yy), we have T(Z,) C Z, and ¢ is isometric on C(Z, C Y,).
Since the calculation rules of the rank one operators are the same, J is an onto
*-isomorphism. &

yzlx X: yl

= 18Tl

LEMMA 2.6. Let 7y be a self-similar map on a compact metric space K that satisfies
Assumption B. Then KCo(Xy) = K(Xy), Ko(Zy) = K(Z,) and Ko(Z, C Yy) =
K(Z, CY,)=D7C Mn(A).

Proof. Since K(X,), K(Zy) and K(Z, C Y,) are isomorphic and corre-
sponding finite rank operators are preserved, it is enough to show that D7 C

Ko(Z, C Yy). We take T € D?. By Lemma.3} for ¢ € C,, T(c) has the fol-
lowing form:
T(C) = Z )\zcz/euc u‘ :
0<i, i/ <we
For each ¢ € C,, we take f° € A = C(K) such that f°(c) = 1, f°(x) > 0 and the
supports of {f}.cc, are disjoint each other. Define ff € Z, by f(x) = f°(x)ef

for x € K. Put
S:T_ Z Z )\fl/efcfc.

ceCy 0<i i/ <wt



IDEALS OF THE CORE OF C*-ALGEBRAS ASSOCIATED WITH SELF-SIMILAR MAPS 235

Then S(c) = 0 for each ¢ € C,. Since S is obtained by subtracting finite rank
operators in [Co(Z,, C Y,,) from T, it is sufficient to show that Sisin Ko (Z, C Y5).
We represent S as S = [S;j];; € Mn(A). Consider the Jordan decomposition of
Sij € A = C(K) as follows:

Sij = 5.1. _5.2,+ 1/_1(5‘3‘ - 54.),

with } ., 52,57, S, > 0and §} .57, = 0,57,5¢, = 0. Then S/ (c) = Ofor 1 < p < 4
and ¢ € C,. Each element T € Mnn(A) with (i,]) element SZ]-(> 0) and with
other elements 0 is expressed as 6( SZj)l P 5{{(55)1 125 where §; is an element in CN
with (d;); = 1 for j = i and (4;); = 0 for j # i. Since Sfj(c) =0foranyc € C,,
(Szj)l/Z(Si and (Sfj)l/Z(Sj are in Z,. Because

5= ZZG SP )1/25 SP )1/26)7

SisinKo(Zy CYy). 1

Next we study the matrix representation of C(X5"). We consider the com-
position of self-similar maps and use the following notation of multi-index: For
i=(i1,i,...,in) € X", we put

i = Yin ©Vig1 © O Vips
and v" = {7; }iexn. Then 7; is a proper contraction, and " is a self-similar map
on the same compact metric space K.

LEMMA 2.7. Let 7y be a self-similar map on a compact metric space K that satis-
fies Assumption B. Then Cyn and Byn are finite sets and Con C C. i1 for each n =
1,2,3,.... The set of branch points B is given by

By ={7j(b):b € B,,jezK,0<k<n—1}.

Moreover, if vi(c) = vj(c) and i # j, then there exists unique 1 < s < n such that
is # jsand iy = j, for p # s.

Proof. Since <y satisfies Assumption B, C,» and B, are finite sets. Let c €
Cyr. Thenb = 7;(c) = 7j(c) withi = (ir,...,in), j = (j1,-.- ,jn) € X" and
i#j. Weputi = (i,iy,...,in) and j = (i,/1,...,ju) for some 1 < i < N. Then
Y;(c) = ’)/]v(c),i,]7 € Z*land i # j. Hencec € Cynit.

Letd = 'y]-(b) for some b € By and j € k0 < k < n—1. We rewrite it
asd = 7j,07j,_, 0 0%, ,,,(b). Since b € B,, there existc € C, and j # j/
with b = 7;(c) = 'yj/(c). There exist j, k1, ju_k_2,...,j1 and a € K with ¢ =
Yn—k-1 Ojn—k—Z O 0%j (a) We pUtj = (jn/jn—l/ e /jn—k+1ljrjn—k—1r s /jl) and

]/ = (jnrjn—lr- . ~/jnfk+lr]./r]'nfk71r- : ~/j1)- Thus d = ,-}/](a) = ’Y]/(ﬂ) andj # j/'
Hence d € Byn.
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Conversely, letd € B,n. Thend = (a) = vj/(a) for somea € K, j,j € Z"
with j # j’. Here a is uniquely determined by d, because a = h"(d). Similarly
we have v (a) = ;! (a) =h"""(d)with0 <r <n—1. Wewritej = (ju,..., /1),
i" = (jn,---,J1). We may assume that j,_ # j,_, forsomek, (0 <k <n—1). We
put

C=Yj, +1° O (g) = ,inq—k—l O--- O’)/jﬁ (a)
Then ¢ = W**1(d) = /. Weputb = v; ,(c) = 'mik(c). Then b = K*(d). Tt
follows that b € By and d = j, 0---0j,_41(b) with b € B,.
Suppose that there exist more than one s with is # j;. Then there exists

b € B, N P,. This contradicts condition (iii) of Assumption B. Therefore there
exists a unique 1 < s < nsuch thatis # jsand iy = j, forp #s. 1

We denote by X,n the A-A correspondence for 7". We need to recall the
following fact in [9].

LEMMA 2.8. As A-A correspondences, X" and X.n are isomorphic.

Proof. There exists a Hilbert bimodule isomorphism ¢ : X" — X,» such
that

(p(i®- @ fu)) (Vi ins ¥)
= A Vigyooin W) YVigyoie W) f2 Vigyois W)s Vi W) -+ (vi, (W), )
for f1,...,fn € X,y € Kandi= (i1,...,in) € Z". 1

For 7", we define a subset D?" of My« (A) as in the case of 7. We also
consider C,» instead of C,,. We use the same notation e, for b € B,» with h"(b) =
cand {j(b,k) : 1 <k < ¢} for 7" as in 1 if there occur no troubles. Let

D" = {[al]]zj € Mnn (A) : for any ¢ € Cr)/"’ be Byn with hn(b) =g,
B(p,0),i(€) = Aj(pp0),i(€), A j(pp)(€) = a3 jp ) (C)
forall1 <k, k' <ep,1<i<N"}

We note that D" is invariant under the pointwise multiplication of function
feA=C(K).
LEMMA 2.9. X" is isomorphic to a closed submodule Z.n of AN" gs follows:
X Zow = {(f1,..., fn) € ANt forany c € Cyn, b € By with k" (b) =,
fitoi (€) = fiwpy(€), 1 <k K < ey}

The proof follows from the isomorphism between X" and X,» and Lem-
ma

PROPOSITION 2.10. Let vy be a self-similar map on a compact metric space K that
satisfies Assumption B. Then KCo(X5™) coincides with IC(XS") and is isomorphic to the

closed *-subalgebra D" of Myu (A).
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The proposition follows from the isomorphism between X5 and X, Lem-
ma[2.2land Lemma

We shall give a matrix representation of the finite core (") in My (A). Let
80 DY — K(Z5")
be the isometric onto *-isomorphism defined by the restriction to Z?’. We put
A = 50y K(z8) - DV
We consider a family (F(")), of subalgebras of the core:

Fl 2 A I+ K(X) @I+ K(X®2) @1+ + K(X®")  L(X®).

Fn) be
n=0

We embed F() into F"*D by T = T® [ for T € F). Let F(®) =

s

the inductive limit algebra.

We note that F("+1) = F(1) @ [ 4+ [C(X®"+1). Thus F(*) is a C*-subalgebra
of F("*1) containing unit and K(X®"*1) is an ideal of F("*1). We sometimes
write F't1) = F) 4 0 (X®+1) for short. It is difficult to describe the extension
of ideals of a subalgebra and an ideal to their sum. But in our case we can use
Pimsner’s analysis above of the core to get a matrix representation IT(") : F(") —
M (A) of the whole F ().

We introduce a subalgebra E? of K(Y,) = L£(Y,) which preserves Z,,:

EY := {a = [ai,j]ij S MN(A) = E(Y,y) : aZ7 C ny}.
Here we identify EY C L(Y.,) with the corresponding subalgebra of My(A). The
inclusion K(Z, C Y,) C E7 is identified with the inclusion DY C E?. We note

that there exist elements of E” which are not contained in D7, and there can exist
elements of £(Z,) which do not extend to Y.

PROPOSITION 2.11. The restriction map § : EY — L(Z.) is an isometric algebra
homomorphism and is a x-homomorphism on EY N (E7)*.

Proof. For e > 0, we put U°(Cy) = {x € K:d(x,c) < eforsomec € C,}.

We take an integer ng such that2/ny <  min  d(c,c’). For each integer n >
c#c (c,c'eCy)

1y, we take a function f, € A such that0 < f,(x) < 1and f,(x) = 0on U'/"(C,)
and f,,(x) = 1 outside U?/"(C,).

Let T € E7. Then for each { € Y,, we have {f, € Z,. Moreover since C, is
a finite set and any point in C, is not an isolated point, we have

Hm [|¢full = [I¢]l, and  lim [|T(5f)[| = lim [[(TS)full = [ TE]-

n—00 n—00 n—o0
Therefore ||6(T)|| = ||T||.
For r € N, we also define a closed subalgebra E7"

E’YV = {a = [ui,j]ij S MNr(A) = K(Y,;gr) : ﬂZ,Y@gr C Z,Y@gr}
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and identify E7" with the corresponding subalgebra of My (A) as the -y case.
We shall extend the restriction map

8" DV — K(Z5T),
to the restriction map, with the same symbol,
8 EY — £(Z57),

which is an isometric algebra homomorphism.
We define

e(r) = (61 6(EY N (ET)*) — EY N (EY) .
For a fixed positive integer n > 0, we take an integer 0 < r < n. Taking
T € K(Z3"), T is represented in L(Z5") as o) (T) = T @ I,—,. The map ¢p(*")
is a representation of (Z5") in £L(Z3"). On the other hand, T € KC(Z5") extends
to Y5, and is represented as an element QU(T) in My (A) = K(Y5"). We put
QN(T) = QU(T) ® I,—,. Thus

QU K(Z57) — Man(A) = L(YS™).

Since QW)(T) for T € K (Z57) leaves Z3" invariant, it is an element in E".
Moreover it holds that

¢U(T) = 6"(QU(T)).

We shall explain these facts more precisely and investigate the form of (7).
We note that if we identify Y, with C(K, CV), then we can identify Y*" with

C(K,CN"). For example, for f = (fi);, g = (g:)i,h = (h); € Y, = C(K,CN), we
can regard f ©® g ® h € Y? as an element in C(K, CN) by

(f@g@h)(x) = (fi (vi Vi (%)), (Vis (X)) i3 (X)) (i i i)

for x € Kand i = (i1, ip,i3) € X°.

We define (aj(a))(x) = a(7yj(x)) fora € A, j € Zand (aj(a))(x) = a(7j(x))
forj € X°. For T € Myr(A), we define a;(T) € Mr(A) and a;(T) € Mnr(A) for
j € X%by

(@i (T))ik = aj(Tix), (&5(T))ix = aj(Tig)-

Let {A;, i : (i1,...,is) € X°} be a family of square matrices. We denote by

diag(Ai,...i.) (iy,...is) ez

the block diagonal matrix with diagonal elements in {A;_; : (i1,...,is) € Z°}.
We use lexicographical order for elements in X5. We write (iy,...,i) <
(i,---,s)ifi1 = j1,..., i = jrand ip4q < jp4q forsomel <t <s—1.
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LEMMA 2.12. The natural embedding
L) TH T € LIYS")
is identified with the matrix algebra embedding
Mnr(A) 3 T > diag(a (i, iv 1ive) (T)) (inin 1ivi1) €587
Proof. We note that {6;; ® -+ ® 0, }(j,,.i,)esr constitutes a base of A" and
{0;, ® -+ ®3i, }iy,...in)exn constitutes a base of A”. We write
T = [Tl i) i) i i) i) € M (A)-
Then
T ® - ®8)= )}, 8 @I i) (.-
(1reerfr) €X
Then it follows that

(T®In—1’)(5i1®"'®5ir®5i,+1®”'®5in)
=T, ® - ®6,) R0, @6

g Z) s Gy @+ @) Ty, jo) i) @ Oigyg @ @0
Juerfr) EXT

T Z) Z(‘Sf Q- ®6;,) ® (8, @ @8, Jai, 0w (T, i) (i)
Jureeoir) EX"

= diag(a(iinr---rirdrl)(T))(iinl---/ir+l)eznir’
where we have used that (f-9;)(x) = a;(f)(x)d;(x) = (J;-a;(f))(x) for f € A. 1
We describe the form of
QU K(ZET) — L(YS™) = Myn (A).
For T € K(Z"1), we have
a ([QUD(T);i]i) 0
QUr=1(T) = : 0
0 0 an([QUVTy]y)
= diag(a; (2" (T)))icx,
which is written by the ordinary matrix notation. Similarly for T € K(Z5") (0 <
r<n—1), Q") (T) is expressed as:
QUN(T) = diag(a(, i 1 i) Q7T (i1 1)esnrs

where we use lexicographic order for X"~".
Then we can check that forany T € L(Y,r), 1 < r < n,if T(Z) C Z,,
then

i‘ﬂ

In

(T® In,r)(Z«,n) C ZV"
thatis, EY ® I,,_, C E"".
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THEOREM 2.13 (matrix representation of the n-th core). Let y be a self-similar
map on a compact metric space K that satisfies Assumption B. Then there exists an isomet-

ric *-homomorphism am . g Mpnn (A) such that, for T = i T, @ L, € F)
r=0
with T, € IC(X?E”),
n
() = - (),
r=0
and if we identify X5 with Z5, then

Q(",r)(gf;") — 9}:1,’ =y

n
The image IT") (T) is independent of the expression of T = Y, T, ® I,_, € F "),
r=0
Moreover the following diagram commutes:

Fooo I My (A)

l l

(n+1)
Flry 70 My (A).

In particular the core F(®) is represented in My (A) as a C*-subalgebra.
Proof. Consider the following commutative diagram:

(M (A) 2)D7 L8 By o (7Y (€ Mya (A))

Q(’)T Ls(n)

¢ nr
It means that ¢("") (S) extends to Mn(A) ~ L(Y") and ¢ (S) is identified
with 60 (Q1)(S)) for S € K(X7).
Now we recall that Pimsner [13] constructed the isometric *-homomorphism

n
¢: F - ﬁ(Xff”) suchthatforT= Y T, ® I,_,, T, € IC(X%T) r=0,...,n,
r=0

n

o(T) = Y ¢""(Ty).

r=0
Since the restriction map
S EY N (EY) — L(Z5M) ~ L(X5M),

is also an isometric *-homomorphism, the composition of ¢ with the inverse
e := (6("))~1 on the image of (") gives the desired isometric *-homomorphism
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1™ : F(1) — Myn(A). Hence we have

n n

H0 (Y Te1) = (1 g(T)) = 1o e (p(T) = 1 00(T,),
r=0 r=0 -

Therefore the restis clear. 1

3. CLASSIFICATION OF IDEALS

We recall the Rieffel correspondence on ideals of Morita equivalent C*-
algebras in Rieffel [16], Zettl [17] and Raeburn and Williams [15], which plays
an important role in our analysis of the ideal structure of the core. Let A and B
be C*-algebras. Suppose that B and A are Morita equivalent by an equivalence
bimodule X = 5X,. Then B and A have the same ideal structure. Let Zdeal (A)
(respectively Zdeal(B)) be the set of ideals of A (respectively B). Then there ex-
ists a lattice isomorphism between Zdeal (A) and Zdeal(B). The correspondence
is given by ¢ : Zdeal(A) — Zdeal(B) and ¢ : Zdeal(B) — Zdeal(A) as follows:
Let | € Zdeal(A) be an ideal of A. Then the corresponding ideal I = ¢(]) of B is
given by

I = ¢(]) =span{p(x1a1|x2a2) : x1,x2 € X, 41,03 € [}
= span{p(xja|xp) : x1,x, € X,a € J}.
Let I € Zdeal(B) be an ideal of B. Then the corresponding ideal | = ¢(I) of A is
given by
] = lP(I) = W{(blxﬂl?zJCz)A 1x1,x € X, by,bp € I}
= W{(Xﬂbe)A 1x1,% € X, b € I}.

Here, we have
Xp:=span{xa:xe€ X, ac ]} ={ye€ X:(x|y)a € Jforany x € X}
={yeX:(lyaci}
Moreover we have
¢(J) ={beB: (x|by)s € Jforany x,y € X}, and
Y(I) ={a € A:p (xaly) € ] forany x,y € X}.
In fact, it is trivial that ¢(J) C {b € B: (x|by) 4 € ] for any x,y € X}. Conversely
assume that b € B satisfies that (x|by)4 € ] for any x,y € X. Therefore by € X;
for any y € X. Since p(X|X) spans a dense x-ideal L of B, the set of positive

elements of L of norm strictly less than 1 is an approximate unit of B. Therefore b
is uniformly approximated by an element of the form

bZ B(xilyi) = Z B(bxily;) € ¢(]),
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and bx; € Xj. Therefore b is also in ¢(]). The rest is similarly proved.

For any ideal I of the core F (), we shall associate a family (FD),, of closed
subsets of K using the above Rieffel correspondence.

Recall that the bimodule X" gives a Morita equivalence between (X5")

and A = C(K). Let I be an ideal of F(®). Then I, := I'N KC(X5™) is an ideal of
KC(X5™). Let Ju = ¢(I,) be the corresponding ideal of A = C(K) by the Rieffel
correspondence. Let F! be the corresponding closed subset of K, that is,

Fl={x€K:a(x)=0foranya € J,},
Jo={ac A=C(K):a(x)=0forany x € FL}.
By the discussion above, we have the following:

LEMMA 3.1. Let 7y be a self-similar map satisfying Assumption B. Let I be an ideal

of the core F(®). Then

(i) Ff = {x € K: (11|Tn2) a(x) = 0 for each 11,172 € X", T € INK(XJ™)}.

(i) I = INKXF") = {T € K(X3") : (m|Tn2)aly) = Oforeachy €
Ff, m, 2 € X"}
In particular, consider the case that n = 1 so that Iy = 1N KC(X). Then

(") Fl = {x € K: (i1|Tn2) a(x) = Oforeach 1,12 € X, T € L = INK(X,)}.

(i) I = {T € K(Xy) : (11|Tn2) aly) = 0 for eachy € Fl, 1,12 € X4}

We investigate fibers (H(”)(IC(X?E”)))(]/) ony € K.

COROLLARY 3.2. Lety € K. Ify & F[', then the fiber (I1m(1n K(X5™)) ()
on y coincides with the full algebra (IT") (K(X5™))(y)-

Proof. 1t is clear from the facts that (IT (”)(K(X§”)))(y) is isomorphic to
My, (C) and simple, and (™ (rn K(X5™)))(y) is non-zero since y & Ff'. W

LEMMA 33. Leta € K. Ifh(a) is in FL_,, then a is in F.

Proof. Assume that (a) is in F! +1- Take an arbitrary T € K(X5") N I. For

any &, ¢ € X5, 1, 11" € Xy, we have (T @ I)0zgy ey € (XS NI = Lip1.
Therefore for arbitrary w, w’ € X3",(, I’ € X, it holds that
(@ @CI((T ® Dby gy )w @) alh(a)) = 0.
Calculating the left hand, we have
(w®E(T6) @n(E @7l @ &) a)alh(a)
= (we (TE) @1n)a(h(a)) (' @1l @) a(h(a)).

Since we can choose §', ' € X", i, ¢’ € X, with (§' @ '’ ® {")a(h(a)) # 0,
it holds that

(w@Z|(TE) @ n)a(h(a)) = 0.
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Thus it holds that
(Cl(w|TE) an) a(h(a)) =0,
for each {, 7 € X,,. Hence we have that
(w|TE)a(a) =0
foreach w, ¢ € X,@f”. This implies that a is in Fr{ R |

We note that the converse of Lemma 3.3|does not hold in general.

LEMMA 3.4 ([11]). Let f € A = C(K). If f|p, = 0, then forany T € ,C(ngon),
we have that Ty, (a,(f)) ® I is contained in IC(X%’”H).

Proof. Since f|p, = 0, we have that f € Jx, . For {, 7 € X7", we have

xen X@en X%M

b Pn(an(f)) =gy wuipror = Oomse
Since (K(X5") @ I) N K(X5") = K(X5"]x, ) @ I ([B]), the lemma is proved. &

Even if a is not in B,, h(a) may be in C,. Therefore we need the following
careful analysis.

LEMMA 3.5. Let a be in K. We assume that a ¢ B If ais in F}, then h(a) is in
Far
Proof. Leta ¢ B, and a € F.. Putb = h(a). Suppose that b ¢ F! ,. By
changing the number of ;, we may assume a = 71 (b). Because a ¢ B,, a = 7;(b)
if and only if j = 1. Since b ¢ F!, and F!_, is closed, there exists an open neigh-
borhood U(b) of b such that U(b) N Fiﬂ = @ and any x € U(b) with x # b is
not in C,. (But b may be in C,,.) Therefore for any x € U(b), [1"*1) (K(X$™ ) n
I)(x) # 0 and it coincides with the total algebra IT("*1) (K(X5m+1))(x), because

it is simple. By the form of the representation IT""*1) of K(X"+1), for any

T € Myn(C), the element
T O
o o
is contained in

H(n+1)(K(X§n+1))(b) _ H(n+1)(/C(X§n+l) N I)(b).
Moreover, if T € C(K, Myn+1(C)) = Myu11(A) satisfies that
.. [T o
T'(b) = { ! O}
and T'(x) is 0 for x ¢ U(b), then T" is contained in IT"**V) (K (X2+1) N 1I).
We choose and fix T # O with T € H(")(K(ngn))(a). Since 7y is con-

tinuous and a ¢ B,, there exists an open neighborhood V(a) of a such that
V(a) C 11(U(b)), V(a) "By, = @, and V(a) N C, does not contain any element
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except for a. We take f € C(K) such that f(a) = 1 and f(x) = 0 outside V(a).
We put S(x);; = Tjjf(x). Then it holds that S € H(”)(IC(X?”)). We express it
as S = I1M(S'), S" € K(X2"). By the choice of f, it holds that §" € KC(XZ"+1).
Since 71(b) = a and 7;(b) # a for j # 1, we have

(8 (b) = [Sg) 8} = [g 8]‘

Moreover, since IT"+1)(8')(x) is 0 outside U(b), it holds that IT("+1)(S’)
€ H(”H)(IC(X??”“) NI). Thus we find S’ € K(X3") N I such that 1M (8 (a) =
T # O. It implies that a ¢ F}. But this is a contradiction. &

LEMMA 3.6. Let a and b be in K. Assume that a is in Fé and a ¢ Orb. If there
exists a positive integer n with h"(a) = h"(b), then b is also contained in F}.

Proof. Since a ¢ Orb, h"(a) is not contained in B,, for every positive integer
n. Therefore h'"(a) € F! for every positive integer n by Lemma Since 1" (b) =
h"(a), it holds that b € F} by Lemma

LEMMA 3.7. Let vy be a self-similar map on K and a € K. Then the set

C(a) :={b € K: 1"(b) = W"(a) for some n=0,1,2,3,...} =J |J 7j(n"(a))
n jexn

is dense in K.

Proof. Since v is a self-similar map on K, there exists a positive constant

0 < ¢ < 1such that for any j € X, d(7j(x),7(y)) < cd(x,y) forany x, y € K.

Let M > 0 be the diameter of K. Take a € K. For any ¢ > 0, choose n such that
N

Mc" < e. We put h"(a) = d. Since 1 is a self-similar map, K = U 7;(K). Iterating

i=1
the operations n-times, we have that

K= U”Y]

jexn

Then the diameter of ;(K) is less than e. Each subset ;j(K) contains b = ~;(d)
and b is in C(a), because h" (b) = d. Hence for any z € K and for any ¢ > 0, there
exists an element b € C(a) such that d(b,z) < e. Therefore C(a) is dense in K. &

The above lemma also implies the following: Let y be a self-similar map on
K. Then K does not have any isolated points. In fact, for a,b € K, let b = h(a)
and a = 7;(b). We shall show that b is an isolated point if and only if 4 is also
an isolated point. Let b be an isolated point and U}, an open neighbourhood of b
such that U, = {b}. Then h~1(U,) = h~'(b) is an open finite set containing a.
Hence there exists an open neighbourhood V; of a such that V;, = {a}. Hence a is
an isolated point. The converse also holds. Indeed, assume that K has an isolated
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point z. Then any point in the dense set C(z) is an isolated point of K. This causes
a contradiction.

If 7 has no branch points, the study on the structure of the C*-algebra O,
and the core F(®) is reduced to the Section 4.2 in [14]. In fact we have the follow-
ing:

PROPOSITION 3.8. Let -y be a self-similar map on K. Assume that <y has no branch
points. Let F(®) be the core of the C*-algebra O, associated with the self-similar map y.
Then the core F(®) is simple and, in fact, isomorphic to the UHF-algebra My

Proof. Since -y has no branch point, the C*-correspondence Z, = Y,, = AN
by the construction of Z,,. As in Lemma[2.2} X, and Z, are isomorphic. We can re-
duce to the argument in Section 4.2 in [14] to get that the core F () ig isomorphic
to the UHF-algebra My~ and simple. 1

EXAMPLE 3.9 (Cantor set). Let Q = [0,1], 11(y) = (1/3)y and 712(y) =
(1/3)y + (2/3). Then v = (1, 72) is a family of proper contractions. Then the

N
Cantor set K is the unique compact subset of (2 such that K = {J v;(K). Thus
i=1

v = (71,72) is a self-similar map on K. Since < has no branch point, the core
F(*) is simple.

We shall show that if  has a branch point, then the core F(*) is not simple
any more. Moreover we can describe the ideal structure of the core F(*) explicitly
in terms of the singularity structure of branch points. In fact the ideal structure is
completely determined by the intersection with the C(K).

In general, let B be a C*-algebra and A be a subalgebra and L be an ideal of
B. Itis difficult to describe the ideals I of A + L in terms of A and L independently.
The most simple example is the following: B = C?, L = C®0and A = {(a,a) €
B:aeC}. Let] =0&C. ThenI # INA+INL =0+0 = 0. We use a
matrix representation over C(K) of the core and its description by the singularity
structure of branch points to overcome this difficulty. Here the finiteness of the
branch values and continuity of any element of F(") C C(K, Myn) are crucially
used to analyze the ideal structure.

We shall show that any ideal I of the core is determined by the closed sub-
set of the self-similar set which corresponds to the ideal C(K) NI of C(K). We
describe all closed subsets of K which arise in this way explicitly to complete the
classification of ideals of the core.

Recall that the n-th y-orbit of b is the following subset of K:

Opn =A{vjy 0075, (0) : (j1 -+, jn) € E"} = H"(D).

AndOrb = U U Opx, where Oy = {b}.
beBy k=0
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LEMMA 3.10. If the closed set F} has an element a ¢ Orb, then F}, = K for any
m=0,1,2,3,....In particular, szg = K, then FrIn =Kforanym=0,1,2,3,....

Proof. Suppose that Fl has an element a ¢ Orb. By Lemma C(a) :=
{b e K:h"(b) = h"(a) for some n =0,1,2,3,...} is dense in K. By Lemma 3.6}
we have C(a) C Fl. Since F! is closed, we have F} = K.

If Fé = K, then F? has an element 2 ¢ Orb, because we always have that
K # Orb. In fact Orb is a countable set. The self-similar set K is a Baire space and
any point of K is not an isolated point, hence K is an uncountable set. Hence the
proof is completed. 1

PROPOSITION 3.11. IfF} # K, then there exists by, by, ..., by € B, and integers
my, My, ... my = 0 such that

k
I
FO = U Obi,mir
i=1

that is, F} is a finite union of finite y-orbits of branch points.

Proof. Assume that F} # K. Then F} does not contain any point outside Orb
by Lemma Indeed, suppose that F} contains infinite many finite y-orbits of
branch points. Since B, is finite, there exists b € B, such that for each n € N
there exists m > n with O, C Fé . We list such integers as (my, my, ms, ... ) with

[ee]

my < my < mz < ---. By the same proof as Lemma U Orb(b, m;) is dense in
j=1

K. Hence F{ is equal to K. But this is a contradiction. &

For an ideal I of F(®) we denote by I, the intersection I N F (r),
LEMMA 3.12. Let I be an ideal of F'®). If F} = K, then we have that I = {0}.

Proof. Suppose that F} = K. This means that I N C(K) = 0. By Lemma
we have that F}, = K forany m = 0,1,2,3,.... This implies that I N K(X5m) = 0.
We need to show that I N F(") = 0. We shall prove it by induction.

INFO =INnA=1INC(K)=0.

Assume that I N F("=1) = 0. But we should be careful, because we have the form
F) = Fln=1) 4 K(X3™). We know only that I N K(X5") = 0. It is trivial that

INFW S5 1AFED £ 10 LX),

But the converse inclusion is not trivial in general. Our singularity situation helps
us to prove it. In fact any element in F() is represented by a continuous map
from K to My»(C) through IT("). Let T be an element of I, = I N F". We
identify T with IT(")(T). It is enough to show that IT")(T) = 0. For small & > 0,
we put

Ue={x €K:d(x,y) < eforsomey € Cyn}.
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Let us take f, € C(K) such that f; is 0 on U, and 1 outside of Up,. Define g, €
C(K, Mn»(C)) by ge(x) = fe(x)I for x € K. Then there exists S¢ € KC(X5™) such
that H(”)(SE) = g Since S, T'isinIN IC(X?”) =0,5.T = 0forevery ¢ > 0. Then
it holds that IT)(T)(x) = 0 for x ¢ Uy, with each ¢ > 0. By the continuity of
1M (T) € C(K, My« (C)), IT"™(T)(x) = 0 holds for each x € K. This means that
T = 0. This completes the induction. Therefore I = JINF" =0. 1

n

We shall construct a family
g beB, n=01,23...}

of the model primitive ideals of the core F(®) such that {T(b'n)} N C(K) corre-
sponds to the closed subset Oy ,, of K.

Let b be an element in B,,. Put J0"") = {T ¢ F) . [10")(T)(b) = 0}. Then
1100 (1)) is an ideal of IT") (F (™)) and the quotient IT( (F (1) /117 (Jbnn))
is isomorphic to Myx (C). Put Jbmm) = jbnn) 4 IC(X,%”H) + - K(X5™) for
n < m. Then Jb7m) is an ideal of F("), and {](b” MY i, is an increasing

filter. We denote by ] the norm closure of U J(bmm) Then ] 1s a closed
m=n+1

ideal of F(®). , o,
We will show that 7 ") = J(bnn) and 7 " is primitive. It is trivial

that ] A Fn) 5 plbn ") It is unclear whether ] A Fm) < jbnn) We shall

show it by finding that ] ) is the kernel of a finite trace on F(*). We constructed
a family of such traces on F («) in [11]]. Recall that the kernel ker(7) of a trace T
on a C*-algebra B is defined by

ker(t) = {b € B: 7(b*b) = 0},

and ker(7) is an ideal of B. Moreover, let 7t be the GNS-representation of 7. Then
ker(t) = kerm,.

For the convenience of the readers, we include a simple construction of
these traces using matrix representation of the n-th core.

As in [11], we need the following lemma for extension of traces. Let B be a
C*-algebra and I be an ideal of B. For a linear functional ¢ on I, we denote by ¢
the canonical extension of ¢. We refer [1] the property of the canonical extension
of states. The following key lemma is proved in Proposition 12.5 of Exel and Laca
[3] for state case, and is modified in Kajiwara and Watatani [11] for trace case.

LEMMA 3.13 ([11]). Let A be a unital C*-algebra. Let B be a C*-subalgebra con-
taining the unit and I an ideal of A such that A = B 4 1. Let T be a bounded trace on B,
and ¢ a bounded trace on I, and we assume the following conditions are satisfied:

(i) 9 = T holdson BN L.
(i) ¢ < T holds on B.
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Then there exists a bounded trace on A which extends T and ¢. Conversely, if there
exists a bounded trace on A, its restrictions on B and I must satisfy the above (i) and (ii).

We note that IT) (F()) € My (C(K)) ~C(K, Mn»(C)), and IT( (F(M)(x)
~ My (C) for x ¢ C,,. For b € B, we define a tracial state (*”") on F(*) by

1
o) (T) = T (1T (T) 1)),
where Tr is the ordinary trace on the matrix algebra My»(C). Form > n +1, we
define a trace w™ on K(X5™) by w™(T) =0foreach T € K(X5m).

LEMMA 3.14. Let b€ B,,. For T€ FMWNK(X"+1), we have IT™ (T)(b) =0.

Proof. From [5], ") N K(X5mH) = (X5 N (XS FT). We can show the
lemma using the matrix representation of the finite core. Let b = 7;(c) = 7;(c)
with i # j. Then (i,ip,...,i11)-row, and (j,ip,...,iy41)-row of elements of
H(”H)(IC(X?E”“)) are equal, and (i, iy, . ..,i,41)-column and (j,ia,...,i,41)-cO-
lumn of elements of H(”H)(IC(X?”H)) are equal for each (ip,...,i,11) € X"
This shows that IT"*+1)(T)(b) = 0 for T € KC(X5™) because elements in KC(X")

are represented as a block diagonal matrix by IT"*1) and any element in a diag-
onal block must be equal to an element in an off-diagonal block which is zero. 1

LEMMA 3.15. A tracial state T on F") and a family of zero traces
{w™} i1 on K(X5™),m=n —|— 1,... givea unique tracial state T(0") on F ()
such that T | ) = T(b w1) and T(° |,C (xom) = =™ form>n+1.

Proof. First we consider a tracial state T(0%") on F(*) and a zero trace «w("+1)

on IC(X% (nﬂ)). Since the canonical extension w(*1) is the zero trace on F (),
we have wD(T) < 7®""(T) for T € Fem™, By Lemma we have
II(TY(b) = 0 for T € F N K(X5"+1). Thus we have rlbnn) — (n+1) on
F AK(X$m+1). By Lemma there exists a tracial state extension (0" +1)
on F(*1) guch that (T(b’”’"+1))|]_-(n) — 7(bnn) 3nd (T(b’n’n+l))|K(X$n+1) — (nt1),

In a similar way, we can construct a tracial state extension 7bmm) on FOm) which
satisfies that T(¢/") |,C(X§m) = w™ = 0form > n+2using F"-1 N K(x5m) =

K(X$m=1) N KC(X2™) ([B]). Finally we define () on U Fm by {t(bnmye_

i=n

and extend it to the whole F(*) = U F(m) to get the desired property. 1

LEMMA 3.16. Fori > n, we have ] = ker(t(®")) and T(b’n) = ker(7(bm).

Moreover we have that

bn)

7( N ]:(n) _ ](b,n,n).
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Proof. By the definition of J(*1), it is clear that [t  ker(t(b)). Let
T =T+ Typ1+ - +T;, where T, € F, T, € K(X5™) withn+1 < m < i.
Assume that T")(T*T) = 0. Since T®")(T;{T,) = 0forn+1 < m < ior
n+1 < k < i, it holds that T®»")(T*T,) = 0. Hence T,, € J"). It follows that
T € Jlmi) = Jlmm) L (XIMH1) 4o (XD,

Since ker(7(®")) is an ideal of the inductive limit algebra F(®) = lirrln Flm),

we have
ker(t Uker NN Fl) = U ker(t(bni)) = | J I(b'”'i)zf(b'n).
i=n-+1 i=n+1
Moreover

T(b’n) NFm = ker(T(b’”>) NFm = ker(r(b'”'")) = Jlbnm) g

LEMMA 3.17. Foranyb € Byandn =0,1,2,3,..., T(b'n) is a primitive ideal of
F (o) gng F(e) /T(b/”) ~ My (C).

Proof. The quotient F(m) /jbnn) js jsomorphic to 70 (F)y /() (jonn))
~ Mnn(C). Slnce] " A Fn) — — Jlonn),

(b,n) b n)

n) /7 :(J___(n) +7 (bn) ) /T(b,n):<./—_-(n) /( m] ) (”) /](b'n’n) ~ MN” ((C)

Then for m with n + 1 < m, we have
m)/j (bn) :(f(n)+IC(X®n+1)+ ¥ (X®M))/] (n)/f(br”) ~ Myn (C)

It follows that F(*)/ ] ~ Mpn(C). Therefore f(h'n) is a maximal ideal and
also a primitive ideal.

LEMMA 3.18. Let I be an ideal of F(*). Assume that E! coincides with Oy, for
some b € By and somen = 0,1,2,.... Then Pll = Opp-1, FZI = Ob,n_z,...,P,{ =
Oy = {b} and FL, = @ for m > n. Moreover, 1 is equal to T(b’n)

Proof. We may assume that Fi = Oy, for some n > 0. Since any point
in O, = h™"(b) is not a branch point by Assumption B(iii), Oy, 1 C F| by
Lemma n Suppose that Oy, ,,_1 # F Then F; [ contains an element which is not
in Oy, by Lemmaﬂ ThlS isa contrad1ct10n Therefore Opn_1 = F In a similar

way, we have that F} = Oy,_»,...,Fl = Oy = {b}. Therefore, by the form of
matrix representation, we have that

m™(InA) = Q1N A) = {T e I (A) : T(b) = 0},
@1 IMW(INKXY)) = Q)(InK(X))
={T eI (K(X$)): T(b) =0}, i=1,...,n
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For m > n, we shall show that F, = @. On the contrary assume that
Fl, # @. Take z in FL. Then h~("=")(z) contains more than one element by
Assumption B(iii). Then 1~ ("~")(z) ¢ F} = {b} by Lemma But this is a con-
tradiction. Therefore F,L = @. By the Rieffel correspondence of ideals, this means
that TN KC(XF™) = K(X5™), thatis, [ D K(X™) for m > n.

We shall show that [ = (1IN A) + (INK(X,)) + -+ (IN K(X5m)).
From (3.I), we have that IN A C Jlomn) 1A IC(X?;”) c Jnn) i =1, .. n
Therefore (I N A) + (INK(X,)) + -+ (INK(XZ") c JEnm. Conversely,
take T € ](b'"'”). Then we can write T = Typ+ Ty + - - - + T, for some Ty € A and
T, € IC(Xffi), i=1,...,n Since b ¢ C, by Assumption B, there exists an open
neighborhood U (b) of b such that U(b) N C, = @. Hence H(”)(K(Xi‘r@”))(x) is
the total matrix algebra Mp»(C) for x € U(b). We take f € A = C(K) such that
f(b) = 1and supp(f) is contained in U(b). For S € Myn(A) and f € A, we write

[(S - Fpalpa(x) = [Spq(x)f(x)]pq. Define p € End Aby (B(f))(x) = f(h(x)) for
x € K. Then

(@0 B(f))(x) = f(h(7i(x))) = f(x).

We note that it holds that ITU)(T) - f = IT") (T¢, (B"(f))), and that T;; (B (f)) €
K(X$") for 1 < i < n. Then we have

11"(T) = T"(Ty) + 10 (Ty) + - - - + IT"(Ty,)
=y O (1) + 1)
i i=0

Since (IT")(T;) - (1 — f))(b) = 0, we have that Ti¢;(8:(1 — f)) € IN K(X®i). On
the other hand, because T is in J(&71) i (II"(T;) - £)(b) = f I (T;) (b) =
i—O

Since I7(") (KC(X5™))(x) is the total of matrix algebra Myn (C) for x € U(b) and
suppf is contained in U(b), i I1(T;) - f is contained in ITM (K (X5")). Thus
i=0

f Tipi(B'(f)) € INK(XE™). It follow that J&m7) (1N A) + (INK(X,)) +
l:0+(m/qx,§")).
In general we have that
INFW =10 (A+K(Xy) + -+ X))
DINA)+(INK(Xy)+ -+ INKXS™).

Hence it holds I N F() > Jlmn) Ginge J(b11) js a maximal ideal of F(), [ F (1)
is equal to F (") or J(/21) Since FI Opo = {b}, INK(XZ™) # K(XF"). Hence

there exists an element in F\" ( ) which does not contained in I and I N F™ is not
equal to F("). Hence I N F (") = Jbnn),



IDEALS OF THE CORE OF C*-ALGEBRAS ASSOCIATED WITH SELF-SIMILAR MAPS 251
We assume m > n+ 1. Since Fj, = @ for m > n+1, K(X$™) C L It holds
that
INFM =10 (FW + KX + -+ K(X5™))
S INFW + (X + -+ K(X5™).
On the other hand, T € I N F(") ig expressed as
T=T1+T,

where Ty € F), Ty € KK(XZ™H1) 4+ + KC(X9™) C L. Since Ty = T — T, € 1, it
holds Ty € I N F"). Therefore we have

INF0 = 1A F0 4 C(XEM) - 4 (XM
_ ](b,n,n) + /C(X,?W—H) 4+t /C(X,%)m)'

Hence we have I N F(m) = T(b'n) NF) form >n + 1, then

[e o) e}

I=1im INFM = |J anFm)y= |J " nrm)
mee m=n+1 m=n+1

= U e =7
m=n+1

LEMMA 3.19. Let I be an ideal of (™). Assume that Flis a finite union of finite
y-orbits of branch points, that is,

2
Fy = U U Ou)

beB’ j=1
where B' is a subset of B, p, € Nand r(b,j) € Nwithr(b,1) < --- < r(b, py). Then
F(®) /T is a finite dimensional C*-algebra.
Proof. Putr = ?%x(r(b,pb)), and I, = INF"). Let B = {b € B, : O, C

€p’ ’

E!}. Then it holds that
(1) = IO(InFD) > (1N K(Xn)

={T e 1 (K(X®")): T(b) =0 forb € B"}.
We put JB" = {T ¢ FOIIIO(T)(x) = OforeacthCW,H )(T)
for eachy € B”}. Then it holds that J5" < IT0)(I,). Since IT(" (]—"(r
the quotient by an ideal whose elements vanish at finite points, IT") (F (")) /] B” is

finite dimensional. Therefore F(") /I, is also finite dimensional.
Since the closed subsets F} corresponding to I N K (X5") (n = r+1) are

empty set, we have I N F(") = [, + K(X5™H1) 4 -+ 4+ K(X5™), and we have
I=(L+ KX )+ FO1=FO /(FONT) is equal to F) /1. Since

(y) =
)

) B” is
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IC(X??")) (n>r+1)are contamed in I, it holds that F(") /] = ( "+ IC(X®’+1)
+ IC(X?”))/I =F" /L, and F /1 s isomorphic to F /L for each n >
r. From these, F(®) /] ~ ]: (r) /1, is a finite dimensional C*-algebra. 1

LEMMA 3.20. Let I be an ideal of F(). If F} contains more than one finite union
of finite y-orbits of branch points, then 1 is not a primitive ideal.

Proof. Asin Lemmal[3.19 we define an integer r and a subset B” of B,,. Then
Fl) /1~ F) /1, 1f Fé contains more than one finite y-orbits of branch points,
I, is not of the form {T € H( )(T)(b) = 0: for b € B,}. It is shown that I is not a
primitive ideal because F(®) /I is finite dimensional and contains more than one
simple component. I

Pb
PROPOSITION 3.21. Let I be an ideal of F®). If Fy = U U Op,1(s,j) where
beB’ j=1

B’ is a subset of By, p, € Nand r(b,j) € Nwith r(b,1) < --- < r(b,pp), then
£ (b))
=n N7
beB j=1
Proof. Let I be an ideal of F(®) with I # F(*) and I # {0}. By Propo-
sition the closed subset F! corresponding to I consists of finite union of
finite y-orbits of branch points. We note that each ideal of a C*-algebra is ex-
pressed by the intersection of primitive ideals which contain the original ideal.
Let ] be a primitive ideal of F(*) which contains I. Since I|4 C J|4, P({ is a
finite union of n-th y-orbits of branch points which appear in Fl. But if Fg con-
tains more than one finite union of finite y-orbits of branch points, J is not prim-
itive by Lemma Therefore | must be of the form Th'n. IfI C Tb'n, then
(b,n)e U U O r(v,)- It holds that

belf

Pov .
I = ﬂ nj(b,r(b,])). 1

beB’ j=1
By our previous paper [T1], there exists a trace T on the core F(*®) corre-

sponding to the Hutchinson measure on K.

PROPOSITION 3.22. The von Neumann algebra generated by the image of the
GNS representation of the trace T corresponding to the Hutchinson measure is the
injective type Il;-factor.

Proof. We denote by T the unique trace on the fixed point algebra ng =
Mp= by the gauge action. By the argument in Section 4.2 in [14] and Section 6
in [11], T is the restriction of T to ng = F(*) Since the Hutchinson measure

has no point masses, their GNS-representation spaces are the same: L2(O¥7, T)=
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L? (OZTW, T%°). We can see that the von Neumann algebras generated by the GNS-
representations 7.~ and 7t coincide:

”T“(Ogy)// = ”T(Og)// = NT(O%)N'

Since NT(O%)' "= 1 (Mnw~)" is an injective type II;-factor , we have the conclu-
sion. 1
The following is the main theorem of the paper, which gives a complete clas-

sification of the ideals of the core of the C*-algebras associated with self-similar
maps.

THEOREM 3.23. Let v = (71,...,YN) be a self-similar map on a compact set K
with N > 2. Assume that «y satisfies Assumption B. Let F(®) be the core of the C*-
algebras O., associated with a self-similar map «y. Then any ideal I of the core F(*®) is
completely determined by the intersection I N C(K) with the coefficient algebra C(K) of
the self-similar set K. The set S of all corresponding closed subsets F} of K, which arise
in this way, is described by the singularity structure of the self-similar map as follows:

Pb
S = {@,K, U U Ourvy): B' € Bypy €N, 1(b,) =0,1,2,... }
beB! j=1

The corresponding ideals for the closed subsets @, K and | U Op () are F (),
beB j=1

and ﬂ] respectzvely
beB’ j=1

COROLLARY 3.24. Let Prim(F(®)) be the primitive ideal space, i.e. the set of
primitive ideals of the core F(*). Then

Prim (F! )—{0] bEBW,n:O,l,Z,...}.
The Jacobson topology on Prim(F(®)) is given by the co-finite sets containing 0 and
empty set, i.e.,
{U < Prim(F(*®)) : UC is a finite subset and does not contain 0 } U {@}.

Moreover,
(i) The zero ideal O is the kernel of continuous trace T and the GNS representation
of the trace genemtes the injective 111 -factor representation.

(ii) The ideal ] ) is the kernel of the discrete trace 701 and the GNS representation

of the trace generates the finite factor Mnn (C) which is isomorphic to F(*) / T(b’n).
Proof. The only remaining thing to show is the description of the Jacobson
topology on Prim(F(®)). The closure of one point set {T(b’n)} is equal to {T(b’n)}

itself, because T(b’n) is a maximal ideal. The closure of a subset S containing the
zero ideal 0 is the whole space Prim(F(®)). Let S be a subset of Prim(F(*))
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which does not contain the zero ideal 0. If S is a finite set, then the closure S = S.

If S is an infinite set, then there exists b € B, such that S includes T(b'mf ) for

some my < my < mz < ---. Asin Lemma/(3.11 ﬂf(b’mf)
j

= 0. Hence the closure

S = Prim(F(®)). The rest is clear. 1

EXAMPLE 3.25 (Tent map). Lety = (71, 72) be a self-similar map of the tent
map on [0,1] in Example 2.1. Then the closed subset of [0,1] corresponding to
primitive ideals of F («) are as follows:

(i) [0,1].
(i) {(2k—1)/2":k=1,...,2" 1}, (n=1,2,...).

EXAMPLE 3.26 (Sierpinski gasket). Lety = (y1, 72, 3) be a self-similar map
on the Sierpinski gasket K. Then the closed subsets of K corresponding to primi-
tive ideals of F(*) are as follows:

(i) K.
(ii) {('yjl o--- oryjn)(P) (1, jn) €X'}, (P=S,T,U,andn=0,1,...).
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