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ABSTRACT. We study tensor products and nuclearity-related properties of the
operator system S;, generated by the Cuntz isometries. By using the nuclear-
ity of the Cuntz algebra, we can show that S, is C*-nuclear, and this implies
a dual row contraction version of Ando’s theorem characterizing operators of
numerical radius 1. On the other hand, without using the nuclearity of the
Cuntz algebra, we are still able to show directly this Ando type property of
dual row contractions and conclude that S;; is C*-nuclear, which yields a new
proof of the nuclearity of the Cuntz algebras. We prove that the dual opera-
tor system of S, is completely order isomorphic to an operator subsystem of
M,,41. Finally, a lifting result concerning Popescu’s joint numerical radius is
proved via operator system techniques.
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1. INTRODUCTION

The operator system generated by Cuntz isometries is studied in [14], where
we let S1,...,5, be n (2 < n < 4o0) generators of the Cuntz algebra O, and
I be the identity operator, and let S;, denote the operator system generated by
S1,...,Sn, thatis, S, = span{I,S;, S/ : 1 <i < n}. Similarly, welet Sy,...,Sy,...
be the generators of O« and set Seo = span{Il,S;, S} :i=1,...,n,...}.

In this paper, we turn our attention to tensor products and nuclearity-related
properties of S;;, which is motivated by the well-known fact that O, (2 < n < o)
is nuclear in the sense that for every unital C*-algebra A,

On Qmin A= On Qmax A.

Since S, contains all the generators of O, and its C*-envelope coincides with O,
it is natural to study tensor properties of S;; (2 < n < o) in the operator system
category.
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Of course, we hope that S;; is nuclear in the operator system category. Un-
fortunately, according to Definition we can show that S, is not (min, max)-
nuclear by constructing a counter-example. However, (min, max)-nuclearity is
quite a strong condition for an operator system, as it has been shown that a finite
dimensional operator system is (min, max)-nuclear if and only if it is completely
order isomorphic to a C*-algebra if and only if it is injective ([12], Theorem 6.11).
So we make a concession and ask whether S, is C*-nuclear (see Definition [1.4).
Fortunately, the answer is affirmative for this case. This fact follows from a re-
fined version of Bunce’s dilation theorem for row-contractions ([3], Proposition 1)
and the fact that O, is nuclear. Thus, the operator system S, enjoys many nice
properties such as WEP, OSLLP, DCEP, exactness, etc. (see [12]).

On the other hand, it is tempting to show directly that S,, is C*-nuclear, that
is, without using the nuclearity of O,. This is motivated by our result that O, is
nuclear if and only if S, is C*-nuclear. We are able to show the latter directly by
using operator system techniques together with the theory of shorted operators.
This provides us with a new proof of the nuclearity of the Cuntz algebras. More-
over, it motivates us to approach some important properties of the Cuntz algebra
via operator system techniques. This direct proof of the C*-nuclearity of S, also
yields a dual row contraction version of Ando’s theorem characterizing operators
of numerical radius 1.

Kavruk recently showed that for a finite dimensional operator system, C*-
nuclearity passes to its dual operator system, and vice versa ([10], Theorem 4.1).
This motivates us to study the dual operator system of S, which we denote by
S4. We show that S¢ is completely order isomorphic to an operator subsystem of
M,,41. By Kavruk’s result, we know that this operator system is also C*-nuclear.
However, we were unable to give a direct proof that this operator subsystem
is C*-nuclear, although an operator system in the matrix algebras seems easier
to deal with. From the general theory of operator system tensor products, we
know that C*-nuclearity is stronger than a lifting property, the OSLLP. Since S¢
is C*-nuclear, it has the OSLLP and we use this fact to prove a lifting property for
Popescu’s joint numerical radius for n-tuples of operators.

In Section 2, we will first show that S, is not (min, max)-nuclear by giving
a counter-example. Next, we prove that Oy ®min A = Oy @max A for a unital
C*-algebra A if and only if S;; ®min A = Sy ®max A. Because O, is nuclear, it
follows that S, is C*-nuclear.

In Section 3, we will show that the operator system &, defined in [14] is
C*-nuclear. We then use this fact together with some operator system methods
to prove that for a unital C*-algebra A4, the equality O, ®min A = Oy @max A is
equivalent to a lifting property that must be met by .A. Thus, using the fact that
O, is nuclear, we have that every C*-algebra enjoys this lifting property. A direct
corollary of this result shows a contraction version of Ando’s theorem.

In Section 4, we will give a direct proof of S;; ®min A = Sy @max A for a
unital C*-algebra A, without using the nuclearity of O,, by showing that every
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unital C*-algebra does enjoy the lifting property mentioned in Section 3. So we
obtain a new proof of the nuclearity of the Cuntz algebra.

In Section 5, we will study the dual operator system of Sy, say SS. We will
give characterizations for positive elements in MP(SS) and a necessary and suf-
ficient condition for unital completely positive maps from S¢ into a C*-algebras.
We will also show that Sﬁl is not (min, max)-nuclear. By a result of Kavruk (The-
orem , , 8¢ is C*-nuclear. Moreover, it is interesting to know that S is com-
pletely order isomorphic to an operator subsystem in M, 1, in contrast to the fact
that S, is completely order isomorphic to the quotient of an operator subsystem
in M,;11 ([14], Theorem 5.1).

In Section 6, we observe that unital completely positive maps from S¢ to
C*-algebras are closely related to the joint numerical radius of n-tuples. Then, a
lifting property of the joint numerical radius is proved by using the fact that S$
has the lifting property.

We shall assume that the reader is familiar with the basics of operator sys-
tem tensor products (see [11] or [9]], e.g.). Also, we refer the reader to [12] for the
basics of operator system quotients.

We shall use the following universal property of S, constantly in this paper:

THEOREM 1.1 ([14]). The operator system Sy has the following universal prop-
erty:
Let (A1, ..., Ay) be a row contraction on some Hilbert space H and denote

Ty = span{ly, A;, A7 : 1 <i<n}

so that T, is an operator system, then there exists a unital completely positive map ¢ :
Sy — Ty such that ¢(S;) = A, for 1 <i < n.

For the rest of this introductory section, we briefly introduce some termi-
nologies and results from the theory of operator system tensor products which
will be used throughout this paper.

DEFINITION 1.2. Let S and T be operators systems. Amap ¢ : S — T is
called a complete order isomorphism if ¢ is a unital linear isomorphism and both
¢ and ¢! are completely positive, and we say that S is completely order iso-
morphic to T if such ¢ exists. A map ¢ is called a complete order injection or em-
bedding if it is a complete order isomorphism onto its range with ¢(1s) being an
Archimedean order unit. We shall denote thisby S C.,; 7.

Given operator systems S and 7 and two possibly different operator system
structures S ®, 7 and S ® B T on their tensor product, we shall write S ®, T =
S ®p T to mean that the identity map is a complete order isomorphism.

The tensor products of operator systems we will use in this paper are: min,
mayx, ¢ (see [11] for their definitions). The relationship between these tensor prod-
ucts is min < ¢ < max, that is, the identity maps id : S @max T — S & T,
id: S®:T — S ®min T are completely positive.
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DEFINITION 1.3 ([11]). An operator system S is called (min, max)-nuclear if
S @min T = S ®max T, for every operator system 7.

DEFINITION 1.4 ([11]]). An operator system S is called C*-nuclear if S @min
A = 8§ ®max A for every unital C*-algebra A.

PROPOSITION 1.5 ([9). An operator system S is C*-nuclear if and only if S @min
T =S ®cT for every operator system T .

PROPOSITION 1.6 ([11])). Let A and B be unital C*-algebras, then AQmin B Ccoi
A @c#-min B and A @max B Cc.o.i A @c+-max B, where @cx- min, @c+-max denote the
tensor products in the C*-algebra category.

PROPOSITION 1.7 ([11]). Let A be a unital C*-algebra and S be an operator sys-
tem, then S @ A = S Qmax A.

PROPOSITION 1.8 (Injectivity of the min tensor product [11]). The min tensor
product is injective in the sense that for every choices of four operator systems S and T,
Sy, T with inclusions S Ce o3 S1and T Ceoi T1, we have that

S min T gc‘o.i Sl min ,Tl

PROPOSITION 1.9 (Projectivity of the max tensor product [8]). The max ten-
sor product is projective in the following sense: Let S, T, R be operator systems and
suppose P : S — R is a complete quotient map, then the map p @ idy : S Qmax T —
R ®max T is also a complete quotient map.

Henceforth, unless specified, we always assume 2 < n < .

2. TENSOR PRODUCTS AND THE C*-NUCLEARITY OF S,

We begin this section with the following proposition which shows that S,
(2 € n < o) is not (min, max)-nuclear.
PROPOSITION 2.1. The operator system Sy is not (min, max)-nuclear, for 2 <

n < oo.

Proof. It is known that the operator system &; generated by a universal
unitary is not (min, max)-nuclear because of the following ([7], Theorem 3.7):

&1 Omin 61 # &1 Omax G1.
On the other hand, we have that §; = &; ([14], Corollary 3.3), so we know that
Sl Omin '51 7£ Sl @max Sl~

Now, for n > 2, if S; Omin Sn = Sn Omax Su, then ([14], Corollaries 3.4, 3.5)
together imply that

81 Omin S1 = 51 Omax S1,
which is a contradiction. Thus, S, is not (min, max)-nuclear. 1
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LEMMA 2.2. Fixn, 2 < n < oo, let A be a unital C*-algebra and let S be an
operator system such that S, C S C O,,. If we have that
S

min A - g@max A,

then
On Qmin A= On @Qmax A.

Proof. We first represent O), ®max A on some Hilbert space . By the def-
inition of the max tensor product of operator systems, the canonical embedding
map from S ®max A into Oy, ®max A is completely positive. Thus we have a com-
pletely positive map p : S @min A — B(#), such that p(a ® b) = a ® b for each
aeSandb e A

The injectivity of the min tensor product of operator systems implies that
S ®min A Ccoi On @min A, and we can extend p to a completely positive map
0 : On @min A — B(H) by the Arveson'’s extension theorem.

Next, we use the Stinespring’s dilation theorem and obtain a unital *-homo-
morphism y : O ®min A — B(K) and V : H — K for some Hilbert space K such
that

p(a) =V*y(a)V, foreacha € O, Qmin A
The map p being unital implies that p is unital and hence V*V = Iy, ie. Vis an
isometry. By identifying H with V’H, we can assume that # C K.

Now, if we decompose K = H + H~L, then p is the 1,1 corner of . Further,

we have that

Y(Si®14) = (P(&‘? 1a) gl> , foreveryic {1,...,n}.
1 1

Here, B; € B(H,H"),C; € B(H',H), D; € B(H+,H'). Since S; ® 1 4 is an isom-
etry, it follows that y(S; ® 1 4) and p(S; ® 1 4) are isometries, and we immediately
have that B; = 0.

n k

Moreover, the condition that ) S;S; = Iy (n finite) or }_ 5;S7 < Iy for
i=1 i=1

every 1 < k < oo (n infinite) implies that

n
VS ®1Y(Si©10)" = 7( LSS ©1a) =1, or

i=1

k
Y(Si®14)7(S;®@14)" = 'y( SiS; ® 1A> <1k, forevery1l <k < oo,
=1 i=1

~ H'|V =
—_

1
which means that

Y p(Si®1ap(Si@1a)" + G L GDFY L
iz GiC; iz DiD} *

(25‘_1 F(Si®14)p(S; ®14)" +C,C; XX, CD?

<1y, forevery 1< k< oo.
Sarere T a-nr)\ yis
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Thus, we have that C; = 0 for every i € {1,...,n} and hence,

ysion = (T 0.

On the other hand, for each unitary u € A, similarly, we have that

v(Iy ©u) = <ﬁ(1”0® ¥ 2)

where v is a unitary in B(H1).

Because A is spanned by its unitaries, and every X ® z € Oy @min A can be
writtenas X ® z = (X ® 14)(1y ® z), we see that v is diagonal on all elementary
tensors. Then by continuity of 7y, we know it is diagonal on O;; @min A.

We now have that the compression of v onto the 1,1 corner is a *-homo-
morphism from O, ®min A to B(H), and this compression is exactly p. More-
over, ﬁ(§ ®min A) € Oy @max A. Then, p being a *-homomorphism implies that
0(Oy Omin A) € Oy @max A, where Opin denotes the algebraic tensor product
of O, with A endowed with the minimal tensor norm. The continuity of p im-
plies further that p(Oy @min A) € Oy @max A. Form this, we can conclude that
0(On @min A) = On @max A, because by the way p is defined, Ranp is dense in
O @max A.

Finally, p(X ® z) = X ® z for every X ® z € Oy @min A forces that the
identity map from Oy Omin A to O @max A extends to a *-homomorphism from
O) min A onto Oy, ®max A. Thus, O Qmin A = Oy @max A. 1

Let T4, ..., T, be the generators of the Toeplitz—Cuntz algebra 7O, and 7,
be the operator system generated by T;’s. By Corollary 3.3 in [14], we know that
Tn = Sy via the natural isomorphism.

THEOREM 2.3. Let A be a unital C*-algebra and let T Oy, be the Toeplitz—Cuntz
algebra, then we have that Sy, @max A Ceoi T On @max A.

Before proving this theorem, we need the following refined version of
Bunce’s result ([3], Proposition 1).

LEMMA 2.4. Let (A1,...,An) € B(H) be a row contraction, then there exist
isometric dilations Wy, ..., Wy, € B(K) of Ay, ..., An such that WiW; = 0fori # j,
where K& = H @ (B>, H™)). Moreover, W; can be chosen of the following form,

(A O
Wi = (Xl- YZ,-> !
where the entries of X;, Y and Z; are all from C*(I, A1, ..., Ay).

Proof. The fact that the entries of X; and Y are from C*(I, Ay,..., Ay) is di-
rectly from Bunce’s construction. On the other hand, by his construction, Z;’s can
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be any set of Cuntz isometries on @ H ") so we can choose a particular one as:
k=1

1M ifi=(j—1)n+k,

0 otherwise,

Zy=(Zy) = {

where I(") denotes the identity operator on @ #(").
k=1
Proof of Theorem[2.3] By Proposition we can show instead that 7, satis-
fies that

7-71 Qe A gc.o.i Ton Qe A.

To this end, it is enough to show that for any pair of unital completely positive
maps ¢ : T, — B(H) and ¢ : A — B(H) with commuting ranges, there always
exists an extension ¢ : 7Oy, of ¢ such that the range of ¢ and ¢ commute.

Since ¢ is unitally completely positive, (¢(Ty),..., ¢(Ty)) is a row contrac-
tion and hence can be dilated to isometries Wi, ..., W, with orthogonal ranges,
by Lemma Then, there is a *-homomorphism 7 : 70O, — B(K) such that
n(T;) = W;. Meanwhile, we set  : R — B(K) as ¢ = ¢ @ (D, ), where
(") denotes the direct sum of 1 copies of .

It is easy to see that ¢ and 7w have commuting ranges. Clearly, ¥ = Py |-
Now, let ¢ = Py 7|y, then it follows that ¢ is a unital completely positive ex-
tension of ¢ and ¢ and ¢ has commuting ranges. Thus, we have shown that

7;1 Re A gc.o.i Ton Re A |
COROLLARY 2.5. Let A be a unital C*-algebra. If TOy @min A = T Oy @max
A, then S;; @min A = Sy Qmax A.

Proof. By our assumption and the injectivity of the min-tensor product, we
have the following relations:

771 Qmin A gc.o.i Ton Qmin A= 7-n @c=max A gc.o.i Ton ®Xc=max A.

This implies that 7; ®min A = T ®max A, 50, equivalently, we know that S;; ®min
A= Sn ®max A 1

COROLLARY 2.6. Let A be a unital C*-algebra. If Op @min A = Op @max A,
then S, Qmin A= S ®max A.

Proof. Since O, = T O, /K ([5], Proposition 3.1) (K denotes the algebra of
compact operators), we have the following commuting diagram:

K Qmax A—> Ton Qmax A—> On Qmax A

l | l

K ®min A——=TO, Rmin A—— 0, Qmin A.
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By assumption, we have that O, ®min A = Oy @max A. Also, we know that K is
nuclear, s0 K ®pin A = K ®max A. This implies that the first and third vertical
map in the above diagram are indeed isomorphisms. Hence, the second vertical
map is also an isomorphism, that is, 70, @min A = TOp @max A. Now the
conclusion follows from the above corollary. &

Combining Corollary 2.6 with Lemma 2.2} we have
THEOREM 2.7. Let A be a unital C*-algebra, then we have that Oy @min A =
Oy @max A ifll]’ld Oi’lly lfSn ®min A = Si Omax A.

Since Oy is nuclear, we immediately have the following corollary.

COROLLARY 2.8. The operator system S, is C*-nuclear.

3. C*-NUCLEARITY OF S, AND A DUAL ROW CONTRACTION VERSION
OF ANDO’S THEOREM

In this section, we prove some necessary and sufficient conditions that en-
sure that O ®min A = O;; @max A. These conditions will then be used to give
a new proof that O, is nuclear. Recall that in [14], we denote &, = span{Ego,
Y1 Eii, Eig,Egi : 1 < i < n}, where Ejj’s are the matrix units in M, 11, and we
proved that

THEOREM 3.1 ([14]). The map ¢ : £, — Sy, defined by the following:

(Eo) = 5S:,  o(Eor) = =57, ¢(Epe) = ~1 (fﬂ)—}l 1<i<n
4)10—21/4)01—2[/4700—2/(Pi:lzz—zz xtxn,

is a complete quotient map, that is, £, /] = S, completely order isomorphically, where
J :=Ker¢ =span{Eyp — Y. ; Eii}.

The next proposition shows that the operators system &, is C*-nuclear. Be-
fore proving it, let us recall a useful result ([7], Lemma 1.7).

LEMMA 3.2. Let S and T be operator systems, then u € (S @max T )" if and
only if for each & > 0, there exist (Pf;) € M, (S)*, (Qf) € My (T)*, such that

k
els @1y +u= '21 Pf ® Q-
i,j=

PROPOSITION 3.3. We have that £, @min A = En @max A for every unital C*-
algebra A.

Proof. What we need to show is that M, (€ @min A) T € Mp(En @max A) T,
for each p € N. By the symmetry and associativity of the min and max tensor
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products of operator systems, and the nuclearity of M, we have that

Mp(gn ®min A) - gi’l ®min MP(A)’
Mp(gn ®max A) - En ®max Mp (A)

Notice that M, (\A) is also a C*-algebra, so it suffices to show that for each A €
(En Omin A) T, we have that A € (€, Omax A) .

We have that £, ®min A € M;+1 @min A = M, +1(A) by the injectivity of
the min tensor product, so for A € (€ ®@min A)T, we know that it has the form

ao al .o an
ai b
1
A =
ar b

Without loss of generality, by considering el,,+; ® 1 4 + A, we can assume that ag
and b are invertible. According to Cholesky’s lemma, that

ag ay -+ ap ag—Y ! a;b~tar 0 -0 "oabtar ap - ay
* *

aj b B 0 0 N aj b

ar b 0 0 a;, b

The first matrix on the right side is positive in M,,;1(A) and is easily seen to be
in (£; ®max A)T. What we need is to show that the second matrix also lies in
(En Omax A)Jr

To this end, we use Proposition [3.2]and construct the following two matri-

ces,
[0 0 0] [0 0 0] 0 0 0
01 1 0 0 0
0 1 o 0, 1 0
0 1 07 1 0 07
0 0 0 0
P = (Py) ,
10 0] 10 0]
(0 0 1] 1 0 0
0 0 0 0
0 0] 0 0
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*

b aj
am
Q=1(Qy =1 . ,
an
where B = (Bij) = (ﬂib_lﬂj).
Then it is not hard to check that P € M,,,1(E,)" and Q € M,, 1 (A) ™. Also,
we have that

Yl aib’lal’f ap -+ ay
a3 b n+1
. L TR E
. . i,j=1
ay b

n

This shows that the matrix on the left side is in (€; ®max A) ", and the lemma is
proved. &

LEMMA 3.4. Let A be a unital C*-algebra, then we have that id : Sy @min A —
Sn @max A is completely positive if and only if ¢ @id 4 : 4 Rmin A — Sn Omin A is
a complete quotient map,

Proof. We have the following diagram:

gn Omin A — gn P max A
llp@id/\ i(P@idA
Sn min A ;d> Sn @max A.

By Proposition we have that ¢ ®id 4 : £ @max A = S; Omax A is a complete
quotient map, and hence if  ®id 4 : £ Omin A = Sy Omin A is a complete
quotient map, then every positive element A in M, (S, ®min A) has a positive pre-
image in My (€ ®min A), and therefore A is in My(Sy @max A). Soid : Sy @min
A — S, @max A is completely positive. Conversely, if id : S;; ®min A — Sy @max
A is completely positive, then S @min A = Sy @max A. Also, we have &, Qmin
A = & Omax A. Thus, ¢ ®idy : £ Omax A = Si Omax A being a complete
quotient map means that ¢ ® id 4 : & Omin A = Sy @min A is a complete quotient
map. |

The next theorem is now immediate:

THEOREM 3.5. Let A be a unital C*-algebra. Then Oy Qmin A = Oy @max A if
and only if ¢ ®id : £ Omin A — Sy Omin A is a complete quotient map.

We now prove a concrete condition on a unital C*-algebra that is equivalent
to the above condition. Given an operator system S we will write p > 0 provided
that there exists ¢ > Osuch that p — ¢l € ST, and weset S*; = {p e S: p > 0}.
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The reason for this notation is that if A is a unital C*-algebraand ¢ : S — A
is a unital completely positive map, then p € S*, implies (p) is positive and
invertible in A. Moreover, S, is exactly the set of elements of S* for which this
is true for every unital completely positive map into a C*-algebra. Moreover, if
¢ : T — S is a quotient map, then p € S, if and only if it has a pre-image, i.e.,
P(r) = p with r € T, (see Proposition 3.2 of [6]).

THEOREM 3.6. Let A be a unital C*-algebra, then Oy @min A = Oy @max A if

n n
and only if for all p € N, whenever @1+ Y. Sj@aj+ Y 5; ®@a; > 0in Op @min
j=1 j=1
Mp(A), there exists a,b € My(A)*, witha + b = 1, such that

a a;‘l( ... a;!;
a1 b
ay b

is in My 11 (MP (A))J_rl
Proof. If Oy @min A = Oy @max A then g ®1id : £ @min Mp(A) — S Omin
n n
Mp(A) is a quotient map. Hence, @ 14+ ¥ Sj®a;+ Y. 57 ® 4 €4 @id((En Omin
=1 =1
M, (A))*). Choosing any strictly positive element in the pre-image yields the

conclusion.
Conversely, the lifting formula shows that every element of the form [ ®

1+ Z Si@aj+ 2 S§; ®a; > 0 has a positive pre-image in &; ®min Mp(A). Let
j=1

R=1I®r+ Z S ®aj+ Z S* ® a be an arbitrary element in S;; ®min Mp(.A)
j=1
and let ¢ > 0, then

n n
T=I®1+ Z%S]@(r+£1)*1/2a]-(r+s)*1/2+Z;S}“@(r—i—sl)*l/za]’-‘(r—i-sl)*l/z >0,
= =

and so by the hypothesis it has a lifting. Pre- and post-multiplying the entries
of that lifting by (r + €)1/2 gives a lifting of R + ¢(I ® 1). This proves that the
mapping g ®id : £y @min Mp(A) = Sy @min Mp(A) is a quotient map, and since
p was arbitrary, this map is a complete quotient map. &

COROLLARY 3.7. The C*-algebra O, is nuclear if and only if whenever A is a
n n

unital C*-algebraand I ® 1+ ). S;@a;+ 1 S]’f ® a]’»‘ > 0in Oy @min A there exists
j=1 j=1
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a,b € At witha+b = 1 such that

a aT DY a;kl
ay b
(3.1)
ay b
is in Myq1(A)T,.

DEFINITION 3.8. Let A be a unital C*-algebra, then an n-tuple (a3, ...,a)
in A is called a dual row contraction if

n n

* *

[®1+) Sj@a;+) S ®a;>0,
j=1 j=1

where the S;’s are Cuntz isometries. Moreover, it is called a strict dual row contrac-

tion if

n n
* *
[®1+) Sj@af+) S ®a;>0.
j=1 j=1
REMARK 3.9. Note that a dual row contraction is a row contraction, since

n n
I®1+) Sj©a+) 5 ®a;>0
=i =
implies that

n n
I®1+2257®a]’f+225f®a]- >0, forallzeT,
j=1 j=1
which is equivalent to

n 1
where w means the numerical radius. So, we have that
n n n n 2
H Y aaf| = H ( Y S ®mina;‘)*(25i ®mmal’-‘) H < (2w( ZS]@)LI;‘)) <1
i=1 i=1 i=1 j=1

But not every row contraction is a dual row contraction. A counter-example can

be easily constructed. In particular, n (2 < n < o0) Cuntz isometries form a
n

row contraction but not dual row contraction, since ) S; ® S7 is a unitary whose
i=1

spectrum is the whole unit circle.

Again, since Oy, is nuclear, Corollary is indeed a (strict) dual row con-
traction version of Ando’s theorem (see [2] for the original version). Moreover,
when M is a von Neumann algebra, we can replace “strict dual row contrac-
tion” by “dual row contraction” and “strictly positive” by “positive” by taking
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weak*-limits. We summarize these statements below. This result is a dual row
contraction version of Ando’s theorem on numerical radius.

THEOREM 3.10. Let A be a unital C*-algebra and (ay,...,a,) € A be a strict
dual row contraction, then there exist a,b € AJ_rl with a + b = 1 such that

a al PN ay
ay b
a;, b

is in My 11(A)T,. Moreover, if M is a von Neumann algebra and (ay, ..., a,) € M is
a dual row contraction, then there exist a,b € M with a + b = 1 such that

a a - an
*

a; b

a’t b

is in M4 (M)

4. AN ALTERNATIVE PROOF OF THE NUCLEARITY OF O,

We now give a new proof of the nuclearity of O,, by showing directly the
existence of operators 4, b mentioned in Corollary which will prove that Oy
is nuclear.

To this end, we shall need the notion of “shorted operators”, which was
introduced in [1]. Here, we briefly quote some results we will need in our proof.

DEFINITION 4.1 ([1]]). Let H be a Hilbert space and A € B(#). Assume S C
H is a closed subspace, then the shorted operator of A with respect to S, denoted
as S(A) is defined as the maximum of the following set:

{TeB(H):0<T< ARanT C S}.
Also, we denote Sp(A) = S(A)|s.

The shorted operator always exists ([1], Theorem 1). Moreover, we have
that

PROPOSITION 4.2 ([1]]). Foreach x € S,

-l {3 () () v<5')

We now prove that the condition of Corollary [3.7]is met for n = 2 without
using the nuclearity of O;.
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A proof of the nuclearity of O,. Let A C B(H) be a unital C*-algebra and let
(a1,...,a,) € Abe a strict dual row contraction, that is,

2 2
A=1®1+) S;@ai+) 5/ ®a;>0, inO)minA.
j=1 j=1

By Corollary 3.3 in [14] the operator system spanned by the Toeplitz—Cuntz isome-
tries is completely order isomorphic to the operator system spanned by the Cuntz
isometries. Thus, we can take the S;’s to be Toeplitz—Cuntz isometries. Moreover,
it suffices to consider the following specific choice of Toeplitz—Cuntz isometries:

S; e B(I%), Si(ex) =epnsi, k=0,1,2,..., i=1,2,
where {¢; : 1 =10,1,2,. } is the orthonormal basis of 2.
We write P @ H = EB ‘H;, where H; = H for all i. Thus, A corresponds to

the following operator in B (12 ®H),

1 a a 00 0 0 0
a; 1 0 a a 0 0 0 O
s 0 1 0 0 a a 0 0
0 af 01 0 0 0 o a
0O ag 0 0 1 0 0 0 0
A=10 0 a 0 0 1 0 0 0
0 0 a4 0 0 0 1 0 0
0 0 0 a 0 0 0 1 0
0 0 0 a 0 0 0 0 1

Set Ry = EB H;. We then write A as the following block form:

i=k
An A12>
A= ,
(A21 Axn
where Ay € B(Ho), A1z € B(R1,Ho), A21 € B(Ho, R1), A2z € B(Ry).
Now, let B = H(A), then by Proposition 4.2} we have that

oo =it 14 (5)-(5))

ho ho
= inf inf inf A i , i
hi€H hyeH ze€R3 hZ hz

z z
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= inf inf inf {{(hg + ajhy + ashy, hy) + (aFhg, h1) + (a5hy, h
hiféﬂh;felﬂzlemﬂo 1h1 + axhy, ho) + (aiho, h1) + (azho, h2)

B

We claim that

hq h
zlerg {<A22 (hz) , (hz) >} = <Bh1,h1> + <Bh2,h2>.
3 z z

Assuming this claim for the moment, we have
<Bh0,h0> = inf inf {<h0,h0> + <611f,]’l0> + <€lzh2, h0> + <ﬂT[’l0, h1> + <a§h0,h2>
hyeH hyeH
+ (Bhy, hy) + (Bhy, hp) }

1 a dap ]’l() ho
el 3D RGN
heH heH 11; 0 B h2 h2
So we have that
1-B a1 ap
( aj B 0 ) > 0.
a3 0 B

To justify the claim, we write N as the disjoint union of N; = {1 + 2(2k —
1),1+3(25~1) : k> 0}and N; = {2+3(2k —1),2+4(2F 1) : k > 0}. Set N} =
@ H;sothat Ry = N7 ®N,. Observe that both of these subspaces are reducing
iENk
+00
for Ay and that with respect to the obvious identification of Ny ~ @ H; we have
i=0
that Ayp ~ A @ A.
Hence,

hy h
inf ( A hy |, | h
Zg}z3< ” z2 22 >
m\  /h 0\ /0
= inf A 01,10 + inf A hy |, | h
21€N1@H1< 2 71 71 > 22€M9H2< 22 Z; Z; >
. h1 hl . h2 h2 _
- 0 () (12 (2 - o

It remains to show that B € A. Since —S§;’s are also Cuntz isometries, we
have that
2 2
* *
[®1- Z;Sj®a]- - ;S]- ®a; > 0.
j= j=
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2 2

It follows that H LS®a— Y5 ajH < 1, and therefore |1 — Ay < 1.
j=1 j=1

According to the proof of Theorem 1 in [1]], the shorted operator B has an explicit

formula: B = A1 — A12A2_21A21. So what is left for us to show is that all the

entries of Az_zl are in A. To see this, we first use the Neumann series to write
[ee)

Az_zl = Zo(l — Ap)". Since each row and column of 1 — Ay, only has finitely
n=

many nonzero entries, we must have that the entries of (1 — App)" are in A for
each n € N. Since the Neumann series is norm convergent, we have that each
entry of A2_21 is in A and since A and Ajj are only non-zero in finitely many
entries, B € A.

Finally, we can repeat the above process for A — el ® 1 > 0 and see that we
can make both B and 1 — B strictly positive with

1-B a4 a
aij B 0 |>0. 1
a3 0 B
The proof that O, for n > 3 is nuclear can be done similarly and we only

sketch the key points. Let A C B(#) be a unital C*-algebra and (a3, ...,4a,) € A
be a strict dual row contraction, that is,

n n
A=11+) Sj@ai+) 5 ©a; >0, inOyOmin A
=1 =1

Then, by Corollary 3.3 in [14], we can take S;’s as Toeplitz—Cuntz isometries.
Moreover, it suffices to consider the following specific choice of Toeplitz—Cuntz
isometries:

S; € B(1%), Si(ex) =epnsi, k=0,1,2,..., i=12,...,n,

where {¢; : i = 0,1,2,...} is an orthonormal basis of /2. Thus, A corresponds to
the following operator on B(H(®)),

1 aq N an
a; 1 ay - dy
as, 1
A= a; 1
1
ar 1

Again we write A as the block form:

An Au)
A= ,
(A21 Ao
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where Aj; =1 € B(H), Az € B(H® 0 H,H), Ay € B(H, H®) ©H), Ay €
B(H (™).

Again we take B = H(A), the short of the operator A to the 0-th subspace.
The calculation of B proceeds as before, and in this case one shows that N decom-
poses into a disjoint union of n subsets, N = Ny U - - - U Ny, such that \/; = G?\] H;

i€N;

is a reducing subspace for A, with the restriction to N of Ay unitarily equ£va-
lent to A.

We leave the remaining details to the interested reader.

Having an alternative proof of the nuclearity of O, (2 < n < o), we can
give an alternative proof of the nuclearity of O with just a little effort. Here is
the proof.

THEOREM 4.3. The operator system O is nuclear.

Proof. Using Lemma 2.2} we just need to show that Se, is C*-nuclear.
It suffices to show that (Se @min A)T = (Seo @max A)T for every unital
C*-algebra A.
To see this, we choose A € (Soo @min A) T, then A has the form,
A=I®X+) S0X+) SieX/, X €A,
icF icF
where F is a finite subset of N. So there exists N €N, such that FC {1,..., N}. This

means, by the injectivity the min tensor product, we have that A € (Sy ®min A) .
But we have just shown that S, is C*-nuclear for 7 finite, so we have that

A€ (SN Qmin -A)+ = (SN Qmax -A)+ - (Soo X max -A)+
Thus, we know that Seco ®min A = Seo Omax A. 1

5. THE DUAL OPERATOR SYSTEM OF S,

In this section, we prove some properties of the dual operator system of S,
denoted by S4, which is the operator system consisting of all (bounded) linear
functionals on S,,. First, we choose a basis for S,‘? as

{60,6;,07 11 <i<n)},
where
do(I) :=1,60(S;) :==69(S7) =0, forallj;
6i(I) =0,6;(S;) = 6;j,6;(S;) =0, forallk;
6; (I) = 0,07 (S7) = 64, 6i(Sk) =0, forallk,

where 51']‘ is the Kronecker delta notation. So we have S,ﬁl = span{dy, 0,07 1 1<
i<n}
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Then, we define an order structure on SI by
(fij) € My(SHT & (fij) : Sn — M) is completely positive .

It is a well-known result by Choi and Effros ([4], Theorem 4.4) that with the order
structure defined above, the dual space of a finite dimensional operator system
is again an operator system with an Archimedean order unit, and indeed, any
strictly positive linear functional is an Archimedean order unit.

We claim that 50 is strictly positive. To see this suppose that p € S,/ with
do(p) =0.Then p = Z a;S; + Z a;S7, Using the fact that, if S; are Cuntz isome-

i=1
tries, then —S; are also Cuntz 1sometr1es, we see that —p € S,/ Thus, p = 0.

Hence, S,‘;l is an operator system with Archimedean order unit dy.
The following characterizes positive elements in MP(S,‘}) of the form I, ®

n n
b+ L ARG+ Y A;f.
i=1 i=1

n n
PROPOSITION 5.1. An element I, ® &y -+ 121 A ® 6+ '21 Ar @ 6F € Mp(S3)
1= 1=

is positive if and only if (A1, ..., An) is a row contraction.

Proof. Let M = I, ® o + Z A ® 6+ Z A} ® 67, and view M as a com-
i=1
pletely positive map from S to M, it satlsfles M(I) = Iy, M(S;) = A;. Thus,

since M is unitally completely positive, we have that (Ay,..., A,) is a row con-
traction. Conversely, if (A1, ..., Ay) is a row contraction, then there exists a unital
completely positive map which sends S; to A;, S to A}, by Theorem|1.1} But this
map is necessarily M : S, — M), and this means M € M, (S$)*. 1

PROPOSITION 5.2. Let A be a unital C*-algebra and ¢ : S& — A be a unital
linear map, then we have that ¢ is completely positive if and only if ¢ is self-adjoint and

1

w(A1 @ P(01) + -+ A @ P(dn)) < 5

for each row contraction (Ay, ..., An) € My, each p € N, where w denotes the numeri-
cal radius.
Proof. Suppose ¢ is unitally completely positive, then for
n n
M=L,®d&+)Y A®d&+ Y Al @5 € Mpy(SHT,
i=1 i=1
we must have

I, ® p(M )_1,,®1+2A ® (0 +2A*®<p 57)
i=1 i=
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_1,,®1+2A ®¢(o ZA*®¢> i)'z
i=1

By Proposition M is positive if and only if (Aq,...,Ay) is a row contraction.

Noting that (zA1,...,zAy) is also a row contraction, we then have that

Ip®1+ZZA ® ¢(6 +zZA*®4> i)t >
i=1 i=1

which means that w( Z A @¢(s )) < %, for each row contraction (A, ..., Ay)
€ Mp and each p € N

n
Conversely, we suppose w( Y A® ¢(5i)) < %, for each row contraction
i=1
(Ay1,...,An) € My and each p € N, and this implies that

1,,®1+ZA®¢ +ZA*®4) 0>
i=1 i=1

for each row contraction (A1, ..., An) € Mp and each p E N.

Choose an arbitrary N = By ® dy + Z B; ® é6; + Z Bf ® 6F € My(SH)*,
i=1
then for each e > 0,

n n
el @8+ N = (el, + By) ®+ ) _Bi®di+ ) Bf @6 >0,
i=1 i=1
which implies

n
Iy @6+ Y (eI, + Bo) "V/2Bi(el, + Bo) 2 @ ¢;
i=1

n
+ Y (el + Bo) "V/?B} (eI, + By) /* @ 67 > 0.
i=1

By Proposition|5.1} we have that ((el,+By) ~/2By (e,+Bg) ~1/2

., (el,+By)~1/2
By (el, 4+ By) ~1/?) is a row contraction, and therefore

n
I, @1+ Y (eI, + Bo)~/?Bi(el, + Bo) /% @ ¢(6;)
i=1
n

Z (eI, + Bo) ~Y/2B} (eI, + Bo) "2 @ ¢(6;)" = 0.

Thus,

¢(el, ®% +N) >0, foreache > 0.

So we have that ¢(N)

> 0, and this completes the proof. 1
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REMARK 5.3. Since compressions of row contractions are still row contrac-
tions, it follows that if

7

N =

w(Al ®¢(51) +-+ Ay ®¢(5n)) <

for each row contraction (Ay,..., A,;) € My, each p € N, then for Cuntz isome-

tries S1,..., Sy,

W(S1 8 P(6) + -+ 50 ® p(5)) < 5,

where S;’s are Cuntz isometries and the tensor product is the minimal one so that
S1®@aj + -+ S, ®a; € Oy Omin A. Conversely, using the universal property
of S, , we have that for each row contraction (Ay,..., A,;) € My, the map
sending S; to A;, S to A7, I to I, is completely positive and hence

w(S1®@P(d1) +-- -+ S ®@P(dy)) <
implies that
w(A1 @ (o) + -+ A @ ¢(dn)) < %
On the other hand, we have that

1
w(S1R¢(61) + -+ S ®@P(d)) < 3
if and only if

n n
[®1+) Sj®a;+) 5 ®a;>0.
= =1
So we have proved the following corollary.

COROLLARY 5.4. Let ¢ : S3 — A be a self-adjoint, unital linear map. Then the
following are equivalent:
(i) ¢ is completely positive;
(il) w(S1 @ §(61)++ - -+Su @ P(6,)) < %, where Sy, ..., Sy are Cuntz isometries;
(iii) (p(01)%, ..., ¢(6n)*) is a dual row contraction.
In [13], the joint numerical radius for n-tuple of operators (Ty,...,T,) €
B(H) is defined as:

n
w(Tl,...,Tn) = Sup‘ Z Z<ha,’1—’]hg]“>
j=1

aeFf j=

4

where F; is the free group on n generators g, . . ., g», and the supremum is taken
over all families of vectors {ha},cp+ C H with } el = 1.
aEF;
It is shown in the same paper that w(Ty,..., Ty) = w(S1 @ Ty +--- + S, ®
T;7) ([13], Corollary 1.2), where w on the right hand side is the numerical radius
of an operator on H defined in the usual way. Thus, it is natural to extend the
notion of joint numerical radii of n-tuples to the category of C*-algebras.
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DEFINITION 5.5. Let A be a C*-algebra. The joint numerical radius of the
n-tuple (ay,...,a,) € Ais:

w(ay, ..., ay) =w(S1®@a] +---+ S, @ay),
where S;’s are Cuntz isometries.

REMARK 5.6. Let A be a C*-algebra. Then the n-tuple (ay,...,a,) € Aisa
dual row contraction if and only if

1

w(ay, ..., a;) < >

THEOREM 5.7. Let Ej, = span{l,;1,Ei0,Ep; : 1 < i < n} C M1, then
S¢ = E, via the map 0 : S& — E},, with 6(6y) = Iy11, 0(5;) = Eoi, 0(6F) = Eig, for
1<i<n

Proof. We first show that 6 is completely positive. By Corollary 5.4 and Re-
mark we just need to show that for n Cuntz isometries Sy, ..., Sy,

0 S - Sy
0 0 1
< =
w X 2’
0 0
which is equivalent to
I z§ --- z5
zS§) 1
. >0 forallzeT
zS;; I

which clearly holds since (zS1,...,2Sy) is row contraction.
Next, we show that 8! is also completely positive. Let p € N and note that
M, (E}) = E; (M), we can write a positive element A € M,(E},) as

AO Al . An
AT Ag
A Ao

where A; € M. Consider ¢l, ® I, + A, where I, denotes the identity matrix in
My, for e > 0,and let B = (eI, + Ap)~1/2, we have that

I, BAB --- BAB

BAIB I,
) 2 0.

BA:B I,
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This implies that (BA1B, ..., BA,B) is a row contraction, and hence

I, BAB --- BA,B
*
6~ H)® BA.lB b
BA:B I,

n n

=I,®6+ ) BAB®+) BABRS >0,
i=1 i=1

by Proposition[5.1] Thus,

n

n
(elp+Ag) @G+ ) Ai®6+) Af®5 >0, foralle >0,

i=1 i=1
which is the same as (§~1)(P) (el ® I, + A) > 0, forall € > 0. Since 6 is unital, we
know that (6=1)(P)(A) > 0. Hence, 6~ is also completely positive. #

We recall the following result of Kavruk:

THEOREM 5.8 ([10]). Let S be a finite dimensional operator system. Then S is
C*-nuclear if and only if S is C*-nuclear.

COROLLARY 5.9. The operator system E}, is C*-nuclear.

Proof. Since S, is C*-nuclear, S¢ is C*-nuclear by the above theorem. But
E!, = 83 up to complete order isomorphism. &

REMARK 5.10. The operator system E;, seems more elementary to deal with
and if we could show directly that Ej, is C*-nuclear, then that would imply by
Kavruk’s result that S, is C*-nuclear, which in turn would give another proof of
the nuclearity of the Cuntz algebras. However, we have been unable to prove
directly that E}, is C*-nuclear.

6. A LIFTING THEOREM FOR THE JOINT NUMERICAL RADIUS

The local lifting property of an operator system S is defined in [12]:

DEFINITION 6.1. Let S be an operator system, A be a unital C*-algebra,
I <1 Abeanideal, g: A — A/Ibe the quotient map and ¢ : S — A/ be a unital
completely positive map. We say ¢ lifts locally, if for every finite dimensional
operator system Sy C S, there exists a completely positive map 1 : Sp — A such
that g oy = ¢. We say that S has the operator system locally lifting property (OSLLP)
if for every C*-algebra A and every ideal I C A, every unital completely positive
map ¢ : S — A/ lifts locally.

THEOREM 6.2 ([12]). Let S be an operator system, then the following are equiva-
lent:
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(1) S has the OSLLP;
(i) S ®min B(H) = S @max B(H).
We have seen that the operator system S¢ is C*-nuclear (Theorem . In
particular, we have that for a Hilbert space H,

Thus, the operator system SJ has the lifting property (LP).
By using the LP of S¢, we are able to derive the following result concerning
the joint numerical radius.

THEOREM 6.3. Let A be a unital C*-algebra and | < A be an ideal. Suppose
Ty+],...,Ta+ ] € A/], then there exist Wy, ..., Wy, € Awith W; + ] = T; + ] for
each1 <i < n,suchthatw(Wy,..., Wy)=w(Th+],...,Tu+]).

Proof. Suppose w(T; +J,..., T+ J) = K. If K = 0, then clearly T; + ] = 0
for each 1 < i < n, and we can choose W; = 0 for every 1 <i < n.

So we consider the case when K > 0. A little scaling shows that

Ty T 1
Thus, by Corollary 5.4 and Remark 5.6, the linear map ¢ : S$ — A/] defined by
G)=1+], 90) = e +], 967) =g +]
(P 0) — 7 (P 1) — 2K 7 (P i - 2K 7
is unitally completely positive.

By the argument before the theorem, we know that S¢ has the LP, so there
exists a unitally completely positive map ¢ : S§ — A such that 77 o ¢ = ¢, where
7 denotes the canonical map from A onto A/ ]. Let Wi = 2K¢(4;), then we have
that W + ] = T; + ]. Moreover, by Corollary 5.4, we know that (EVT%, e, %) isa
dual row contraction. Hence, by Remark 5.6, we have that

w(Wy,...,W,) <K.
Now, to complete the proof, we need to show that w(Wy, ..., W,) = K. Suppose
that
4% W, 1
w( ! ”) <

2K’V 2K) T2
Then there exists an € > 0, such that

(14+e)Wp (1+e)W, 1
(T ) <a
However, this implies that
n 1 W* n .
1®1+Zsi®%+25j®%>q

i=1 i=1



90 VERN I. PAULSEN AND DA ZHENG

in §; ®min A. Since id ®7 is completely positive, we further have that

AT 4] s AT+

n
I®1+]+) Si® S
i=1 2K i=1 l 2K
It now follows that
K
T LT < p

which is a contradiction. 1
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