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ABSTRACT. We prove uniform resolvent estimates for an abstract operator
given by a dissipative perturbation of a self-adjoint operator in the sense of
forms. For this we adapt the commutators method of Mourre. We also ob-
tain the limiting absorption principle and uniform estimates for the deriva-
tives of the resolvent. Finally, we study the absolutely continuous subspace
in the sense of Davies. This abstract work is motivated in particular by the
Schrédinger and wave equations on a wave guide with dissipation at the
boundary:.
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1. INTRODUCTION

The main purpose of this paper is to prove uniform resolvent estimates and
the limiting absorption principle for a dissipative operator obtained by a form-
perturbation of a self-adjoint operator. For this we prove a suitable version of the
commutators method of Mourre.

Given a self-adjoint operator Hy on a Hilbert space H, the purpose of the
Mourre method (see [24]) is to prove uniform estimates for the weighted resol-
vent

(L.1) (A)~*(Ho—2)"(4) ™

when z is close to the real axis. Here § > 1 and A is a self-adjoint operator which
satisfies in particular

(1.2) 1](H()) [H(), iA]l](HO) = D(l](Ho), for some a > 0.

J is an open interval of R and 1; is the characteristic function of J. Under some
additional assumptions on A and its commutators with Hy, it is proved that
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the operator is uniformly bounded for Re(z) in a compact subset of | and
Im(z) # 0. In addition to these resolvent estimates, the method gives the limiting
absorption principle: not only the operator is uniformly bounded for z close
to the real axis, but for Re(z) € J it has a limit when £ Im(z) \, 0.

Compared to previous commutators methods (see for instance [20], [21],
[22], [31]]), the assumption on the commutator is spectrally localized with
respect to Hy. This proved to be very efficient for difficult problems such as the
N-body problem (see for instance [9]], [12], [29] and references therein).

There are many generalizations of the original result in various directions.
Here we only refer to [2] for a general overview of the subject and focus on dissi-
pative operators.

In [37], we generalized the result of [24] for a dissipative operator H = Hy —
iV, where V > 0 is relatively bounded with respect to Hy. The main difficulty in
this setting is that we cannot localize spectrally with respect to the non-selfadjoint
operator H. It turns out that we can obtain a similar result using the spectral
projections of the self-adjoint part Hy. It is even possible to use the dissipative
part to weaken the assumption as follows:

(1.3) 1](H0)([H0,iA} +IBV)1](H0) > D(l](HO), a«a>0,5=0.

Notice that for a general maximal dissipative operator we only know that the
spectrum is included in the lower half-plane {Im(z) < 0} and the estimates for
the weighted resolvent (with Hg replaced by H = Hp —iV) are only available
for Im(z) > 0.

Then in [5] we adapted to this setting the results of [14], [15] about the
derivatives of the resolvent. We also mention [6] for a closely related context.

The present work is motivated by the dissipative wave guide. We consider
a domain of the form Q = R” x w C R where p € {1,...,d —1} and wis a
smooth open bounded and connected subset of RY~7. Given a € W' (302), we
consider on L?((2) the operator

(1.4) H, =—-A

with domain

(1.5) D(H,) = {u € H*(Q),d,u = iau on 902 }.

This operator appears in the spectral analysis of the wave equation

?w—Aw =0 onR; x O,
(1.6) dyw +adiw =0 on R, x a0,
(w, drw) =0 = (wo,w1) on 2,
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or the Schrodinger equation

—idiu—Au=0 onRy x,
(1.7) oyu = iau on Ry x 9,
Ul—p = uo on 0.

The function 4 is the absorption index on the boundary. We assume that a takes
non-negative values. We could also consider a (dissipative) perturbation of the
free laplacian in (T.4).

The wave equation with dissipation at the boundary has already been stud-
ied on a compact domain (we refer for instance to the stabilisation results of [4]
and [23]) or on exterior domains (see [1] about the local energy decay for
and (L.7)). But little is known for these equations on a domain which is neither
bounded nor a compact (or asymptotically vanishing) perturbation of the Eu-
clidean space.

In [38] we have studied on a wave guide in the particular case where
dim(w) = 1 and a is greater than a positive constant at least on one side of the
boundary. In this situation it is possible to compute almost explicitely some spec-
tral properties of H,. In particular, its spectrum o(H,) is included in the half-
plane {z € C : Im(z) < —<} for some v > 0 with a uniform estimate for the
resolvent on the real axis. This gives in particular exponential decay for the solu-
tion of (1.7).

In this paper, we are interested in uniform estimates for the resolvent of H,
when the spectral parameter z with Im(z) > 0 goes to some E > 0. The question
is irrelevant on a compact domain, since the spectrum is given by a sequence
of eigenvalues with negative imaginary parts. In [1]], the authors study the local
energy decay with a compactly supported weight, so the corresponding resolvent
has a meromorphic continuation through the real axis. And, as mentioned above,
the damping is so strong in [38] that there is a spectral gap around the real axis.
When the absorption index a is not that strong, for instance if it is compactly
supported on 9d(2, the essential spectrum is included in the real axis. And with
a polynomially decaying weight, there is no meromorphic continuation of the
resolvent through this essential spectrum.

The dissipative operator H, cannot be written as Hy — iV for self-adjoint
operators Hy and V > 0, so we cannot apply the results of [37] to obtain the
limiting absorption principle in this setting. However the quadratic form g, as-
sociated with H, (see below) can be written as g, = qo9 — i@ where g is the
quadratic form corresponding to a self-adjoint operator and gp is a non-negative
quadratic form relatively bounded with respect to qg. Inspired by the self-adjoint
results of [3], we generalize the Mourre method for this kind of operators. This
will give uniform estimates for the resolvent, the limiting absorption principle,
and estimates for the derivatives of the resolvent (or, more generally, for powers
of the resolvent with inserted operators). For this we will have to show uniform
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estimates for operators of the form
(A)°1p_(A)(H - 2)"'1g, (A)(A)°
or
(A)°(H —2) g, (A)(A)
as in [14]. Notice that the Mourre method has already been used for wave guides
in a self-adjoint context. See for instance [19], [33] and references therein.

The original motivation for the Mourre theory was to prove the absence of
singular spectrum for the self-adjoint operator Hy in the interval | which appears
in (1.2). This is an important question in scattering theory.

The absolutely continuous spectrum and the corresponding absolutely con-
tinuous subspace are a priori only defined for self-adjoint operators, so this is not
the main motivation for generalizing the abstract theory to the dissipative set-

ting. However, an absolutely continuous subspace corresponding to a maximal
dissipative operator H on H has been defined in [7] as the closure in H of

—+o00
{per:ac,z0wpen [l oyl <c,lyl}
0

This definition coincide with the usual one for a self-adjoint operator. Notice that
there are other generalizations for the notion of absolutely continuous subspace
in the litterature (see for instance [26], [34], [35], [39], [40], [41]). We prove in
this paper that the uniform resolvent estimates given by the Mourre theory give
results on the absolutely continuous subspace in the sense of Davies. For this we
will use the dissipative generalization of the theory of relatively smooth operators
in the sense of Kato.

This paper is organized as follows. In Section [2] we give precise definitions
for the dissipative operator H which we consider and the corresponding conju-
gate operator A. Then in Section 3| we describe the applications which motivated
this abstract work: the Schrodinger operator on a wave-guide or on a half-space
with dissipation at the boundary, and then the Schrodinger operator on RY whose
absorption index becomes singular for low frequencies. In Section[d] we state and
prove the main theorem of this paper about uniform estimates and the limiting
absorption principle. Finally we discuss the resolvent estimates for the deriva-
tives of the resolvent in Section[5and the absolutely continuous subspace in Sec-
tion

We close this introduction with some general notation. We set

Cq :={z€eC :Im(z) >0},
and for I C R:
Cr4+ :={z€C : Re(z) € [,LIm(z) > 0}.

If H;1 and H, are Hilbert spaces, we denote by £(#1, ;) the space of bounded
operators from #; to H,.
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2. DISSIPATIVE OPERATORS AND ASSOCIATED CONJUGATE OPERATORS

In this section we recall some basic facts about dissipative operators given
by form perturbations of self-adjoint operators, and we introduce the correspond-
ing conjugate operators. Let H be a complex Hilbert space.

DEFINITION 2.1. We say that an operator T with domain D(T) on the Hilbert
space H is dissipative (respectively accretive) if

Vo € D(T), Im(Te,¢)y <0, (respectively Re(T¢, )3 = 0).

Moreover T is said to be maximal dissipative (maximal accretive) if it has no other
dissipative (accretive) extension on H than itself.

With these conventions, an operator T is (maximal) dissipative if and only
if iT is (maximal) accretive. Moreover we recall that a dissipative operator T is
maximal dissipative if and only if (T — z) has a bounded inverse on H for some
(and hence any) z € C with Im(z) > 0.

Let qo be a quadratic form closed, densely defined, symmetric and bounded
from below. We denote by K its domain. The space K is endowed with the norm

2.1) loll% = q0(e) + (v + 1)l 9ll3,

where y > 0 is such that qo(¢) > —7l|¢[3, for all ¢ € K. We identify H with
its dual and denote by K* the dual of K. Then the form gg naturally defines an
operator Hy in L(K, K*) by

Vo, p €K, (Hop, )i = qo(, )

(given a quadratic form, we always use the same notation for the corresponding
sesquilinear form). We denote by Hj the self-adjoint operator on H (with domain
D(Hy)) associated with gy by the representation theorem (see Theorem VI1.2.6
of [17]).

Let g9 be a symmetric and non-negative form on . We assume that gp is
go-bounded. This means that its domain contains K and that there exists Cg > 0
such that for all ¢ € K we have

2.2) 90 (9)| < Collpl%-

We set g = g — i9e and denote by H the corresponding operator in £ (K, K*). We
also denoteby © € L(K, K*) the operator corresponding to gg. Thus in L(/C, £*)
we have

(2.3) H = Hy —i6.
We recall from [38] the following lemma:

LEMMA 2.2. Let qr be a non-negative, densely defined, closed form on a Hilbert
space H. Let q1 be a symmetric form relatively bounded with respect to qr. Then the form
qr — iq1 (defined on the same domain as qr) is sectorial and closed.
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We apply this lemma to qr = o + 7y (we recall that v was defined in (2.1))
and g1 = ge. This proves that g + 7 is sectorial and closed. We denote by H,, the
maximal accretive operator associated with g + 7 by the representation theorem.
Since gg is non-negative, this is a dissipative and hence maximal dissipative op-
erator. Thus H := H, — < is a maximal dissipative operator and it is associated
with g in the sense of the representation theorem. This means in particular that
its domain D(H) is the set of u € K such that

e Vpek, qud)={f¢)n
and that for ¢ € D(H) we have

(Ho, )3 = ().

It is important to note that the form gg is not assumed to be closable, so it is
not a priori associated with any operator on H. This means that we cannot write
an equality analogous to involving the operators Hy and H. In particular
we cannot write a resolvent identity between (H — z)~! and (Hy — z)~!. This
identity was important in [37] to obtain results on (H — z)~! by using spectral
localizations with respect to H.

We can use to write a resolvent identity in the sense of forms. Ac-
cording to the Lax-Milgram theorem the operators (Hy —z) ! and (H — z) have
bounded inverses in L(K*, K) for all z € C.. Moreover, in L(K*, K) we have the

resolvent identities
24 (H—z)"' = (Hy—z) ' +i(Hy—z) 'O(H —z) !
' = (Hy—z) ' 4i(H—-2)"'0(Hy — z) ..

Notice that for ¢ € H C K* we have

(H-z)lg=(H-2)""9,

so we can study (H — z)~! to obtain information on (H —z) 1,

We now introduce the conjugate operator A for H. Before the definition we
recall from [3] (see Lemmas 1.1.3 and 1.1.4) the following result.

LEMMA 2.3. Let A be a self-adjoint operator on H. Assume that KC is left invariant
by e 4 for all t € R. Then by restriction the family of operators (e #4),cg defines a
continuous semigroup on K. Moreover the domain of the generator of this semigroup is

{p e D(A)NK : Ap € K}.

Given t € R, we remark that under the assumption of Lemma [2.3) we can
extend by duality the operator e 4 to a bounded operator on K*, which is also
left invariant.

DEFINITION 2.4. Let A be a self-adjoint operator on . We say that A is
a conjugate operator (in the sense of forms) to H on the interval | if the following
conditions are satisfied:
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(i) The form domain K of H is left invariant by e "4 for all t € R. We denote
by € the domain of the generator of e 4.
(ii) There exists C > 0 such that for ¢, ¢ € £ we have

(2.5) |[(HoA@, )i+ i — (Hog, A)ice x| < Clipllcllllic
and
[(HA, )i+ — (Ho, Ap) | < Cllolillellc-
Thus the commutators [Hy,1A] and [H,1A] extend to operators in £ (K, £*) which

we denote by By and B, respectively.
(iii) There exists C > 0 such that for ¢, € £ we have

[(BA, )+ x — (Bo, Ap) - x| < Cligllkllllxc-
(iv) There exist « €]0,1] and B > 0 such that
(2.6) 1;(Ho)(Bo + pO)1;(Ho) > al;(Ho).

REMARK 2.5. If H = Hp —iV and A is a conjugate operator for H on | in
the sense of Definition 2.3 in [37] then H can be seen as a perturbation of Hj
in the sense of forms and A is a conjugate operator for H on | in the sense of
Definition 2.4

The domain & of the generator of e 14| is endowed with the graph norm
of Aon K:

lelle = Al + el
When dealing with a family of operators indexed by a parameter A, it may
be important to track the dependency in A of all the quantities which appear in
this definition. For Schrodinger operators, this is for instance the case for high-
frequency estimates (then A is the semiclassical parameter) or low-frequency es-
timates (see for instance the last example of Section [3). In this case we will refer
to the following refined version of Definition [2.4}

DEFINITION 2.6. We say that A is a conjugate operator (in the sense of forms)
to H on ] and with bounds («,B,Y) €]0,1] x Ry x Ry if all the assumptions of
Definition [2.4]are satisfied (in particular « and f are the constants which appears
in (2.6)) and moreover

IBI < VaY, ||B+BO||[Boll <aY and [[[B, ]|l + Bl[[6, A]|| < &Y,
where all the norms are in L(/C, £*).

These definitions include the assumptions needed to prove a uniform esti-
mate and the limiting absorption principle for the resolvent of H. However it is
known that in order to estimate the derivatives of the resolvent we have to control
more commutators of H with the conjugate operator A.

DEFINITION 2.7. Let N € N*. We set B = B. We say that the self-adjoint
operator A is a conjugate operator for H on | up to order N if itis a conjugate operator
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in the sense of Definition 2.4l and if for all n € {1,..., N} the operator [B,,iA]
defined (inductively) in £(€,£*) extends to an operator in £(K, £*), which we
denote by B, ;1.

Again, for a family of operators it may be useful to control the size of these
multiple commutators.

DEFINITION 2.8. We say that A is a conjugate operator for H on | with bounds
(a, B,YN) up to order N if there exists Y > 0 such that it is a conjugate operator
for H on | with bounds («,8,Y) in the sense of Definition it is a conjugate
operator up to order N in the sense of Definition[2.7] and

1 N—+1
Y+ Y IBull g er) < Y-
n=2

3. THE DISSIPATIVE WAVE GUIDE AND OTHER APPLICATIONS

Before going further, we give some applications to illustrate the definitions
of Section[2]and to motivate the upcoming abstract theorems.

We first recall that for the free laplacian —A on R? an example of conjugate
operator is given by the generator of dilations

_id

(3.1) A:—%(x~V+V~x):—i(x-V) 5

Indeed for all t € R the dilation e #4 maps u to e #4u : x s e~9/2y (e 'x). In
particular it leaves invariant the form domain H'(R?). Moreover a straightfor-
ward computation gives [—A4,1A] = —2A, so A is conjugate to —A on any interval
] € R% with bound & = 2inf(J) > 0. The study of more general Schrodinger
operators is usually inspired by this model case.

As mentioned in introduction, this work is in particular motivated by the
dissipative wave guide with damping at the boundary. We recall that we consid-
ered a domain (2 of the form RP x w where p € {1,...,d — 1} and w is a smooth
open bounded and connected subset of RY~7, and a € W' (a2, R).

For boundary value problems, we have to consider the restrictions on the
boundary of functions defined on the domain. The trace theorems are well known
when  is a half-space or a bounded domain in R? (see for instance Section 1.5 of
[11]). We easily obtain an analogous result on a wave guide. Given ¢ € C(Q),
we denote by Tyn¢ the restriction of ¢ on 2. We will only use the following
version of the trace theorem.

LEMMA 3.1. The map ¢ — Ty extends to a bounded operator from H'(Q) to
L%2(302).
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Proof. Let ¢ € CP(Q2). Let x € RY. By the trace theorem on w we have
190G )2 S 190 2 -
The result follows after integration over x € R%. 1

The quadratic forms qg, g and g, are defined on K = H!(Q) by

62 ale)= [IVoP, go(e)= [alpf and gi(¢) =0 - ito.
0] 00

The self-adjoint part g is a closed, densely defined, symmetric and non-
negative quadratic form on L?(Q2). The imaginary part gg is non-negative, and
according to Lemma(3.]it is relatively bounded with respect to go. Thus we are in
the setting of Section 2} and in particular there is a maximal dissipative operator
associated with g, by the representation theorem. As in [38] we can prove that
this is the operator H, defined by (1.4)-(L.5).

The form g is associated with the operator Hy (defined as H, with the Neu-
mann boundary condition d,u = 0 on 9(2), but the imaginary part g¢ cannot
be associated with an operator on L2((2). Indeed, assume by contradiction that
there exists an operator @ on L2(Q2) with domain D(0) dense in H(Q2) and such
that

Yu € D(©),Yv € HY(Q), (Ou,v)12(0) = go(u, ).

Let u € D(O). We have (Ou,v) = 0 for any v € C°(Q2), so Ou = 0in L2((2).
Then g (u,v) = 0 for all v € H!(Q), which means that au = 0 on Q. Unless a
vanishes almost everywhere on d(2, this gives a contradiction with the fact that
D(O) is dense in H' ().

Moreover, since D(H,;) # D(H;) = D(H_,) there is no hope to write H, as
Hs o, — iV for some self-adjoint operator Hs ;. and some non-negative self-adjoint
operator V relatively bounded with respect to H 5. with relative bound less than
1 as is required in [5], [37].

We define Hy and H, in £(K,K*) as in Section Let L., be the Laplacian
with Neumann boundary condition on the compact domain w. L, is self-adjoint
on L?(w) with compact resolvent. We denote by 0 = Ag < Ay < Ay < --- its
eigenvalues and by (¢,),cn a corresponding sequence of orthonormal eigenfunc-

tions. The spectrum of Hy is given by U A, + Ry = Ry, and the eigenvalues
neN
of L, are the thresholds in the spectrum of Hy. We denote by 7T the set of these

thresholds. Assume that u € D(Hp) and A € R are such that Hyu = Au. We
denote by (x,y) with x € R” and y € w a general point in ). Let

u:(Cy) eRF xw— / e 8y (x,y) dx

xeRP
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be the partial Fourier transform of u with respect to x. Then for almost all { € R”
we have
(Lo + |2 = M)aa(g, ) =0.
Since L, has a discrete set of eigenvalues, (¢, -) vanishes for ¢ outside a set of
measure 0 in R?. This proves that u = 0, and hence Hj has no eigenvalue.
We denote by V, the gradient with respect to the first p variables on (2.
Then we consider the generator Ay of dilations in the first p variables, defined by

(Axu)(x,y) = —ix - Vyu(x,y) — %

Then for u € L?(Q),t € Rand (x,y) € R? x w we have
(3.3) e vy (x,y) = e P 2u(e tx, y).

PROPOSITION 3.2. Let ] C R* \ T be a compact interval. Let N € N*. Assume
that for v € NP with |y| < N + 1 we have
(3.4) [0, )| < ey )17,
Then Ay is conjugate to H, on | up to order N.

This proposition implies that all the abstract results of the following sections
will apply to the operator H, and its conjugate operator A,.

Proof. Step 1. According to the form domain K = H'(Q) is left invari-
ant by e 4 for any t € R. Let ¢, ¢ in CJ(Q2) (the set of restrictions of functions
in CP(R?) on Q). If —A, denotes the Laplacian in the first p directions we have
on (2

[—A,iAy] = [~ Ay, iAy] = =24,
so
([Ho,iAx] @, ) = 2(Vx9, Vxh) 12( )

Since Ay only acts on the x directions, it can be seen as an operator on L?(32).
Then on 902 we have
[4,iAx] = —(x- Vy)a,
and hence
(104, iA:lg,¥) = i [ a(Axgf - 9Axp) = i [ (x- Vaa)g.
o0 00
Similarly we obtain for any n € {0,...,N}

(adly, (Fa)g, ) = 2"V, Vi) 120y 1 [ ((~x- V)'a)F.
o0
By Lemma this implies in particular that the forms adi4, (Hp) and adfy, (H,)
for n € {1,...,N} extend to forms on H!(Q2). It remains to check the last as-
sumption of Definition
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Step 2. Let u € L2(Q). For almost all x € R? we have u(x, ) € L?(w) so we
can find a sequence (1, (x)),en in CY such that

u(x,) = Y uny(x)¢, andin particular ) lun (x))? = ||u(x,-)\|%2 “

neN neN

This defines a sequence (uy,),cn of functions in L?(R?) with
¥l ) = 20
neN

With the same proof as for Proposition 4.3 in [38] we can check that forz € C\ R4
we have

(Hy—z) lu= Y (—Ax+An— z) tuy @ @y
neN

Moreover if u € D(Hy) then u, € H*(RP) for all n € N and we have

Hou = Y (—=Ax + An)itn ® @y
neN

For a bounded operator T we set Im(T) = (T — T*)/(2i). Since Hy and —A, do
not have any eigenvalue we can write for any n € N

1;(Ho) (n ® @n) = Eilin Im(Ho— (t+ip)) Huy @ @n) dt

1 .. . _
= o lim [ Im (=24 Ay = (T +ip) Hun) @ g dt

= 1](_Ax + /\n)(un) ® q)n.

There exist m € N and ¢ > 0 such that ] C [Ay; + ¢ Ay — €]. Then we have
1;(—=Ax + Ay) = 0for n > m + 1 and therefore

m
1](H0)u = 2 1](—Ax +An)(un) &® Pn.
n=0
This gives

([Ho,iAx]1;(Ho)u, 1j(Ho)u) 2 (0
= <—2Ax1](H0)u 1](H0)M>L2(Q)

m

= E =248x1(=Ax + An) (Un) @ @, 1 (—=Ax + An) (Un) @ @n) 12

m
26 Y. 1)+ A)00) © gullz ) > 2611y (HoJl

This proves with & = 2¢ and concludes the proof of the proposition. 1
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We will continue this example in Remark [4.9)and Proposition [6.7] We could
similarly analyse the same problem on the half-space

(3.5) Q={(x1,...,xq) €R? : x; > 0}.

We also mention the Schrodinger operator on R? with dissipation on the hyper-
plane X = R4~1 x {0} given by the transmission condition

(3.6) Oy, u(x',07) — 9y, u(x’,07) = —ia(x')u(x’,0) onX.

Here we have denoted by x = (x/,x,) a general point in RY, with x’ € R*~! and
x4 € R. When d = 1 this corresponds to the second derivative with (dissipative)
Dirac potential, usually denoted by

us —u’" —iad(x)u.

More precisely, given a € W (X) we consider on L?(R?) the operator H, = —A
with domain

D(H,) = {u € HY(RY) N H?(R?\ Z) : u satisfies (3.6) }.

Given u € D(H,) we define H,u as the function in L?(R%) which coincides with
the distribution —Au on R? \ X. The operator H, is associated with the quadratic
form

Ga: @+ / |V | dx —i/a(x')\u(x’,0)|2 dx/,
R4 )
defined on D(gq,) = H'(Q).

In both cases, we can take the generator of dilations as a conjugate
operator on any compact interval ] C R*, if for all k € N the function (x' - V/)ka
is bounded on 902 or X (we have denoted by V' the gradient in the first (d — 1)
variables).

In the same spirit as the last example, we can also mention the dissipative
quantum graphs with some infinite edges and dissipation at the vertices, given
by the conditions

7) 0 (0) = - = g, (0), Y u'(0) = —iayu(0),
=1

where for a vertex v we have a4, > 0 and the integer 7, is the number of edges
attached to v. For precise definitions we refer to [27], which deals with the lim-
iting absorption principle for such a quantum graph with self-adjoint boundary
conditions at the vertices (in particular with a, = 0 for all v). For various
non-selfadjoint conditions on quantum graphs we also refer to [13].

We finish this section with the example of the Schrodinger operator with
dissipation by a potential in low dimensions and for low frequencies. In this case
the dissipative Mourre theory in the sense of operators as given in [5], [37], can
be applied, but not uniformly.
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We consider on R?, d > 3, the Schrodinger operator
i rx
Hy=—a=50(3).
where A > 0 and a € C®(R, R} ) is of very short range: for some p > 0 there
exist constants ¢y, « € N9, such that

[97a(x)] < cy{x) 27070,

In order to obtain low frequency resolvent estimates for the Schrédinger operator
—A — ia we have to prove uniform resolvent estimates for H) close to the spec-
tral parameter 1 uniformly in A > 0 (see [5] for the wave equation). Since 4 is
bounded the multiplication by %u(%) defines a bounded operator on L?(R¢), so
for any A > 0 we can apply to H, the dissipative Mourre theory for perturba-
tions in the sense of operators. However this absorption index becomes singular
when A is close to 0 and it is not clear that this method gives estimates which are
uniform in A. According to Proposition 7.2 in [5] we have foru € S
la (5 ) ulle S A2l g2

whenever s and s + 2 belong to | — %, %[ The same applies if we replace a by
(x - V)ka for some k € N. This proves that the commutator between the dissipa-
tive part of H, and the generator of dilations A defines an operator in £(H?(R%),
L?(R?)) uniformly in A > 0ifd > 5. Butnotif d € {3,4}. However, for any d > 3
it defines a uniformly bounded operator in £(H!(R?), H~1(R%)), so it is fruitful
to see it as a perturbation of the free laplacian in the sense of forms. This idea is
used (in a more general setting) in [18].

4. UNIFORM RESOLVENT ESTIMATES AND LIMITING ABSORPTION PRINCIPLE

In this section we prove the uniform resolvent estimates and the limiting
absorption principle in the abstract setting:

THEOREM 4.1. Assume that A is a conjugate operator to H on the interval | with
bounds (x, B,Y), in the sense of Definition 2.6}
(i) Let I C | be a compact interval and § > % Then there exists C > 0 (which only
depends on Cg, I, |, 6, B and Y) such that for all z € Cj 1 we have

C

(4.1) 1(A) 7 (H = 2)7H{A) gy < e

(i) Moreover for all A € J the limit
(A)7°(H = (A +10))"(A)~° = lim (A)"°(H — (A +in)) 1(A)~*

u—0+
exists in L(H) and defines a continuous function of A on J (it is Holder-continuous of

; 20-1 o o —40/(20+1
index 557 with a constant of size « (26+1)),
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REMARK 4.2. Taking the adjoint we obtain the same estimate with (H —
z) ! replaced by (H* —z)~ 1.

The rest of this section is devoted to the proof of Theorem To simplify
the notation, the symbol “ < ” will be used to replace “ < C ” where C is a constant
which depends on Cg, I, ], §, p and Y. The dependency in « €]0,1],z € C; 4 and
in the parameter & (which will be introduced in the proof) will always be explicit.

Let ¢ € C3(R, [0,1]) be supported in | and equal to 1 on a neighborhood of
I (notice that all the estimates below will also depend on the choice of ¢). We set
& = ¢(Hp) and &+ = (1 — ¢)(Hp). We have

®c LIK*,K) and & e L(H)NLIK)NLIKY).
Now let
My = ®(By+ pO)P and M = &(B+ pO)d

The operators My and M are bounded on H, and M is the self-adjoint part of M.
After multiplication by @ on both sides, assumption (2.6) reads

(4.2) My > ad?,
The proof of the following lemma is postponed to the end of the section.

LEMMA 4.3. The operator [M, A|, a priori defined as an operator in L(E,E*),
extends to an operator in L(K*, IC) which we denote by [M, Alx. Moreover we have

1M, Aliell 2 ) S o

Let € > 0. The operator H — ieM is maxunal dissipative on H with domain
D(H), so for z € C, it has a bounded inverse (H — ieM — z)~! in L(H, D(H)).
As above for H, the operator (H — ieM — z) € L(K, K*) has a bounded inverse

G.(e) := (H—ieM —z)" ! € L(K*, K).
The Mourre method relies on the so-called quadratic estimates (see Propo-

sition IL.5 in [24]). Here we will use the following version:

PROPOSITION 4.4. Let 7y be a quadratic form closed, densely defined, symmetric
and bounded from below. Let Py be the corresponding self-adjoint operator. Let K., be the
domain of the form yq. Let 7y be a non-negative and yg-bounded form on H. Let P be the
maximal dissipative operator associated with the form g — iy, and P the corresponding
operator in L(K,, KC%). Let v a non-negative form on K., which satisfies v < .
Then for z € Cy and ¢ € K7 we have

1(P=2)"19) <H(P—2) "9, 9)c, k3]
and

Y((P*=2)7'¢) <K(P—2) "', 9)xc, k1, |-

If ¢ € H we can replace P by P in these estimates.
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Proof. Forz € Cy and ¢ € K we have

(P -2)719) < 5 (P =2) = (F-2)(F-2) 0, (F-2) gty

1, = 1, -~
S (P 2) 70 @)k K 5<q)/ (P=2)" ks, K
<Im{(P—2)""g, ¢)rc, k3,
The second estimate is proved similarly. &

PROPOSITION 4.5. Let Ky stand either for KC or H. Then there exists ¢y €]0,1]
(which depends on Cg, 1, ], B and Y) such that for Q € L(Kj), z € Cy 4 and e €]0, &)
we have:

(4.3) 19+ G2 (e)Qll £ iz k) S ||Q||[: kg + Q7 Ga(e )Qlllg/fc* KoV’

(4.4) 19G:(e)Qllz (ks o) S f\/ ()QH%@« o
1Q°G=(e)QllI k.
(4.5) 1G=(&)Qll £ (g i) S QM £eicy) + £(K5 ko)

Ve '

and for ¢ € Kg with || ¢|[cs <1

(46)  q0(PG:()Qp) + 0 (P Gz()Qp) < IR (cs) + 1Q7C=(e)Qll £k ko)-

These estimates also hold if G, (&) is replaced by G, (¢)* on the left-hand sides.
Applied with Q = Id+, gives an estimate on G;(¢) alone.
COROLLARY 4.6. Forz € C; and € €]0,eq] we have

. 1
1Gz(&) | i i) + 11Gz(€) N £ xee i) S e

Proof of Proposition[d5] Step 1. Letz € Cy . Since @ + &+ =1, is a
direct consequence of and (@.4). Let ¢ € K. According to and Proposi-
tion applied with Q¢ € K* and the form § corresponding to xe®? we have

[9G=(€)Qgl3 = - (192G (e)Qp, G= ()Qhn < — (G (6)Qp, Qo) k|

1A
< L9 G2()Qll 25 ko) 191

Since ¢ is compactly supported in J, there exists a constant ¢ which only depends
on | such that

c *
|PG.(e)Qg|I% < @HQ Gz(£)Q||L(icg,KO)H§0||%C3-

The same holds with G, (¢) replaced by G, (¢)*, and is proved.
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Step 2. Since the quadratic form gg is non-negative we can apply the Cauchy—
Schwarz inequality: for ¢, ¢, € K we have

qe (1 + ¥2) < qo(1) +21/q90(¥1)1/90 (¥2) + q0(¥2) < 290(¢1) + 290 (P2).

In particular

90(PG=()Q9) < 20 (G:(e)Q) + 270 (P G2(e)Q9)-
According to Proposition[4.4 we have
47)  0(Gz(e)Q¢) < {Q*Gz()Qg, @)icyics| < 197Gz (e)Qll iy iy 1ol -
On the other hand, according to
(48) 90 (9" G:(e)Qp) < Col[ @ G:(6) Q0 ;-
We obtain
49)  90(PG:(e)Qp) < 2[|Q*Gz(e)Qll £(xy iy 1%, +2Coll P Gz (e)QplI%.-

Thus will be a consequence of (#.3). The proof of relies itself on (£.9).
Step 3. According to the resolvent identity (as in (2.4)) we have in £(K, K)

P1G,(e)Q = L (Hy — 2) 1Q +i®d(Hy — 2) 1O 4 ePBPD + efPOP) G, (¢) Q.

By functional calculus the operator & ( Hy — z) ~! belongs to £(K*, K) uniformly
inze€ Crq. Let ¢ € Kjand ¢ € K*. According to the Cauchy-Schwarz inequal-
ity we have

(@ (Ho —2)'OG:()Qg, )i k+| = |90(G2(e)Qq, & (Ho —2) )]
< 90(G2()Qp)'/?qe (P+ (Hy —2) ')'/2.

According to we have
go (@ (Ho—2)7'y) < 9ll%--
With (4.7) this proves that
|@* (Ho — 2)'0G:(e)Qll £y ) S 1Q° G (e QH}/?C* o)

Then we have
el|@* (Hy — 2) ' @BPG:(e)Qll £ ics k) S Vae| PGz (€)Qll s
< VEIQ G (OQIYE o

On the other hand, by the Cauchy-Schwarz inequality and (4.9) we have for ¢ €
Ky and ¢ € KF

eBl(PF (Hy—z) ' ®ODPG.(¢)Qp, ) i+ |
=¢Blgo (PG (¢)Qp, @(Hy —2) ')
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<epo(PG:(e)Qg)' go(@(Hy —2) 't y)'/?

< e(1QG=(e)Qll ks ey 12T G=(©)Q g ) @iy e,
hence

eBl| D+ (Ho—2) ' @OPG(¢) Qll £(xcs )
Se(1QG()QllF ks sy H12* G2(€)Qll 1y x)-
Finally we obtain
194 G=(e)Qll iz k) < (1Rl £y +1Q° =€) QIE s iy el P G()Qll £ i)
This gives (£.3) when ¢ > 0 is small enough. Then (£.9) and @.8) give (4.6). 1
LEMMA 4.7. On L(D(A), D(A)*) we have
Gz(e)BGz(e) = 1AG:(e) —iGz(e)A — Gz (e) [M, Al Gz (¢).

Proof. Let ¢, € D(A). Since £ is dense in K we can consider sequences
(@n)nen and (P )en in € such that ¢, — Gz (e)@ and ¢, — G;(e)* in K. Since
B € L(K,K*) we have

(B@n, Pm) m (Gz(e)BG:(e) 9, ).
On the other hand, since ¢, P, € D(A) and Ay, Ay, € K we can write

(Bow, ¥m) = ([H,iAl@n, ) = ([H — ieM — 2,iAlpn, Y) — e([M, Al@n, o).
According to Lemma 4.3l we have

(M, Algn, pm) ——— (Gz(e)[M, Al Gz (€)@, ).

n,m—o0

And finally
lim ([H —ieM — z,iA]@u, Pm)

n,Mm—00

=1 lim lim (Agy, (H —ieM — z)*m) i k-

n—y00 M—r00

—1i lim lim ((H —ieM — 2)@n, A = k0

1—500 n—00
=1 lim (Agn, )i — 1 lim (@, Am) -
=1 lim (A@n, )3 —1 im (¢, Ap)y
=1 lim (pu, Ay i lim (Ag, )
= 1(Gz(e)p, APy — 1{A@, Gz (e) Y-

The lemma is proved. 1

The strategy for the proof of Theorem is standard and relies on the
following abstract result about ordinary differential equations (see Lemma 3.3
of [15])).
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LEMMA 4.8. Let X be a Banach space, ey €]0,1] and f € C*(]0, o], X). Suppose
there exist 1 € [0,1], v2 € [0, 1], v3 € R, and c1,cp > 0 such that

Ve €]0,e0l, [If' ()l < cie (A + [ f(e)I™) and |f(e)]| < c2e™ ™.

Then f has a limit at 0 and there exists ¢ > 0 which only depends on ey, v1, Y2, 3, €1
and ¢y such that

Ve €]0,e, [If(e)ll <c.
Now we can prove Theorem

Proof of Theorem &1} Step 1. For € €]0,1] we set Q(e) = (A) °(eA)’ L. Ac-
cording to the functional calculus we have

(4.10) 1Q(&) ) <1 and  [|AQ(e)|l ) + 1Q(E)All Ly S €
Denoting by a prime the derivative with respect to € we also have
(4.11) Q" ()l oy S €7

Step 2. For z € Cj 1 we set
F:(e) = Q(e)Gz(e)Q(e)-

According to (4.10) and Proposition 4.5|applied with Q = Q(e) we have for ¢ €
10, €0] (€0 being given by Proposition {4.5)

1/2
@12) IE@ < 60 s 1+ =20 —
and hence
1
(4.13) HFZ || < S

Step 3. We now estimate the derivative of F:
F;(e) = Q'(e)Gz(e)Q(e) + Q(e)Gz(e)Q'(¢) +iq(e) G(e) (B + pO) PG (e) Q(e).
Proposition .5 and yield

1/2
B QEGEQ +QEGEQE] 5 (1+ )
and
@15 1Q(6)G(£)909G() Q)| £ 1+ IF(e)

For the remaining term we write in £(/C, C*)
®BP = B— $BP- — ¢+ BP — ¢ B
According to Proposition[d.5| we have

1Q(e)Ge)(@Bd: + b B + & BoL)G(e)Q(e)]| < 1+ I

=
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Step 4. According to Lemmal4.7jwe have on L(H):
Q(e)G:(e) BG2()Q(e) = i9(e) AGz(€) Q(e) — iq(e) Gz(e) AQ(e)
—eQ(€)Gz(€)[M, AlicGz(€)Q(e).
With [@.10), Proposition d.5]and Lemma [4.3|we get
1Q(e)G2(e) BGz(e)Q(e) | S 1+ a2 2| Ex(e) |2 + || Ex(e) I
Together with and this gives

(4.16) laEl(e) || S € + e laks(e) || + €32 aFx(e) |2,
and hence, according to Lemma 4.8} we finally obtain

1
@17) RIS 2,

which gives the uniform resolvent estimates when ¢ goes to 0.

Step 5. Now we prove the limiting absorption principle on I. Without loss
of generality we can assume that ¢ €] %, 1]. We prove that there exists C > 0 such
that for all z,z’ € C; ;. we have

(4.18) ” < >76((H—Z)71—(H—Zl)71)< >75||£ <[X74§/(25+1) |Z_Z/|2§71/(25+1)'
For any ¢o > 0, ( is a direct consequence of the uniform estimate (4.1) as long
as |z —2'| > cou, so 1t is enough to prove when |z — 2| < cou for some well
chosen ¢y > 0. According to and (#.17) we have

IE ()]l < o172,
and hence
IE:(e) = E:(0)]| S o' 1/2,
Of course we have the same estimate for z’. Moreover, according to (#.12) we
have for all ¢ €]0, g]

d 1
|=-F(0)]| = Ieec:(e%Q@) | < 1G:(©)QE)IP S =,
and hence | |
zZ—2z
IEe) ~ Fa(e)] S E 2

Given z and z’ we take

_ ( |Z _ Zl| )2/(25+1)

= " )
If ¢y was chosen small enough then ¢ €]0, ¢y], and we obtain

IE=(0) = E ()] S a /G041 |z — /| 2071/ 20,

which is exactly (4.18). Now for all A € I the function
e (A)TO(H = (A i) "H(A)™°
has a limit when p goes to 0. Taking the limit Imz,Imz’ — 07 in proves

that this limit is a Holder-continuous function of index %g Q 1
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To conclude the proof of Theorem4.1]it remains to give a proof of Lemmaf4.3|

Proof of Lemma The proof is inspired by those of Lemmas 1.2.1 and 1.2.8
in [3]].

Step 1. For 6 € R we set

Hy = e Hpe %4 € £(K,K").
We first prove that the map 6 — Hj is strongly C! and that for all 6,7 € R and
¢ € K wehave in £*:
T
(4.19) (Hr — Hp)p = — /eiSABoefiSA<pds.
0

Letd € Rand ¢ € £. For e € R* we have

H —H . ~ 7i€A_1 . . iSA_1~ .
(4.20) %(P — i(0+e)A Hoefeﬂm o+eita® “ g A,
Since e ¢ € £ we have
—ieA _ 1 ) )
€ . e g —)gfo —iAe 04,

and hence the first term in the right-hand side of goes to —iel4 HyAe ¥4 ¢
in K* when ¢ goes to 0. Now let ¢ = Hye ¥4¢ € K*. Since D(A) is dense in K*,
we can consider a sequence (gn)neny € D(A)N such that g, — g in K*. For all
n € Nwehave in H:

3

n —1Agn = é/(eim —1)Ag,dr.
0

eif:A -1

€

In £* we can let n go to infinity (we use the Lebesgue dominated convergence
theorem for the right-hand side). We obtain that the equality holds in £* when g,
is replaced by g, and hence the second term in the right-hand side of goes
toiel? AHpe 14 ¢ in £*. This proves that the map 6 — Hy¢ is differentiable with
derivative —el®4[Hy,iAle 4¢ € £, and hence holds in £(&,£*). Since
By = [Hp,iA] extends to an operator in £(K,C*), this is the case for both terms
in (4.19) and we have the equality in L(K, K*).

Step2. On L(K, K*) we have [Hy, 4] = (Hy — Hy)e'®4 and hence for t € R
and 0 € R* we have in the strong sense in L(/C, £*)

. . t
i0A i0A
L elfA 1 GlfA _q 1 o
e1tH0 _ eltHO = /elsHo [IH()/ elGA]el(t s)Hy ds
0

i0 if 60

—

t ~ ~
_ /eisHo Hy ; Hy oifAgi(t—s)Ho g
0
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e

The operator e'?4 goes strongly to 1 in ﬁ( ) and L converges strongly to A

in £(&,K)and L(K*,E*). By @.19), HO Ho goes to BO strongly in £(KC, £*) when
6 goes to 0. Then, by the Lebesgue dommated convergence theorem we obtain in
the strong sense in £(&,£*)

t
[eitHOIA] — /eiSHOBOei(t—S)H(] ds.
0

But the right-hand side defines an operator in £(XC, £*), so the operator on the
left has an extension in L(KC, £*) and

(4.21) e, All zc o) < 1#11Boll 2 k)

Step 3. Let { € C,.. We have

“+o0
-y =i [
0
so in the strong sense in L(&, £*)
+00 +o0 t
[(Hp —@)_1,1/1] = /[e_it(HO_g),A] dt = / e it0 / e_iSILIUBOe_i(t_S)H0 ds dt
t=0 t=0 s.:O

_ / e is(H-0) g, 7 ~i(t=s)(Ho—) q¢ ds.
5= t=s
This gives
[(Ho—¢)~",iA] = —(Ho — ) "Bo(Ho — ¢) .
We obtain the same result with a similar proof if Im({) < 0. In particular the
commutator [(Hy — {)~!, A] extends to a bounded operator in £(K*, K) with

B [ Boll £(xc, i+
(4.22) I[(Ho—2) 7% Alll e o) < W

With Lemmawe deduce in particular that (Hy — ) ~! maps continously € into
itself. By duality, it defines a bounded operator on £*.
Step 4. Let ¢ : x > ¢(x)(x —i)?> and ¥ = ¢(Hp). We have
@ = (Hy—i) "¥(Hy—i)!
On L(&,E*) we have
1 . ~
¥, A = —— / [0, Al (1) dt
T 7

27T .
R
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The right-hand side extends to an operator in £(/, £*). Then this is also the case
for the left-hand side, and moreover

I, Alllzxe i) < I Boll 2o xc) / |Ep(t)| dt.
R

As above, we deduce that ¥ leaves £ invariant and extends to a bounded operator
on &*. Thenin L(E,E%)

[@, A] = [(Ho —1) ™", A]¥ (Ho —1) ™" + (Ho — i) "'[¥, AJ(Ho —1) ™"
+ (Ho —1) "¥[(Hy —i) 7", A].
This proves that [@, A] € L(K*,K) (so @ defines bounded operators on £ and
&*) and
11D, Alll i+ ) < 1Boll £k, 1c4)-
Step 5. Finally we can write in £(&, £¥)

[M, A] = [®,A](B+ BO)D + O[B + pO, A|P + ®(B + pO)[P, A

All the terms of the right-hand side extend to operators in £L(KX*, ). With the
above estimates and the assumptions of Definition 2.6, we have the proof. 1

REMARK 4.9. We use the notation of Section[3} Let I C R* \ 7 be a compact
interval. Let 6 > % By Proposition [3.2| and Theorem |4.1| we obtain a uniform
bound for the operator

(Ax)™*(Ha— z)”! <AX>75
when z € Cj ;. As usual, we can replace the weight (Ay) = by (x) . Since the
operators Ay, and x only act in the x directions, we can follow the same proof as
in the Euclidean space (see for instance Lemma 8.2 in [29]).

5. MULTIPLE COMMUTATORS ESTIMATES

In this section we generalize the multiple resolvent estimates known for a
self-adjoint operator (see [14], [15]) or for the perturbation by a dissipative oper-
ator (see [5], [37]).

Let N > 2 be fixed for all this section. We will use the notation of Defini-
tion[2.8} Thus the symbol “ < ” will stand for “ < C ” where C is a constant which
depends on Ceg, I, ], 9, B and Yy.

Forn € {1,...,N} and ¢ €]0, 1] we set

(—ie)/
=
In order to prove multiple resolvent estimates, we first need some estimates for
the inverse of (H + Cy,(¢) — z). It is not clear that this operator has an inverse,
since for n > 3 there is an anti-dissipative term in C,(¢), but it will be the case

M-

(5.1) Cnle) = B, € L(K,K*).
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for & small enough. The following result generalizes Lemma 3.1 in [15] (see also
Lemma 3.1 in [37]) to our setting.

PROPOSITION 5.1. Suppose A is a conjugate operator for H up to order N on |
with bounds («, B, YN).

(i) There exists ey > 0 such that forn € {1,...,N}, z € C;4 and ¢ €]0,¢en]
the operator (H + Cy(e) — z) has a bounded inverse in L(K*,K), which we denote
by GI (¢).

(ii) Forn € N, z € Cy 4 and e €]0, en] we have

1 - 1
IGE @)z i) S o and [|GE(e)(A) Ueme S e
(iii) The function e €]0,en[— GZ(e) is differentiable in L(K*,IC). Moreover in

L(D(A), D(A)*) we have the equality

d . (—ig)"
L ere) = [62(e), 41 - 12 62 (6)B, G ),
For the proof of Proposition 5.1 we need the following lemma, inspired by

the standard technique for factored perturbations (see [16]).

LEMMA 5.2. Let T € L(K,K*). Assume that T is bounded with bounded in-
verse. Let Py € L(H,K*) and Py € L(K, ) be such that |P,T'Pi[ z3) < 1.
Then T + P1P, € L(K,K*) has a bounded inverse given by T-! — T1PI T 1P, T~! €
L(K*,K), whereT =1+ P, TP € L(H).

Proof of Lemma[5.2} The assumptions ensure that I' is bounded on # with
bounded inverse, so the operator R = T-1—T-1pI-1P, T~ is well-defined in
L(K*, ). We only have to check that R is indeed an inverse for T + P; P,. On K*
we have

(T4+PP,)R=1+PPT ' =P T ' —pPT P 1PT!
=14+P(1-T ' =T ' Hp1!
=1+P(1-(1+PTP)rHprt=1

Similarly we have on K:

R(T+PP)=14+T PP —T ' P, — T 'P,r P, TP, P,
=1+T'P1-T =T 'PTP)P,=1. &

Proof of Proposition We use the notation introduced in Section [4}

Step 1. Let g9 > 0 be given by Proposition The operator O is
bounded and self-adjoint on H. It is also non-negative, so its square root v ®OP
is well-defined as a bounded operator on H. As in Proposition we write Ky
either for H or K. Then for Q € L(Kj),z € C; 4, € €]0,¢¢] and ¢ € K we have
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according to Proposition 4.5}

(009G (e)Qp, PG=(e)Q9) < (1Ql1Z(ks) + 1Q7G=(2)Qll ey o)) ;-
This proves that

(52)  [VOPGC:(e)Ql £y k) S Qs + 1Q7Ga(e) Qs k-
Applied with Q = VPOP € L(H), this gives
(5.3) sup  [|[VOOPG,(e)VPOD| 3y < +oo.

zeCy 1, €€]0,e0)

Step2. Forz € C;, and ¢ €0, e@] (where eg €]0, gg] is chosen small enough)
we can apply Lemmal5.2lwith T = (H —ieM — z) € L(K,K*), P; = iefV/ PO €
L(H) and P, = V®OP € L(H). We obtain that the operator (H iedBP — z)
has a bounded inverse G (¢) € L(K*,K), given by

(5.4) GO (e) = G,(e) — ieBG.(e) VPODPIE (¢) 1V PODG, (¢),
where
IP(e) = 1+ iefVPODPG, () VPOD € L(H).
In particular I'? (¢) ~! is bounded in £(# ) uniformly with respectto z € C; ; and
¢ €]0,¢p]. Corollary[4.6/and estimate applied with Q = Id~ give

1
VPOPG: (&) ey S NN
With the similar estimate for G (&) ®0® and we obtain

1
65 1GE @) S =

With Proposition .5 we can check similarly that

1

(5.6) IG2 ()@ || e iy S NG and
1

(5.7) 1G2()(A)  ai0) <T\/Z:'

Step 3. Now we want to apply similarly Lemma 5.2\ with T (H — ie®@BPD —
z), P = ie®+B(Hy) "2 and P, = (Hy)'/?®. Accordmg to (5.6) we have

|| (Ho)'/2@G2 ()@ B(Ho) /?|| 30y < ‘C'H(DGS)(‘C')(DHM(IC*,IC)||B||£(IC,IC*) SVe
Soif ¢ €]0,¢p] is chosen small enough we can apply Lemma [5.2|for e €]0,¢_]:
forallz € C;4 and € €]0, ¢ | | the operator (H — z — ieB®) has a bounded inverse
G#(e) € L(K*, K) given by
Gz (e) = G2 (¢) — eGP ()™ B{Ho) "/*I;"(e) 7 (Ho) '/ @G2 (),
where
I (e) = 1+ ie(Hy) 2 ®GO (¢) &L B(Hp) /2.
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Then, as above we use (5.5), and to prove

1
1 . <
(5.8) 16z @l een) S 250
1
(5.9) 1G: (&)@ |l 2o i) S NN and
5.10 G (e)(A)! < 1
(5.10) 1G2 ()(A) ) S ™G

Step 4. In order to prove the existence of G} (¢), it remains to apply Lem-
ma 5.2l with T = (H —ieB® —z), P; = ieB(Hp) /2 and P, = (Hp)'/>®+. We
have

|| (Ho)' /20 G2 (e) B(Ho) /2| 30) S ell @G ()| i oy 1Bl cic iy S Ve
Soif &1 €]0,¢, ] is chosen small enough we can apply Lemma which proves

that for z € C; 4 and € €]0, ¢1] the operator (H — ieB — z) has a bounded inverse
Gl(e) € L(K*,K) given by

Gl(e) = Gz (¢) —ieG: () B(Ho)~'/*I} () " (Ho)'/*®* G (e),

where
Tt(e) = 1+ ie(Ho) 20+ GP (¢)B(Hy) /2.
Moreover we have

1
(5.11) IGE (@)l zcr ) S L and
1
5.12 Gl(e)(A)™? < —.
(5.12) G2 (e)(A) HE(’H,IC)NlX\ﬁ

Step 5. Forn € {2,...,N} we have

1{Ho)"/2G1(e)(Cu(e) — C1(e)) (Ho) Nl ciay < L €IGL (@)l e ) 1Bill 2k i)
=2

1
<2x —xa<e

Thus for ¢ €]0,en], €n chosen small enough, we can apply Lemma 5.2l with T =
H+Cy(e) —z, P, = (Cy(e) — C1(e))(Hp)~'/? and P, = (Hy)'/2. This proves that
the operator H + C, (&) — z has a bounded inverse in £L(K*, ), given by
G (e) = Gi(e) — G1(e)(Cu(e) — Ca(e)) (Ho) /*(1 + G1(e) (Cu(e)
—Ci(¢))) "' (Ho)'/*GL(e).
This proves the first statement, and the estimates are proved as above.
Step 6. Let e €]0,en]|. For € €]5,en[ we have

G7(8) — GZ(e) = =GZ (&) (Cu(€) — Cule))GZ (e).
Since C, is a continuous function in £(K, K*) and G is uniformly bounded in
L(K*, ) (by a constant which depends on a) on |5, en[, the map G is continuous



376 JULIEN ROYER

in L(K*,K). Then we divide this equality by € — ¢ and let € go to e. We obtain
that G is differentiable and

d
3.6 (6) = —GZ(e)Cu(e)GZ (e).
The derivative C},(¢) is well-defined in £(/C, K*). In the sense of forms on £ we
can check that

Cle) = [A + Cale) — 2, A] — (‘2?” (B, Al.

But the right-hand side extends to an operator in £(K, K*), and the last statement

of the proposition follows. 1

The following two results generalize Theorems 3.2 and 3.5 in [14].

THEOREM 5.3. Suppose A is a conjugate operator for H up to order N on | with
bounds (a,B8,YN). Let 61,8, > 0 be such that 61 + 6, < N — 1. Let I be a compact
subinterval of ] Then there exists ¢ > 0 which only depends on Cg, |, 1, 61, 0, B and

Yn such that for all z € C;  we have
_ c
1(A) 1 _(A)(H —2)""1g, (A)(A)%] < -

Moreover for Re(z) € | fixed this operator has a limit when ITm(z) , 0. This limit

defines in L(H) a Holder-continuous function of index %ﬂ_& with respect to Re(z).

Proof. Let ey be given by Proposition[5.1} Forz € C; ; and ¢ €]0,en] we set
EY(e) = (A)"e g _(A)GY ()1, (A)e™(A)%.
According to Proposition[5.1} the functional calculus and the fact that

11BN, Alll 2o o) S

we have

d eN _
|I£FZN(€)H - ﬁ\|<A>5le£A1R,(A)G§V(€) [Bn, AJGY (e)1g,, (A)e™*(A)2||
< 8_51 y “—181\]—2 y 8_52 _ eN—01—6-2
~ o

Since N — 61 — 0, — 2 > —1, this proves that FN(¢) is uniformly bounded (we do
not have to use Lemmahere). Now letz,z' € Cj ; and € €]0, ¢g]. The previous
estimates give

IEN @) =N )| < =N and BN ()= FY ()| < e~ 0z,
We get the second statement as we did for Theorem taking

e — Dfl/(NH)IZ _ Z/|1/(N+1)' 1
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THEOREM 5.4. Suppose A is a conjugate operator for H up to order N on | with
bounds («, B,YN). Let § €] %, N|. Then there exists ¢ > 0 which only depends on Cg, ],
I, 81, 62, B and Yy such that for all z € Cy 4 we have

1(A)~(H = 2) "1z, (A)(A) e < =

and for Re(z) € ] fixed this operator has a limit when Tm(z) \, 0. This limit defines
in L(H) a Holder-continuous function with respect to Re(z). Moreover we have similar
results for the operator

(A Mg (A)(H —2)7(A) .
Proof. We follow the proof given in [14]. It relies itself on the results of
[25]. We also refer to [36] for a proof in the dissipative case (perturbation by a

dissipative operator). The case of a dissipative perturbation in the sense of forms
does not rise new difficulties, so we omit the details. 1

Now that we have Theorems and [5.4) we can follow the idea devel-
opped in Section 5 of [5]]. The purpose is not only to prove uniform estimates for
the powers of the resolvent, but also to allow inserted factors. This is motivated
by the wave equation. Indeed, the derivatives of the corresponding resolvent are
not its powers in this case (see Example 5.7 below).

Letn € {1,...,N}. We consider &y € L(IC,H), P1,...,Py—1 € L(K,K*)
and @, € L(H,K*). We assume (inductively) on m € {1, ..., N} that the operator

adf’y (®g) := [ad(Pp),1A]

(with ad), (®g) = ®y), at least defined as an operator in £(&, £*), can be extended
to an operator in L(KC, H). We assume similarly that the commutators adj4 (P;)
form € {1,...,N}and j € {1,...,n — 1} extend to operators in L(K, KL*) and
finally that the commutators ad’ (®,) for m € {1,..., N} extend to operators in
L(H,K*). Thenforje {1,...,n—1} we set

N
1@illeyaiciy = Y ladia (@)l coc o)
m=0

We similarly define || Pol[c,(ax,2) and [[Pullcy (a2 kc+), and then

n—1

1(@o, -, Pu)lley, = [Pollen (i | Pulleyamis) TT IR ek
j=1

For z € C; we set
(5.13) Ru(z) = Og(H—2) 'Oy (H—2)" - &, _1(H—2)" ',
The statement is the following.

THEOREM 5.5. Suppose that the self-adjoint operator A is conjugate to the max-
imal dissipative operator H on | up to order N with bounds (a, B,Yn). Let I C [ bea
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compact interval. Let 6 €]n — L, N[ and 61,65 > 0 such that 61 + 6, < N — n. Then
there exists ¢ > 0 such that:

1(A) " Ra(2)(A2) |l < ;7||(<Po,~--r¢n)\lc;yr

(A "1 (A)Ra(2)(A) ] < %H(@o,---,@n)ﬂcg,/

o
5 n c
I{A4) " R (2) 1, (A)(A) " < (Do, ., Pu)lcy,  and

1(A) 1z (A)Ra(2) 1k, (A)(A)2] < — (Do, .., Pu)llcy,

Proof. We can follow the proof of the analogous Theorem 5.14 in [5]. We
only briefly recall the strategy. With the identity

(Ho2)" = (H-1) 4+ (2~ ) (H—1) 2+ (2~ )?(H 1) \(H—2) "(H ),

we see that we can assume without loss of generality that the operators @; and
their commutators with A are in £(#). Then the idea is to start from the es-
timates for a single resolvent (see Theorems and [5.4), to prove analog
estimates with (H — z) ~! replaced by an operator of the form @;(H - z) “Ly (for
this we use the commutation properties between ®; and A), and finally we use
Lemma 5.4 in [5] to obtain the multiple resolvent estimates with inserted factors.
We omit the details and refer to the proof of Theorem 5.14 in [5]. 1

REMARK 5.6. With the same idea we could even prove uniform estimates
for an operator of the form

R(z) = ®o(Hy —Z)_1©1(H2 — z)_l Dy, (Hy — z)_lcpn,

where Hi, ..., H, are different maximal dissipative operators of the form dis-
cussed in Section ] with uniform constant Cg in and with the same form
domain K, under the assumption that A is conjugated to Hy on ] with bounds
(ag, B, YN) for all k € {1,...,n}. Then the quotient a” is replaced by a7 - - - &, in
the estimates of the theorem.

EXAMPLE 5.7. We consider the wave equation (L.6) on the half-space (3.5).
Assume that wy = 0 on d(2. Let w be the solution of (1.6). For x > 0 we set
wy(t) = 1g, (t)e”"w(t). Then the inverse Fourier transform of wy,,

—+00
by (1) = / eifTw, (1) dt = / el (THI (1) d,
R 0

is a solution of the problem

(—A— 22D, (1) = —izwg + w; onQ,
9y, (T) = izaw, () on d(2,
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where z = T + iy. In other words, we have
W, (T) = R(z)(—izwy + w1) where R(z) = (Haz —22) "

In order to study the properties of @, (7) and hence those of w(t) we have to
prove uniform resolvent estimates for the derivative of R(z) when Im(z) \, 0
(see for instance Theorem 1.2 in [5] for the wave equation on R%). We can check
that for z € C; we have

R'(z) = R(2)(i® + 2z)R(z),
where @ € L(H'(Q),H'(Q)) is the operator corresponding to the imaginary

part go of g, (see (3.2)). Following Proposition 5.9 in [5] we can check that for
n € N* the derivative R(") (z) is a linear combination of terms of the form

Z*R(2)0NR(2)@2R(z) - - - @™ R(z),

where m € {0,...,n} (there are m + 1 factors R(z)), k € N, ji,...,jm € {0,1},
O =0,0" =Idand n = 2m —k — (j1 + -+ + jm). The difference is that ®
is not a bounded operator on L2. However, we have checked the commutation
properties between @ and A in the proof of Proposition[3.2} so with Theorem 5.5]
we can prove the following result.

PROPOSITION 5.8. Let n € N and assume that (3.4) holds for N > n. Let 6 >
n+ % and let I be a compact subset of R”.. Then there exists C > 0 such that for all
z € Cy 4 we have

1) °R™ () {x) g2y < C.

6. ABSOLUTELY CONTINUOUS SPECTRUM

In this section we discuss the properties of the absolutely continuous sub-
space for a dissipative operator. We recall from [7] the following definition.

DEFINITION 6.1. Let H be a maximal dissipative operator on a Hilbert space
. The absolutely continuous subspace Hac(H) of H is the closure in H of

+o0
HiclH) = {g e 1 3C, >0, vp e A, [ I o y)uldt < Colyl }-
0

For a self-adjoint operator this definition coincides with the usual definition
involving the spectral measure (see for instance Proposition 1.7, Theorem 1.3 and
Corollary 1.4 in [30]).

In the self-adjoint case, the uniform resolvent estimates and the L?(R;, H)
norm of the solution of the time-dependant problem are linked by the theory of
relatively smooth operators in the sense of Kato (see [16] and Section XIIL.7 of
[32]). It is less known that this link remains valid for dissipative operators.
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In order to extend the self-adjoint theory of relative smoothness for a dissi-
pative operator H, we use a self-adjoint dilation of H. For the general theory of
self-adjoint dilations we refer to [26]. Here we only recall that a maximal dissi-
pative operator H on a Hilbert space H always has a self-adjoint dilation. This
means that there exists a self-adjoint operator H on some Hilbert space # (which
contains H as a subspace) such that on £(#) we have

vz € Cy, Py(H—-2)"'Iy=(H-2)"",
VzeC,, Py(H-%2) 'Iy=(H"-32)7},
VE>0, Pye AL, —eitH
VE>0,  Pyeltfp, = eltH,
where Py, € L(#H,H) denotes the orthogonal projection of 7 on # and Iy, €

L(H,H) is the embedding of # in H. An explicit example of (minimal) self-
adjoint dilation for the dissipative Schrédinger operator on R is given in [28].

PROPOSITION 6.2. Let Q be a closed operator on ‘H. Assume that there exists
C > 0 such that for all z € Cy and ¢ € D(Q*) we have

((H=2)"" = (H" =2)7)Q"¢, Q"¢)n < Cllol3,.
Then for ¢ € H we have e~y € D(Q) for almost all t > 0 and

—+o00
| lge |t < Clly
0

We also have ety € D(Q) for almost all t > 0 and

+o0
[ 1"yl < il
0

Proof. Let H be a self-adjoint dilation of H on a Hilbert space # which con-
tains H as a subspace. We can write H = H @ HL. We extend Q as an op-
erator Q on H by 0 on H+. Then Q is a closed operator on H with domain
D(Q) = D(Q) ®H" . Thenforallz € Cy and § = (¢, 9*), ¥ = (v, v') € D(Q)
we have

(H=-2)7' = (H-2)"")Q"9,Q%)5

(H=2)7' = (H" =2)7)Q ¢, Q"¥)n
< Cllellullyly < Cligllz 1l

Let { € H. According to Theorem XIIL.25 in [32] we have e—itA 7 € D(Q) for
almostall t € R and

[ 1Qe #1212, dt < CIZI,
R
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Now let ¢ € H and § = (¢,0) € H. We have e~itHgp = PyeitHg e P, D(Q) =
D(Q) for almost all t > 0 and moreover

+o0 o0
[ loe gl dt = [ Qe 513 dt < €13, = Cliglhe
0

We conclude similarly for the integral of | Qel! ¢|3,. 1

COROLLARY 6.3. Under the assumptions of Proposition[6.2|we have Ran(Q*) C
Hic(H).

Proof. Let ¢ € Ran(Q*) and { € H be such that ¢ = Q*C. Then for ¢ € H
we have

+o00 +oo
[ e g ppular< [ IgIBlQe yidr < ClzlBlyl
0 0

Theorem gives an estimate as in Proposition with Q = (A)~ but
only for z € C;j | for some interval I. In order to obtain an estimate for all z € C
we have to localize spectrally. For this we are going to use a function of the self-
adjoint part Hy of H. We first prove the following lemma.

LEMMA 6.4. Let Hy, Hy and K be as in Section Let A be a self-adjoint operator
on H. Assume that the first assumption of Definition 2.4 and the commutator estimate
hold. Then for 6 € [—1,1] and x € CJ(R) the operator (A)°x(Hp)(A) ~° extends
to a bounded operator on H.

Proof. We consider an almost analytic extension ) of x (see [8], [10]):

)k
X(x+iy) = ZX

where ¢ € C§°(R, [0,1]) is supported on [—2 2] and equal to 1 on [—1,1]. We have

' /

i IIJ(]/) X(3) (x) (iy)Z

X
i(x"_ 2 2 7

and in particular for € C

X
(6.1) aiz (g) ‘ 5 | Im §|21{Re(§)€supp(x),| Im(Q)|<2} (g)
Thus we can write the Helffer-Sjostrand formula for x (Hp):
1 ox _
x(H) = [ SO -0 drdy.
{=x+iyeC

With (4.22) and we see that the operator [x(Hp),1A] extends to an operator
in £(K*,K) and hence in £(#). This proves that Ax(Hp)({A)~! is bounded on
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H. Since for ¢ € H we have
1(A)x(Ho)(A) " ol13, = IIx(Ho)(A) " o3, + | Ax(Ho) (A) " oI5,

the operator (A)x(Hp)(A) ! is also bounded on . This gives the result when
0 = 1. Since it clearly holds for § = 0, we obtain the case § € [0,1] by interpola-
tion, and finally the general case follows by duality.

REMARK 6.5. Let N € N*. Similarly to Definition assume inductively
that the commutators adl, (Hp) extend to bounded operators on £(K,K*) for
n = 1,...,N. Then with a similar proof we can show that the conclusion of
Lemma 6.4 holds for any § € [N, N].

Now we can prove the main result of this section.

THEOREM 6.6. Assume that A is a conjugate operator to H on the open interval
], and let 6 > J. Then Ran(1;(Hp)(A)°) C Hac(H) .

Proof. Without loss of generality, we can assume that § €] %, 1]. Let Iand I
be compact intervals such that I C I’ € I’ C J. Let x € C¥(R) be supported in
and equal to 1 on a neighborhood of I. According to Lemma(6.4/and Theorem4.1]
(and Remark [4.2) the operator

(A)°x(Ho)(H — )" x(Ho)(A)~°

and its adjoint are bounded in £(#) uniformly inz € Cy . Then forz € Cg\p ,
and ¢, € H we have by the resolvent identity (see (2.4)):
[{{A) " x(Ho)(H — 2) "' x(Ho)(A) ° ¢, )]

< [((A) " x(Ho) (Ho —2) " x(Ho)(A) ¢, )|

+qe((H —2)~'x(Ho)(A) ¢, (Ho — 2)""x(Ho){A) °9)

S llgllllgll + g ((H = z)""x(Ho)(A) °9)'*q0 ((Ho —2) " x(Ho) (A) *y)'/2.

According to Proposition[4.4and we have

1(A) = x (Ho )(H—Z)_lx(HoM )7l
S 1+ 1I{A) " x (Ho) (H —z) ™ x (Ho)(4)~°||',
and hence
1A= x(Ho ) (H — 2) (o) (4) )| S 1.
Since we have the same estimate for (H* — z)~! instead of (H — z)~!, we con-
)

-z
clude with Corollary-that Ran(x(Hp)(A)™%) C Hi.(H). Since Hac(H,) is
closed in H by definition, the result follows. &

We go back to the Schrodinger operator on the dissipative wave guide dis-
cussed in Section [3] see (1.4)—(L.5). In [38] we have proved that for an every-
where effective absorption index the norm of the solution of the Schrodinger
equation decays exponentially, which implies in particular that Hac(H,;) =
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L?(Q). In general we cannot expect such a fast decay but the result concerning
the L?(R, L?(Q)) norm remains valid.

PROPOSITION 6.7. With the notation of Section we have Hac(Hy) = L*(Q).

Proof. We recall that T is the (discrete) set of thresholds. Let & > % Let] C
R be open with ] C R\ 7. Then by Theoremwe have Ran(1;(Hy)(Ax) %) C
Hac(H,). Since Hy has no eigenvalue, the union of these sets for all suitable | is
dense in L?(02). Since Hac(H,) is closed in L?((2), the result follows. 1

vvvvv
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