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ABSTRACT. In 1967, Arveson invented a noncommutative generalization of
classical H*, known as finite maximal subdiagonal subalgebras, for a finite
von Neumann algebra M with a faithful normal tracial state 7. In 2008,
Blecher and Labuschagne proved a version of Beurling theorem on H®-right
invariant subspaces in a noncommutative L¥ (M, T) space for 1 < p < oo.
In the present paper, we define and study a class of norms N.(M, 7) on M,
called normalized, unitarily invariant, || - ||;-dominating, continuous norms,
which properly contains the class {|| - ||, : 1 < p < co} and the class of re-
arrangement invariant quasi Banach function norms studied by Bekjan. For
a € Ne(M, 1), we define a noncommutative L*(M, T) space and a noncom-
mutative H* space. Then we obtain a version of the Blecher-Labuschagne—
Beurling invariant subspace theorem on H®-right invariant subspaces in
L*(M, T) spaces and H* spaces. Key ingredients in the proof of our main
result include a characterization theorem of H* and a density theorem for

LY(M, 7).
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INTRODUCTION

One of the most celebrated theorems in operator theory is Beurling’s invari-
ant subspace theorem, stating that if WV is a nonzero closed, H*-invariant subspace
(or, equivalently, zWW C W) of H*(T) on the unit circle, then W = pH?(T) for some
¢ € H®(T) with || = 1 a.e. (1) [2]. Later, the Beurling theorem for H?(T) was
generalized to describe closed H*-invariant subspaces in the Hardy space H” (T)
with 1 < p < oo (see [6]], [13], [14], [15], [16], [27] and etc.). Beurling theorem has
been extended to many other directions.
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In 1967, Arveson [1] invented a noncommutative generalization of classical
H®, known as finite maximal subdiagonal subalgebras, for a finite von Neumann
algebra M with a faithful normal tracial state 7. Roughly, a subdiagonal algebra
A is a subalgebra of a von Neumann algebra M which has many of the struc-
tural properties of the Hardy space H*(T). Subsequently, several authors stud-
ied the invariant subspaces of A acting on the noncommutative Lebesgue space
LP(M, 7). In 2008, Blecher and Labuschagne [5] proved a version of Beurling the-
orem on H®-right invariant subspaces in a noncommutative L? (M, T) space for
1 < p < oo. Very recently, in 2015, T.N. Bekjan [3] obtained the similar Beurl-
ing theorem in noncommutative Hardy spaces based on his beautiful study of
symmetric Banach spaces.

In the present paper, we set up a Beurling theorem for noncommutative
Hardy spaces associated with unitarily invariant norms, which properly contains
the class {|| - [[, : 1 < p < oo} and the class of rearrangement invariant quasi
Banach function norms studied in [3]]. It is worth pointing out that many of the
classical proofs for the || - ||, case use the L?-result and take cases when p < 2
and 2 < p (see Theorem 4.5 in [5] and Theorem 6.5 of [3]]). In our general set-
ting, the cases p < 2 and 2 < p have no analogue, hence tools available in the
setting of LP-spaces and symmetric Banach spaces are no longer available. In
order to achieve this extension, a lot of technology regarding these generalized
settings needs to be developed. This is the reason why we proved a new version
of Holder’s inequality, a new version of Saito’s result [24] and many other results.
The approach which we use is not only more elementary, even in the LP-case, but
is much more general.

We now review some of the definitions and notations. Let M be a finite
von Neumann algebra with a faithful normal tracial state 7. For each 1 < p < oo,
we define a mapping || - ||, : M — [0,00) by [|x[|, = (t((x*x)P/2))}/? for any
x € M. Itis a highly nontrivial fact that || - ||, actually defines a norm, an L”-
norm, on M. Thus we let LP (M, T) be the completion of M under the norm
|| - ||, Moreover, it is not hard to see that there exists an anti-representation p of
M on the space L? (M, 1) given by p(a){ = ¢a for { € LF(M, 1) and a € M.
Thus we might assume that M acts naturally on each L (M, T) space by right
multiplication for 1 < p < co. We will refer to a wonderful handbook [23] by
Pisier and Xu for general knowledge and current development of the theory of
noncommutative LP-spaces.

A (finite maximal) subdiagonal subalgebra of M is a weak* closed unital
subalgebra A of M such that if @ is the unique conditional expectation from M
onto D = AN A*, then

(i) A+ A* is weak* dense in M;
(i) @(xy) = @(x)P(y) forall x,y € A;

(iti) To @ = .
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In [10], Exel showed that if A is weak* closed and T satisfies (iii), then A
(with respect to @) is maximal among those subdiagonal subalgebras (with re-
spect to @ ) satisfying (i), (ii). Such a finite, maximal subdiagonal subalgebra .4
of M is also called an H* space of M. For each 1 < p < oo, the closure of H*
in LP(M, 1) is denoted by H” and the closure of H® = {x € H® : &(x) = 0} is
denoted by H.

The concept of unitarily invariant norms was introduced by von Neumann
[22] for the purpose of metrizing matrix spaces. These norms have now been
generalized and applied in many contexts (for example, see [18], [20], [26] and
etc.). Besides all LP-norms for 1 < p < oo, there are many other interesting
examples of unitarily invariant norms on M (for example, see [3], [7Z], [8], [12]
and others).

In this paper, we introduce a class N (M, 7) of normalized, unitarily invari-
ant, || - ||;-dominating and continuous norms (see Definition[1.2). If « € N;(M, 1)
and H® is a finite, maximal subdiagonal subalgebra of M, then we let L* (M, T)
and H* be the completion of M, and H* respectively, with respect to the norm a.

In 2008, Fang, Hadwin, Nordgren and Shen set up a generalized noncom-
mutative Lebesgue space associated with unitarily invariant norms. Some clas-
sical results in noncommutative LP-theory (e.g., noncommutative Holder’s in-
equality, duality and reflexivity of noncommutative LP-spaces) are obtained for
unitarily invariant norms on finite factors.

Motivated by the relation between finite factors and finite von Neumann
algebras, in this paper we consider the noncommutative LP-spaces and the non-
commutative HP-spaces associated with unitarily invariant norms on a finite von
Neumann algebra M and prove a version of Beurling’s theorem for H*-right in-
variant subspaces in L*(M, T), and therefore for H®-right invariant subspaces in
H*, when a € N.(M, 7). More specifically, we are able to obtain the following
Beurling theorem for L* (M, T), built on Blecher and Labuschagne’s result in the
case of p = co.

THEOREM 0.1. Let M be a finite von Neumann algebra with a faithful, normal,
tracial state T. Let H* be a finite, maximal subdiagonal subalgebra of M and D =
H® N (H®)*. Let « be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M. If W is a closed subspace of L*(M, T), then WH® C W if and only if

W= 2@ (@i uH"),

where Z is a closed subspace of L (M, T) such that Z = [ZHG’]a, and where u; are par-

tial isometries in WW N M with u]’.‘ui = 0ifi # j,and with u}u; € D. Moreover, for each

i, u; Z = {0}, left multiplication by the u;u; are contractive projections from W onto

the summands u;H*, and left multiplication by 1 — Y u;u} is a contractive projection
1

from W onto Z.
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Here @' denotes an internal column sum (see Definition [4.5). Moreover,
@COluiH”‘ and Z = [ZH{’], are of type 1, and of type 2 respectively (see [5] for

dzefinitions of invariant subspaces of different types).

Many tools used in a noncommutative L¥ (M, T) space are no longer avail-
able in an arbitrary L*(M, T) space and new techniques or new proofs need to be
invented. Key ingredients in the proof of Theorem {4.7|include a characterization
of H* (see Theorem .9), a factorization result in L*(M, T) (see Proposition [4.2),
and a density theorem for L* (M, T) (see Theorem , which extend earlier re-
sults by Saito in [24].

THEOREM 0.2. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let « be a
normalized, unitarily invariant, || - ||1-dominating, continuous norm on M. Then

H* = H'NL*(M, 1) = {x € L*(M, 1) : T(xy) = 0 forall y € HY}.

PROPOSITION 0.3. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let « be a
normalized, unitarily invariant, || - ||1-dominating, continuous norm on M. Ifk € M
and k=1 € L¥(M, 1), then there are unitary operators wy,w, € M and operators
a1,ay € H® such that k = wyay = ayw, and al_l,az_l € H~.

THEOREM 0.4. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let « be a
normalized, unitarily invariant, || - ||1-dominating, continuous norm on M. If W is a
closed subspace of L“(M, t) and N is a weak*-closed linear subspace of M such that
WH® CW and NH® C N, then

N =[N].NM;
(ii) W N M is weak* closed in M,
(i) W= W N M|y
(iv) if S is a subspace of M such that SH® C S, then

[S1a = 8",
where 8™ is the weak* closure of Sin M.

We end the paper with two quick applications of Theorem 4.7, which con-
tain the classical Beurling theorem as a special case by letting M be L*(T, ).

COROLLARY 0.5. Let M be a finite von Neumann algebra with a faithful, normal,
tracial state T. Let « be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M. If W is a closed subspace of L*(M, T) such that WM C W, then there
exists a projection e in M such that VW = eL* (M, 7).

COROLLARY 0.6. Let M be a finite von Neumann algebra with a faithful, normal,
tracial state T. Let H* be a finite, maximal subdiagonal subalgebra of M such that H* N
(H*®)* = CI. Let a be a normalized, unitarily invariant, || - ||1-dominating, continuous
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norm on M. Assume that W is a closed subspace of L*(M, ). If W is simply H*®-
right invariant, i.e. VWH®|, ;Cé W, then there exists a unitary u € W N M such that
W = uH*"

The organization of the paper is as follows. In Section 1, we introduce a class
N:(M, ) of normalized, unitarily invariant, | - ||;-dominating and continuous
norms and study their dual norms on a finite von Neumann algebra M with a
faithful normal tracial state 7. In Section 2, for each &« € N.(M, ), we show
a new version of Holder’s inequality and prove a duality theorem of L*(M, 1),
whose form is different from the usual L-spaces for each 1 < p < 0. In Section 3,
we define the noncommutative H* spaces and provide a characterization of H*.
Finally, in Section 4, based on our density theorem for LY(M, T), we obtain the
main result of the paper, a version of Beurling theorem for H*-right invariant
subspaces in L* (M, T) spaces and in H* spaces.

1. UNITARILY INVARIANT NORMS AND DUAL NORMS ON
FINITE VON NEUMANN ALGEBRAS

1.1. UNITARILY INVARIANT NORMS. Let M be a finite von Neumann algebra
with a faithful normal tracial state . For general knowledge about noncommu-
tative LP-spaces for 0 < p < oo associated with a von Neumann algebra M, we
will refer to a wonderful handbook [23] by Pisier and Xu. For each 0 < p < oo,
we let || - ||, be the mapping from M to [0, 0) (see [23]) as defined by

xllp = (z(|x[P))VP, ¥ x € M.

It is known that || - ||, isanorm if 1 < p < 0, and a quasi-norm if 0 < p < 1. We
define LP (M, 7), the so called noncommutative LP-space associated with (M, 7),
to be the completion of M with respect to || - ||, for 0 < p < co.

In the paper, we will mainly focus on the following two classes of unitarily
invariant norms of a finite von Neumann algebra.

DEFINITION 1.1. We denote by N(M, 1) the collection of all norms « :
M — [0, ) satisfying:
(i) «(I) =1, i.e. a is normalized.
(ii) a(uxv) = a(x) for all x € M and unitaries u,v in M, i.e. a is unitarily
invariant.
(iii) ||x|[1 < a(x) for every x € M, ie.ais | - |;-dominating.
The norm « in N(M, 1) is called a normalized, unitarily invariant, || - ||1-
dominating norm on M.

DEFINITION 1.2. We denote by N.(M, T) the collection of all norms « :
M — [0, ) such that:
(i) a € N(M, 1) and
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(if) (h)m a(e) = 0 as e ranges over the projections in M (« is a continuous
T(e)—0

norm with respect to a trace 7).
The norm « in N;(M, 7) is called a normalized, unitarily invariant, || - ||1-
dominating, continuous norm on M.

EXAMPLE 1.3. Each p-norm, | - ||, is in the class N (M, T) for 1 < p < co.

EXAMPLE 1.4. Let M be a finite von Neumann algebra with a faithful nor-
mal tracial state T satisfying the weak Dixmier property (see [12]). Let a be a
normalized tracial gauge norm on M. Then Theorem 3.30 in [12] shows that
x € NM,1).

EXAMPLE 1.5. Let M be a finite von Neumann algebra with a faithful nor-
mal tracial state T and E(0, 1) be a rearrangement invariant Banach function space
on (0,1). A noncommutative Banach function space E(7) together with a norm
| - [[g(r), corresponding to E(0, 1) and associated with (M, T), can be introduced
(see [7] or [8]). Moreover M is a subspace in E(7) and the restriction of the norm
| - lg(r) to M lies in N(M, 7). If E is also order continuous, then the restriction
of the norm || - || () to M lies in N¢(M, 7).

EXAMPLE 1.6. Let \/ be a type II; factor with a tracial state Tys. Let || - || o7
and || - || be L'-norm, and L?-norm respectively, on V. Let M = N @& A be a
finite von Neumann algebra with a faithful normal tracial state 7, defined by

w(x) + w(y)

T(x®y) = 5 , Vxdye M.
Let a be a norm of M, defined by
a(xDy) = Hle,/\f‘;H]/ W yraye M.

Then & € N.(M,T). But « is neither tracial (see Definition 3.7 in [12]) nor re-
arrangement invariant (see Definition 2.1 in [9]).

The following lemma is well-known.

LEMMA 1.7. Let M be a finite von Neumann algebra with a faithful normal tracial
state T and « be a norm on M. If a is unitarily invariant, i.e.

a(uxv) = a(x) forall x € M and unitaries u,v in M,

then
a(x1yxa) < fxall - flx2ll-aly), ¥ x1,x2,y € M.
In particular, if « is a normalized unitarily invariant norm on M, then
a(x) < |lx||, VxeM.

Proof. Let x € M such that ||x|| = 1. Assume that x = v|x| is the polar
decomposition of x in M, where v is a unitary in M and |x| is positive. Then
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u = |x| +1iy/I — |x|? is a unitary in M such that |x| = (u + u*)/2. Thus

* a(uy) + a(u”
u(xy) = a(lxly) = a5y < SNLREY) )
Hence a(xy) < ||x||a(y),¥ x,y € M. Similarly, a(yx) < ||x||a(y),V x,y € M.
Furthermore, if & is a normalized unitarily invariant norm on M, then from
the discussion in the preceding paragraph we have that

a(x) < ||x||a(D) = ||x]|, YxeM. n

1.2. DUAL NORMS OF UNITARILY INVARIANT NORMS ON M. The concept of
dual norm plays an important role in the study of noncommutative LP-spaces.
In this subsection, we will introduce dual norms for unitarily invariant norms on
a finite von Neumann algebra.

LEMMA 1.8. Let M be a finite von Neumann algebra with a faithful normal tracial
state T. Let a be a normalized, unitarily invariant, || - ||;-dominating norm on M (see
Definition[1.1). Define a mapping o' : M — [0, 0] as follows:

o (x) =sup{|t(xy)| : y € M,a(y) <1}, Vxe M.

Then the following statements are true:
M)V x e M, x|y < o'(x) < [2].
(ii) &' is a norm on M.
(iii) «' € N(M, 1), ie. & is a normalized, unitarily invariant, || - ||;-dominating
norm.

(iv) |t(xy)| < a(x)a’(y) forall x,y in M.

Proof. (i) Suppose x € M.If y € M with a(y) < 1, then, from the fact that
ais || - ||;-dominating, we have

[TCey) | < llxllllyll < llxlla(y) < [xl,

whence &/(x) < [|x||. Thus &’ is a mapping from M to [0, c0).

Now, assume that x = uh is the polar decomposition of x in M, where u is a
unitary element in M and / in M is positive. Then, from the fact that a(u*) =1,
we have

o (x) = |t(u"x)| = T(h) = [[x[}
Therefore ||x||; < &/(x) for every x € M. This ends the proof of part (i).
(ii) It is easy to verify that
o (ax)=lala’(x), and &'(x1+x2)<a/(x1)+a'(x2), VaeC,V x,x1,x€ M.
From the result (i), we know that a/(x) = 0 implies x = 0. Therefore &’ is a norm
on M.

(iii) It is not hard to verify that ' satisfies conditions (i) and (ii) in the defini-
tion of N(M, 7). From the result (i), &’ also satisfies condition (iii) in the definition
of N(M, 7). Therefore &’ € N(M, 7).

(iv) It follows directly from the definition of &’. 1
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DEFINITION 1.9. The norm &/, as defined in Lemma is called the dual
norm of « on M.

Now we are ready to introduce L*-spaces and L"‘/-spaces for a finite von
Neumann algebra M with respect to the unitarily invariant norms «, and a’ re-
spectively, as follows.

DEFINITION 1.10. Let M be a finite von Neumann algebra with a faithful
normal tracial state 7. Let « be a normalized, unitarily invariant, || - ||;-dominating
norm on M (see Definition[L.1). Let &’ be the dual norm of a on M (see Defini-
tion . We define L*(M, 7) and LY (M, T) to be the completion of M with
respect to &, and &/, respectively.

REMARK 1.11. If « is an LP-norm for some 1 < p < oo, then o' is nothing
but an L9-norm where 1/p+1/g = 1. Hence LY(M, 1), 53 (M, T) are the usual
LP(M, 1), L1(M, T) spaces.

It is known that the dual space of L¥ (M, T) is L1(M, ) when 1 < p,q < o
and 1/p +1/q = 1. However generally, for « € N(M, 7), the dual of L*(M, 1)
might not be LY (M, ).

2. DUAL SPACES OF L*-SPACES ASSOCIATED WITH FINITE VON NEUMANN ALGEBRAS

In this section we will study the dual spaces of L*(M, T) by investigating
some subspaces in L' (M, T).
2.1. DEFINITIONS OF SUBSPACES Lz (M, T) AND L /(M,T) OF LY(M, 7).

DEFINITION 2.1. Let M be a finite von Neumann algebra with a faithful
normal tracial state 7. Let & be a normalized, unitarily invariant, || - [|;-dominating
norm on M (see Definition . Let &’ be the dual norm of « on M (see Defini-
tion[1.9). We define

a:LY (M, 1) = [0,00] and @ :LY(M,1)— [0,00]
as follows:
a(x) = sup{|t(xy)| :y € M, &' (y) <1}, VxeL'(M,1),
a'(x) =sup{|t(xy)| : vy € M,a(y) <1}, VxeL}(M,1).
We define
Lg(M, 1) = {x € LY(M, 1) : &(x) < oo} C LY (M, 1),
L/(M,7) ={x € LY{M,7): &' (x) < o} C LY(M, 7).

Thus @ and @', are mappings from Lz(M, ), and Ly (M, T) respectively,
into [0, 00). The next result follows directly from the definitions of &, @', and part
(iv) of Lemma 1.8
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LEMMA 2.2. We have
a'(x)=a/(x) and ®(x) <a(x) forevery x € M.

The following proposition describes properties of @ and @', which imply
that Lz(M, T) and L;/ (M, T) are normed spaces with respect to @ and &', respec-
tively.

PROPOSITION 2.3. Let M be a finite von Neumann algebra with a faithful normal
tracial state T. Let o be a normalized, unitarily invariant, || - ||;-dominating norm on M
(see Definition . Let o' be the dual norm of x on M (see Definition|1.9). Let

a:Lg(M,t) = [0,00) and «' :Ly(M,t)— [0,00)
be as in Definition Then the following statements are true:
@ a(l)=1anda’'(I) = 1.
(ii) If u, v are unitary elements in M, then
w(x) =x(uxv), VxeLgM,T)
and
a'(x) =a'(uxv), VxéeLy(M,1).
(iii1) We have
llx1 <@(x), Vuxelzg(M,T)
and
x]h <&'(x), VxeéeLy(M,1).
(iiip) If x is an element in M, then
a(x) < x|l and @'(x) < x|l
(iv) @ and &' are norms on Lg(M, T), and Ly (M, T), respectively.
Proof. (i) Note that« € N(M, 1) and &’ € N(M, T) from part (iii) of Lem-
ma[L.8 Thus
a(l) = sup{|t(y)| : y € M,a'(y) <1} =sup{|lyll1: y € M,&'(y) <1} = 1.

Similarly,

x'(I)=1.
(ii) If u, v are unitaries in M, then
a(uxv)=sup{|t(uxovy)|:y € M,a'(y) <1}
=sup{|t(xoyu)| : y € M,a'(y) <1} (by Definition[2.1)
=sup{|t(xyo)|:yeM,a (yo) =a'(vyu) =a’(y)<1} (because a’eN(M, 1))

=w(x), Vx € Lg(M, 1).
Similarly, we have

a'(x) =a'(uxv), VxeLyM,1).
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(iii;) Assume that x € Ly(M,t) C L'(M,T). We let x = uh be the polar
decomposition of x in L' (M), where u is a unitary in M and h = |x| € L}(M).
Then, from the result (ii), we obtain that

a(x) = a(uh) =a(h) = |t(h)| = ||x[.
Similarly, we have
x]h <&'(x), VxeéeLy(M,1).

(ilip) Note that ' € N(M, 7). Suppose x € M.If y € M with a/(y) < 1.

Then

[TCy) ] < Dxllllylly < llxlla’(y) < [lx]l-
Now it follows from the definition of @ that @(x) <
a'(x) < ||x||, Vx € M.

(iv) From the definition and the result (iii;), we conclude that & and @’ are
norms on Lgz(M, T), and L/ (M, T) respectively. 1

||x||. Similarly, we have

The following lemma is a useful tool for our later results.

LEMMA 2.4. Let M be a finite von Neumann algebra with a faithful normal tracial
state T. Let w be a normalized, unitarily invariant, || - ||;-dominating norm on M (see
Definition . Let o be the dual norm of a on M (see Definition . Let ® and @' be
as in Definition Then the following statements are true:

() Forall x € Lg(M, T) and a € M &(xa) < a(x)|al|.
(ii) Forall x € Lyi(M,t) and a € M &' (xa) < @'(x)|all.

Proof. (i) From Proposition[2.3} @ is a norm on Lz (M, T) satisfying
w(x) = w(uxv), V unitary elementsu,v € M and x € Lg(M, T).

Now the proof of Lemma(I.7|can also be applied here.
(i) A similar result holds for&’. 1

Our next result shows that Lg(M, T) and Ly (M, T) are Banach spaces with
respect to & and &’ respectively.

PROPOSITION 2.5. Let M be a finite von Neumann algebra with a faithful normal
tracial state T. Let a be a normalized, unitarily invariant, || - ||1-dominating norm on M
(see Definition . Let o' be the dual norm of & on M (see Definition[1.9). Let &, &',
Lg(M, T) and Ly (M, T) be as in Definition 2.1} Then Lg(M, T) and Ly (M, T) are
both Banach spaces with respect to norms & and &', respectively.

Proof. Since the arguments for Lz(M, T) and for Ly (M, T) are similar, we
will only present the proof that Lz(M, ) is a Banach space here.

From part (iv) of Proposition2.3] we know that Lg(M, T) is a normed space
with respect to @. To prove the completeness of the space, we suppose {x,} is a
Cauchy sequence in Lz(M, T) with respect to @. Then there is an M > 0 such that
@(x,) < M for all n. From part (iii;) of Proposition[2.3) we have that || x,, — x |1 <
a(xm — xp) for m,n > 1. It follows that {x,} is a Cauchy sequence in L'(M, 1),
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which is a complete Banach space. Then there is an xg € L!'(M, ) such that
l[xn — x0l1 — 0.

We claim that xyp € Lz(M, 7) and @(x, — x9) — 0 as n goes to infinity. In
fact, we let y € M with a/(y) < 1. Since

[T(xny) = T(xoy)| = [T((xn = x0)y)| < [l2n = x0[l1llyll = O,
we have
t(xoy)| = lim [t(x0y).
By the definition of &, we have that

IT(xoy)| = lim |T(xny)| < limsupa(x,)a’(y) < M,
n—oo n—00

whence #(xg) < M. This implies xy € Lg(M, 7). Furthermore, since {x,} is
Cauchy in Lg(M, 1), it follows that, for each n > 1,

[7((x0 = xn)y)| = lim |T((xm — xn)y)| < imsup@(xy — x)a’ (y)
m—o0

< limsup &(xy, — xp).
m—oo

Thus @(x, — x0) < limsup&(x,, — x,,) for each n > 1. Again from the fact that
m—o0

{xn}is Cauchy in Lgz(M, T), we conclude that &(x, — xo) — 0 as n goes to infinity.
Therefore Lz(M, T) is a Banach space with respect to the norm @. This ends the
proof of the whole proposition. 1

2.2. HOLDER’S INEQUALITY. In this subsection, we will prove Holder’s inequal-
ity for L*(M, 7) when « is a normalized, unitarily invariant, || - [;-dominating,
continuous norm.

We will need the following result from [29].

LEMMA 2.6 (Corollary IIL.3.11 in [29]). Let M be a finite von Neumann alge-
bra with a faithful normal tracial state T. If ¢ is a bounded linear functional on a von
Neumann algebra M, then the following two statements are equivalent:

(i) ¢ is normal;
(ii) for every orthogonal family {e; }icy in M,
4’(261‘) =) ¢(er).
i€l i€l

When « is a continuous norm, the following result relates the dual space of

L*(M, T) to the space Ly (M, T).

PROPOSITION 2.7. Let M be a finite von Neumann algebra with a faithful normal
tracial state T. Let a be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M (see Definition [1.2). Let Ly/(M,T) be as in Definition Then for ev-
ery bounded linear functional ¢ € (L*(M,7))?, there isa & € Ly/(M,T) such that
&' (&) = |||l and p(x) = T(x) forall x € M.



508 YANNI CHEN, DON HADWIN AND JUNHAO SHEN

Proof. Suppose & € N;(M, 1) and ¢ € (L¥(M, T)) Let {e,} be a family
of orthogonal projections in M. It is easily verified that Z ey — 0in the strong

N
operator topology as N approaches infinity. Since T is normal, by Lemma 2.6, we

have that lim T Z ey, ) — 0. Note that « € N.(M, 1). Then the continuit
y

N—oo

N—oco

of a with respect to T implies that hm tx( Y en) — 0. From the fact that ¢ €
n=N

(L¥(M, 7))?, we know that
N-1

lim (p(Zen— Z )— lim 4’(2 n):O.

N—oo =1 N—co =N

Now Lemma 2.6 implies that ¢ is a normal functional on M. Hence ¢ is in the
predual space of M, i.e. thereis a ¢ € L'(M, 1) such that ¢(x) = 7(x¢&) for all
x € M. Furthermore, since M is dense in L* (M, T), we see that

19l = sup{lp(x)] : x € M, a(x) <1}
— sup{|7(x&)| : x € M,a(x) <1} =7(2),
which implies that ¢ € L/ (M, 7). This ends the proof of the result. 1

For a finite von Neumann algebra M acting on a Hilbert space H, the set
of possibly unbounded, closed and densely defined operators on H which are
affiliated to M, forms a topological *-algebra where the topology is the noncom-
mutative topology of convergence in measure [21]. We will denote this algebra
by M; it is the closure of M in the topology just mentioned. We let M be the
set of positive operators in M. Then the trace

T: M4 —[0,00)
can be extended to a generalized trace

T: My — [0,00].
We refer to [21]], [25], [30] for more details on the noncommutative integration
theory.

We will summarize some properties of the generalized trace on M as fol-
lows.

LEMMA 2.8. Let M be a finite von Neumann algebra with a faithful normal tracial
state T acting on a Hilbert space H. Let M be the set of closed and densely-defined
operators affiliated to M and M, be the set of positive operators in M. Ifa € My,
there is a family {e, } x~o of projections (spectral resolution of a) in M such that:

(i) ex — I increasingly;
(if) exa = aey € M forevery 0 < A < oo;
(iii) T(a) = sup t(exa) (T(a) could be infinity);

A>0
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(iv) ifa € LY(M, 1), then |lexa — al|; — 0.
Assume that x is an element in M. Then x € LY(M, ) ifand only if T(|x|) < .
The result is well-known. More details could be found in Section 1.1 of [11]]
or in [30].
If no confusion arises, we still use T to denote the generalized trace T on M +-
A consequence of the preceding lemma is the following result.

COROLLARY 2.9. Let M be a finite von Neumann algebra with a faithful normal
tracial state T acting on a Hilbert space H. Let a be a normalized, unitarily invariant,
|| - l1-dominating, continuous norm on M (see Definition[L.2). Let a' be the dual norm
of o on M (see Definition . Let @ and &' be as defined in Definition Then

a(x) =a(x) and o' (x)=u'(x) forallx € M.

Proof. 1t is clear by Lemma 2.2 that a/(x) = @’(x) and &(x) < a(x) for all
x € M. We will need only to show that @(x) > a(x) for all x € M.

Now suppose x € M with a(x) = 1. By the Hahn-Banach theorem, there
is a continuous linear functional ¢ € (L¥(M,T))* such that ¢(x) = a(x) = 1
and ||¢| = 1. Since ¢ € (L*(M,1))%, from Proposition there is an element
g€ Ly(M,t)suchthat p(x) = |t(xg)| =1and a’(¢) = ||¢]| = 1.

Let ¢ = uh be the polar decomposition of { € Lg/(M, ), where u € M is a
unitary and h € Ly (M, ) € LY(M) is positive. Then it follows from Lemma
that there exists a family {e) } 1~ of projections in M such that

1) I — hexlly — 0

and eyh = hey € M for every 0 < A < oco. Thus uhey € M. It follows from
Lemma[2.2land Lemma [2.4] that

(2.2) o' (uhey) = &' (uhey) < &'(uh)|ley|| < a’(uh) =w'(¢) =1.
Therefore,
[T(x8)[ = [T (xuh)]
= )}im |t(xuhey)| (by (2.1) and xu € M)
—00

<sup{|t(xy)| 1y € M,/ (y) <1} by (2.2).

Hence, from the definition of ¥ we obtain
a(x) = sup{|t(xy)| sy € M, a(y) <1} 2 [7(x)] =1 = a(x).
This finishes the proof of the result. 1
A quick corollary of the preceding result is the following conclusion.

PROPOSITION 2.10. Let M be a finite von Neumann algebra with a faithful nor-
mal tracial state T acting on a Hilbert space H. Let a be a normalized, unitarily invariant,
|| - l1-dominating, continuous norm on M (see Definition[L.2). Let &' be the dual norm
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of & on M (see Definition [1.9). Let @ and &' be as defined in Definition There are
natural isometric embeddings

LY(M,T) = Lg(M,7) and L*(M,T) < Lg/(M,1),
such that
x+—x and x—x, Vxe& M.

Thus L*(M,7) and L* (M, T) are Banach subspaces of Ly(M, ), and L (M, 1),
respectively.

The following theorem is a generalization of Holder’s inequality in non-
commutative LP-spaces.

THEOREM 2.11. Let M be a finite von Neumann algebra with a faithful normal
tracial state T acting on a Hilbert space H. Let « be a normalized, unitarily invariant,
|| - l1-dominating, continuous norm on M (see Definition [L.2). Let « be the dual
norm of a on_M (see Definition [L9). Let Lg(M,T) and Lg/(M,T) be as defined
in Definition Ifx € Lg(M, ) and y € Ly (M,7), then xy € L*(M,T) and
eyl < @R (9).

In particular, if x € L*(M,7) and y € L./(M,T), then xy € LY (M, ) and
lxyll < a(x)a@’ (y)-

Proof. Suppose x € Lz(M,7) C LY(M,7)andy € L/ (M, ) C LY M, T).
Then xy € M, where M is the set of closed and densely defined operators affili-
ated with M. Let xy = uh be the polar decomposition of xy in M, where u € M
is a unitary and h = |xy| € M ;. From Lemma there exists an increasing
family {e, } 1~ of projections in M, such that eyh = he, € M for each A > 0 and
such that T(h) = sup t(e /). We will show that T(h) < @(x)x’(y).

A>0
Assume, to the contrary, that

T(h) = sup t(eyh) > a(x)a’(y).
A>0

Then there is a projection e € M and e > 0 such that eh € M and
T(eh) > w(x)x’(y) + ¢
Note that eh = eu*xy. Let eu*x = hyup, where ujh, is the polar decomposi-

tion of x*ue in M. It is clear that u, € M is a unitary and hp € M. Again

from Lemma we may choose {f)} 10 to be an increasing family of projec-

tions in M such that (i) fA — I increasingly in the strong operator topology, (ii)

fahy = hyfy € M, and (iii) T(eu*xuj;) = t(hy) = sup (fahy). From (ii), we have
A

fahauy € M for each A > 0. It follows that, for each A > 0,

[T(faeh)| = [t(faeu"xy)| = |T(fahauzy)|
< a(fyhoup)@' (y)  (by definition of &)

= ®(fahouz)®' (y) (by Corollary2.9)
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< IAall@(hauz)@’(y)  (by Lemmal[2.4)
< &(hy)a'(y) (by properties of @)

= w(eu*xu})a’(y)
< Jlefl@(u*xuz)a’(y) (by Lemmal[2.4)
<a(x)a’(y) (by properties of &).

Moreover, since f, — I increasingly in the strong operator topology and
eh € M, we have fyeh — eh in the strong operator topology. Since T is nor-
mal, T is continuous on bounded subsets of M in the strong operator topology.
Therefore, we have

t(eh) = |t(eh)| = Lim |T(fyeh)| < &(x)&'(y),
which is a contradiction. Therefore

lxylly = T(Jxyl) = T(h) <a(x)a'(y),
and xy € LY(M). If x € L*(M,7) and y € Lz/(M,T), then, from Proposi-
tion[2.10} a(x) = @(x). Hence, ||xy[l; < a(x)a’(y).

2.3. DUAL SPACE OF L*(M, T). Now we are ready to describe the dual space
of LY(M, ), when « is a normalized, unitarily invariant, || - ||-dominating and
continuous norm on M.

THEOREM 2.12. Let M be a finite von Neumann algebra with a faithful normal

tracial state T. Let « be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M (see Definition[1.2). Let Ly/ (M, T) be as defined in Definition2.1} Then

(LY(M, 7)) = Lyt (M, T),

ie.,

(i) for every ¢ € (L¥(M,1))*, thereis a & € Ly/(M, ) such that &'(&) = | ¢||
and ¢(x) = t(x¢) forall x € L*(M, 7).

(ii) for every ¢ € Ly/(M, T), the mapping ¢ : L*(M, ) — C, defined by ¢(x) =
T(x€) for all x in L*(M, 7), is in (L*(M, T))*. Moreover, ||¢|| = &' ().

Proof. (i) Assume that ¢ € (L*(M, 7))*. From Proposition there exists a
¢eLy(M, ’L') such that &(¢) = [|¢|| and ¢(y) = t(y¢) for all y € M. Thus we
need only to show that ¢(x) = t(x¢) for all x € L*(M, 7).

Suppose x € L*(M, 7). Then there is a sequence {x, } in M such that a(x, —
x) — 0. Note that ¢ € (L*(M, 7)) Then ¢(x, — x) — 0. By the generalized
Holder’s inequality (Theorem [2.11)), we have

[T(008) = T(x0)] = (0 = 2)6)| < ara — 0T (@) =0,
Thus 7(x¢) = lim T(x,&) = lim ¢(x,) = 9(x).
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(ii) It follows directly from the definition of &’ in Definition2.1and the fact
that M is dense in L*(M, ), that

¢l = sup{lp(x)| : x € M, a(x) <1}
= sup{|t(x¢)| : x € M,a(x) <1} =a’(&) < oo,
and thus ¢ € (L*(M,7))%. o

3. NONCOMMUTATIVE HARDY SPACES H*

Let M be a finite von Neumann algebra with a faithful normal tracial state
7. Given a von Neumann subalgebra D of M, a conditional expectation ® : M —
D is defined to be a positive linear map which preserves the identity and satisfies
D(x1yxp) = x1P(y)x, for all x1,x, € D and y € M. For a finite von Neumann
algebra M with a faithful normal tracial state T and a von Neumann subalge-
bra D, it is a well-known fact that there exists a unique, faithful, normal, condi-
tional expectation @ from M onto D such that 7(®(y)) = t(y), forally € M.
Furthermore it is known that such @ : M — D can be extended to a contrac-
tive linear mapping @ : L1(M, 1) — LY(D, 1) satisfying t(y) = T(®(y)) for all
y € LY (M, 1) (for example, see Proposition 3.9 in [19].)

3.1. ARVESON’S NONCOMMUTATIVE HARDY SPACES. We now recall the non-
commutative analogue of the classical Hardy space H*(T) by Arveson in [1] (also
see [10]).

DEFINITION 3.1. Suppose M is a finite von Neumann algebra with a faith-
ful normal tracial state 7. Let A be a weak* closed unital subalgebra of M, and
let @ be a faithful, normal conditional expectation from M onto the diagonal von
Neumann algebra D = AN A*. Then A is called a finite, maximal subdiagonal
subalgebra of M with respect to @ if

(i) A+ A* is weak* dense in M;
(i) @(xy) = @(x)P(y) forall x,y € A;
(i) To ® = T.
Such a finite, maximal subdiagonal subalgebra .A of M is also called an H®
space of M.

EXAMPLE 3.2. Let M = M,;,(C) be the algebra of n x n matrices with com-
plex entries equipped with a trace 7. Let .4 be the subalgebra of upper triangular
matrices. Now D is the diagonal matrices and @ is the natural projection onto the
diagonal. Then A is a finite maximal subdiagonal algebra of M.

EXAMPLE 3.3. Let M = L*(X, u), where (X, ) is a probability space. Let
T(f) = [ fdu for all fin L*(X,u). Let A be a weak* closed subalgebra of
L®(X, ) such that I € A, A+ A* is weak* dense in L*(X, i), and such that
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J fgdu = (J fdu)([ gdu) for all f,g € A. Let &(f) = ([ fdu)I for all f in
L®(X, ). Then A is a finite, maximal subdiagonal algebra in L*(X, u). These

examples are the weak* Dirichlet algebras of Srinivasan and Wang [28].

3.2. NONCOMMUTATIVE H* SPACES. Let H* be a finite, maximal subdiagonal
subalgebra of M. We let

HE = {x € H®: &(x) = 0}.

For S C LP(M,1),0 < p < oo, let [S], denote the closure of S in LF (M, T) with
respect to || - || . Let

HY =[], and H{ = [HF),.

For S C M, let S™* denote the weak* closure of S in M.
The following characterization of noncommutative H” spaces for 1 < p <
oo was proved by Saito in [24].

PROPOSITION 3.4 (from [24]). Let 1 < p < 0. Then
(i) H' N LP(M,T) = HP and HY N LF (M, T) = H}.
(i) HP = {x € LP(M, 1) : T(xy) =0 forally € H}.
(iti) Hj = {x € LF(M, 1) : T(xy) = 0forally € H*} = {x € HP : &(x) = 0}.

Similarly, we have the following definition in L* (M, T) spaces.

DEFINITION 3.5. Suppose M is a finite von Neumann algebra with a faith-
ful normal tracial state T. Let H* be a finite, maximal subdiagonal subalgebra of
M. Suppose « is a normalized, unitarily invariant, continuous, || - [|;-dominating
norm on M. For § C L*(M, 1), let [S], denote the closure of S in L*(M, T) with
respect to the norm «. In particular, We define H* to be the a-closure of H*, i.e,,

H* = [H*®],.

3.3. CHARACTERIZATIONS OF H* SPACES. In this section, our object is to provide
an analogue of Saito’s result stated in Proposition[3.4)in the new setting H*, where
« is a normalized, unitarily invariant, || - ||;-dominating, continuous norm on M.

It is proved in [4] that the multiplicativity of the conditional expectation ¢
on H® surprisingly extends to multiplicativity on H? for all0 < p < co.

LEMMA 3.6 (from [4]). The conditional expectation @ is multiplicative on Hardy
spaces. More precisely, @ (ab) = ®(a)P(b) foralla € HP and b€ HT with 0 < p,q < co.
Next we will prove two lemmas before we state the main result of the sec-

tion.

LEMMA 3.7. Let M be a finite von Neumann algebra with a faithful normal tracial
state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let « be a normalized,
unitarily invariant, || - ||1-dominating, continuous norm on M (see Definition [1.2). Let
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Ly (M, T) be as defined in Definition Then
H* = {x € L*(M, 1) : T(xy) = Oforally € H} N L./ (M,T)}.
Proof. Let
X ={x€L*M,t):7(xy) =0forally € H N L (M,7)}.

Suppose x € H®. If y € H} N Ly(M,T) C H}, then it follows from part (iii) of
Proposition[3.4|that T(xy) = 0, which implies x € X, and so H® C X.

We claim that X is a-closed in L*(M, 7). In fact, suppose {x, } is a sequence
in X and x € L*(M, 1) such that a(x, — x) — 0.If y € H} N Ly (M, 7), then by
the generalized Holder’s inequality (Theorem 2.11), we have

[T(xy) = T(xny)| = |T((x = xa)y)| < a(x — x0)@"(y) — 0.
Since x, € X for all n € N, it follows that T(xy) = li_r>n T(xpy) = 0 for all
n—oo

y € H{ NLy/(M,1). By the definition of X, we know that x € X. Hence X is
closed in L*(M, 7). Therefore

H* = [H®], C X.

Next, we show that H* = X. Assume, via contradiction, that H* g X C
L*(M, 7). By the Hahn-Banach theorem, there is a ¢ € (L*(M,7))* and x € X
such that

(i) ¢(x) #0, and
(ii) ¢(y) = O forally € H~.

Since « is a normalized, unitarily invariant, || - ||;-dominating, continuous
norm on M, it follows from Propositionthat there existsa ¢ € Ly/(M, T) such
that

(iii) ¢(z) = t(2¢) forall z € L*(M, 7).
Hence from (ii) and (iii) we can conclude that
(iv) T(y¢) = ¢(y) = O foreveryy € H® C H* C L*(M, 7).

Since ¢ € Ly (M, 1) C LY(M, 1), it follows from part (iii) of Proposition
and (iv) as above that ¢ € H}, which means ¢ € H} N Ly (M, 7). Combining
this with the fact that x € X = {x € L*(M, 1) : T(xy) = Oforally € H} N
L;/(M, )}, we obtain that 7(x¢) = 0. Note, again, that x € X C L*(M, 7). From
(i) and (iii), it follows that T(x{) = ¢(x) # 0. This is a contradiction. Therefore

H* =X = {x € L"(M,7) : t(xy) = 0forally € HY N Ly (M,7)}.

LEMMA 3.8. Let M be a finite von Neumann algebra with a faithful normal tracial
state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let a be a normalized,
unitarily invariant, || - ||1-dominating, continuous norm on M (see Definition[1.2). Let

Ly (M, T) be as defined in Definition 2.1} Then
H'NL¥(M, 1) = {x € LY(M,7) : T(xy) = 0 forally € Hy N Lo/(M,T)}.
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Proof. Let
X ={xeL*(M,7):t(xy) =0forally € H N L./ (M,1)}.

It is clear that X C L*(M, 1).

Now we suppose x € X, thatis x € L%(M, 1) such that 7(xy) = 0 for
ally € HY N Ly (M, 7). Since H® € H® C M C Lgy(M,t) and HY C H}, it
follows that T(xy) = 0 for ally € Hi®. Then by part (ii) of Proposition x € H,
which implies X C H! N L*(M, 7).

To prove H' N L*(M,t) C X, suppose x € H! NL¥(M, ). Then x €
L¥(M,T). Assume that y € H} N Lz (M,T). So @(y) = 0. Note that xy €
H'H} € H'2. From Lemma we know that ®(xy) is in L2(D, 1) (see The-
orem 2.1 in [4]) and ®(xy) = @(x)P(y) = 0. Moreover, since x € L*(M, T) and
y € Ly/(M, 1), it follows from Theoremthat xy € LY(M, ), whence ®(xy)
is also in L'(M, 7). Thus t(xy) is well defined and 7(xy) = t(®(xy)) = 0. By
the definition of X, we conclude that x € X. Therefore H' N L*(M, 1) C X. Now
we can obtain that

H'NLY(M, 1) = {x € L*(M, ) : T(xy) = 0forally € H N L (M,7)}. ¥
The following theorem gives a characterization of H*.

THEOREM 3.9. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let « be a
normalized, unitarily invariant, || - ||;-dominating, continuous norm on M. Then

H*=H'NL*(M,1) = {x € L*(M,7) : T(xy) = 0 forally € HF}.
The result follows directly from Lemma 3.7, Lemma3.8|and Proposition 3.4}

4. BEURLING INVARIANT SUBSPACE THEOREM

In this section, we extend the classical Beurling theorem to Arveson’s non-
commutative Hardy spaces associated with unitarily invariant norms.

4.1. A FACTORIZATION RESULT. In [24], Saito proved the following useful factor-
ization theorem.

LEMMA 4.1 (from [24]). Suppose M is a finite von Neumann algebra with a
faithful normal tracial state T, and H™ be a finite, maximal subdiagonal subalgebra of
M. Ifk € Mand kle LZ(M,T), then there are unitary operators uy, uy € M and
operators a1, a; € H* such that k = uja; = ayup and a;l,agl € H2.

We shall show that in fact it is possible to choose a; and 4, with their in-
verses in H*.

PROPOSITION 4.2. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let « be a



516 YANNI CHEN, DON HADWIN AND JUNHAO SHEN

normalized, unitarily invariant, || - ||;-dominating, continuous norm on M. Ifk € M
and k=1 € L¥(M, 1), then there are unitary operators w1, w, € M and operators
ay,ay € H® such that k = wiaq = ayw, and al_l,agl € H*.

Proof. Suppose k € M with k™! € L¥(M, ). Assume that k = vh is the
polar decomposition of k in M, where v is a unitary operator in M and & in
M is positive. Then from the assumption that k™! = h~1v* € L¥(M, 1), we
see h=! € L¥(M, 1) C LY (M, 7). Since h in M is positive, we can conclude that
h=12 € 12(M, 7). Note that h1/2 € M. Tt follows from Lemmathat there exist
a unitary operator #; € M and h; € H® such that hY2 = yyhy and h;l € H2.

Now h = h/2.h'/2 = uy(hyuq)hy. Since hyuy is in M and (hju;)~! =
wihy! € L2(M, 1), by Lemma [4.1] there exist a unitary operator u € M and
hy € H* such that hjuy = ushp and h;l € H?. Thus

k = vh = vuihqui1hy = vugushohy = wqas,
where w; = vuquy is a unitary operator in M and a1 = hphy € H* with
ayt = (hohy) ™' = hi'hy' € H?-H? C H'.

Since k=1 = (wa;)™! = al_lwf € L¥(M, ), we obtain that a; ! € L¥(M, 7).
Then by Theorem [3.9] we have

a;l € H' NL*(M) = H™

Hence w is a unitary in M and a; is in H® such that k = wya; and a;l € H*.
Similarly, there exist a unitary operator w, € M and a, € H® such that
k = a,w, and 612_1 € H*. 1

4.2. DENSE SUBSPACES. The following theorem plays an important role in the
proof of our main result of the paper.

THEOREM 4.3. Let M be a finite von Neumann algebra with a faithful normal
tracial state T, and H* be a finite, maximal subdiagonal subalgebra of M. Let a be a
normalized, unitarily invariant, || - ||1-dominating, continuous norm on M. If W is a
closed subspace of L*(M, t) and N is a weak* closed linear subspace of M such that
WH® C W and NH® C N, then

QN = NN M;
(ii) W N M is weak* closed in M;
(iii) W = [W N M|,
(iv) if S is a subspace of M such that SH*® C S, then

[Sla = [gw*}tx’
where S is the weak* closure of Sin M.

Proof. (i) It is clear that N' C [N], N M. Assume, via contradiction, that

N G [N]a N M. Note that N is a weak* closed linear subspace of M and
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LY(M, 1) is the predual space of M. It follows from the Hahn-Banach theorem
that there exista & € L'(M, t) and an x € [A], N M such that

(a) T(¢x) # 0, but
(b) T(¢y) =0 forally € N.
We claim that there exists a z € M such that
(@) T(zx) # 0, but
(b") t(zy) =0forally € N.

Actually assume that ¢ = |&*|v is the polar decomposition of & in L'(M, ),
where v is a unitary element in M and |¢*| in L'(M, T) is positive. Let f be a
function on [0, c0) defined by the formula f(f) = 1for 0 < t < 1 and f(t) =
1/t for t > 1. We define k = f(|¢*|) by the functional calculus. Then by the
construction of f, we know that k € M and k=! = f~1(|&*]) € LY(M, 7). It
follows from Theorem 4.2 that there exist a unitary u € M and a € H* such
that k = ua and a~! € H'. Therefore, we can further assume that {an}y i isa
sequence of elements in H® such that ||[a~! — a,||; — 0. Observe that

(1) since 4, a, are in H®, for each y € N we have that ya,a € NH® C N and
T(anagy) = t(¢yana) = 0;

(2) we have ag = (u*u)a(|¢*|v) = u*(k|E*|)v € M, by the choice of a4 and u;
(3) from (a) and (ii), we have

0 # 7(éx) = t(a talx) = nlgr.}o T(apaéx).

Combining (1), (2) and (3), we are able to find an N € N such that z =
ana¢ € M satistying
(@) t(zx) # 0, but
(b") T(zy) =0forally € N.
Recall that x € [N],. Then there is a sequence {x,} in N such that a(x —
x,) — 0. We have

[T(zxn) = T(22)| = |T(2(x = xn))| < [|lx = 2l []2]} < a(x = 20)[|2]| = O.

Combining with (b") we conclude that 7(zx) = 1211 T(zx,) = 0. This contradicts
n—oo

the result (a’). Therefore N' = [N], N M.

(ii) Let W N M"" be the weak* closure of W N M in M. In order to show
that WN M = WN M, it suffices to show that WN M~ C W. Assume, to
the contrary, that WW N M SZ W. Thus there exists an element x in WA M -
M C L¥(M,T), but x ¢ W. Since W is a closed subspace of L*(M, T), by
the Hahn-Banach theorem and Theorem there exists a §{ € Ly/(M, 1) C
LY(M, 7) such that T(¢x) # 0 and 7(&y) = 0 for ally € W. Since ¢ € L'(M, 1),
the linear mapping 7z : M — C, defined by 1z(a) = 7(¢a) foralla € M, is weak*

continuous. Note that x € WA M and 7(&y) = 0 for all y € W. But then we
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know that 7(¢x) = 0, which contradicts the assumption that 7({x) # 0. Hence
WM CW,whence WN M =WnNM.

(iii) Since W is a-closed, it is easy to see [W N M|, € W. Now we assume
WN My W C L*(M, 7). By the Hahn-Banach theorem and Theorem [2.12]
there existan x € Wand ¢ € Ly/(M, 1) such that 7(¢x) # 0and 7({y) = 0 for all
y € [WnN M],. Let x = v|x| be the polar decomposition of x in L*(M, T), where
v is a unitary element in M. Let f be a function on [0, o) defined by the formula
f(t) =1for0 <t <1land f(t) = 1/t for t > 1. We define k = f(|x|) through
the functional calculus. Then we see k € M and k~! = f~1(|x|) € L¥(M, 7). It
follows from Theorem [4.2]that there exist a unitary u € M and a € H® such that
k = au and a~! € H*. A little computation shows that |x|k € M, which implies
that

xa = xauu® = xku™ = v(|x|k)u* € M.
Since a € H*®, we know xa € WH® C W, and thus xa € YW N M. Furthermore,
note that (W N M)H® C W N M. Thus, if b € H®, we see xab € W N M, and
so T(¢xab) = 0. Since H® is dense in H* and ¢ is in Ly /(M, T), it follows from
Theorem 2.11] that 7(¢&xab) = 0 for all b € H. Since a~' € H*, we see T({x) =
7(¢xaa~1) = 0. This contradicts the assumption that 7(¢x) # 0. Therefore W =
WnN M.

(iv) Assume that S is a subspace of M such that SH* C S and S is the
weak* closure of § in M. Then [S],H* C [S]s. Note that S C [S], N M. From
(i), we know that [S], N M is weak*-closed. Therefore S* C [S]x N M. Hence

o wW* =

(84 C [S]a, whence [§ ]y = [S]a. 1

4.3. MAIN RESULT. Before we state our main result in this section, we will need
the following definition from [17].

DEFINITION 4.4. Let M be a finite von Neumann algebra with a faithful,
tracial, normal state 7. Let X be a weak* closed subspace of M. Then X is called
an internal column sum of a family of weak* closed subspaces {X;};c7 of M, de-

noted by
X — @COIXi
i€
if
(1) X;‘Xi = {0} for all distinct i,j € Z; and
(ii) the linear span of {X; : i € 7} is weak* dense in X, i.e.,

X =span{X;:i€ 1} .

Similarly, we introduce a concept of internal column sum of subspaces in
L*(M, 1) as follows.

DEFINITION 4.5. Let M be a finite von Neumann algebra with a faithful,
tracial, normal state 7, « be a normalized, unitarily invariant, | - ||;-dominating
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and continuous norm on M. Let X be a closed subspace of L*(M, 7). Then X is
called an internal column sum of a family of closed subspaces { X; };c7 of L*(M, T),
denoted by

X — @COIXi
i€l
if
(i) X7 X; = {0} for all distinct i, j € Z; and
(ii) the linear span of {Xl- :i€Z}isdensein X, i.e.,

X = [span{X; : i € T}],.

In [5], David P. Blecher and Louis E. Labuschagne proved a version of Beurl-
ing theorem for LV (M, T) spaces when 1 < p < co.

LEMMA 4.6 (from [5]). Let M be a finite von Neumann algebra with a faithful,
tracial, normal state T, and H* be a maximal subdiagonal subalgebra of M with D =
H® N (H®)*. Suppose that K is a closed H®-right-invariant subspace of LP (M, ), for
somel < p < oo. (For p = oo we assume that IC is weak* closed.) Then KC may be written
as a column LP-sum K = Z EBCOI(Ede u;HP), where Z is a closed (indeed weak* closed
if p = oo) subspace of LV (M, T) such that Z = [ZH{’]p, and where u; are partial
isometries in M N K with u}*ui = 0ifi # j, and with uu; € D. Moreover, for each i,
urZ = {0}, left multiplication by the u;u; are contractive projections from IC onto the
summands u;HP, and left multiplication by I — Y u;u} is a contractive projection from

1

IC onto Z.

Now we are ready to prove the main result of the paper, a generalized ver-
sion of the classical theorem of Beurling [2] in a noncommutative L*(M, T) space
for a normalized, unitarily invariant, || - ||;-dominating, continuous norm «.

THEOREM 4.7. Let M be a finite von Neumann algebra with a faithful, normal,
tracial state T. Let H* be a finite, maximal subdiagonal subalgebra of M and D =
H® N (H®)*. Let a be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M. If W is a closed subspace of L*(M, T), then WH®* C W if and only if

W= Z@" (@, uiHY),

where Z is a closed subspace of L* (M, T) such that Z = [ZH°|x, and where u; are par-

tial isometries in YW N M with u]’-‘uz- = 0ifi # j, and with u;u; € D. Moreover, for each

i, uf Z = {0}, left multiplication by the u;u; are contractive projections from W onto

the summands u;H*, and left multiplication by I — Y u;uj is a contractive projection
i

from W onto Z.

Proof. The if part is obvious. Suppose W is a closed subspace of L*(M, T)
such that WH® C W. Then it follows from part (i) of Theorem 4.3 that YW N M
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is weak* closed in M. It follows from Lemma in the case p = oo, that
col col .
WM =2 G @ uH),
where Z; is a weak* closed subspace in M such that Z; = ZlHSC’w*, and u; are
partial isometries in WW N M with u]’-‘ui = 0if i # j, and with uju; € D. Moreover,

for each i, u} 2y = {0}, left multiplication by the u;u’ are contractive projections
from YW N M onto the summands u; H*, and left multiplication by I — ) u;u} is
i

a contractive projection from YW N M onto Z;.

Let Z = [Z]s. It is not hard to verify that for each i, u’ Z = {0}. We also
claim that [u;H®], = u;H". In fact it is obvious that [u;H*], 2 u;H*. We will
need only to show that [u;H®|, C u;H". Let {a,} C H® and a € [u;H*], be such
that a(u;a, — a) — 0. By the choice of u;, we know that uiu; € D C H*, whence
uiuja, € H*® for each n > 1. Combining with the fact that a(u;u;a, — ufa) <
a(uia, —a) — 0, we obtain that u*a € H*. Again from the choice of u;, we know
that w;u’u;a, = u;a, for each n > 1. This implies that a = u;(ua) € u;H*. Thus
we conclude that [u; H®], C u;H*, whence [u;H®], = u;H*. Now from parts (iii)
and (iv) of Theorem4.3]and from the definition of internal column sum, it follows
that

W=WnNM], = [span{ 2, u;H® :i € I e = [span{Zy, u;H* :i € T}|s

col

= [span{Z,;H" : i € T}]u = 2™ (P wiH").
Next, we will verify that Z = [ZH{]s. Recall that Z = [Z;],. It follows
from part (i) of Theorem we have that
[Z1HE | "M = ZiHZ = 23,
Hence from part (iii) of Theorem [4.3|we have that
Z2[ZHy e 2 [21Hp la = [[Z21H la " Ma = [21]a = Z.

Thus Z = [ZH{]a.
Moreover, it is not hard to verify that for each i, left multiplication by the
u;u; are contractive projections from ¥ onto the summands u; H*, and left multi-
plication by I — Y u;u} is a contractive projection from W onto Z. Now the proof
1

is completed. 1

A quick application of Theorem[4.7]yields the following corollary on doubly
invariant subspaces in L*(M, 7).

COROLLARY 4.8. Let M be a finite von Neumann algebra with a faithful, normal,
tracial state T. Let « be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M. If W is a closed subspace of L*(M, T) such that WM C W, then there
exists a projection e in M such that VW = eL* (M, 7).
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Proof. Note that M itself is a finite, maximal subdiagonal subalgebra of M.
Let H* = M. Then D = M and @ is the identity map from M to M. Hence
H§® = {0} and H* = L*(M, 7).

Assume that W is a closed subspace of L*(M, T) such that WM C W.

From Theorem 4.7}
col col
w :Z@ (@iezuiH“),
where Z and the us satisfy the hypothesis of Theorem From the fact that
Hg® = {0}, we know that Z = {0}. Since D = M, we know that
u;H* = u;L*(M, t) 2 wju; L*(M, t) D uuju;L*(M, t) = u;L*(M, ) = u;H".
So u;H* = u;ufL*(M, T) and
col col col
W=z (@iel uHY) =@ uju; LM, 1)
i€l
= (Zuiul’-‘)L“(M,T) =el*(M,T),
i

where e = }_u;u} is a projection in M. &
i

The next result is another application of Theorem §.7| on simply invariant
subspaces in weak* Dirichlet algebras.

COROLLARY 4.9. Let M be a finite von Neumann algebra with a faithful, normal,
tracial state T. Let H* be a finite, maximal subdiagonal subalgebra of M such that H* N
(H*®)* = CI. Let « be a normalized, unitarily invariant, || - ||1-dominating, continuous
norm on M. Assume that W is a closed subspace of L*(M, T). Then

(i) if W is simply H®-right invariant, i.e. [WH®], G W, then W = uH" for some
unitary u € WN M.

(ii) if W is simply H®-right invariant in H*, i.e. [WH®|, G W, then W = uH"
with u an inner element (i.e., u is unitary and u € H®).

Proof. Itis not hard to see that part (ii) follows directly from part (i). We will
only need to prove (i). From Theorem w=2z2 EBCOI(EBfglI u;H"), where Z
and the u/s satisfy the hypothesis of Theorem
Since WH%], & W, @i € T such that u; # 0. Then ufu; is a nonzero
ieT

projection in H* N (H*)* = CI, or ufu; = I. This implies that u; is a unitary
element in YW N M. From the choice of {u;};c7, we further conclude that W =
u;H*. 1
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