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ABSTRACT. We introduce the notion of the a-Haagerup approximation prop-
erty (x-HAP) for o € [0,1/2] using a one-parameter family of positive cones
studied by Araki and show that the a-HAP actually does not depend on the
choice of a. This enables us to prove the fact that the Haagerup approxima-
tion properties introduced in two ways are actually equivalent, one in terms
of the standard form and the other in terms of completely positive maps. We
also discuss the LP-Haagerup approximation property (LP-HAP) for a non-
commutative LP-space associated with a von Neumann algebra for p € (1, o)
and show the independence of the LP-HAP on the choice of p.

KEYWORDS: von Neumann algebra, Haagerup approximation property, non-com-
mutative LP-space.
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1. INTRODUCTION

This is a continuation of our previous work [38] on the Haagerup approx-
imation property (HAP) for a von Neumann algebra. The origin of the HAP is
the remarkable paper [21], where U. Haagerup proved that the reduced group
C*-algebra of the non-amenable free group has Grothendieck’s metric approxi-
mation property. After his work, M. Choda [10] showed that a discrete group
has the HAP if and only if its group von Neumann algebra has a certain von
Neumann algebraic approximation property with respect to the natural faithful
normal tracial state. Furthermore, P. Jolissaint [25] studied the HAP in the frame-
work of finite von Neumann algebras. In particular, it was proved that it does
not depend on the choice of a faithful normal tracial state.

In the last few years, the Haagerup type approximation property for the
quantum groups with respect to the Haar states was actively investigated by
many researchers (e.g. [5l, [6], [14], [15], [34], [35]). The point here is that the



260 RUI OKAYASU AND REIJTI TOMATSU

Haar state on a quantum group is not necessarily tracial, and so to fully under-
stand the HAP for quantum groups, we need to characterize this property in the
framework of arbitrary von Neumann algebras.

In the former work [38], we introduce the notion of the HAP for arbitrary
von Neumann algebras in terms of the standard form. Namely, the HAP means
the existence of contractive completely positive compact operators on the stan-
dard Hilbert space which are approximating the identity. In [9], M. Caspers and
A. Skalski independently introduce the notion of the HAP based on the existence
of completely positive maps approximating the identity with respect to a given
faithful normal semifinite weight such that the associated implementing opera-
tors on the GNS Hilbert space are compact.

Now one may wonder whether these two approaches are different or not.
Actually, by combining several results in [9] and [38], it is possible to show that
these two formulations are equivalent. (See [8], and Remark 5.8 of [38] for details.)
This proof, however, relies on the permanence results of the HAP for a core von
Neumann algebra. One of our purposes in the present paper is to give a simple
and direct proof for the above mentioned question.

Our strategy is to use the positive cones due to H. Araki. He introduced in
[2] a one-parameter family of positive cones P* with a parameter « in the interval
[0,1/2] that is associated with a von Neumann algebra admitting a cyclic and
separating vector. This family is “interpolating” the three distinguished cones
PY, p1/4 and P2, which are also denoted by Pf, P? and P” in the literature [42].
Among them, the positive cone P? at the middle point plays remarkable roles
in the theory of the standard representation [2], [11], [19]. See [2], [29], [30] for
comprehensive studies of that family.

In view of the positive cones P%, on the one hand, our definition of the
HAP is, of course, related with P?. On the other hand, the associated L2-GNS
implementing operators in the definition due to Caspers and Skalski are, in fact,
“completely positive” with respect to Pf. Motivated by these facts, we will intro-
duce the notion of the “interpolated” HAP called a-HAP and prove the following

result (Theorem [3.11)):

THEOREM A. A von Neumann algebra M has the a-HAP for some a € [0,1/2]
if and only if M has the a-HAP for all « € [0,1/2].

As a consequence, it gives a direct proof that two definitions of the HAP
introduced in [9], [38] are equivalent.

In the second part of the present paper, we discuss the Haagerup approxi-
mation property for non-commutative LP-spaces (1 < p < oo0) [3], [20], [23], [24],
[31], [43], [44]. One can introduce the natural notion of the complete positivity
of operators on L¥(M), and hence we will define the HAP called the LP-HAP
when there exists a net of completely positive compact operators approximat-
ing to the identity on LP(M). Since L?(M) is the standard form of M, it follows
from the definition that a von Neumann algebra M has the HAP if and only if M
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has the L2-HAP. Furthermore, by using the complex interpolation method due to
A.P. Calderén [7], we can show the following result (Theorem 4.12):

THEOREM B. Let M be a von Neumann algebra. Then the following statements
are equivalent:
(i) M has the HAP;
(ii) M has the LP-HAP forall 1 < p < oo;
(iii) M has the LP-HAP for some 1 < p < oo.

We remark that a von Neumann algebra M has the completely positive ap-
proximation property (CPAP) if and only if L (M) has the CPAP for some/all
1 < p < oo. In the case where p = 1, this is proved by E.G. Effros and E.C. Lance
in [16]). In general, this is due to M. Junge, Z.-J. Ruan and Q. Xu in [27]. Therefore
Theorem B is the HAP version of this result.

2. PRELIMINARIES

We first fix the notation and recall several facts studied in [38]. Let M be
a von Neumann algebra. We denote by Mg, and M ™, the set of all self-adjoint
elements and all positive elements in M, respectively. We also denote by M, and
M, the space of all normal linear functionals and all positive normal linear func-
tionals on M, respectively. The set of faithful normal semifinite (f.n.s.) weights is
denoted by W(M). Recall the definition of a standard form of a von Neumann
algebra.

DEFINITION 2.1 ([19], Definition 2.1). Let (M, H, ], P) be a quadruple, where
M denotes a von Neumann algebra, H a Hilbert space on which M acts, | a
conjugate-linear isometry on H with J?> = 1y, and P C H a closed convex cone
which is self-dual, i.e., P = P°, where P° := {{ € H: (¢,n7) > 0fory € P}. Then
(M, H, ], P) is called a standard form if the following conditions are satisfied:
() JM] = M’;

(if) J¢ = forany ¢ € P;

(iif) aJaJP C P for any a € M;

(iv) Je] = c* forany c € Z(M) := MNM'.

REMARK 2.2. In [1], Ando and Haagerup proved that the condition (iv) in
the above definition can be removed.

We explain how each f.n.s. weight ¢ gives a standard form. We refer readers
to the book of Takesaki [42] for details. Let M be a von Neumann algebra with
¢ € W(M). We write

ng:={x € M: ¢(x"x) < co}.



262 RUI OKAYASU AND REIJTI TOMATSU

Then H,, is the completion of n, with respect to the norm

1/2

llxllp := @(x*x) for x € ng.

We write the canonical injection Ay : 1y — Hyp.

Then

Ag = Ay(ngy Nny)
is an achieved left Hilbert algebra with the multiplication
Ap(x) - Ap(y) 1= Ag(xy) forx,y € ngNng
and the involution
A(P(x)jj 1= Agy(x") forx € ngy Ny,

Let 77, be the corresponding representation of M on H,. We always identify M
with 77, (M).

We denote by S, the closure of the conjugate-linear operator & — ¢ fon Hy,
which has the polar decomposition

— 7 Al/2
So = Joly ",

where ], is the modular conjugation and A, is the modular operator. Then the
Tomita algebra 7, consists of the elements { € H, for which § € D(A7,) and

AYE € Ay for alla € C. The modular automorphism group (07 );cr is given by
ol (x) = Ai;,xA;it for x € M.
We denote the centralizer of ¢ by
My :={x € M:0f(x) = xfort € R}.
Note that a self-dual positive cone
Py = {2(Jy8) 1§ € A} C Hy.

is given by the closure of the set of A(p(xaf’;z(x)*), where x € A, is entire with

respect to 0¥. Therefore the quadruple (M, Hgp, Jp, P(E,) is a standard form. Thanks
to Theorem 2.3 of [19], a standard form is, in fact, unique up to a spatial isomor-
phism, and so it is independent to the choice of an f.n.s. weight ¢.

Let us consider the n X n matrix algebra M, and the normalized trace tr;.
The algebra M, becomes a Hilbert space with the inner product (x, y) := tr, (y*x)
for x,y € M,,. We write the canonical involution Ji, : x +— x* for x € M,,.
Then the quadruple (M, M, Jir,, M}) is a standard form. In the following, for
a Hilbert space H, M,,(H) denotes the tensor product Hilbert space H ® M,,.

DEFINITION 2.3 ([37], Definition 2.2). Let (M, H, ], P) be a standard form
and n € N. A matrix [¢;;] € M, (H) is said to be positive if

n
Z Xi]Xj]@',]' € P forall xq1,...,x, € M.
ij=1
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We denote by P(") the set of all positive matrices [8ij] in My, (H).
Notice that for n = 1, we have ¢ € H is positive if and only if § € P.

PROPOSITION 2.4 ([37], Proposition 2.4; [40], Lemma 1.1). Let (M, H, ], P) be
a standard form and n € N. Then (M,,,(M), M,,(H), ] ® Jir,,, P™) is a standard form.

Next, we will introduce the complete positivity of a bounded operator be-
tween standard Hilbert spaces.

DEFINITION 2.5. Let (M1, Hy, J1, P1) and (Ma, Hy, ], P,) be two standard
forms. We will say that a bounded linear (or conjugate-linear) operator T : H; —

H, is completely positive if (T @ 1y, )Pl(n) C Pén) foralln € N.

DEFINITION 2.6 ([38], Definition 2.7). A W*-algebra M has the Haagerup
approximation property (HAP) if there exists a standard form (M, H, ], P) and a net
of contractive completely positive (c.c.p.) compact operators T,, on H such that
T, — 1y in the strong topology.

Thanks to Theorem 2.3 of [19], this definition does not depend on the choice
of a standard from. We also remark that the weak convergence of a net T, in the
above definition is sufficient. In fact, we can arrange a net T, such that T, — 1y
in the strong topology by taking suitable convex combinations.

Now we assume that M is o-finite with a faithful state ¢ € M;". We denote
by (Hy,(y) the GNS Hilbert space with the cyclic and separating vector associ-
ated with (M, ¢). If M has the HAP, then we can recover a net of c.c.p. maps on
M approximating the identity with respect to ¢ such that the associated imple-
menting operators on H, are compact.

THEOREM 2.7 ([38], Theorem 4.8). Let M be a o-finite von Neumann algebra
with a faithful state ¢ € M. Then M has the HAP if and only if there exists a net of
normal c.c.p. maps @, on M such that:

(i) o @y < ¢;
(ii) @, — idy in the point-ultraweak topology;
(iii) the operator defined below is c.c.p. compact on Hy and Ty, — 1, in the strong
topology:

Ta(AY*xEy) = A ®,(x)Ep forx € M.

This translation of the HAP looks similar to the following HAP introduced
by Caspers and Skalski in [9].

DEFINITION 2.8 ([9], Definition 3.1). Let M be a von Neumann algebra with
¢ € W(M). We will say that M has the Haagerup approximation property with
respect to ¢ in the sense of [9] (CS-HAP,) if there exists a net of normal c.p. maps
@, on M such that:

(i)q)O(pn <@
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(ii) The operator T, defined below is compact and T, — 1p, in the strong

topology:
TpAy(x) := Ap(Pu(x)) forx € ng.

Here are two apparent differences between Theorem [2.7]and Definition
that is, the appearance of Alq)/ 4, of course, and the assumption on the contractivity
of @;’s. Actually, it is possible to show that the notion of the CS-HAP,, does not
depend on the choice of ¢ ([9], Theorem 4.3). Furthermore we can take contractive
@,’s. (See Theorem [3.17}) The proof of the weight-independence presented in [I]
relies on a crossed product technique. Here, let us present a direct proof of the
weight-independence of the CS-HAP.

LEMMA 2.9 ([9], Theorem 4.3). The CS-HAP is the weight-independent prop-
erty. Namely, let ¢, € W(M). Then M has the CS-HAP,, if and only if M has the
CS-HAPy.

Proof. Suppose that M has the CS-HAP,,. Let @, and T}, be as in the state-
ment of Definition Note that an arbitrary ¢ € W(M) is obtained from ¢ by
combining the following four operations:

(1) ¢ — ¢ ® Tr, where Tr denotes the canonical tracial weight on B(¢2);

(2) ¢ = @, where e € M, is a projection;

() ¢ — pon, x € Aut(M);

(4) ¢ — @y, where h is a non-singular positive operator affiliated with M, and
on(x) := @(h'/2xh'/?) for x € M.

For the proof of this fact, see the proof of Théoréme 1.2.3 in [11] or Corol-
lary 5.8 in [41]. Hence it suffices to consider each operation.

(1) Let ¢ := ¢ ® Tr. Take an increasing net of finite rank projections p,, on
?2. Then &, ® (pn - pn) does the job, where p, - p, means the map x — p,xpy.

(2) Let e € M, be a projection. Set ¢ := @, and ¥}, := e®, (e - e)e. Then we
have ¢ o ¥, < 9. Indeed, for x € (eMe)., we obtain

p(x) = g(exe) = (Pu(exe)) = g(ePy(exe)e) = p(¥u(x)).
Moreover for x € n,, we have
A, (Fn(x)) = eJe]JAy(Pu(exe)) = eJe] Ty Ay(exe) = eJe]Tyefe] Ay, (exe).

Since eJe] Ty eJe] is compact, we are done.

(3) Let ¢ := g ow. Regard as Hy = H,, by putting Ay = A, oa. Then we ob-
tain the canonical unitary implementation U, which maps Ay (x) — Ay (a1 (x))
for x € ny. Set ¥, := a~ 1o @, ow. Then we have

P(x) = @(a(x)) = @(Pu(a(x))) = Pp(¥u(x)) forx e M*,
and
Ua Ty Uy Ay(x) = UaTpAg(a(x)) = UxAg(Pn(a(x))) = Ay(¥(x)) forx € ng.

Since U, T, U; is compact, we are done.
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(4) This case is proved in Proposition 4.2 of [9]. Let us sketch out its proof
for readers’ convenience. Let ¢(-) be the spectral resolution of & and put e, :=
e([1/n,n]) for n € N. Considering ¢y, , we may and do assume that / is bounded
and invertible by Lemma 4.1 of [9]. Put ¥,(x) := h~1/2®,(h'/2xh'/2)h=1/2 for
x € M. Then we have ¢, o ¥, < ¢, and the associated implementing operator is
given by h=1/2T,h'/2, which is compact. &

3. HAAGERUP APPROXIMATION PROPERTY AND POSITIVE CONES

In this section, we generalize the HAP using a one-parameter family of pos-
itive cones parametrized by a € [0,1/2], which is introduced by Araki in [2]. Let
M be a von Neumann algebra and ¢ € W(M).

3.1. COMPLETE POSITIVITY ASSOCIATED WITH POSITIVE CONES. Recall that ‘A‘P
is the associated left Hilbert algebra. Let us consider the following positive cones:

ch/i) ={¢¢*: e Ay}, P(tp = {8(Jpl) : ¢ € Ap}, P(bp ={n’ e Ajt.

Then P(f, is contained in D(Alq,/ 2), the domain of Al(p/ 2,

DEFINITION 3.1 (cf. Section 4 of [2]). For « € [0,1/2], we will define the
positive cone PG by the closure of A";)Pg,.

Then P has the same properties as in Theorem 3 of [2]:

(i) Py is the closed convex cone invariant under Ai(f, ;
(ii) P% C D(AA{,,/H“) and [& = A2 ¢ for & € P%;
(iii) Jo Py = Py, where@ :=1/2 — a;
(iv) Py = {n € Hy : (n,¢) =2 0for ¢ € Pg};

(v) P = A% 4P/ N D(AYGTV);
(vi) P = Pj/* and P}, = Py/2.

The condition (iv) means the duality between Pg and Pg. For the modular
involution, we have J,¢ = Alqj/ 2N Efor & e Pg. This shows that J,Pg = Pg, that
is, |, induces an inversion in the middle point 1/4. (See also [36] for details.)

We set M, (Ayp) := Ap ® My, and ¢y, := @ @ try,. Then M, (Ay) is a full left
Hilbert algebra in M, (Hy). The multiplication and the involution are given by

n
(i - i) i= Yo [Gimey] and [0 = (& L.
k=1
Then we have S, = S, ® Jir. Hence the modular operator is Ay, = A, @ idyy,, -
Denote by Py the positive cone in M,,(Hy) for a € [0,1/2]. We generalize the
complete positivity presented in Definition
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DEFINITION 3.2. Let « € [0,1/2]. A bounded linear operator T on H, is
said to be completely positive with respect to Py if (T ® 1y, )P, C Py, foralln € N.

3.2. COMPLETELY POSITIVE OPERATORS FROM COMPLETELY POSITIVE MAPS. Let
M be a von Neumann algebra and ¢ € W(M). Let C > 0 and & a normal c.p.
map on M such that

(3.1) po®(x) < Cop(x) forxe MT.

In this subsection, we will show that & extends to a c.p. operator on H, with
respect to Py for each a € [0,1/2]. We use the following result, which is folklore
among specialists. (See, for example, Lemma 4 of [2] for its proof.)

LEMMA 3.3. Let T be a positive self-adjoint operator on a Hilbert space. For 0 <
r < 1land & € D(T), the domain of T, we have ||T"¢||* < ||&|*> + || T&||>.

LEMMA 3.4. Fora € [0,1/2], one has
185 Mg (@(2)) | < CV2[[ @285 Ag (x)]| - for x € ng N1,
Proof. Note that if x € ny, then ®(x) € ny because
P(@(x)"@(x)) < [[@]p(@(x"x)) < Cl|@[p(x"x) < co.

Let x,y € ngy be entire elements with respect to ¢?. We define the entire
function F by

F(2) = (Ag(D(0f 5(1))), Ag (0% p(y)) forz € C.
For any t € R, we have
[F(it)|=[(Ag(P(0?, ,(x)), Ag(? (W <A (D(07, (D - 149 (07, (W)

=(®(0?, ,, () P(0?, ,, (N2 [ A WIIKC2 D2 Ag (1) | Ag (W),
and

F+i)] = A 2Ap(@(07_,) ,(0)), 8542 Ag ()]
= g g (@67, 5 (x))), 4512 A0 (1))
1A (@(0_) o)) - 40 W)
= g(@(0]_y) (D00, (1)) 1Ay ()]
< V2] 20!, (3%, (x))2- IAg() by ET)
= C2 @2 Ag(0]_y) () - [Ap ()]

1

_ Cl/z||Q5||1/2||]¢A¢(U?t/2(x))H . ||A¢(y)||
= C'2||@ |2l Ap () | | Ap(y)]-

Hence the three-lines theorem implies the following inequality for 0 <s < 1:

(87200 (D(0 5 (x))), Ap ()] = [E(5)] < C/2 @1V 2 [ A (1) [ [ A (1)

N
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By replacing x by ¢ /2(x), we obtain

(857 A0(@(x)), Ap(1))| < CV2[ @[V Ag (0 /5 ()| A9 ()]]-
Since y is an arbitrary entire element of M with respect to ¢, we have
(32) (18720 (@()ISC2[[@]V2]|Ag (0?1 () II=C 2| DI 2 [ 852 Ag (x)]].

For x € Ay, take a sequence of entire elements x,, of M with respect to ¢¢
such that

||A(P(xn) — Aq,(x)|| — 0 and ||A(P(x;‘l) —Aq,(x*)|| =0 (n— ).

Then we also have
1852 A (xn — ) |I* < [ Ag (xn — )1+ [[AY*Ag(x, — x)||> by Lemma B3]
= [|Ag(xn — )| + [ Ap(x); — x)|I> = 0.
Since
[Ag(@(xn)) = Ap(P(x)) I = |Ag(D(xn — X))
< Cl|@ || Ag(xn — x)|I> =0,

we have
(3.3) (87N (@(xn)), Ag(y)) = (897 Ag(D(x)), Ag(y)) fory € ny.
Moreover, since
1852 A (D (xm)) — 82 Ag (P(x0)) || < CV2 D2 852 Ag (xim — x0)|| by

=0 (mn— ),

the sequence Asq,/qu,(CD(xn)) is a Cauchy sequence. Thus AS(P/ 2A(P(f;b(xn)) con-
verges to Asq,/ 2A(,,(<15(x)) in norm by 1i Therefore, we have
1852 Ag(@(x))]| = lim (|42 Ap(@(xn)) || < C2[[@]V/2 Tim (|42 A (x)]
= CU20 |22 A (). 0

LEMMA 3.5. Let M be a von Neumann algebra with ¢ € W(M) and @ be a
normal c.p. map on M. Suppose ¢ o & < Ce as before. Then for « € [0,1/2], one can
define the bounded operator TS on Hy with || TS|| < C/2||®||Y/2 by

Top(ApAp(x)) := AGLAp(P(x))  for x € ng Niny,.
It is not hard to see that Tg in the above is c.p. with respect to P since

[ — (4 [
Te ® Iy, = Tggy dy,, Preserves Py,
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3.3. HAAGERUP APPROXIMATION PROPERTY ASSOCIATED WITH POSITIVE CONES.
We will introduce the “interpolated” HAP for a von Neumann algebra.

DEFINITION 3.6. Let a € [0,1/2] and M a von Neumann algebra with ¢ €
W(M). We will say that M has the a-Haagerup approximation property with respect
to ¢ (a-HAP,) if there exists a net of compact contractive operators T, on H, such
that T, — 1p,, in the strong topology and each Tj, is c.p. with respect to P.

We will show the above approximation property is actually a weight-free
notion in what follows.

LEMMA 3.7. Let a € [0,1/2]. Then the following statements hold:
(i) Let e € My, be a projection. If M has the a-HAP,,, then eMe has the x-HAP,;
(ii) If there exists an increasing net of projections e; in My, such that e; — 1 in the
strong topology and e;Me; has the e-HAP, for all i, then M has the a-HAP,.

Proof. (i) We will regard Hy, = eJpeJoHgp, [, = eJpe and Ay, = e]pe]pAp as
usual. Then it is not so difficult to show that ng = eJye] (pPg. Take a net T), as in
Deﬁnition Then the net eJ,e], The]pe], does the job.

(i) Let . be a finite subset of H, and ¢ > 0. Take i such that

€
lleilgeiloG — ¢l < 5 forall & € F.
We identify Hy, with e;]ee;JoHgy as usual. Then take a compact contractive oper-
ator T on Hyp, such thatit is c.p. with respect to P and satisfies
i ¢
€
HTeiIgoeiI(p‘: - ei](pei](p‘:H < )
Thus we have || Te;Jye;],¢ — ¢|| < € for § € F. One can show that Te;Jye;], is a
compact contractive operator such that it is c.p. with respect to Pj, and we are
done. &

forall¢ € F.

LEMMA 3.8. The approximation property introduced in Definition does not
depend on the choice of an f.n.s. weight. Namely, let M be a von Neumann algebra and
@, € W(M). If M has the a-HAP,, then M has the a-HAP.

Proof. Similarly as in the proof of Lemma [2.9] it suffices to check that each
operation below inherits the approximation property introduced in Definition|3.6}

(1) ¢ = ¢ ® Tr, where Tr denotes the canonical tracial weight on B(¢?);

(2) ¢ = @, where e € M, is a projection;

(B) ¢ +— @pon, a € Aut(M);

(4) ¢ — @y, where h is a non-singular positive operator affiliated with M,,.

(1) Let N := M ® B(£?) and ¢ := ¢ ® Tr. Take an increasing sequence

of finite rank projections e, on £? such that e, — 1 in the strong topology. Then
fn :=1®ey, belongs to Ny and f,Nf, = M ® e, B(¢?)e,,, which has the a-HAPy, o
By Lemma[3.7ii), N has the a-HAPy.



HAP AND POSITIVE CONES 269

(2) This is nothing but Lemma {3.7(i).

(3). Let ¢ := @ oa. Regard as Hy = H by putting Ay = A, o a. We denote
by U, the canonical unitary implementation, which maps A, (x) to Ay (a1 (x))
for x € ny. Then it is direct to see that Ay = UxA Uy, and P$ = U“Pg We can
show M has the a-HAPy, by using U,.

(4). Our proof requires a preparation. We will give a proof after proving

Lemma ]

Leta € [0,1/2] and ¢ € W(M). Recall that ¥ = 1/2 — . Note that for an
entire element x € M with respect to 0¥, an operator x ](P(Tl,(’()%&) (x)]g is c.p. with
respect to Py.

LEMMA 3.9. Let T be a c.p. operator with respect to Py and {e;}!", a partition of

m
unity in M. Then the operator ”21 eifpeilpTei]pei]q is c.p. with respect to Pg.
ij=

m
Proof. Let E;; be the matrix unit of M,,. Set p := )} ¢; ® Eq;. Note that p
i=1
belongs to (M ® M) pstr,,- Then the operator

PlpotrnPlpete, (T @ 1y, )0 Jpotr, 0" Jpotn,

on Hy, ® M, is positive with respect to Pj

potr, since so is T @ lyy,. By direct

m
calculation, this operator equals Y- e;iJpeifpTeiJpei]p @ EjiJtr, EjjJtr,. Thus we
ij=1
are done. 1

Let h € M, be positive and invertible. We can put Ay, (x) := Ag(xh!/2)
for x € ng, = ny. This immediately implies that A,, = hJ,h~1],A,, and Py, =
h*J (Ph& JPg. Thus we have the following result.

LEMMA 3.10. Let h € M, be positive and invertible. If T is a c.p. operator with
respect to Py, then
Ty, i= W Jph® [, Th™*Jh ™% ],
is c.p. with respect to P, .

Resumption of Proof of Lemma[3.8] Let ¢ := ¢ and e(-) the spectral resolu-
tion of h. Pute, := e([1/n,n]) € M, for n € N. Since e, € My and e;, — 1 in the
strong topology, it suffices to show that e, Me,, has the a-HAP,, by Lemma
Thus we may and do assume that / is bounded and invertible.

Let us identify Hy = H, by putting Ay(x) := Ay (xh!/2) for x € ng as
usual, where we should note that 1, = ny. Then we have Ay, = h ](ph_l]q,Aq, and
P$ = h"‘](,,h&](pPg as well.

Let F be a finite subset of Hy and ¢ > 0. Take 6 > 0 so that 1 — (1 +

m
5)71/2 < /2. Let {¢;}", be spectral projections of / such that ) ¢; = 1 and
i=1
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he; < Aje; < (1 + 0)he; for some A; > 0. Note that e; belongs to My, N My, For a
c.p. operator T with respect to P§, we put

m m
Th,5 = Z ei](Pej](PThei]qDej]qD = Z h”‘ei]q,h“ej]q,Th*“ei](ph*“ej]q,,
i,j=1 ij=1

which is c.p. with respect to Py, by Lemmaand Lemma Since {e;]yej]p}i
is a partition of unity, the norm of Tj, 5 equals the maximum o

[h%e;iJph%e;JoTh™"e;Jph~"e;Jp |-
Since we have
e gle; T Thecfoh i || < e [IK¥e; || T A 2er] 1]
SAAF (1 +eA D) (1 + A )T
= (1+6)Y2,

we get || Ty, 5| < (1+0)"/2.

Since M has the a-HAP,, we can find a c.c.p. compact operator T with re-
spect to Pg such that || T; s& — ¢|| < e/2forall{ € F. Then T:=(1+6)"2T;
is a c.c.p. operator with respect to P , which satisfies || Té —&|| < eforall & € F.
Thus we are done. 1

Therefore, the a-HAP,, does not depend on a choice of ¢ € W(M). So, we
will simply say a-HAP for a-HAP,,.
Now we are ready to introduce the main theorem in this section.

THEOREM 3.11. Let M be a von Neumann algebra. Then the following statements
are equivalent:
(i) M has the HAP, i.e., the 1/4-HAP;
(ii) M has the 0-HAP;
(iii) M has the a-HAP for any « € [0,1/2];
(iv) M has the a-HAP for some o € [0,1/2].
(v) M has the CS-HAP;

We will prove the above theorem in several steps.

Proof of (i)=(ii) in Theorem[3.11} Suppose that M has the 1/4-HAP. Thanks
to Lemma we may and do assume that M is o-finite. Let ¢ € M be a faithful
state. By Theorem we can take a net of normal c.c.p. maps ¢, on M with
@ o @, < ¢ such that the following implementing operator T, is compact and
Ty — 1p,, in the strong topology:

Ta (8 *xCy) = A @y (x)E, forx € M.
Let Tgn be the closure of A;l/ it Alfp/ 4 asin Lemma Recall that Tg,n satisfies
Tg,n(xzj(p) = ®y(x)y forx € M.
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However, the compactness of Tgn is not clear. Thus we will perturb @, by aver-
aging c¥. We put

g;;(f) = \/ﬁexp( ,Btz) for  >0and t € R.

Then set
U'gﬁ /gﬁ )of (x)dt forxeM, and Uﬁzz/gﬁ(t)Ai; dt=gp(—logAy),
R

where

= / gp(s)e ' ds = exp(—+*/(4p)) forteR.
R

Then Up — 1 in the strong topology as f — .
For B,y > 0, we define

Py pq(x) i= (0f, 0 Pyocf )(x) forx e M.

Since [g,(t)dt = 1 and g, > 0, the map @, 4, is normal c.c.p. such that

R
o (Dn,ﬁﬁ < ¢. By Lemma we obtain the associated operator Tg,n - which is
given by

Tg L (x8g) = @y pa(x)Cy forx € M.

Moreover, we have TO By Uﬁ Td, U, = UﬁA;U 4T,1 Al(,)/ 4 U,. Hence Tg,nm is
compact, because e~ /4 gp(t)and e t/4%. (t) are bounded functions on R. Thus we
have shown that (T9, )(n p,7) is a net of contractive compact operators.

It is trivial that TO By 1h, in the weak topology, because Ug, U, — 1,
as p,v — o and T, — 1p, as n — oo in the strong topology. &

In order to prove Theorem [3.11] u (i1)=(iii), we need a few lemmas. In what
follows, let M be a von Neumann algebra with ¢ € W(M).

LEMMA 3.12. Let a € [0,1/2]. Then M has the a-HAP, if and only if M has the
a-HAP,.

Proof. It immediately follows from the fact that T is c.p. with respect to Pg
if and only if J,T], is c.p. with respect to Pg. 1

LEMMA 3.13. Let (U;)ser be a one-parameter unitary group and T be a compact
operator on a Hilbert space H. If a sequence (&) in H converges to 0 weakly, then
(TU¢Ey) converges to 0 in norm, compact uniformly for t € R.

Proof. Since T is compact, the map R > t — TU; € B(H) is norm continu-
ous. In particular, for any R > 0, the set {TU; : t € [—R,R]} is norm compact.
Since (§,) converges weakly, it is uniformly norm bounded. Thus the statement
holds by using a covering of {TU; : t € [-R, R]} by small balls. 1
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LEMMA 3.14. Let & € [0,1/4] and B € [, &). Then P§ ¢ D(Af, ™) and Pj =
B—u
Ay,
Proof. Since Pg - D(Alqj/zfz’x) and 0 < B —a < 1/2 — 2a, it turns out that

Py C D(A'ffp_a). Let & € P and take a sequence &, € Pqﬂp such that A%¢, — ¢.
Then we have

s e A
<A - 8% (G —Gu) [P+ 18272 - A4 (Gm—En)|* by Lemma3]
=[|8% (Em — En)II? + 17925 S g (Em — En) I
=2[ A% (Em = Ew)lI* — 0.
Hence A/fpﬁn converges to a vector 77 which belongs to Pg . Since Alfp_a(A";,Cn) =
Aépgn — 17 and A[fp_“ is closed, A@_“C =1 € Pg. Hence Pf; D A@,_“Pg. The

converse inclusion is obvious since A’fopg) = Aé[“(A”prg). |

Note that the real subspace Ry, := Pg — Pg in Hy is closed and the mapping
Sy 1 R +iRg 3 & +in — ¢ — i € RG +iRG,
is a conjugate-linear closed operator which has the polar decomposition
— 1/2-2
Sp =JpAg ™"
(See Poposition 2.4 of [29] in the case where M is o-finite.)

LEMMA 3.15. Let a € [0,1/4] and T € B(H,) be a c.p. operator with respect to
Pg. Let B € [a,&). Then the following statements hold:

(i) Then the operator A’?,,*“TA”;% extends to the bounded operator on Hy, which is
denoted by TP in what follows, so that ||TP|| < ||T||. Also, TP is a c.p. operator with

respect to Pg.
(ii) If a bounded net of c.p. operators T, with respect to Py weakly converges to 1y,

then so does the net Tf .
(iif) If T in (i) is non-zero compact, then so is Th.

Proof. (i) Let { € Pg, and 77 := Afog which belongs to Pg. We put ¢ :=
TAD;,;ﬂ 1. Since A”;,;ﬂ n = Al € Py and T is c.p. with respect to P, we obtain
¢ € Py. By Lemma we know that Agf"?;’ € Pg. Thus Aé{“ TA";,;I3 maps A%Pg
into P.

Hence the complete positivity with respect to Pg immediately follows when

we prove the norm boundedness of that map. The proof given below is quite
similar to the one of Lemma Recall the associated Tomita algebra 7,. Let
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¢, n € Ty. We define the entire function F by
F(z) := (TA ¢, Ay) forz e C.
For any t € R, we have
[F(it)| = [(TAG"E, A5 )| < ITIIEN I
Note that
AT g = At AT E = A E 1A% E € RY +iRS,
where {1, 62 € Ry, satisties A;,(aﬂt)c: = {1 +1i6>. Note that ¢; and ¢» also belong
to 7. Since T is c.p. with respect to PG, we see that TRY, C R, Then we have
R p— (@ —atit _ . .
MATAE g = AV22(TAY & 1 ITAYE) = Jo(TAYE —iTAYE)
= JpTSg(A%¢1 +14%82)
- —(A—a—+it s
_ ]‘PT](PAlfP/z ZIXA(P(‘X a+i )C _ IQT](pA(pltg-

(@—a)

In particular, A&(P_‘" TA, is norm bounded, and its closure is J,T],. Hence

F@ —a+if)| = [(TA, g, Ala—ity)|

=1UgTIp83 S, Apm | < ITIIE I

Applying the three-lines theorem to F(z) atz = f —a € [0,& — a], we obtain

(34) (A TAy Pe )| = (B — ) < [ITHEN Il
This implies
(4G TA, P)EI < ITIE] forall& € T,

Therefore Aﬁ;“TAD;;ﬁ extends to a bounded operator, which we denote by Tﬂ, on
H, such that || TF|| < [|T||.

(ii) By (i), we have ||T,’13 || < ||Ty|l, and thus the net (T,’13 ) is also bounded.
Hence the statement follows from the following equality for all ¢, 77 € Ty:

(TR = 11, )& )| = [((To = 112, )85 72, 4 ).

(iii) Suppose that T is compact. Let 7, be a sequence in H, with 7, — 0
weakly. Take &, € 7Ty, such that ||, — #7,|| < 1/n for n € N. It suffices to check
that || TAZ,|| — 0. Since the sequence ¢, is weakly converging, there exists D > 0
such that

(3.5) lén|]| < D foralln € N.

Let# € 7T,. For each n € N, we define the entire function F, by
Fu(z) := exp(zz)<TA;Z§n,Azq,17>.
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Let e > 0. Take tg > 0 such that

2

€
(3.6) e < —=; for|t| >t
D|T]
We let I := [—tg, t]. Since T is compact, there exists 1y € N such that
(3.7) ||TA;“§V,|| <e and [|J,T]pA 1tgfn|| e fornzmnpandt € I

Then for n > ng we have
. _ 42 i s _ 2 i
[Fa(it)] = e (T4, n, A )| < e TAG Gullll].
Hence if t € I, then
e[|z l17]

<
<e "D|T|lyl by (3.5)
<eln| by @),

|Fu(if) |

and if f € I, then
|[Fa(it)| < [ITAL &l 17
<ellyll by B.7).
—(a-

Similarly, by using the fact that the closure of A%’“TA(P “) s JpT]p, we obtain
|Fo(@ —a+1it)| < e|ly|| forn>mnpandt € R.
Therefore the three-lines theorem implies
2
PP (TP, )| = |Fa(B — a)| <elly]| forn > no.

Hence we have || TP, | < e for n > ng. Therefore TP is compact. 1

LEMMA 3.16. Let M be a von Neumann algebra and « € [0,1/4]. If M has the
a-HAP, then M also has the B-HAP for all p € [, a].

Proof. Take anet of c.c.p. compact operators T, with respect to Pj as before.
By Lemma we obtain a net of c.c.p. compact operators T,’f with respect to P(l;
such that T? is converging to 1y, in the weak topology. Thus we are done. 1§

Now we resume to prove Theorem

Proof of (ii)=-(iii) in Theorem It follows from Lemma 1

Proof of (iii)=>(iv) in Theorem This is a trivial implication.

Proof of (iv)=>(i) in Theorem Suppose that M has the x-HAP for some
a € [0,1/2]. By Lemma we may and do assume that « € [0,1/4]. By
Lemma M has the 1/4-HAP. 1

Therefore we prove the conditions from (i) to (iv) are equivalent. Finally we
check the condition (v) and the others are equivalent.
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Proof of (i)=(v) in Theorem It also follows from the proof of (i)=-(ii). 1

Proof of (v)=(i) in Theorem We may assume that M is o-finite by Lem-
ma (3.7 and Proposition 3.5 of [38]. Let ¢ € M, be a faithful state. For every
finite subset F C M, we denote by Mr the von Neumann subalgebra generated
by 1 and

{of(x):x € F,t € Q}.
Then MF is a separable o¥-invariant and contains F. By Theorem IX.4.2 of [42],
there exists a normal conditional expectation £f of M onto M such that ¢ o £r =
@. As in the proof of Theorem 3.6 of [38], the projection Er on H, defined below
is a c.c.p. operator:
Er(xGy) = Er(x)8y forx € M.

It is easy to see that MF has the CS-HAP. It also can be checked that if Mr has the
HAP for every F, then M has the HAP. Hence we can further assume that M is
separable.

Since M has the CS-HAP, there exists a sequence of normal c.p. maps @,
with ¢ o @, < ¢ such that the following implementing operator TY is compact
and T — 1y , strongly:

T)(x&g) = p(x)&p forx € M.

In particular, T is a c.p. operator with respect to P};. By the principle of uniform
boundedness, the sequence (T?) is uniformly norm-bounded. By Lemma m
we have a uniformly norm-bounded sequence of compact operators Tj, such that
each T), is c.p. with respect to P(},/ % and T, weakly converges to 1 H,- By a con-
vexity argument, we may assume that T, — 1y, strongly. It turns out from
Theorem 4.9 of [38] that M has the HAP. 1

Therefore we have finished proving Theorem We will close this section
with the following result that is the contractive map version of Definition

THEOREM 3.17. Let M be a von Neumann algebra. Then the following statements
are equivalent:
(i) M has the HAP.
(ii) For any ¢ € W (M), there exists a net of normal c.c.p. maps P, on M such that:
(@) po @y < @)
(b) @, — idpy in the point-ultraweak topology;
(c) for all w € [0,1/2], the associated c.c.p. operators Tj; on H, defined below
are compact and Ty — 1y, in the strong topology:

T A Ag(x) = ApAg(Pu(x))  forall x € ng.

(iii) For some ¢ € W(M) and some « € [0,1/2], there exists a net of normal c.c.p.
maps P, on M such that:

(a)¢o©n<¢;
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(b) @, — idpg in the point-ultraweak topology;
(c) the associated c.c.p. operators Ty on Hy, defined below are compact and
T — 1p,, in the strong topology:

T A Ag(x) = AQGAG(Pu(x))  forall x € ng.

First, we will show that the second statement does not depend on the choice
of ¢. So let us denote here the approximation property therein by “approxima-
tion property («, ¢)”; afterwards we will simply denote it by “approximation

property («)”.
LEMMA 3.18. The approximation property («, ¢) does not depend on the choice of
¢ € W(M).

Proof. Suppose that M has the approximation property («, ¢). It suffices to
show that each operation listed in the proof of Lemma [2.9|inherits the property
(«, ). It is relatively easy to treat the first three operations, and let us omit proofs
for them. Also, we can show that if ¢; is a net as in statement of Lemma 3.7(ii) and
e;Me; has the approximation property («, @) for each i, then M has the approxi-
mation property («, ¢).

Thus it suffices to treat ¢ := ¢y, for a positive invertible element i € M,.
Our idea is similar to the one of the proof of Lemma

Let e > 0. Take > 0 so that 26/(1 +6) < e. Let {¢;}!", be a spectral
projections of i such that Z e; = 1 and he; < Aje; < (1 + 6)he; for some A; > 0.

i=1
For a normal c.c.p. map ¢ on M such that po @ < ¢, we let ¢,(x) :=

h=Y20(R2xn /2 h=1/2 for x € M. Then Dy is a normal c.p. map satisfying
o, < . Next we let Dy, 5 (x) 1= Z e;®y (e;xe;j)e; for x € M. For x € M™,

iLj=1
we have
P( Doy (x) = Y pleiPy(eixe;)) < ) p(Pyleixe;)) < Y pleixer) = p(x).
i=1 i=1 i=1

Also, we obtain

m m
D) (1) =Y e;®y(ei)e; = Y eih™ V2D (he;)h /2,
i=1 i=1
and the norm of @, 5)(1) equals the maximum of that of eih~12®(he;)h=1/ 2.
Since
lesh™ 2D (he; )= ?ei| < [leih™ 2| [heil] < (1+8)A71 - A = 1+,

we have || %] <144.

Now let F be a finite subset in the norm unit ball of M and G a finite subset
in M,. Let« € [0,1/2]. By the property («, ¢), we can take a normal c.c.p. map
@ on M with ¢ o @ < ¢ such that |w(P,45)(x) —x)| < ¢ forall x € F and
w € G and the implementing operator T* of ¢ with respect to P, is compact. Put
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¥iis) = (146) 1P, 5) that is a normal c.c.p. map satisfying ¢ o ¥{;, 5) < ¢. Then
we have |w (¥, (x) —x)| <26/(1+0) <eforallx € Fandw € G.

By direct computation, we see that the implementing operator of ¥;, .) with
respect to P is equal to the following operator:

m ~ ~
T:=(1+46)"" Y hejoh“ejJoTh™“eiJoh "e;],.
i,j=1

Thus T is compact, and we are done. (See also T in the proof of Lemma ) 1

Proof of Theorem[3.17] (i)=-(ii). Take @9 € W(M) such that there exists a
partition of unity {e;};c; of projections in My, the centralizer of ¢g, such that
P; 1= @pe; is a faithful normal state on e;Me; for each i € I. Then we have an
increasing net of projections f; in My, with f; — 1 such that f;Mf; is o-finite
for all j. Thus we may and do assume that M is o-finite as usual. Employing
Theorem 2.7} we obtain a net of normal c.c.p. maps @, on M such that:

e pod L g;
o @, — idy in the point-ultraweak topology;
e the operator defined below is c.c.p. compact on Hy:

Ta(8y*xCy) = A ®p(x)Ep forx € M.

Now recall our proof of Theorem ()= (ii). After averaging @, by gz(t)
and g, (t), we obtain a normal c.c.p. map @, g, which satisfies p o @, g, < ¢ and
@6, — idy in the point-ultraweak topology. For a € [0,1/2], we define the
following operator:

1y AN (X) 1= AGAG(Py g (x))  for x € ng.

Then we can show the compactness of Ty ;
Theorem 3.11] (i)=>(ii), and we are done.
(if)=-(iii). This implication is trivial.
(iii)=(i). By our assumption, we have a net of c.c.p. compact operators
Ty with respect to some Py such that T;; — 1 in the strong operator topology.
Namely M has the a-HAP, and thus M has the HAP by Theorem[3.11} 1

., in a similar way to the proof of

4. HAAGERUP APPROXIMATION PROPERTY AND NON-COMMUTATIVE LP-SPACES

In this section, we study some relations between the Haagerup approxima-
tion property and non-commutative LP-spaces associated with a von Neumann
algebra.
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4.1. HAAGERUP’S LP-SPACES. We begin with Haagerup’s LP-spaces in [20]. (See
also [43].) Throughout this subsection, we fix an f.n.s. weight ¢ on a von Neu-
mann algebra M. We denote by R the crossed product M x, R of M by the R-
action ¢ := ¢?. Via the natural embedding, we have the inclusion M C R. Then
R admits the canonical faithful normal semifinite trace T and there exists the dual
action 6 satisfying 7 o 6 = e~°7 for s € R. Note that M is equal to the fixed point
algebra RY, thatis, M = {y € R : 65(y) = y fors € R}.

We denote by R the set of all T-measurable closed densely defined operators
affiliated with R. The set of positive elements in R is denoted by R*. For ¢ € M,
we denote by ¢ its dual weight on R and by hy the element of R* satisfying
P(y) = t(hyy) forally € R.

Then the map ¢ +— hy is extended to a linear bijection of M, onto the sub-
space

{heR:6s(h) =e *hfors € R}.
Let1 < p < oo. The LP-space of M due to Haagerup is defined as follows:
LP(M):={a € R: 6s(a) = e */Pafors € R}.

Note that the spaces L (M) and their relations are independent of the choice of
¢, and thus canonically associated with a von Neumann algebra M. Denote by
LP(M)™ the cone LP (M) N R*. Recall that if a € R with the polar decomposition
a = ula|, then a € LP(M) if and only if |a|P € L!(M). The linear functional tr on
LY(M) is defined by

tr(hy) := (1) foryp € M..

Then L? (M) becomes a Banach space with the norm
lallp := tr(|a|P)V/P  fora e LP(M).

In particular, M, ~ L!(M) via the isometry ¢ +— hy. For non-commutative L?-
spaces, the usual Holder inequality also holds. Namely, let g > 1 with 1/p +
1/9 =1, and we have

| tr(ab)| < [labl[y < [lallp|[blly fora e LP(M),b € L1(M).

Thus the form (a,b) — tr(ab) gives a duality between L¥ (M) and L7(M). More-
over the functional tr has the “tracial” property:

tr(ab) = tr(ba) fora € LP(M),b € L1(M).

Among non-commutative LP-spaces, L?(M) becomes a Hilbert space with the
inner product
(a,b) :=tr(b*a) fora,b € L2(M).
The Banach space L? (M) has the natural M-M-bimodule structure as de-
fined below:
x-a-y:=xay forx,ye M, acLP(M).
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The conjugate-linear isometric involution ], on L¥ (M) is defined by a + a* for
a € LP(M). Then the quadruple (M, L?(M), J,, L>(M)*) is a standard form.

4.2. HAAGERUP APPROXIMATION PROPERTY FOR NON-COMMUTATIVE LP-
SPACES. We consider the f.n.s. weight ¢ := ¢ ® tr, on M, (M) := M @ M,,.

. (n) .
Since (ft(") = J:P = 0y ®1id,, we have

R := M, (M) %y R = (M x5 R) @ M, = M, (R).

[

The canonical f.n.s. trace on R is given by 7"} = 7 ® tr,. Moreover (") :=
0 © id,, is the dual action on R("). Since R(") = M;,(R), we have

LP (M, (M)) = M, (LP(M)) and t" = tr@tr,.

DEFINITION 4.1. Let M and N be two von Neumann algebras with f.n.s.
weights ¢ and 1, respectively. For 1 < p,q < oo, a bounded linear operator
T : LP(M) — Li(N) is completely positive if T : LP(M,,(M)) — LI(M,,(N))
is positive for every n € N, where T(") [a;j] = [Ta;;] for [a;;] € LP(My(M)) =
M, (LF (M)

In the case where M is o-finite, the following result gives a construction of
a c.p. operator on L (M) from a c.p. map on M.

THEOREM 4.2 (cf. Theorem 5.1 of [22]). If ® isa c.c.p. map on M with ¢ o ® <
Cg, then one obtain a c.p. operator Th on LP(M) with || Th|| < CV/P||®|[*~1/P, which
is defined by

(4.1) T (hy P xhy) P i= by P d(x)hy/ P for x € M.

Let M be a o-finite von Neumann algebra with a faithful state ¢ € M.
Since

g xhg 13 = tr(ng "/ 2xhg/*) = |4 *x|? forx € M,

we have the isometric isomorphism L?(M) ~ H, defined by h}p/ 4xh}/ 4 Alq)/ 4x§q,
for x € M. Therefore under this identification, the above operator T3 is nothing
but Té,/ 4 which is given in Lemma

DEFINITION 4.3. Let1 < p < co and M be a von Neumann algebra. We will
say that M has the LP-Haagerup approximation property (LP-HAP) if there exists a
net of c.c.p. compact operators T, on LP (M) such that T, — 17 () in the strong
topology.

Note that a von Neumann algebra M has the HAP if and only if M has
the L>-HAP, because (M, L?>(M), ], L>(M)™) is a standard form as mentioned
previously.
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4.3. KOSAKI'S LP-SPACES. We assume that ¢ is a faithful normal state on a o-
finite von Neumann algebra M. For each 7 € [0,1], M is embedded into L!(M)
by M 5 x — hZ,xh},;” € LY(M). We define the norm HhZ,xh}Pﬂ”m,q = x|
on K)Mhy " © LY(M), i.e., M ~ h},Mhy . Then (H)Mhy ", L1(M)) becomes a
pair of compatible Banach spaces in the sense of A.P. Calderén [7]. For 1 < p <
oo, Kosaki’s LP-space LF(M; @), is defined as the complex interpolation space

Cg(hZ,Mh%,;”, L'(M)) equipped with the complex interpolation norm || - ||, =
| - llc,» where & = 1/p. In particular, LF (M; ¢)o, LV (M; ¢)1 and L¥(M; @)1, are
called the left, the right and the symmetric LP-spaces, respectively. Note that the
symmetric LP-space L¥ (M; @)1, is exactly the LP-space studied in [44].

From now on, we assume that # = 1/2, and we will use the notation
LP(M; ) for the symmetric LP-space L¥ (M; ¢)1 /2.

Note that LP (M; ¢) is exactly h;,/qu’(M)h}P/zq, where1/p+1/g =1, and

ey ahg ™ /2 = llally fora € LP(M).
Namely, we have LP (M; ¢) = h}P/quP(M)hl(P/zq ~ LP(M). Furthermore, we have
hy/*Mhi/* C LF(M; 9) C LY(M),
and h}PﬂMhé,/z is dense in L¥ (M; ¢).

Let @ be a c.p. map on M with ¢ o @ < ¢. Note that T3 in Theorem

is equal to Ts/* in Lemma 3.5 under the identification L?(M; ¢) = H,. By the
reiteration theorem for the complex interpolation method in [4], 7], we have

42)  LP(M; @) = Cy/p(hy/>Mhl/?, L*(M; 9)) for2 < p < oo, and
43)  LP(M;9) = Cyyp1(L*(M;9), L1 (M)) forl<p<2.

(See also Section 4 of [31].) Thanks to [13], if Té = Tclb/4 is compact on L2(M; ) =
Hyp, then Tg is also compact on LP (M; ¢) for 1 < p < 0.

4.4. THE EQUIVALENCE BETWEEN THE HAP AND THE LP-HAP. We first show
that the HAP implies the LP-HAP in the case where M is o-finite.

THEOREM 4.4. Let M be a o-finite von Neumann algebra with a faithful state
¢ € M. Suppose that M has the HAP, i.e., there exists a net of normal c.c.p. maps @,
on M with ¢ o @, < ¢ satisfying the following:

(i) @, — idy in the point-ultraweak topology;
(if) the associated operators Tén on L2(M) defined below are compact and T(%n —
112y in the strong topology:

T3, (hy/*xhi/*) = hy/ 2@, (x)hy/*  for x € M.

Then Tf;,ﬂ — 1pp(ppy in the strong topology on LP(M) for 1 < p < oo. In
particular, M has the LP-HAP forall 1 < p < oo.
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Proof. We will freely use notations and results in [31]. First we consider the
case where p > 2. By (4.2) we have

LP(M; @) = Co(hl/2Mhy/?, L*(M; ¢)) with 6 := =

Leta € LP(M; @) with ||a|p ;) = llallc, < 1and 0 < & < 1. By the definition

of the interpolation norm, there exists f € F (h}P/ th%,,/ 2,12(M; ¢)) such thata =
f(0) and ||f||r < 1+ ¢/3. By Lemma 4.2.3 of [4] (or Lemma 1.3 of [31]), there
exists g € Fo(h}/thl(P/z, L*(M; @)) such that || f — ¢||r < &/3 and g(z) is of the
form

K
3(2) = exp(12") . explhiz iy i/,
where A >0, K€ N, Aq,...,Ax € Rand xq,...,xx € M Then

1£(0) = 8(O)llo < [If = gllF <

Since
Jim g(1+ i) 2(ugg) = O,

the subset {g(1 +it) : t € R} of L?(M; ¢) is compact in norm. Hence there exists
ng € N such that

€

1/6
= 93> forn > ngandt € R.

173,81 +it) = g(1 +it) | 2 < (

Moreover,

|@u(g(it) —g() | < [ en—idul gD | <2lgllr <2(Ifle+5 ) <2(1425) <4,
Hence by Lemma 4.3.2 of [4] (or Lemma A.1 of [31]), we have

dt 1-0
IT5,8(6) —(6) ]l < /H(Dn (it)) — 8(it) [ Po(6, 1) 1 9)
dt?
2 . .
(/173,801 +it) = gL +i8) 2 P16, 5 )
R
<ql-0. & _ &
ST s T

Therefore since Tén are contractive on L¥ (M; ¢), we have

I Te, ()= f(0)llo <IITg, £ (8)— T4, 8(6)llo+ITe,, 8(0)~g(8) o +1g(6) £ () llo<e.

Hence Tg)n — 11p(Mm;¢) In the strong topology.
In the case where 1 < p < 2, the same argument also works. 1

We continue further investigation of the LP-HAP.

LEMMA 4.5. Let1 < p,q < cowith1/p+1/q = 1. Then M has the LP-HAP
if and only if M has the L1-HAP.
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Proof. Suppose that M has the LP-HAP, i.e., there exists a net of c.c.p. com-
pact operators T, on LP(M) such that T, — 17 (p) in the strong topology. Then
we consider the transpose operators 'T;, on L1(M), which are defined by

tr(*T, (b)a) = tr(bT,(a)) fora € LP(M),b € L1(M).

Itis easy to check that 'T, is c.c.p. compactand 'T;, — 114 M) in the weak topology.
By taking suitable convex combinations, we have a net of c.c.p. compact operators
Ty, on L7(M) such that T, — 1;4(pr) in the strong topology. Hence M has the L7-
HAP. 1

We will use the following results.

LEMMA 4.6 (cf. Theorem 1.7 of [18]]). Let 1 < p < co and M be a o-finite von
Neumann algebra with non-singular hy € LY(M)*. Then the embedding @po M >
X — h(l)/Zth(l)/ZP € LP(M), induces an order isomorphism between {x € Ms,a : —c1 <
x < cl}and Kﬁo :={h € LP(M)s : —ch(l)/p <a< ch(l)/p}for each ¢ > 0. Moreover

@gﬂ is (M, M)-o(LF (M), L1(M)) continuous.

LEMMA 4.7 ([32], Theorem 4.2). For1 < p,q < oo, the map
LP(M)* 3a~aP/1e LI(M)T
is a homeomorphism with respect to the norm topologies.

In [33], it was proved that Furuta’s inequality [17] remains valid for -
measurable operators. In particular, the Lowner-Heinz inequality holds for -
measurable operators.

LEMMA 4.8. If T-measurable positive self-adjoint operators a and b satisfy a < b,
thena” <b" for0 <r < 1.

The following lemma can be proved similarly as in the proof of Lemma 4.2
in [38].
LEMMA 4.9. Let1 < p,q < ocowithl/p+1/q=1 1Ifa € LP(M)", then
(i) the functional f, : L‘7(M) — C = LI(C), b + tr(ba) is a c.p. operator;
(i) the operator g, : LP(C) — LP(M), z — za is a c.p. operator.

In the case where p = 2, the following lemma is also proved in Lemma 4.3
of [38]. We give a proof for reader’s convenience.

LEMMA 4.10. Let 1 < p < oo and M be a o-finite von Neumann algebra with
a faithful state ¢ € MJ. If M has the LP-HAP, then there exists a net of c.c.p.
compact operators Ty, on LP(M) such that Ty — 1pp(py) in the strong topology, and
(Tnh}l,/p)p/z € L2(M)™" is cyclic and separating for all n.

Proof. Since M has the LP-HAP, there exists a net of c.c.p. compact operators
Ty on LP(M) such that Ty, — 1pp(yy) in the strong topology. Set a/? = Tnh},,/p €
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LP(M)". Thena, € LY(M)". Take ¢, € M| such that a, =hy, € L*(M) ™. If we set

Pn = @u+ (pn — @) € M,
then hy, := hy, > hy. By Lemma we obtain h},/ 2> h}/ 2 It follows from

Lemma 4.3 of [12] that h/? € L2(M)7 is cyclic and separating. Now we define a
compact operator T}, on LP (M) by

T, a := Tya + tr(ah%o/q)(h,l/p —a)/?) forae LP(M).

Since h:l/ P> a,l/ P by Lemma each T}, is a c.p. operator, because of Lemma
Note that . . . . )
Thhy' P = Tuhy P+ te(hy) (/P — ay/P) = b7

. 1 .
Since a}/p = Tnh}/p — h(P/p in norm, we have a, = hy, — hy in norm by
Lemmal4.7l Since

[hn — anllr = ([P0 — @l < llon — @l = thon —hq)Hl —0,

we obtain th/p a},/pHp — 0 by Lemma Therefore || Ta — al|, — 0 for any

a € LP(M). Since ||T, — Tu|| < [Ih/" —a)/P||, — 0, we get |T,|| — 1. Then

I

operators T, := ||T,|| " T/, give a desired net. 1

If M is o-finite and the LP-HAP for some 1 < p < oo, then we can recover
a net of normal c.c.p. maps on M approximating to the identity such that the
associated implementing operators on L¥(M) are compact. In the case where
p = 2, this is nothing but Theorem 4.8 of [38]] (or Theorem 3.17).

THEOREM 4.11. Let 1 < p < oo and M a o-finite von Neumann algebra with a
faithful state ¢ € M. If M has the LP-HAP, then there exists a net of normal c.c.p.
map @, on M with ¢ o @, < ¢ satisfying the following:

(i) @, — idp in the point-ultraweak topology;
(ii)the associated c.c.p. operator Tg)n on LP (M) defined below are compact and Tgn —
L1p(m) in the strong topology:

T) (hy P xhy/*) = by @, (x)hy?" for x € M.

Proof. The case where p = 2 is nothing but Theorem 4.8 of [38]. Let p # 2.
Take g > 1such that1/p+1/q = 1. By Lemma there exists a net of c.c.p.
compact operators T, on L (M) such that T, — 15y in the strong topology,
ht/? .= (T, hl/’g)ig/2 is cyclic and separating on L2(M) for all 1.

Let @Z and @p be the maps given in Lemma . For each x € Ms,, take
¢ > 0such that —cl < x < cl. Then

1 1/2 1/2 1
—chy/? <y a7 < chy?.

and

Since T}, is positive, we have

_chl/p <T, (hl/Zp hl/Zp) < hl/p
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From Lemma the operator (@Zﬂ) T, (hl/ZP hl/ZP)) in M is well-defined.
Hence we can define a linear map ¢, on M by
b, = (@,’1’”)*1 oT, o @,’jq).
In other words,
To(hy P xhy ) = hy/ 2P @, (x)h/ for x € M.

One can easily check that @, is a normal u.c.p. map.
Step 1. We will show that &, — idys in the point-ultraweak topology.
Since h}/ thl/ 2 is dense in L!(M), it suffices to show that

tr( Dy (x )hl/zyhl/z) — tr(xhl/zyhl/z) for x,y € M.
Moreover, thanks to Lemma we have Hh;np - hl(P/Zp |
suffices to check that
te(Dp ()1 hy 2 yhy I/ ?) — te(xhl/2yhl/?)  for x,y € M.
However
1/2p,1/29 ,1/2q,1/2
|tr(@p ()1 g “Tyhg “hy ) — tr(xhy/ 2yhi/?)|
1 1
= ler((n @ (o)™ — 1 xhy) -y Ty )|
1/2p_,1/2 1/29 ,1/2
= |tr((Tu = 1, () (g " xhg ) - g “Tyhy ™)

< I = 1, ) (g k") gy g = 0

p — 0. Therefore it

Step 2. We will make a small perturbation of &,,.

ByLemma@ wehave ||, —hyll1 — 0,ie., ||¢n — | — 0, where ¢, € M
is the unique element with h, = hy,. By a similar argument as in the proof of
Theorem 4.8 of [38], one can obtain normal c.c.p. maps &, on M with &, — id M
in the point-ultraweak topology, and c.c.p. compact operators T, on LP (M) with
T, — 11p () in the strong topology such that ¢ o @, < ¢ and

Tn(h}P/Zth}P/ZP) = h},,/zr’q?)n(x)h;/z’] for x € M.

Moreover operators T, are nothing but Tg |
n

Recall that M has the completely positive approximation property (CPAP)
if and only if L” (M) has the CPAP for some/all 1 < p < oo. This result is proved
in Theorem 3.2 of [27]. The following is the HAP version of this fact.

THEOREM 4.12. Let M be a von Neumann algebra. Then the following are equiv-
alent:
(1) M has the HAP;
(ii) M has the LP-HAP forall 1 < p < o0,
(iif) M has the LP-HAP for some 1 < p < co.



HAP AND POSITIVE CONES 285

Proof. We first reduce the case where M is o-finite by the following elemen-
tary fact similarly as in the proof of Theorem 3.2 in [27]. Take an f.n.s. weight ¢ on
M and an increasing net of projection e, in M with e, — 1,4 in the strong topol-
ogy such that U’;P (en) = ey for all t € R and e, Me,, is o-finite for all n. Then we
can identify L” (e, Me,) with a subspace of L? (M) and there exists a completely
positive projection from LP(M) onto L?(e,Me;,) via a +— eyae,. Moreover the
union of these subspaces is norm dense in L¥(M). Therefore it suffices to prove
the theorem in the case where M is o-finite.

(i)=(ii) It is nothing but Theorem [4.4]

(i1)=(iii) It is trivial.

(iii)=>(i) Suppose that M has the LP-HAP for some 1 < p < co. We may
and do assume that p < 2 by Lemma Let ¢ € M, be a faithful state. By
Theorem [£.11} there exists a net of normal c.c.p. maps ¢, on M with ¢ o @, < ¢
such that &, — idp; in the point-ultraweak topology and a net of the associ-
ated compact operators Tg)n converges to 17,y in the strong topology. By the
reiteration theorem for the complex interpolation method, we have L2(M; ¢) =
Cg(h}P/th}P/z, LP(M; ¢)) for some 0 < 6 < 1. By [13], the operators T?Dn are also
compact. Moreover, by the same argument as in the proof of Theorem we
have T, — 1;2(y) in the strong topology.

REMARK 4.13. In the proof of Theorem 3.2 in [27], it is shown that c.p. op-
erators on L” (M) give c.p. maps on M by using the result of L.M. Schmitt in [39].
See Theorem 3.1 of [27] for more details. However our approach is much different
and based on the technique of A.M. Torpe in [45].
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